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On the mean value of the index of composition of
an integer

by

WENGUANG ZHAI (Jinan)

1. Introduction. For each integer n > 2, let

logn
A(n) = ——
)= 1og (n)
be the index of composition of n, where v(n) := [],,, p. We write A(1) =

~(1) = 1. The index of composition of an integer measures the multiplicity
of its prime factors. De Koninck and Doyon [1] first studied the mean value
of A(n). They proved the asymptotic formulas

X xT
1.1 E A = 0]
( ) n<z (n) m_‘_clogx_'_ <10g2$>
and
-1 o T
(1.2) n§<x:)\ (n)—:C—i—O(logx),

where c =3 % ~ 0.75536. These two asymptotic formulas imply that
the average order of A(n) is 1.
In [2] De Koninck and Kétai proved a series of results about the mean

value of A(n). They proved that the asymptotic formulas

N Y
(1.3) Z )\(n)—y+0<10gx>
r<n<lz+y
and
-1 _ Y
(1.4) Z A (n)—y—i—O(lng)
z<n<lzr+y

hold for y = z'/%log®x. When y = /z, they proved that for any fixed
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integer » > 1, there exist computable constants ci,...,c., d1,...,d, such
that
N
(1.5) Z An) \/_+ch log’ O<lo Tl g
z<n<z++/z Jj=1 g &
and
NE NZ
(1.6) Z \/_+Zdjl +O< 1 )
og’ x log" ™ x
r<n<z++/T

Then they deduced that:

(1.7) > An) —$+chlogx <logi1$>

n<x

and

1.8 A (n) = d, — L
(18) Z (n) x—l—z Jlog x (log’““x)

n<x

from (1.5) and (1.6) respectlvely, where ¢}, d; (j > 1) are computable con-
stants.

In this paper we shall substantially improve the results of De Koninck
and Kdétai via a different approach, which is a variant of the Selberg method
(see Ivié [4, Chapter 14]). By this approach we can also study the higher
moments of A(n).

Before stating our main results, we introduce some notations. First we
introduce the function

H(u):=]] <1 - %) <1 + p_lpu> (-1 < Ru < 1),

p

which is very important in this paper. It is easily seen that H(u) is regular
in the range —1 < Ru < 1 and

logp
HO) =1, H0)=-Y —2_
(0) 0=-% 52y
Secondly, we introduce a series of integrals in order to study the positive
moments of A(n). Suppose f(u) is any function which is infinitely differen-
tiable on [—1/2,0],z > 2. Define

0
L(fx):= | f(w)a"du,
-1/2
0 ul

Iy(f,z):= S duq S fw)z"du, ...,
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0 Uk —1 us ul
In(f,z) := S dug_1 S S duy S fwz*du (k> 2).
~1/2 —-1/2  —1/2 —1/2

In Section 2 we shall prove the following
PROPOSITION A. For any fized integer r > k, we have

1= 1\ (=1) k=R 1
w0 =32 () S o)

P log’ =

Now we state our main results.

THEOREM 1. Let k > 1 be a fixed integer. Then
(1.9) > Ne(n) = | I(H, 2)log" zdz + O(«'/*+°).

n<z 2

From Proposition A and Theorem 1 we immediately get

COROLLARY 1. Let k,r > 1 be fized integers. Then

(1.10) > Me(n)

n<x
i+ k—1 — dz x
= —1)7HY (0 : 0( )
$+2:< k—1 >( ) ()glogjz—'— log" !

For the short interval case we have

THEOREM 2. Let k > 1 be a fized integer. Then for z1/57¢ <y < z, we
have

Tty
(1.11) S N(n)= | Iu(H. 2)logh 2 dz + O(ya/10 4 £1/3+2/3),
r<n<z+y x

COROLLARY 2. Let k,r > 1 be fived integers. Then for /5t <y < x,
we have

(1.12) > M)

z<nlzr+y
r+y

j+k—1 s dz ( Yy )
—1)7HY)(0 4+ 0 .
+Z< > ) (0) §C log]z+ log" L &

COROLLARY 3. Let k,r > 1 be fized integers. Then

xT

(1.13) > (WK Zak 1 HD(0) | lo‘éjz +O<1og7i1x>’

n<x
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j2k—1 k-1 .
- _ > 2).

If /5% <y < x, then

(1.14) > (W) -1)

r<n<z+y

where

T+y

dz Y
= JH 0 A O .
Zak’J ( ) §E log? z + (log’”rl x)

THEOREM 3. Let k > 1 be a fixed integer. Then

(1.15) > A F(n) —x+z<>H0 § dz + O(z/*%9),

J
n<e log

THEOREM 4. Let k > 1 be a fized integer. If 22/5T¢ < y < z, then

(1.16) oot

rz<n<lz+y
=~ (k () T _dz / / /
_ J /10 1/5+2¢/3
= y—l—jE:1 <]>H (0) §C Tog? 2 +O0(yz " +x ).

From Theorems 3 and 4 we immediately get the following two corollaries.

COROLLARY 4. We have

1.17 )\71 -1 2 _ H(Q) 0 +0 1/2+4¢
(1.17) Z( (n) —1) <>§10g22 (1/2+9)
If k> 2, then
dz
1.18 )\ ]) +0 1/24¢ ,
UMDY Zﬁ;w 51og o)
where
Br,j = 2jk J
(.>, k+1<j <2k
J

COROLLARY 5. Suppose z1/57€ < y < z. Then

T4y

(1.19) > (WHn)-1)? =H(0) |

r<n<z+y T

dz

log? z

—|—O(ya: 6/10+1‘1/5+26/3)
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and for k > 2,
(1200 Y (A Fm)-1)?
z<nlzr+y
- oo de
= .226k’jH(])(0) S o 2 O(yx_g/lo +x1/5+25/3).
J= T

REMARK 1. In [2], De Koninck and Katai proved the long interval results
(1.7) and (1.8) with the help of the short interval results (1.5) and (1.6),
respectively. However, in this paper we shall use two different ways to study
the long interval case and the short interval case.

REMARK 2. By repeated partial integration we get

T T

dz By T
1.21 = — 40
121 oz =2 o+ 0

j d
5 log? z = log® x

for any fixed r > j, where
d—1
By :=(d—3j)! d> 7.

Our theorems and corollaries improve the results of De Koninck and
Kétai. Furthermore, the constants c;, dj, ¢}, d; (j>1) in (1.5)—(1.8) can be
completely determined. Actually, taking ¥ = 1 in Corollaries 1 and 2 and
Theorems 3 and 4 respectively and then using (1.21) we find easily that

J
¢j = (-1)/HY(0), &= (-1)'HD(0)B;; (j>1),
i=1
di=H'(0), dj=0 (j>2), d;=H(0)Bj1 (j=>1).
Notations. Throughout this paper, ¢ always denotes a fixed but suffi-
ciently small positive constant; p(n) is the Mobius function; SC(> ) denotes
the summation condition of the sum ). For any fixed integers 1 < a; <
e S ag,

d(a,...,ax;n) = Z 1.

—n01...,%
n=n;--n,

2. Preliminary results. The following two lemmas will be needed.

LEMMA 1. Suppose Y, o, f(n)=M (z)+O(x/?*¢), where M € C1[1, 00).
Then for any fized integer j we have

Z f(n)log/ n = S M'(2)log’ z dz 4+ O(z/?*%).
n<x 2

Proof. This follows easily from the Abelian summation formula. =
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LEMMA 2. Suppose d > 2 is a fized integer and x'/(2dHD+e < o < g
Then
E(w,y,din):= Y, 1<ya "+ Vloge,

z<nm<zty
m>zx"

where n > 0 is a fived small constant.
Proof. This is Lemma 3.3 of Zhai [5]. The exponent 1/(2d + 1), which

is connected with gap results for d-free numbers, is due to Filaseta and
Trifonov [3]. =

Now we prove Proposition A. It is easy to show by partial integration
that

(2.1) In(1,2) = log_kx—l—O(m_l/Q),
which implies that
(2.2) Ii(f,x) < log *a.

We shall prove Proposition A by induction. By repeated partial summa-
tion we get

S DI (i)
sT0 1

2.3 Ii(f,z) = : S
( ) 1(f ) ]; log] T OgT0+1 €T

for any fixed ro > 1. That is, the assertion of Proposition A is true for k = 1.
Now suppose k > 2 and r > k are fixed integers. By partial summation
we get

h z" f(ur) I 1/2
S flw)z" du = - S F(u)z* du + O(z~4/?).
log x log x
—1/2 —-1/2

Inserting this formula into the definition of Iy (f,z) we get

_ La(fi2)  L(f @) ~1/2
Ie(f,w) = log log +0(@ )

Using this formula repeatedly we obtain

r4+1—k i—1) (r+1=Fk)
1 Jea (FUD ) —i Ie(f ;)
I 7 _ _1 j—1 et CAN Rl S _1 r+1—=k RN )
k(f, ) jz; (-1) log’ & (—1) logr+1—k$
+O0(z~Y/?).

Estimating the second term on the right-hand side by appealing to (2.2), we
get
r+1-k

(24) Ik(f,m) — Z (_1)j_1w+ofm<log%>.

J
= log’ x
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If £ = 2, then (2.4) becomes

r—1
L(fU=D ) 1
— 121
f7 _Z J 74-0]”77«(@)

= log? x

Taking 7o = r — j in (2.3) we have

T3 ¢ 1yi—1 p(j—14i—1)

i Z( = f (0) 1

Il(f(] 1),$): IOgi.ZL' +Of,T r—j+1 ., )"
i=1

From these two formulas we get

(_1)z'+j—2f(i+j—2)(0) 1
I(f,x) = Z . + Osr log 12

i+j<r log
ij>1

11\ (—=1)20-2)(0 1
(N o, (1),
P 1 log" x log" ™ x

that is, the case k = 2 of Proposition A is true.
Now suppose the assertion is true for £ — 1. From this assumption we
get

Lioa (fU7Y, 2)
r—j _ 1V —k+1 (=141 —k+1)
{ 1 1) 0 1
Z k—2 Ly r=itly

i log log

which combined with (2.4) gives

(2.5)  Ii(f,x)

S Z b0 (1
N it g fir log”lx

J
J=1 lLi=k-1 log

r _ 1)k =R (o
:ZB(l,k)( 2 "Z ()+Ofr<;+lx>,
=k

log' = log"
where
(= SR
B(l,k) = ! > k).
(1) l%jl(k_2> (1> k)
.

Suppose [t| < 1. Then
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SR

7=1 l1=k—1

which implies B(l, k) = (};11) Thus the assertion of Proposition A is true
for k.

3. Mean value of v%(n). Suppose u € C with —1 < Ru < 1. For each
fixed u, v*(n) is a multiplicative function of n. For each n, y*(n) is a regular
function of w.

We first prove
PROPOSITION B. If —1+¢ < Ru <1 —¢, then
(3.1) Zﬁyu<n) = Hl(u)xl+“ + O(x1/Q-i-rnax(ﬁ%u,8?u/2)—|—es)7

n<x
where Hy(u) := H(u)/(1 +w) and the O-term is uniform in u.
Proof. Let s and u be complex numbers with $(s — u) > 1, and define
_ i 7" (n)
= >
n=1

By Euler product representation we have

(3:2) G<37U)ZH<1+p—+ +p—+ > = ((s —u)G*(s,u),
P

say, where

3.3 G*(s,u) := 1-= 1+—-|-_+__|_...>

( ) ( ) H < ps> < ps p23 p3s

By the definition of H(u) we have
(3.4) G*(1 4+ u,u) = H(u).

It is easy to show that the infinite product on the right-hand side of (3.3) is
absolutely convergent in the range Rs > 1/2 + max(Ru, Ru/2). Write

G*(s,u) = Z b(n,u);

nS

n=1
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this infinite series is also absolutely convergent in the same range. This
implies that

(35) Z |b(n7 U)| — O(m1/2+max(§Ru,§Ru/2)+s)‘
n<z
Note that ((s—u) = Y2, n*/n®. For —1 < Ru < 1, by the Euler-Maclaurin

formula we easily get

U atte Ru
(3.6) Zn = 1+U+O(max(1,x ))-

n<x

From (3.2) and (3.4)—(3.6) we obtain

(3.7) ny“(n) = Z b(m,u) Z n"

n<z m<z n<z/m
1 xl—i—u x?Ru
= Z b(m,u) <—1 it + O<max(1, —m%“>)>
m<x

1+u mltu
m<x

- H (’LL):CI—HL + O($1/2+max(§)?u,§ﬁu/2)+6)

if we note that

b(m,u . B I
> 7(nl+u) = G*(1 + u,u) + O (g~ V/HFmax(Rufu/2)=Rute)

m<x
which follows from (3.5) easily. This completes the proof of Proposition B. =
PROPOSITION C. If —5/9 < Ru < €2, 21/5+ <y < x, then

T+y
(38) Z 7u<n) = H(U) S 2Ydy+ O(yJ)_E/lD + $1/5+28/3),
z<n<z+y T

where the O-term is uniform in w.

Proof. If 23/* < y < x, then from Proposition B we have

(3.9) > yi(n) = Hy(u)(z + ) — Hi(u)z' ™ + O (/%)

r<n<z+y i
Tty

= H(u) S 2Udz + O(yz~</?).

xT
Now suppose z1/57¢ < y < 25/6_ It is easily seen that
> M) =D my O)lu(m)],
z<n<z+y
SC(>2) rx<ml <z+y, (m,l)=1,11is square-full,
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if we note that y(m) = m for square-free m. Since

—s _ €(25)¢(3s)
l N
l Sqt;;—full C<6S)
we can write
(3.10) Y oytn) = > my" (nin3ng)|u(m)|u(ns)

r<n<z+y z<mningn§<z+y

(m,nin3n§)=1

=3 +0GT (B + Bz + Ey)),
where
Y= D 2 ningnd)u(ns) 23 m"|p(m)],
ni,no,n3<xs/2
SC(323) : a(nin3ng)~" <m < (z +y)(nining) ", (m,nining) = 1,

Ej:= > 1 (j=1,2,3).

$<mn1n2n3 <z+y
nj>z</2

By Lemma 2 we have

(3.11) E| = > 1= ) d1,3,6;m)
r<mningn§<z+y r<mni<z+y
n1>x5/2 711>:E5/2

< :L‘E2E(33, Y,2;e/2) < yx_€/2+52 1 gl/5re log x
if we note that d(1,3,6;m) < me’. Similarly
(3.12) By, < xEQE(x, Y,3;6/2) < ya /2 4 T g
(3.13) Es < :c52E(x, y,6;¢/2) < ya /2t 4 g1/ 134 og g

Suppose D > 1 is an integer. For R(s — u) > 1, consider

Gi(s,u; D) := Z M

By Euler product representation we have

oo T (+2)- 1 0-5)" JL(-5

(p,D)=
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Thus we may write

(3.14) > mtp(m)| = > n{ng" pu(ns)
2/ D<m< (a+y)/D 2/D<nini<(z+y)/D
(m,D)=1 (n4,D)=(ns,D)=1
=, +0(/Dy"Ew),
D= D mEu(ng) > nf,
ns<(z/D)* z/Dn2<ns<(z+y)/Dn?
(nS’D):l (TL4,D)=1

Ey:=E(z/D,y/D,2;¢) < yz D4 4 21/5D P log .
By the well known formula }_;, pu(d) = [1/1] and (3.6) we get

(3.15) Z n' = Z Z :Z,u,(d)du Z n"

n<T n<T d|(n,D) d|D n<T/d
(n,D)=
. 1 Tl—l—u TERu
d|D
_aD)TH o) Ru
- +0(2 max(1,77")),
where
w(d
D=2
d|D
Thus we get
(3.16) > ny
z/Dn2<ns<(z+y)/Dn?

(n4,D)=1

= M x—§_yzu dz + O 2P max|( 1 o e
Dltupzt2e ) "\ Dn? '

Inserting (3.16) into the definition of ), we obtain

)"t

san) 30, =820 s ML 4 0@ e/ D))
ns<(z/D)* 0 @
(ns,D)=1
T+y
01(D)o2(D)

- L | 2“dz+O(ya=te" D 1re),

T



342 W. G. Zhai

where
02(D) = pin
ns=1
(ns,D)=1
From (3.14) and (3.17) we get
(3.18) S ()
x/D<m<(x4y)/D
(m,D)=1

D D Tty
_ Ql(D)lfi( ) S Zud2+0(yl‘_€+62D_1+6_62)

x
+ O(l,l/5+€2D—1/5—62 log l’),
which combined with (3.10)—(3.13) gives

319 3 =300 X (e )

z<n<z+ty n1,n2,n3<zc/?

+0 (3:1/5+82 Z (nining)~ 1/5-¢* 0g a;)

n1,ma,n3<zs/?

_ ZS + O(yx_5+€2 + x1/5+5/2+€2)
— 25 + O(y:r_e/3 + 1‘1/5+2'€/3),

where

w(2.3. 6 2.3, 6 2.3, 6\ Tty
(3.20) 25: Z 7" (nngng)p(ns) o1 (ninyng) 02 (ninyns) S U

(nining)t+e :

n1,n2,ng<zc/?

Suppose —1 < v < 1/2. Consider

Z’y 236n) R(s —v) > 1.

For a > 2, let N(«) denote the number of non-negative solutions of the
equation 2[; 4 3l + 613 = . By Euler product representation we have

(3.21)  Ga(s,v) = H<1+2p )

p
_ p’ P 3
—g<+§+ﬁ+@+ﬁ+w+
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where

Gs(s,v) ::H(l_—> <1+Z e )

p

It is easy to show that if we write G3(s,v) as a Dirichlet series, then this
series is absolutely convergent for s > (1+v)/3. Thus by Perron’s formula
we easily get
(322) > ~°(n)d(2,3,6;n)
n<T

_ G3((1+v)/2,v) T(140v)/2 +O(T (1+U)/3+a)

1+ ’
which implies that the infinite series

3 7" (nin3n§)pu(ns)er (ninin)es(ninins)
(n2n3ng)1+u

ni,n2,n3

is absolutely convergent if we note that p1(n) < 1, g2(n) < 1. Let H*(u)
denote this infinite series. By (3.22) and partial summation we easily get

(3.23) 3 Y (nin3ng)pu(ns) o1 (ningng) oo (nindng) ()
' (nzn%nﬁ)“ru
ni,na,n3<ze/?
2,3,6; _ B
<> = n1+§reu M) g (HRIE/ ¢ e/
n>:c5/2
if we note that Ru > —5/9. From (3.19), (3.20) and (3.23) we get
Tty

(3.24) Z Y4 (n) = H*(u) S U dz+0(yx_€/10+x1/5+25/3)7

r<n<z+y x

and comparison with (3.9) gives H*(u) = H(u). This completes the proof
of Proposition C. =

4. Proofs of theorems. We first prove Theorem 1. Let A(z,u) denote
the error term in (3.1). By the definition of I;(f, z) we get

41) Y Ik(1,9(n) = My(z) + A%(x),

2<n<zx
0 Uk—1 U2 ul
My (zx) := S dug_1 S e S duy S Hy(u)z* ™ du,
~1/2 —-1/2  —1/2 ~1/2
0 Uk—1 ug U1
A (z) = S dug_1 S e S duy S Az, u) du <z,

—-1/2 -1/2 —1/2 -1/2
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By (2.1) and Proposition B with v = —1/2 the left-hand side of (4.1) is

> <m+0(7—1/2(n))> =y k;JrO(xl/Qﬁ).

2<n<z 9imes 108 v(n)
It is easily seen that dMy(x) = Ix(H,z)dx. Thus Theorem 1 follows from
the above formulas and Lemma 1. Similarly Theorem 2 follows from Propo-
sition C.

Now we prove Theorem 3. The function Hi(u)x!T can be written as
H o log z m H;77(0) log" 2\ in
©) = Z =a) (o )
m=0 m,n

Taking the kth derlvatlve of both sides of (3.1) and then letting u = 0
we get

kL™ (0) 1og™
Ytoghy(m =a Y EOIEL | o)

m!n!
n<z m-+n=~k

:mz< ) 0)logh™/ & + O(a'/**9),

which combined with Lemma 1 glves

1
dAFm)y =1+ Y og" 7
n<x 2<n<x Og n
T k
— 1 d k H(]) 0)z1 k—j 9] 1/24¢
= S A Z | Hy(0)z1log" ™ 2 4+ O(x )
2log z T \J
7=0
k ) T k—j
-y <k> a9 (0) |22 s 1 0112+
=0 J 5 log" z
k T k—j . k—j—1
=Y (Mo eI TS g o)
=0 J 5 log” 2
k T k
k> () dz LA dz 1/2
- JH ) —— 4+ (k=) ) (0) | 5 + 0=
= <j 5 log’ 2 = J log’™ 2
k T
—at Y e |~ + 0@V
B " log? =
j=1 2
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Note that H(u) = Hy(u)(1+w). Applying Leibniz’s formula to this equation
and then taking v = 0 we get H9)(0) = H}J)(O) —i—jH}J_l)(O), which implies
Ch,j = (I;)H (9)(0). This completes the proof of Theorem 3.

Finally, we prove Theorem 4. If pl/2te < y < z, then the conclusion
of Theorem 4 follows from Theorem 3 directly. Now suppose z1/51¢ < y <
21/t 5/9 < Ru < €2, |Qu| < 1. If ¢ < 2z < x4y, then 2% = z% +
O(ym5 ~1), hence from Proposition C we get

Z ’}/u(n) = yH(U);[;u + O(y‘,r*t‘/lo + $1/5+25/3).
z<n<lzr+y
Taking the kth derivative of both sides of (3.8) and then letting u = 0 we
get

Z log 'y :yZ( ) logk Jsc+0(y$ 6/10+x1/5+26/3)

r<nlz+y
Note that logn = logz + O(z~1y) for any # < n < z + . Thus we have

Z Aik Z( > log j:L’—i—O(yLL’ 5/10+$1/5+25/3)

r<n<z+y

ECORN o

= Z < .)H(])(O) S log™ zdz 4+ O(yx~5/10 4 g1/5+2/3),
; J
0

T

This completes the proof of Theorem 4.
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