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A parametric family of sextic Thue equations
by

ALAIN TOGBE (Westville, IN)

1. Introduction. The first complete family of sextic Thue equations

(1.1) Fy(x,y) = 2% — 202y — (5a + 15)xy? — 2023y> + 5ax?y*
+ (2a + 6)zy® + y° € {£1,£27}
was studied by Lettl-Peth6—Voutier (see [8] and [9]). In [8], they used the
hypergeometric method to prove that the equation (1.1) has only trivial
solutions for a € Z. Moreover, they solved the inequality |F,(z,y)| < 2a +
323, for a > 89. In [9], they found all solutions to Fy(z,y) € {£1,£27} for
a > 89. In 2002, we obtained a partial result by means of a computational
method (see [12]). In fact, we used a computational method due to Bilu—
Hanrot [1] to prove that for |n| < 2.03 - 105, the Thue equation
Fo(z,y) = 2% — 24,2°y — 5(A, + 3)aty? — 202>
+ 5A, 2%y + 2(A, + 3y’ + 5 =1

with A,, = 54n> + 81n2 + 54n + 12, n € Z, has no integral solution except
for the trivial ones: (1,0), (—1,0), (0,1), (0,-1), (1,-1), (—1,1).

In this paper, we consider the following parameterized polynomial in two
variables x and y:
(1.2) o(z,y) = 2% — (a — 2)2°y — (a® + a + 6)z'y?

+ (a® — 24 4 6a — 10)z3y?
+ (a® + 5a + 3)2%y* + (a® — a + 4)ay® — 4.

In fact, we tried the hypergeometric method but without success. So we

solve the Thue equation @,(z,y) = £1 using Baker’s method. The main
result is the following;:
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348 A. Toghé

THEOREM 1.1. For a > 1.078 - 10'2, the family of parameterized Thue
equations

(1.3)  Pu(z,y) = 2° — (a — 2)2%y — (a® + a + 6)z?y?

+ (a® — 2a® + 6a — 10)2%y?

+ (a® 4 5a + 3)2%y* + (a® —a + )y’ — ¥ = +1
has only the integral solutions

Lecacheux [7] studied the extension K, = Q(H, h), where h and H are
respectively roots of

(1.5) 23— (a+1)2% + (a — 2)z + 1,
(1.6) 22 —ax — 1.

In Section 2, we will give some elementary properties of these polynomials
and recall the result of Lecacheux about a system of fundamental units of
K, that we will extend at the end of the section. We prove that the index of
the subgroup of units generated by five roots of ¢, (z) = @,(x, 1) in the full
group of units is less than 92.60 log® (a). Then we work with a system of al-
most fundamental units. In Section 3, we study approximation properties of
solutions to (1.3) and we exclude all solutions with small |y|. The key result
in this section is a lower bound for log |y|, using small linear combinations
of the unknown exponents of the almost fundamental units. In Section 4, we
determine upper and lower bounds for linear forms in logarithms to prove
Theorem 1.1. The main step in this section is to transform the linear forms
of six logarithms into linear forms of two logarithms. This enables us to
obtain a lower bound for the parameter a. In fact, we use an approach close
to that in [3, 4, 11, 13, 14].

2. Elementary properties of the relevant polynomials. We have
the following properties.

e The couples in (1.4) are solutions to (1.3).

o Oy(—x,—y) = Py(x,y); hence if (x,y) is a solution to (1.3), so is
(—x, —y). Without loss of generality, we will consider only the solutions
(x,y) to (1.3) with y positive.

Let us recall some properties obtained by Lecacheux.

THEOREM 2.1. There exists a constant C such that if |a| > C, and if
d:=a’>+4 and D := a®> — a + 7 are squarefree, then the unit group of
Ko = Q(H, h) is generated by —1,u = H — h and its conjugates.
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REMARK 2.2.

(1) The discriminants of the rings Z[H] and Z[h] are respectively d =
a’+4 and D? = (a®—a+T7)% The identity —13 = d(a+2)— D(a+3)
implies that d and D are relatively prime except for a = 3 mod 13.
The discriminant of K, is D* - d3.

(2) The extension K, is a real cyclic field of degre 6. The Galois group
of K, is G = (o) such that

1 h—1 2 1

2.1 H =—— hW=—01V\ h =——.
(2.1) H’ h h

Therefore, we use Maple and the expressions (1.5), (1.6), (2.1) to deter-
mine the irreducible polynomial of H — h. We obtain
(2.2)  ¢o(x) = 2% — (a — 2)2° — (a®* 4+ a + 6)z* + (a® — 2a® + 6a — 10)2®

+ (a® 4+ 5a+3)2* + (a®> —a +4)x — 1.

Most of the computations involve manipulations with asymptotic approx-
imations done with Maple. We will use the following variant of the usual
O-notation, introduced in [5]. For two functions g(a) and h(a) and a posi-
tive number ag we write g(a) = L, (h(|a|)) if |g(a)| < h(|a]) for all a with
absolute value at least ag.

Let 8, ..., 00 be the roots of ¢,(x). We let H be the root of (1.6)
whose asymptotic expression is given by

1 1 0.1
2.3 H = Lo ==
(2.3) at—— g+ 2( o )
and h the root of (1.5) whose asymptotic expression is given by
1 1 1 0.1
24 h=—-— = 4+ — 4L —1).
(24) T E2tat 2( a4>

Then using (2.1), (2.3), and (2.4), we have, for a > 2,
(0 =H-—h=a+2+2L% -2 +1,(%),

2 1 h—1 3 3 4 [ 8
0()___H_T__a__a+a_2_a_3+ 2(a_4)’
3) — H 1 _ 2 3 [ 3
2.5 1 1 2 [ 3

h—1 1 3 6 8
00 = H - 15t = =3+ 3 = & + La(33),
T )

Using the asymptotic expressions of 0 we determine those of log ]0(i)\ and
log|#® — @(*)|. In fact, we know that for the function f(z) = log(z) =
log(1 + u), we have

|
(n+1) _(_1\n n:
FO @) = (1t s,
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The error associated with the approximation of f(x) by the third Taylor

polynomial is
f A ut
424

where z is between 1 and 1 + u. In this interval, |R3(1 + u)| is the largest
when z = 1. Therefore we obtain:

2 1 3
D —
logw( )| = log(a) + g + ? + L2<—>,
1.
log [0)| = log(a) + % 3 Lg( 8)
a®>  a®

1 3 5 7
10g]9(3)| zlog(a)—a—f———f—:3 3 +L2( )

|R3(1 4 u)| =

(2.6)
2 0.2
log [0¥| = —2log(a) — — +L4< 4>
3 3 9 0.1
log %] = ~og(a) > + 55 + o5 + L ‘o7 )
1 3 0.1
log 09| = B A + Lo (ﬁ)
and 5 1 1
log [0 — 6P| = log(a) 4 log(2) + 5.7~ o3+ Ls <¥>
1 1
log |01 — )] = +—+L2<04>
2 3
1 4
log [0 — 6@)| = log(a) + poias L <¥>,
3 2 0.8
1 5)| _
log [0V — 00)| = log(a) + i +L2<¥>,
1 2 2
log |01 — 6| =1log(a) + - + % 343 +L3( )
(2.7) @

1 19 7 1
log [6® — 00| = log(a) + log(2) — %a + 32 243 + Lo (a_4>’

32 1.2
2 4
10g’9()_9()‘:log(a)+—a2 3 LQ( 4>
2 2.4
2 5)| _
log|0()—0()|—log(a)+?+L2(¥),

1 1 2
log [6?) — 0| = log(a) — o + 2722 ~ 343 + Ls (—>7

1 3 2
log |9(3) — 9(4)| = log(a) — a + TQQ + @ + L2 <—>7
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1 ) 1 1
log [0®) — 00| = log(a) — ’ + 202 348 + L5<£>’

log |0 — )| = log(a) + % + Lo <t—:>,

(2.7) log [0 — 00| = —log(a) — % + % + % + L4<i—g>,
log |0 — 9| = % + % + L2<%f>,
log |8©) — )| = —2 + % — 3—23 +L3(i_ff>.

Now let us extend Theorem 2.1:

LEMMA 2.3. Let O = Z[M, 03 96) 94 90O)) and consider the sub-
group (—1,01,02) 96) 94 90O of the unit group of O. Then

(2.8) I:=[0%:(=1,00,02 9B 94 90N < 92.6010g°(a)
for a > 35.

Proof. We determine an upper bound for the index of (—1, ONIONION
oW, 0(5)> in O by estimating the regulators of the two groups.
Let Ry be the regulator of (—1,0(1) 9?2 93) g 9)).

log |0M] log|6®)| 1og|6®)] log|d™| log|6®

)]
log|0®)| 1og|0®)] log|®| log|®)| log|6©)|
R = [log |0®)] log|0@W| 1og|0®)| 1og|0®| log|oM]].

log|0™| 1og|0®)| 1log|6©®] log|dM]| log|6?)|

log [0®)] log|0©)] log|6M] log|0®)] log|0®)]
Applying (2.6), we obtain

401log? log*

(2.9)  19log’(a) — 0%@ < Ry < 19log’(a) — ?’SOTM
for a > 35. In fact, using asymptotic expressions, we obtain
(2.10) Ry = (19 4 L35(0.001)) log®(a).

So Ry > 0and 0, 0@ 9B 9 96) are independent units. By Theorem B
in [2], the regulator of K, can be bounded by RegZxg, > 0.2052. From [10,
p. 361], we find a bound for the index I:

Ry

2.11 =
(2.11) RegZxk,

< 92.60log®(a)

fora> 35 =

Therefore, we can work without the conditions in Theorem 2.1. Instead,
we will use Lemma 2.3.
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3. Approximation properties of solutions. Let (z,y) € Z? be a
solution to (1.3). We define ) := z — 0@y, Since ¢, is irreducible by
Theorem 2.1 (having six distinct real roots), we define the type of a solution
(x,y) of (1.3) to be the j such that

BY| =
(3.1) 6] = fi“?s'ﬂ‘

The crucial step of the proof of Theorem 1.1 will be the following lemma,
which excludes solutions with small y:

LEMMA 3.1. Let a > 50 and (x,y) be a solution to (1.3) of type j which

is not contained in (1.4). Then
160/11a* if j =1,
320/39a° if j =2,
(3.2) 13V)| < c; yls’ where ¢; =< 320/19a* if j =3,
320/9a®  if j=4,5,
960/29a% if j = 6;

(33)  log|B%| = log(y) + log |0V — 69| + L50<%>7 it]
Proof. For i # j, we have

y|0®@ —9L)| < 2|50,
then
1 1 25

3.4 B = —— <2 : L .
R | R Hz-#l@@—ew ¥ 16,(09)))

For each j = 1,...,6, we compute the asymptotic expressions of ¢g(9(j))
and we deduce that for a > 50:

N)

11

(1 (i) 4

(3.5) EAC. Z|#|1|9 o) > =,

(3.6) 16,0 =] 169 — 0@ > >

@ i3 10
: 19

BN — TT 100 — p®) > 19 4

(3.7 0 =[] 07 - 07>
: 9

TONER s (PO CIRSL

(39 0 = [T 07 = 091>
' 9

0N — TT 100 — g®) > 2 2

(39 00 =[]0 - 01>
) 29

L 0O — TT 190 _ g©®) > 29 3

(3.10) 64 00)] = TT109 0] > 2200

i#£6
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So we obtain (3.2). Additionally, we note that this implies together with

|39 B)
ylo®@ —9G)| — b= y(00) — 900 ’
that
()| — (@) _ () 1
(3.11) log |5\ = log(y) + log |0\ — Y| 4+ Lsg % )"
In fact, we look at all the asymptotic expressions of log ‘1 %‘ to

draw this conclusion. This completes the proof. m

The next result gives us a lower bound for log(y).

LEMMA 3.2. Let (z,y) be a solution to (1.3) with y > 2 and a > 475.
Then
(3.12) log(y) > 0.032a*log*(a).

Proof. If (x,y) is a solution to (1.3), then A is a unit in Z[G(l), 02 9B
0(4),9(5)] for 1 < ¢ < 6. By Lemma 2.3, there are integers ui, us, us, u4, us
such that
(3.13) (g(l))l - i(@(l))ul(9(2))1@(9(3))U3(9(4))U4(9(5))u5’
where [ is the index obtained in Lemma 2.3. So for ¢ = 1,...,6, the conju-
gates of S(1) are given by
(3'14) |ﬁ(l) |I _ |9(z) |u1 m(i—i—l) |u2 |9(i+2) ’u3 |9(i+3) |u4 |9(i+4) |U5’
with indices taken mod 6; therefore applying log, we obtain
(3.15) log|BW| = ﬂlogw(i |+ 710g]9’+1)| +7 3 Jog |60+2)]

+ 1og 190+3),| + 55 log 100*+|  (indices mod 6).

For each j, from (3.15), we con81der the subsystem not containing 3(7)
that we solve for uj /I and uy/I using Cramer’s method. Then we use the
asymptotic expressions (2.5)—(2.7) and (3.3) to obtain

R’U,Z'
1
(316) =
¢;2log?(a ¢; 3log®(a) + ¢ 410g?(a Ci
= <Ci,110g4(a)+ 2 ag ( )+ alog | )a2 alog | )+L50<a—’35>)10g(y)

ciglog(a) 4 ciglog(2)log?(a)
a

+cig log®(a) + ci7log(2) log4(a) +

N Ci,10 log4(a) +cin log3(a) +¢i12log(2) 10g3(a) +¢i13log(2) logQ(a)
2
a
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where, for ¢ =
numbers. We use R instead of Ry to simplify notation. Tables 1-5 give us
the coefficients ¢; ;:

A. Toghé

Table 1. Values of ¢, for u;

1,...,5and k = 1,...,14, the coefficients ¢;;, are rational

Case Ci1 €2 |€C1,3|Cl4|C15|Cl6|Cl,7| C1,8 [C1,9]| C1,10 | C1,11 |C1,12|C1,13 | C1,14
j=1{-11| 34 |-55|111|305| -4 |—-2| 24 |18 | =51 | 90 |-21| 10 1
. 49 72 9 79
j=2|-1[78 |=79| 21 | 1 [-1| 3 | 2 |41 |- -2 |_-D)_13] 1
67 175 129 37
j=3| 31| 44 0 [—B9|137| 24| 5 T o122 |5 | —%|—23| 80
Jj= 65 |—64 | 112|—15[255| 19 | 0 |—135| 0 | %35 | 76 0 0 | 447
j=5137|—-66 [109| 33 | 10 | -2 | O |—126| O | 282 | 134 0 0 25
j=6|-7|-2 121|795 ]0]0]| -8 0] 16 88 0 0 | 40
Table 2. Values of ¢y i for ug
Case C2,1 C2,2 C2,3 C2,4 C2,5 C2,6 C2,7 C2,8 C2,9 C2,10 C2,11 C2,12 C2,13 C2,14
j=1| -10 |-44| 24 |9 | 1 |-14| -7 | -9| 7 | —-56 | 51 |-33| 29 | 25
j=2|-32| 34| —79 | 80 | 100 [—32| —18 | & | 26 1300 | L5 | 49| 9 10
j=3| —34|108| —112 | —44| 125 |—-30| —11 | 283 | 19 |- 1137} 135 | 451 20 | 595
j= 28 | 2 3 |—48| 117 | © 0o | 12| o 34 —21 | 0 0 12
j=5| 44 |—64| 88 |—46] 180 | 12| 0 |[-53| 0 249 49 0 0 | 120
j=6| 4 |-36| 76 |-32| 3 0 0 |[-28| 0 56 —4 0 0 40
Table 3. Values of c3 i for us
Case C3,1 [ €C3,2| C3,3 [C3,4| C3,5 [C3,6| C3,7 |C3,8| C3,9 |C3,10| C3,11 |C3,12| C3,13 [C3,14
j=1{21 ] 0 |24 31|10 |18 9 |9 |-13]63|-25|3 | 2 | 36
j=2{33]-30] 33 | 65| 1 |[33| 15 (=38 —9 | 4| 77 | 2 | 75 |100
j=3| 3 | 42| -3 |-11] 32 | 6 | 6 | 35 4 i 29 1 73 | 15
j=4l 21| 0| 24|31 9 |0]| 0|9 0 |2 |-13|0 0 10
j=5| 33 |-30] 33 |65[100] 9| 0 [-37] 0 || 24 | 0O 0 1
j=6| 3 | 42| -3 |—-11] 40 | O | O | 36 0 4 | =361 0 0 1
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Table 4. Values of ¢4, for ug

C4,6 | Cq,7 ‘04,s| C4,9 ‘ C4,10 ‘ C4,11 |C4,12| C4,13 |C4,14‘

|CaS€ | c4,1 | c42 | C43 |C4,4‘ c4.5

j=1| —44 | 64 | —88 | 46 | 100 |—35| —8 | 48 | 14 |—-166| 111 | —22| 41 | 100
j=2| —4 | 36 | -76| 32| 8 | 4| —7 |8 | 28 |-78| 16 |-40| 22 | 0.1
j=3| 10 | 44 | —24|-00| 75 | 1 | 1 |8 | 14 |-28| 170 | -18| —19 | 4
j=4| 32 | -34| 79 |-80| 107 | 0 | 0 [11| 0 | B | —19 | 0 0 1
j=5| 34 |—108| 112 | 44 | 130 | 11 | 0 [—42| o | 8 | 113 | 0 0 1
j=6| 28| -2 | -3 |48 120 |-19| 0 | 8 | 0 |-61| 57 | 0 0 | 300

Table 5. Values of cs5 i for us

Case | c5,1 |c5,2| ¢5,3 |C5,4| ¢5,5 |cs56| €57 |C5,8| €59 | C5,10 | €5,11 |C5,12| 5,13 |C5,14
j=1| =7 | =2 21 79 45 -6 | =3 17 8 —26 38 —11 29 2
j= —11 | 34 | =55 [ 111 | 18 |—11| =5 43 26 —% 88 —32 39 1
j=3| -1 78 | =79 | 21 54 -2 | =2 71 18 —% —11 | =21 10 105
j= 31 44 0 —59| 37 0 0 16 0 39 —32 0 0 3
j=5| 65 |—64| 112 |—15| 255 | 16 0 —81 0 % 60 0 0 1
j=6| 37 |—66| 109 | 33 1 19 0 —52 0 149 31 0 0 4

We choose small and positive linear combinations of the u; depending
on j:
Ruv; Ru Ru Ru Ru Ru
(3.17) TJ = bjoR + bjl Tl + bjg TQ + bjg TB + bj4 T4 + bj5 75,
where bj; € Z. In fact, we use coefficients bj; such that the coefficients of
the main terms log(y) log*(a), log(y)log3(a)/a, log®(a), and log(2)log*(a)
vanish:

(3.18) %
—38u _ 38 4 gl | 0B 4 158 if j =1,
R— 758 gqqfee _ g038us 4 946t 4 oBiLs if j =2,
R+ 1388 4 138882 4 4188 4 ofus 991 fius if j =3,
N oft 90382 | g1g3fus 91 Rus _ 7Rus it j =4,
—53fu _ Rus _ gayBus _ Rus 370 fus if j =5,
139R + 6984 4 366842 4 547848 4 o768us 4 1388 if j = 6.
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Then we get
Ruv;
3.19) —2
(319) O
3 2 4 3
(4561og (a);l;644log (a) + LSO(a%)) log(y) + 228 log (a)-&-lilog(?) log®(a)
+ 57log*(a)+97 log3 (a)+%7 loi(22) log®(a)+3221og(2) log?(a) ¥ Lo (2_(3))
if =1,
3(0)_ 2
(900610g (a) a25541810g (a) + LSO(%)) log(y)
119 log5 (a) — 5533 1og4(a)+8§08 log(2) log® ()
a
% log* (a)—w log?® (a)+4199210g(2) log®(a)—278341log(2) log?(a)
a
+ Lso(12) if j =2,

(741010g3(a)*220776 log?(a) | Lso()) log(y)
a

a
+19 log5 (a) + —2016 log4(a)+222 log(2) log®(a)

4799 log*(a)—13763 log® (a)+494 log(2) log®(a) —5851 log(2) log?(a)
2

+ a

+ Lso(29) if j =3,
(524410g3(a):22154010g2(a) + Lso(%)) log(y)

_'_381054((1) + 1910g4(a)—cib—2817log3(a) + L{)Q(%) lf] — 4,
(13452log3(a)a—25065210g2(a) + L5O(a%)) log(y)

+1482 1;)g4(a) + 9196log4(a);21072 log®(a) + L50(§—§) if =5,

(41838 log3(a2;2r5524 log?(a) Lso (2_(3))) log(y)

+1910g5(a) _ 163612g4(a) i 34325log4(a);;1368310g3(a) i L5o(32%)

if j =6.

From the above expressions, one can check that each v; > 0 for a > 475.
Therefore if we use (3.19) and (2.10), the inequality Rv;/I > R leads to the
following lower bounds for log(y) according to j:

(3.20)

0.032a%log?(a) if j =1 and a > 180,
0.31alog(a) if j =2 and a > 475,
0.27alog(a) if j =3 and a > 50,
log(y) > o
0.0018a”log®(a) if j =4 and a > 64,
0.0014a?log?(a) if j =5 and a > 44,
( 0.03alog(a) if 7 =6 and a > 50.

This implies (3.12) and completes the proof. =
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4. Proof of Theorem 1.1. Suppose that (z,y) € Z? is a nontrivial
solution of type j (a solution not in (1.4)). We define indices (7, k) depending
on j:

((2,3) ifj=1,
(3,4) ifj=2,
4,5) ifj =3,
(k= { (B 1=
(57 6) lf ] - 4)
(6,1) ifj=5,
(1,2) ifj=6.
We consider the following Siegel identity:
Bk (g(j) — g(i)) g(j)(g(k) — g(i))
BO(9G) — g(k)) T B (G — gk))
We put
W) — (@) B — 90
I —gm T 5@ < I >>

and by (3.13) we obtain the following linear form in logarithms:
oK)

6] + T log
g(k+3)
9(z+3)

g(k+2)
0(i+2)

Ui

T log

+%log

U2 u3

g(k+1)
G + T log
g(k+4)

9(1+4)

(4.1) Aj =

+%log

7 +log |\

= log |1 + 75|
(indices mod 6).

LEMMA 4.1. We have A; # 0.

Proof. Suppose that A; = 0, then from (4.1) we have 7; = 0 or 7; =
—2. The first is impossible because the polynomial ¢,(z) has six distinct
nonzero roots. On the other hand, if 7; = —2, then by the Siegel identity
the conjugate 7;41 (with index reduced mod 6) of 7; would be 1. This is also
impossible in the normal closure of K. =

We know that for any real z > 0.2032 the inequality [log(z)| < 2|z — 1|

holds. By (4.1) we have
y 5(3 — 90
(4.2)  log|A;| =logl|log |l + 74| | < log|27;| = log |2 30 <w> ‘

Therefore, by (3.4) and (3.11), we obtain
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(4.3)  log|4;| < —6log(y) +

—ug /1
U3/I
Uj =max{|u1/I|,...,|ue/I|} = —ua/I
uy /I
us /I

In order to apply the result due to Laurent, Mignotte, and Nesterenko (see
[6, Corollaire 2, p. 288]) on linear forms in two logarithms to determine
lower bounds of A;, we rewrite (4.1) to obtain the following linear form in

two logarithms:

W .
(44)  kjA; = Ujlog|d| + log |vy 1y
with

(45) ky =44, ky =33, ky=34, ky=65,

] = 3 B o4
(4.6) M h@%—557
' 0(6) o1
’V4‘ = W’ |V5’ = W’
Vl_ VQ 101/??11/4 441/5—7
V;l 532 331/5 VG —11
(4.7) 5; = R T L
Vii2y31y65y§8ygl
V33V34V§'5V§>7V814
| vivivs PuiTug T
o) _ p(2) p2) _ p®3)
48) 1= ) _ B3 A2:mm_HW’
' 94 _ (5 9() _ g(6)
LT 0@ _gle) DT ) — ()’

4

2

0

1

[ —4log(a) + log (22
8

—61log(a) + 1o @)
640
—7log(a) + log(—9

) if j =1,
) if j = 3,
O +L1 ifj=4

—210g( )—Hog(T) +2 ifj =5,
—4log(a) + log( g )

Observing the absolute values of the coefficients ¢; 1, one can conclude that

if j =1,
if j =2,
if j =3,
if j =4,
if j = 5,6.

Waj, V;/V3j VW4j Ws;  Wej

k.
vy v /\jjl

ks = 65,
1)
— @
9(2)
— o
ifj=1,
if j =2,
if j =3,
if j =4,
if j =5,
if j = 6;
p3) _ p(4)
>\3 - )
93) — 9(5)
p6) _ (1)
Ag =
96) — 9(2)

if j =2,

if j = 6.

ke = 37;
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Table 6. Choice of Wj;

Case le ng ng W4]' W5]' Wﬁj
. 44uq —1luyg 44ugs—10uy 44uz+21uy 44us—Tuy

J=1 T T T 0 T 0

s 33uq+us 33ug+32us 33uq+4us 33us+1lus
Jj=2 0 T T 0 T T

i =3 34us—us 0 34uq1+31lus 0 34uz+3ug 34uga+10us
J= T T 7 T

. 65ug —32uy 65us —31uq 65up —28uy 65u3z—21uy
j=4 T T 0 0 T T

s 65u3 —33us 65uy4 —34us 65u1 —37us 65ug —44us
J=5 T T 0 0 T T

i =6 3Tug —4us 37usz —3us 37uq4+28us 0 0 37u1+Tus
J= T T T T

In fact, to determine the exponents W;;, first we choose U; as coeffi-
cients of one logarithm and then we try to eliminate the terms containing
log(y) in the asymptotic expressions of w;/I. Using asymptotic ex-

1910g( )
pressions, one can see that
1 3
log [v1| ~ ==, log |v4| ~ log(a) + —,
a a
1 2
(4.9) log |va| ~ —3log(a) + o log |vs| ~ log(a) + o
3 1
log |v3| ~ log(a) — o log |v6| ~ ok
and
log |A1] ~ log(a) +1log(2),  log|A4| ~ —log(a),
(4.10) log | Az| ~ log(2), log |As| ~ —log(a),
1 2
log [A3] ~ ——;, log [Ag| ~ —.
a a
We take D = 6 and we obtain
1 _ 2
(4.11) h(v;) < glog vy tugpgrs| < log(a) — 6_a +— 3.2
and
1 AL
(4.12) h()j) = = log |(4a® + 2a® + 10a + 13) | T2
6 A4As

2 1 1
< log(a) + = 10g(2) + 5 + =,

where 4a® 4 2a® 4 10a + 13 is the leading coefficient of the irreducible poly-
nomial of \;. Now set

Wi, Wa, W3' Wy Wsi Weiykj
(4.13) =105, v2a=vy vy vy Ty Yvg Trg YA
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Then using the properties of the absolute logarithmic height of algebraic

numbers, we have

(4.14) h(y

1) = h(5;) < sjh(1n),

where s; is the sum of the absolute values of the exponents of v; in the

expression of d;, i.e.

177, s5 =213,

(4.15) s =93, s, =81, s3=79, s4=

and

(4.16) (Zw) (1) + ksh(\)
for j € {1,...

Table 7 below.

Table 7. Choice of hi, he, and ¥’

depending on j

s¢ = 79,

,6}. The choice of hy, hg, and b" depending on j is given in

Case h1 ha b’
j=1| 93log(a) = 3+ %3 | (28 — %3%) log(y) + 132 log(2) + T3log(a) + 2 | 55
j=2|8llog(a) — 2L + 155 | (5850 4 21) log(y) + 13log(2) + 33 log(a) + 122 | 2
j=3|79log(a) — 2+ 255 | (HOE- — 20)log(y) + 4 log(2) + 18log(a) + £ | Sa
j=4|177log(a) = 32 + 413 |(55225; — 24) log(y) + 120 log(2) + 17 log(a) + 14022 | 220
j = 5|213log(a) — I+ 297 |(58202 — 5L log(y) + 122 log(2) + 93 log(a) + 415U | 200
j=06|791og(a) — 2+ 255 | (2 — 53)log(y) + 122 log(2) + 68 log(a) + 228 | ;22e=
Thus we get
(4.17) log |A;| > —31544.64(log(b') + .14)*h1hy — log(k;),

where b/, hy, hs are given in Table

7, and k; is given in (4.5). By combining

(4.3), (4.17) and Lemma 3.2, we obtain inequalities that are not true for

261910993786
197991298372
558417390554
951648836636
1077675177955
219113871094

This completes the proof of Theorem 1.1.

(4.18)

ifj=1,
if j =2,
if j = 3,
if j =4,
if j =5,
if j = 6.
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