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Abelian p-class field towers over the cyclotomic
Z,-extensions of imaginary quadratic fields

by

Kew1r Okano (Tokyo)

1. Introduction. Let p be a prime number and F' a finite algebraic
number field. Denote the cyclotomic Z,-extension of F' by F. Iwasawa
theory is centered on the study of various abelian pro-p-extensions over Fi,
especially the maximal unramified abelian pro-p-extension L(Fy,) of Fi, to
find the properties of the p-primary parts of the ideal class groups of subfields
of Fiiw. We will apply this theory to the study of the maximal unramified
pro-p-extensions (called p-class field towers) of algebraic number fields. One
of the classical problems in the theory of class field towers was the question
whether the Galois groups of p-class field towers are always finite. Follow-
ing Golod and Shafarevich’s negative answer to this, many mathematicians
showed examples of algebraic number fields with infinite class field towers.
Another problem is what properties characterize the Galois groups of p-class
field towers. Although this problem has been widely investigated, only a few
results are known.

We consider the problem of classifying the algebraic number fields which
have abelian p-class field towers (i.e., p-class field towers with abelian Galois
groups). Note that abelian p-class field towers of finite algebraic number
fields are finite extensions by class field theory. In this paper we classify
the imaginary quadratic fields whose cyclotomic Z,-extensions have abelian
p-class field towers in the case where p is odd. Some methods we use here
are the same as those of Mizusawa and Ozaki [7] who treat the case where
p =2 (see §2). The main theorem is the following:

THEOREM 1.1. Let p be an odd prime number, k an imaginary quadratic
field, and A(k) the p-primary part of the ideal class group of k. Denote
by E(koo) the mazimal unramified pro-p-extension of the cyclotomic Zy-
extension koo of k, and by A the Iwasawa A-invariant of keo/k. Then
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Gal(z(k:oo)/k:oo) 1s abelian if and only if one of the following two conditions
holds:

(i) A <1,
(ii) \x =2 and A(k) = D(k),

where D(k) is the subgroup of A(k) generated by the classes of powers of
primes lying above p.

REMARK. Note that Gal(L(kso)/kso) is abelian if and only if all sub-
fields of koo have abelian p-class field towers, and that if Gal(L(keo)/koo)
is abelian, then Gal(L(koo)/koo) =~ ZF* . Also condition (i) implies that p
splits in k/Q. Moreover we see later that the structure of Gal(L(koo)/koo)

over the formal power series ring Z,[[T]] is different in the cases where
A(k) = D(k) = 0 and where A(k) = D(k) # 0 in (ii).

From now on, p is an odd prime number and we use the following notation
for any algebraic number field F:

e A(F): the p-primary part of the ideal class group of F,

e L(F): the maximal unramified pro-p-extension of F,

e L(F): the maximal unramified abelian pro-p-extension of F,

e G(F) := Gal(L(F)/F),

o X(F):= Gal(L(F)/F) = G(F)*,

e [: the cyclotomic Z,-extension of F,

e [,: the unique subfield of F,, with degree p" over F,

o \p :=dimg, X (Fyx) ®z, Q : the Iwasawa A-invariant of Fi./F.

2. Central p-class field theory. In this section we introduce the cen-
tral p-class field theory, by means of which Mizusawa and Ozaki proved their
result [7]. In the present paper we also follow their approach.

For any pro-p-group and its subgroups Hj, Hs, we use the notation
[Hy, Ho] for the closed normal subgroup generated by the elements of the
form [hq, ho] := hthhl_th_I (h; € H;). Let K be a finite p-extension of a
finite algebraic number field k£ with Galois group G := Gal(K/k).

DEFINITION 2.1. We define the genus p-class field G(K/k) associated
with K/k to be the compositum of K and the maximal abelian subexten-
sion of k in L(K). The field G(K/k) coincides with the maximal abelian
subextension of k in L(K) if K/k itself is abelian. We also define the central
p-class field C(K/k) associated with K /k to be the subfield of L(K) fixed
by [Gal(L(K)/k), Gal(L(K)/K)].
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By [3, Theorem 3.11, (3.24), Proposition 3.6], we have the exact sequence
E(k) N Nk /pJi
(1) — —
E(k) N Nk K>
where E(k) is the unit group of k, Jx is the idele group of K, Nk, is the
norm map and
K(K/k) := Coker(H NG, Jx) — H NG, Jg /K*))
induced by the canonical map Jx — Jx/K*. For each prime p of k, we fix

a prime of K lying above p and denote by Z, its decomposition group in G.
Then by Tate’s duality theorem, we have the canonical isomorphisms

G JK HH2 va 7 ﬁ_l(Gv JK/KX) = HQ(szP)v

K(K/k) — Gal(C(K/k)/G(K/k)) — 0

where the product in the first isomorphism is taken over all ramified primes
of k. Therefore

(2) K(K/k) ~ Coker(H Hy(Zy, Z,) — Hy(G, Zp)).
p

If K/k is an infinite pro-p-extension, by taking the projective limit with
respect to the finite subextensions in K /k, we have an exact sequence similar
to (1). Now, we apply the exact sequence (1) to an imaginary quadratic
field £ and the maximal unramified abelian p-extension K = L(k,) of kj,
(0 <n < o0):

LEMMA 2.2. Let 0 < n < oo and let k be an imaginary quadratic field.
Suppose that /=3 & k if p = 3. Then G(ky) is abelian if and only if
K(L(kn)/k) = 0.

Proof. Note that G(L(ky)/k) = L(ky). In fact, the maximal abelian sub-
field F' in L(L(ky,))/k is contained in the maximal abelian subfield L(k,,)
in L(L(ky))/kn. By the assumption that k ¢ /=3 if p = 3, we find that
K(L(ky)/k) = 0 if and only if Gal(C(L(ky,)/k)/L(k,)) = 0. The latter condi-
tion is equivalent to L(L(kn)) = L(ky) and also equivalent to L(ky,) = L(k,)
by [3, Lemma 3.9]. =

By the above lemma, the judgment whether Z(kn)/kn s abelian or not
is reduced to the computation of K(L(ky)/k). Next, we consider the commu-
tative diagram of the minimal presentations

1 R F Gp —— 1
[ |
1 R, F, Zpn — 1

of G = G, := Gal(L(ky)/k) and the decomposition groups Z,, C G, by
means of the free pro-p-groups F', F},. Since the Hochschild—Serre spectral se-
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quence yields isomorphisms Ho(Gp,Zy) ~ RN [F, F]/[R, F], Hy(Zpn, Zp) ~
Ry N [Fy, Fy)/[Rp, Fp], we see that KC(L(ky)/k) = 0 if and only if

Fp,Fp] _ RN [F, F]
v H (R, Fme]) [Re Byl (RN[F.F]P[R, F]

is surjective by ( ).

3. Preliminaries for the proof of Theorem 1.1. From now on
throughout this paper, we suppose that k£ is an imaginary quadratic field
and n is any non-negative integer. We put X := X (ks), Xp, := X (k) and
Gy, := Gal(L(ky,)/k) for convenience. In this section we introduce the nota-
tion from Iwasawa theory and look for a necessary condition for Z(koo) [koso
to be abelian.

Put I' := Gal(ksx/k) and identify I" with Gal(Q«/Q). Then I}, :=
r/r P" acts on X,, by inner automorphisms via the canonical isomorphism
Xy, =~ A(kn) which is obtained by class field theory. Then lim Z,[I%,] acts on
the Galois group X, and hence the formal power series ring A := Zp[[T']] acts
on X via the non-canonical isomorphism A ~ limZ, [I7,] which is obtained
by sending a fixed topological generator of I to 1 + T. It is well known
that X is a finitely generated A-torsion A-module. Moreover, since k is an
imaginary quadratic field and p is odd, there is an injective homomorphism
X — @;_, A/(P;)™ with finite cokernel, where the principal ideals (P;) in
A are prime ideals of height 1 and the structure of the right hand side is
uniquely determined by p and k (for example, see [9, §13.3, 13.4]). Also by
[2] we may take each P; to be an irreducible distinguished polynomial. The
polynomial P(T) :=[]7_; P/ is called the characteristic polynomial of X.
Clearly deg P(T") = M. By considering X as the subgroup of Gal(L(k«)/k),
the Galois group X, is described as

Xn = X/vp(T)Y, Y :=Gal(L(ks)/L(k)keo),
where

vn(T) := . wp(T) = (T +1)P" —1.

REMARK. The above homomorphism X — @7 ; A/(FP;)™ is not an
isomorphism in general. But as we see later, we must determine precisely
the A-module structure of X to compute G (ko). It is one of the keys to the
proof of our theorem.

We now look for a necessary condition for L(ks)/keo to be abelian.
Denote the unit group of &, by E(ky) and set

Mo := E(kn)/E(kn) O Np e,k Lkn) ™, H o= limHy,
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where the projective limit is taken with respect to the norm maps. Note
that H,, is a p-group.
LEMMA 3.1. Suppose that /—3 ¢ k if p = 3. Then the module H is

cyclic over A.

Proof. First we prove that E(k,) ®zZ, is cyclic over Z,[I7,]. Denote the
unit group of Q,, by E(Qy,). Then by [9, Theorem 4.12], we obtain

E(kyn) ®z Zp, = E(Qy) ®z Zp.
Therefore it is sufficient to prove that E(Q,) ®z Z, is cyclic over Z,[I3,].
Fix a primitive p"'th root of unity {,»+1 and a primitive root g mod p"*!.
Consider the extension Q((yn+1)%/Q and put AT := Gal(Q({yn+1)"/Qp),
where Q((,n+1)" is the maximal real subfield of Q({,n+1). Let C;;H be the
group of cyclotomic units of @(Cpn+1)+, i.e. the group generated by —1 and
the units &,, where
_ a2 LT G
€a = Cpui1 m
and a satisfies 1 < a < 3p"*!, (a,p) = 1. Then , generates C;;H/{il}
as a module over Z[AT x I},] by [9, Proposition 8.11], and therefore it also
generates C;ZH ®z Zy as a module over Z,[A" x I',]. Taking the norm with
respect to AT, we find that NA+(C';1+1 ®z, Zy) is generated by Na+&, as
a Zp[Iy)-module. On the other hand, by the computation in [9, §8.2], the
index of the subgroup in E(Q,,) generated by {—1, N+ (C;ZH)} equals the
class number of Q,,. Since the class number of @QQ,, is prime to p, we obtain

E(Qn) Rz Ly = N+ (C;;LH Kz Zp).

This implies that E(Qy,) ®z Z, is cyclic over Zy[I3,], so that E(ky,) ®z Zj is
cyclic over Zp[I},]. Combining these with the surjection E(k,) ®z Z, - Hy,
we see that H, is also cyclic over Z,[I},]. Hence H is cyclic over A. m

Applying (1) in §2 to the unramified extension L(ky)/ky, we have the
exact sequence
0_>Hn _>H2(Xnvzp) - n2) _>07

where X2 is the Galois group of C(L(kn)/kn)/L(ky), since H(X,, L (k)

= 0and E(kn) C Nr(k,)/kn JL(kn) DY class field theory. Taking the projective
limit, we also obtain the exact sequence

0—H— Hy(X,Zp) = XP -0, X@ :=limXx?.

PROPOSITION 3.2. Suppose that G(kso) is abelian (so that G(ks) = X).
Then one of the following statements holds:

(i) Ak <1, in other words, G(koo) is trivial or isomorphic to Zy,
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(il) 2 < A, <3 and X s cyclic as a A-module,
(iii) Ay =2 and X is generated by two elements as a A-module.

Proof. If p = 3 and k = Q(v/—3), then the claim is trivial because
G(kso) = 0. So we may discard this case. Suppose that G(kso) is abelian.
Then X = 0 and X Az, X ~ H(X,Z,) ~ H. Hence, by Lemma 3.1,
there is a surjection A — X Az, X which induces a surjection F,[[T]] —
(X/pX) Mg, (X/pX). We consider X/pX. Note that X ~ ZI* as Z,-
modules since k is an imaginary quadratic field and p is odd. We can choose
the representation

X/pX ~ @ F,[[T])/(T%).

(If X =0 wedefinel =1, s = 0.) Then Ak = > s; and, as Fp[[T]]-modules,
!

(X/pX) A, (X/pX) = EE[TIAT) A, B(T/T*)
@@ /(T%) @, F[[TN)/(T%)).

1<J
Therefore [ must be 1 or 2. If the latter holds, we can easily check that X/pX
must satisfy X/pX o~ F,[[T]]/(T) @ Fu[[T]]/(T). Therefore (X/pX) A,
(X/pX) ~ F,. This implies that statement (iii) holds by Nakayama’s lemma.
Assume that the former holds: X/p ~ F,[[T]]/(T**). Then we obtain

(8)  BIIN/T™) Ag, BTN/ (T™) = Fy[[T]) /(T D7),

Now we assume that )\, > 4. Then, by the surjection F,[[T]]/(T*) —»
F,[[T]]/(T*), the isomorphism (3) holds for A\x = 4 and the kernel of multi-
plication by T on its left hand side must be isomorphic to F,. But this is a
contradiction. In fact, if we write the fixed topological generator of I with
respect to 1 + 7T € A as v and pick

LAY, Y AY% PP A AP AL 1A, v AP
as an Fy-basis of F,[[T]]/(T*) Aw, Fp[[T]]/(T*), then the matrix of multipli-
cation by T is

-1 1
-1 1
5 —1 —4 (blank entries are zero)
-1 6 -1 —4
—4 4 1 -1

since 7* = 493 — 692 + 4y — 1 mod T* = (v — 1)%. The rank of the matrix
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is 4 = 6 — 2, so that the kernel of multiplication by T has dimension 2.
This is a contradiction. Consequently, A, < 3 if X/p ~ F,[[T]]/(T**). This
implies that statement (i) or (ii) holds again by Nakayama’s lemma. The
isomorphism (3) holds if Ay < 3 indeed. =

The same argument works on Xy ~ A(k):
LEMMA 3.3. If G(k) is abelian, then A(k) =0 or A(k) is cyclic.

Proof. If p =3 and k = Q(+/—3), the claim is trivial. So we may discard
this case. Then Ho = 0 and X\” = 0. Therefore Hy(Xo,Z,) = 0. This
implies that X is trivial or cyclic. »

In the rest of this section we show Theorem 1.1 in the case where p is
non-splitting in k. Recall G,, :== Gal(L(ky,)/k).

LEMMA 3.4. Suppose that p is non-splitting in k/Q. Then Hy(Gp,Zy)
=0 if and only if X,, =0 or X, is cyclic.
Proof. From the splitting exact sequence of pro-p-groups
1—-X,—G,—1,—1,
and also by [1] we obtain
(4) Hy(Gy, Zy) ~ Ho(I, Zyp) & Hi (I3, X0) ©@ Ho( X, Zp)r, -
We can easily check Hy(I%,,Z,) =0 and Hi ([}, X,) = 0, since

#H1 (I, Xn) = #ﬁO(Fn’A(kn)) = #A(kn)rn/#A(k) =1
by the genus formula (note that the lifting map A(k) — A(k,) is injective
by [9, Proposition 13.26]). On the other hand, by Nakayama’s lemma,
Ho (X0, Zp)r, =0 & (Xy A X))/ (0, T)(Xn A Xyp) =0
S X, ANX,=0
< X, =0 or X, is cyclic.
This completes the proof. m

PROPOSITION 3.5. Let k be an imaginary quadratic field, and p an odd
prime number. Suppose that p is non-splitting in k/Q. Then G (ko) is abelian
if and only if \p < 1. More precisely, for any 0 < n < oo, é(kn) s abelian
if and only if A(k,) =0 or A(ky,) is cyclic.

Proof. Suppose that é(kn) is abelian and let Z,,, C G, be the decom-
position group of a prime of L(k,) lying above p. Then by Lemma 3.3,
A(k) = 0 or A(k) is cyclic. By Iwasawa’s theorem [4], if A(k) = O then
X = 0, since there is exactly one prime which ramifies, and it is totally
ramified in ko /k. Hence we may assume that A(k) is cyclic, in particular
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k # Q(+/—3). Then again, since there is exactly one prime which ramifies,
and it is totally ramified in ko /k, we have
X ~A/(P(T)) and X, ~A/(P(T),wn(T)).

This implies that the subgroup D(k,) of A(k,) generated by the class of
a power of a prime lying above p is also trivial. In fact this follows from
the injection @D(k:n) < XT' = 0. Therefore all primes lying above p
split completely in L(ky)/kyn. So the decomposition group Z,, coincides
with the inertia group which is isomorphic to the cyclic group I;,. Hence
Hy(Zypn, Zp) = 0. Combining these with the considerations in §2, we obtain

Hy(Gn, Zp) = K(L(kn)/k) = 0.

The above lemma gives us the necessity part of the condition in the state-
ment. On the other hand, the sufficiency part of the condition is trivial. =

4. Necessary condition in the splitting case. From now on, we
study the case where p splits in k as (p) = pq. Note that the characteristic
polynomial P(T) of X is divided by T'. In this section we continue to look
for a necessary condition for G(ks) to be abelian.

For any non-negative integer n, denote by D(k,) the subgroup of A(k,)
generated by the classes of powers of primes lying above p in k,. Note that
D(k,) is a cyclic group, since the number of primes lying above p in kj, is
exactly two and #A(Q,) = 1.

LEMMA 4.1. Suppose that p splits in k. Then:

(i) A(kn)™ = in(A(K))D(kn),

(ii) Doo = lim D(ky,) =~ X
where i, : A(k) — A(ky) is the (ingective) lifting map for each n.

Proof. Let I(ky) (resp. P(k,)) be the group of fractional ideals (resp.
principal ideals) in k;,. Then the exact sequences of I},-modules 0 — E(ky,)

— kX — P(k,) — 0 and 0 — P(ky) — I(kn) — I(ky,)/P(kn) — 0 induce
the exact sequence

I(kn)Fn - (I(kn)/P(kn))Fn - HQ(Fna E(kn)) — HZ(Fn’ k)
Hence
(I(kn)/ P (k)™ [ (L(kn) "™ P(kn) | P(kn)) = E(k) 0 Ny, ik [ Niy i B (k)
which has the order prime to p. Therefore
A(kn)'™ = (I(kn)/ P(kn) @ Zp)'™ = (I(kn) /P (kn))"™ ® Zy
= I(kn)"" P(kn)/ P(kn) @ Zy = I(kn)"" P(kn)/ P (kn) N A(kn)
= in(A(K))D(kn).
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This implies that (i) holds. Taking the projective limit with respect to the
norm maps of the exact sequence

0 — D(kn) — A(kn)™ — in(A(K))/in(A(k)) 1 D(kn) — 0,
we obtain (ii) since we can check @A(l{;n)“ ~ X! and lim (i, (A(K))) = 0. m

Let M (k) be the maximal abelian pro-p-extension which is unramified
outside p, and X(k) its Galois group: X(k) := Gal(M (k)/k). Then, since p
splits in k, we see that M (k) C L(ks), Gal(M(k)/ks) ~ X/TX and the
sequence

(5) 0—-X/TX -X(k)—T—-0

is exact and splitting (for example, see [8, Proposition 1]). On the other
hand, by class field theory, we have the exact sequence

(6) 0— Zgﬂ — X(k) — A(k) — 0
and rankz, X(k) = [k: Q]/2+1=2.

LEMMA 4.2. Suppose that p splits in k. If \, = 2, then P(T) # T?, i.e.
P(T) =T(T — «) for some 0 # a € pZy,.

Proof. Assume that P(T) = T2. Then X must be pseudo-isomorphic
to A/(T?), in other words, there is an injection X < A/(T?) with finite
cokernel (see §3). In fact, if X is pseudo-isomorphic to A/(T) @& A/(T),
then rankz, (X/TX) = 2, which contradicts (5) and rankz, X(k) = 2. By
[5] we can take the representation X ~ (T,p™)/(T?) — A/(T?) for some
m > 0. Therefore we have (X! +TX)/TX ~ (T)/(p™T,T?) ~ Z/p™Z. By
Lemma 4.1(ii), the quotient module X/(X! + TX) of X/TX corresponds
to the Galois group of the maximal subextension M’(k) of M (k)/keo which
totally decomposes at all primes lying above p. Hence the above isomorphism
implies that each prime lying above p has the decomposition group of finite
order at M (k)/koo. This contradicts [6, Lemma 3.1]. m

PRrROPOSITION 4.3. Suppose that p splits in k. If é(k:oo) is abelian, then
A(k) = D(k).

Proof. Denote by L'(k) the fixed subfield of L(k) under the Galois group
corresponding to D(k). Assume that A(k) # D(k). Then L'(k) # k. We
know L'(k) is the maximal subextension of L(k)/k which totally decomposes
at all primes lying above p, so that p splits completely in the Galois extension
L'(k)/Q. This implies that the maximal abelian pro-p-extension M (L'(k))
of L'(k) which is unramified outside p is contained in L(L'(k)s), which
coincides with L(ks) by assumption. Since L'(k) is a totally imaginary field
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and also since Leopoldt’s conjecture holds for L'(k), we obtain
3 > A > rankg, Gal(M(L'(k))/L' (k)oo) = [L'(k) : Q]/2+1 =1 > p.

Therefore we must have p = 3, A\, = 3, [A(k) : D(k)] = [L'(k) : k] = 3. But
in this case, M(L'(k)) = L(L'(k)oo). Hence for the Galois groups, we obtain

X(L'(k)oo) = X (L'(k)oo) /TX (L' (k)oo),

and X (L'(k)s) = 0 by Nakayama’s lemma. This is a contradiction. There-
fore A(k) = D(k). =

The following proposition holds without the assumption that CN}’(k:oo) is
abelian:

PROPOSITION 4.4. Suppose that p splits in k and A(k)=D(k). If \x <1,
then A\, = 1. On the other hand, the following hold:

(i) If \x > 2 and A(k) =0, then X is cyclic over A.
(ii) If \p > 2 and A(k) = D(k) # 0, then X is generated by two elements
as a A-module.

Proof. Note that X is generated by at most two elements as a A-module
by (5) and (6). If A\;, <1, it is clear that A\; = 1 since p splits in k. Assume
that A\, > 2 and A(k) = 0. Then we have X/TX ~ Z, by (5) and (6).
Therefore we obtain (i) by Nakayama’s lemma. Next, assume that A(k) =
D(k) #0and X ~ A/(P(T)). Then

X/TX =~ A/(T), X/(XT+TX)=~ /(BB T)#£0 (since A > 2).

The second isomorphism implies that M’(k) # ko, where M’(k) is defined
in the proof of Lemma 4.2. The set of all closed subgroups of Z, ~ X/TX
is totally ordered by inclusion, so that M'(k) C L(k)s or L(k)s C M'(k)
since both L(k)s and M’(k) are contained in M (k). Both cases contradict
the fact that p does not split in L(k)so/koo, which follows from A(k) = D(k).
Therefore we obtain (ii). m

The above two propositions and Proposition 3.2 give a necessary condi-
tion for G(kso) to be abelian: Suppose G(kso) is abelian and Ay > 2. Then
A(k) = D(k). If A(k) =0, then X is cyclic over A and 2 < A\, < 3.If A(k) =
D(k) # 0, then X is generated by two elements as a A-module and A\, = 2.
Moreover, X is then described as X ~ (T,p™)/(P(T)), P(T) = T(T — «),
0 < m < ordy(a), by [5], where ord,(«) is the p-adic order of a.

In the rest of this paper, we will seek a sufficient condition. But before we
start, we set the notation and assumptions, and compute the decomposition
groups. Now, we still assume that & is an imaginary quadratic field such that
an odd prime number p splits, but we remove the assumption that G(k)
is abelian. The following cases will be considered:
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CASE I:

OQS)\kSB,A(k):O,
o X ~ A/(P(T)).

CAsk 1II:

o\, =2, A(k) =D(k) #0,
o X ~ (T,p™)/(P(T)), P(T) =T(T — o), 0 < m < ordy(e).

If A\; = 1, then it is trivial that G(kso) is abelian, so that it is sufficient to
consider only the above two cases to obtain a sufficient condition. In each
case we denote the decomposition group in G of a prime lying above p
(resp. q) by Zp oo (resp. Zg o), Where (p) = pq in k.

We define the notation &, 7 as follows. If the conditions of Case I hold, we
denote by € a generator of X over A and by 7 € G, a generator of the inertia
group Iy oo C Zp oo- On the other hand, if the conditions of Case II hold, then
we can put X = (T,p™)/(P(T))-€, in other words, X is generated by T, p™&
over A. And as in Case I, denote by ¥ € G, a generator of the inertia group
of a prime above p. Note that, in each case, X" ~ (%)/(P(T)) ~ Do,
so that a generator of X! has the form (unit)%ﬂg

From now on, regarding X as a subset of G,, we write the operation of
X multiplicatively instead of additively.

LEMMA 4.5. Let £4T) be a generator of XT'. Then the decomposition
groups Zy oo, Zqeo are abelian and described as
Zpoo = (7) x (1T,
Zgoo = (FEADY 5 (4D (for some A(T) € A),
where (z,y,...) stands for the pro-p-group generated by x,y, . . ..

Proof. First, note that Z, .o N X <Z} . In fact, this follows from X <G .
Since Zpoo N X = X'~ Dy and Zp oo /Zpco N X =~ I' = (J|1..), We obtain
the splitting exact sequence

1—>XF—>ZP700—>F—>1.

Hence Z, o is generated by 7 and € d(T) a5 a pro-p-group. Since Ip oo <1 Zp
and [Goo, Goo] C X, we find

7,840 € Iy oo N [Goos Goo] = 1.

Therefore Zp o = (3) x (E%T)). Next, we choose a generator 4 of the inertia

group of a prime lying above q such that 5= 4 mod X. Then there is some
A(T) € A such that § = 34T by Gy = I, X . Following the same
argument as above, we have Z, o, = (FeAT)) x (F4T)). u
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5. Case I. We suppose that the conditions of Case I hold. We start with
the computation of A(T).

LEMMA 5.1. By changing the generator € if necessary, we have A(T)=1,
d(T)=P(T)/T.

Proof. (We use the method in the proof of Iwasawa’s class number for-
mula.) Recall Y = Gal(L(kx)/L(k)ks). Then 0 = A(k) = X/Y, so that
Y =X ~ A/(P(T)). On the other hand, by [9, Lemma 13.15], we know that
Y is generated by &4(7) and the module T'X. Therefore A = (A(T), T). This
implies A(T) € A*. We may assume that A(T) = 1 by changing () to 2.
Moreover, since the generator £47) of X! ~ (@) /(P(T)) is determined

(T) — zP(T)/T.

up to multiplication by a unit, we may assume that £¢ n

In the following we determine whether G (kyn) is abelian or not for any
fixed non-negative integer n, which is more refined and less complicated than
whether G(ko) is. Denote the projections of 7, € to Gy, by 7, &y. Since
Xn ~ X/v,Y ~ AJ(P(T),v,(T)), we get (Xn)r, ~ A/(T,p") ~ Z/p"Z.
Hence

G2 = (Fn mod [Gr, Gp]) X (€, mod [Gp, Gn))
~Z/p"7Z x Z|p"Z.
Thus, in particular, G, is generated by two elements for n > 1.

LEMMA 5.2. If n > 1, then dimg, H2(Gp, Zy)/pHo(Gn, Zp) = 2.

Proof. By [1], we obtain the same isomorphism as (4). We see Hy ([}, X,,)
~ Z/p"Z, since A(ky)'™ /i (A(k)) = D(k,) ~ Z/p"7Z by Lemma 4.1(i) and
the genus formula. Moreover, Ho(Xy,, Zy) 1, /pH2(Xn, Zp)r, = 0 if and only
if X;, =0 or X, is cyclic by Nakayama’s lemma. But X, is not cyclic for
n > 1. In fact, by the isomorphism X; ~ A/(P(T),v1(T)), we have X; /pX;
~ A/(T™,p) ~ (Z/pZ)®  # Z./pZ. On the other hand, the surjective map

Fp ~ (X/pX N X/pX)r — (Xn/pXn A Xn/pXn)r,
yields dimg, H2(Xn, Zp)r, /pH2(Xn, Zp)r, < 1. This completes the proof. m

Next, we give a minimal presentation of G,, by a free pro-p-group. Let
F := (v,¢) be a free pro-p-group of rank 2 and

R:= <7p"’€l/n(7—1)’5P(7—1)7 e,¢"))r,

where (z,y,...)p stands for the closed normal subgroup generated by
x,1,... and their conjugates, and the action by polynomials is defined by
the product of inner products such as

gin YOy Tao gy @Y (g, € Zp).
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LEMMA 5.3. For arbitrary z1,z2 € Zy, i,j € Z,

(1) [8'2171:,6227]:] is congruent to some power of [e,7] mod [R, F].
(ii) [e27", 27| = [¢,7)7%20~) mod (R N [F, F])?[R, F]. In particular,
the left hand side is in R.

Proof. We prove only (ii) because (i) is proven in the same way. The
key point is A := A\ < 3. Throughout the proof we treat things modulo
(RN [F, F])P[R, F]. First, we prove the case where z; = z2 = 1, that is to
say, we prove
(7) R[] = e,

We may assume ¢ < j. Moreover, we only have to prove
(8) R3[ el=e,F (k>1).

If K = £1,0, then (8) is clear. Suppose that (8) holds for 1 < i < k. Put
P(y—1) =7 +pr_17* '+ - - + po. Then since e~ € R, we have

= [577’”(A Y (e —P(v—l))—l] - [57*’”0*1)’512051917...ny]
[577k+(A 1) 5170] [E,yf/vk()\fl) : 5171’7 . E,YA]

— [E,y—kJr()\ 1) g]pO [677k+(>‘72)’€p1 - .5’Y)‘71]’Y

= [e, Mo O=D) [T e T

= [5757]% ~(-1) [e7 YR epl][EW_kHA_Z)?gPﬂ...5“7*‘1]

= [¢, N Pok= D) [ O gpr [T p R
= [¢,eMPolh= D[ M (k= O™ pa L 7

= [e,g’Y]po( —(A—l))[g’gv]pl(k—(AJ)) . [€7€v]px_1k[6r<k+1>’6].

Therefore we obtain [577(“1),5] € R and

" 6] = [e, €7 Ptk Ak,

If A\ =2, then P(T) = (T + 1)? + p1(T + 1) + pg. Consequently, py = 1,
p1 = —2 (mod p) and

[ ] = [e, TRV = [, )

If A =3, then P(T) = (T 4+ 1)+ p2o(T +1)? +p1(T + 1) + pg. Consequently,
po=—1, p1 =3, po = —3 (mod p) and
e

](k72)73(k71)+3k = [ k+1

&l = [e,&" g, &7

Therefore (8) holds for all £ > 1. Finally, we prove the general case. Since
any p-adic integer can be approximated by a positive integer, we may assume
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that 1 < 21, 22 € Z (taking the limit later if necessary). Then by (7),
[82171752;27]'] = [E,Yi?ezgfyj]zl = [gfyi7efyj]zle = [Ejg’y]zlzg(j*i).
The desired result follows from this. =

PROPOSITION 5.4. The sequence of pro-p-groups

1—>R—>F£>Gn—>1

is exact, where the map ¢ : F — G, is given by v — p, € — 5. In
particular, this sequence is a minimal presentation of G, for n > 1.

Proof. 1t is clear that R C Ker(¢) and ¢ is surjective, so that we have a
surjective map F/R — G,, which induces surjective maps

F/|F,FIR = (F/R)*® — G, [F,F|R/R = [F/R,F/R] — [Gp,G,].

We prove that they are isomorphisms. We know that [F, F] is generated by
[v,e] = €7~ ! and its conjugates. By Lemma 5.3 we find that ¢ € F acts on

[F, FIR/R trivially. In fact, this follows from the fact that, for (£771)7" €
[F, F],

5(57_1)7k5_1 = e el = (57_1)7k mod R.
Therefore, using Lemma 5.3 again,
[F, FIR/R = {(£7~)"0~D | F(T) € A)R/R
= (707D | F(T) € (T,vn(T))/(P(T), va(T))) R/ R,

P(y=1) ¢ R. Then we have the induced surjective map

since e"n(=1) ¢
(G, Gn] = (T, vn(T))/(P(T),vn(T)) — [F, FIR/R

and hence [F, F]R/R ~ [Gp,G,). Finally, since F/[F, F|R is generated by
vmod [F,F]R and € mod [F, F|R which are annihilated by p”, we have
#(F/[F, FIR) < #G2. Therefore F//[F, F]R ~ G2". u

Consider the subgroups Fy := (7,01}, Fy := (ye,e40~) of F. Put
Ry = <7p"7 (Ed(v—l))en7 [v, gd(v—l)DFp’
Rq:= ()", (707D) [y, 0" V),
where e, := #(Zpn/Ipn). Then for n > 1 we have the minimal presentations
1= Ry —Fy— Zpp — 1,
1= Ry—Fy— Zgn — 1

of the decomposition groups Zy,, Zqn C Gy by means of the free pro-p-
groups Fy, Fy.



Abelian p-class field towers 377

LEMMA 5.5.
(i) RN[F,F/[R,F) = (e"07V [e,e"))[R, F]/[R, F],
(ii) Ry N [Fp, Fpl/[Rp, Fp] = ([, €™ V])[Ry, Fpl/[Rp, F,
(ili) Rq N [Fy, Fo]/[Rq, Fo] = <[’Y5a5d(7_1)]>[Rq7Fq]/[quFq]-
Proof. (i) For any x € RN[F, F|/[R, F] C R there exist some 21, ..., 24 €
Zy, such that
= (") (e )2 L (PO-DY2 L e 27)%1 mod [R, F.
Hence, since T divides P(T),
(v?" ) - (eO0~V)2 ¢ RN [F, F] C [F, F).
This implies ¥?"#1¢P"*2 = 1 mod [F, F]. Since v and ¢ are linearly indepen-
dent in [F, F], we obtain z; = zo = 0. This implies RN [F, F]/[R, F| C
(ePO=1) e, eM)[R, F]/[R, F]. The reverse inclusion is trivial. The other as-
sertions are shown in the same way. =
REMARK. By Lemma 5.2, e~ and [e,€7] are linearly independent
modulo (RN [F, F])P[R, F| if n > 1, while [e,&7] € [R, F] if n = 0.
Now we are ready to determine whether G(ky,) is abelian or not.
PROPOSITION 5.6. In Case I, the following equivalences hold:
M =2 & Glkoo) is abelian,
Ao =3 & Glkoo) is not abelian.

More precisely, é(kn) 1s abelian if and only if A\ =2 orn = 0.

Proof. If n = 0 it is trivial that é’(k:) is abelian. Suppose that n > 1.
First, note the above remark. By the above lemma, it is sufficient to deter-
mine whether the images of [y,e?0~D] and [ye,e4~V] under the map &
of §2 generate RN [F, F|/(RN [F, F])?[R, F] which is generated by ¢’(>=1
and [e,e”]. Throughout the proof the notation = is used for = mod (RN
[F, F])P[R, F]. Since

[v,e¥07 V] = POV, 79, [e,e?07 Y] = [e,e"" (note d(T) = P(T)/T)
for some g, h € Zy, we can check that @ is surjective if and only if h € Z).
If Ay =2, we can put P(T)/T = (T + 1) + qo and see go = —1 (mod p).
Therefore

e, V] = [, 7] = [¢,€7],
which implies & = 1. So if Ay = 2 then G(k,) is abelian. On the other hand, if
M = 3, put P(T)/T = (T+1)?+q¢1(T+1)+qo. Then go = 1,q1 = —2 (mod p).
Therefore

[e,e0V] = [5,5725‘1”5‘10] = [5,672][5,5‘1”] =1,
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which implies h € pZ,. Hence if A, = 3 and n > 1, then G(k,,) is not abelian.
This completes the proof. m

6. Case II. We suppose that the conditions of Case II hold. We start
from the computation of A(T") in the same way as in §5.

LEMMA 6.1. By changing € if necessary,
AT)=p"+a(T—a), dT)=PT)/T=T-a,
for some ai € Zy.

Proof. The polynomial A(T) is determined up to P(T"). So dividing by
P(T), we may assume A(T)=ao+a1(T—a). Put Y := Gal(L(koo) /L' (k)koo)-
Then 0 = A(k)/D(k) = X/Y’, so that Y/ = X. On the other hand, in the
same way as in [9, Lemma 13.15], we see that Y’ is generated by 4(T),
gP(M)/T and the module TX. Therefore, since m < ord,(a), we find

(T7 pm) = (A(T)7 T— «, Tzame) = (CL[), T — «, apm)

Now we prove ordy(ap) = m. Assume that ord,(ag) > ord,(ap™). Then
from p™ € (T — a, ap™), we can put p™ = (T — «) f(T) + ap™g(T') for some
f(T),g(T) € A. Then we obtain f(0) € p™Z,, which contradicts a € pZ,.
Therefore ord,(ag) < ord,(ap™) and (T,p™) = (ap,T — «). Assume that
ord,(ag) > ordy(c). Then from p™ € (ap, T —a), we can put p™ = ao f'(T') +
(T — a)g'(T) for some f'(T),¢'(T) € A. Then we also obtain ¢'(0) € p™Z,,
which yields a contradiction. Therefore ord,(ag) < ord,(c). Consequently,
we have (T,p™) = (ao,T), ap = up™ (for some u € Z,). Therefore if we
change £“ to £ and u~'a; to a1, the polynomial A(T) is described as

AT)=p" + a1 (T — ).

Finally, since we may change the generator 47) of XT by multiplying it

by a unit, we can assume that 4T = gP1)/T 4

In the following, we show that G(koo) is abelian. Since Goo = X x I, as
in §5, we can easily check

dimpp HQ(GOO, Zp)/p dim]Fp HQ(GOO, Zp) = 2.

We give a minimal presentation of G, by a free pro-p-group. Let F' :=
(v,x,y) be the subgroup of a free pro-p-group (v, e) of rank 2, where x :=
el y =71 Also let

R= (2" y™" (ya®) 7 [z, ) p,

where 3 := —a/p™ € Z,,.
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LEMMA 6.2. For arbitrary z1,z2 € Zyp, i,j € 7,
[x'z”i, aczz'yj] =1,
[yzwi7 yzz'yj] =1,
[2#17" y?27] = [2,9)% mod (RN [F, F])?[R, F).
In particular, all the left hand sides are in R.

Proof. Throughout the proof = stands for = mod (R N [F, F|)?[R, F).
The lemma follows from the following four congruences, which hold for ar-
bitrary 21,22 € Zy, j > 0:

[xz1’$Z2'yj] =1, [xm’yzwj] = [z, ]2,

[ym’yzw]] =1, [y21’x2271] = [z,y] %2,
We only show the congruences in the first column because the other two
are proved in the same way. We may assume that 0 < z1,29 € Z because
any p-adic integer can be approximated by positive integers. If j = 0, it is
trivial that [z*,2%2] = 1. And [2*,y*2] = [z,y]***? follows from the fact
that [2*', y*2] can be decomposed as the product of z1 2z conjugates of [z, y].

Suppose that the congruences in the first column hold for 0 < ¢ < j. Then
since

[, y?" 2] = [z, [, 2] = [,y =1 €R,
we obtain [z,27 "] = [z, (27 Ly ?" ) " 27’] = 1. Hence
[le,xZ”jH] = [x,x7j+l]zlzz =1

Using this result, we have

[a:,y”j:r’wx_mﬂl] = [:U,y”j][:n,xmj][x,aj_mjﬂ] = [z,y] € R.
Therefore [z,y7 "] = [z, (y2®)1 =)y 287 257" = [z, y]. Hence
[,y = oy R = [,y),

This completes the proof of the congruences in the first column. =

PROPOSITION 6.3. The sequence of pro-p-groups

1-R—F 2, Goo — 1
is exact, where the map ¢ : F — Goo is given by y+— 7, v+ Py T,
Proof. It is clear that R C Ker(¢) and ¢ is surjective, so that we have the
surjective map F/R — G, which yields the exact commutative diagram

l— K/R —— F/R —— F/K —— 1

ol

1l — X — G — I' —— 1
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where K := (x,y, R)p. The quotient F'/K is a cyclic group generated by 7.
In fact, we can easily check zy2~! = v, yyy~! = v mod K. Therefore the
surjective map F/K — I’ is an isomorphism. The map ¢' : K/R — X
is clearly surjective, so that the problem is reduced to showing that ¢’ is
an isomorphism. We see from Lemma 6.2 that K/R is an abelian group
generated over Z, by

x? xv? x727 MR y7 y’y7 y’yz7 AR
since [z, y] € R. But since 27 = y?"z, y¥ = y2’x 7% = y'** mod R, we see
that K /R is generated by the two elements x, y. Hence rankz, (K/R) <2 =
rankz, X. It follows that ¢’ is an isomorphism. =
Consider the subgroups F, := (v, yz?), Fy:= (yx(yz?)® yxPB) of F and
put
Ry = ([v,ye")r,,  Rq:=([yz(ye”)™, ya"])r,.
Then we have the minimal presentations
1= Ry — Fy— Zpoo — 1,
1= Ry— Fy— Zgoo — 1
of Zp o, Zg,00 Dy means of the free pro-p-groups Fy, Fj.
LEMMA 6.4.
() RN[E FI/[R, F] = ((y=” )~ [z, y]) [R, F]/[R, F],
(H) RIJ n [va Fp]/[va Fp] - <[’77 ymﬁD[va Fp]/[va Fp]a
(ili) Rq N [Fg, Fyl/[Rq, Fo] = <[’Yx(y95ﬂ)alay$’8]>[Rqa Fyl/[Rq, Fol.
Proof. The same as in Lemma 5.5. =
Now we are ready to show that G(kso) is abelian.
PROPOSITION 6.5. In Case II, G(koo) is abelian. Therefore G(ky) is
abelian for any n > 0.

Proof. Throughout the proof, = stands for = mod (R N [F, F|)?[R, F).
By the above lemma, as in §5, it is sufficient to show that the images of
[v,y2?] and [yz(yz?)*, y2°] under the map @ of §2 generate RN[F, F]/(RN
[F, F])P[R, F] which is generated by (yz”)Y~! and [z,y]. Since
we see that & is always surjective. In fact, by Lemma 6.2, we have [z, yz®] =
[z,y]. This implies that [y, y2”] and [yz(yz®)®, y2°] generate RN[F, F]/(RN
[F, F])P|R, F|. This completes the proof. m

ExaMPLES. We give examples of the case where p = 3 splits in the

imaginary quadratic field k& with Ay = 2. Let k := Q(v/—14). Then A\ = 2
and A(k) = D(k) = 0 (Case I). Therefore ko has abelian 3-class field tower

gt
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and its Galois group is cyclic over A. Let k := Q(1/—107). Then A\ = 2 and
A(k) = D(k) # 0 (Case II). Therefore ko has abelian 3-class field tower and
its Galois group is generated by two elements as a A-module. On the other
hand, if k¥ = Q(v/—461) (resp. k = Q(v/—974)), then Ay = 2 and X (k)
is cyclic (resp. generated by two elements) over A. Since A(k) # D(k), we
conclude that k., has non-abelian 3-class field tower.
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