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Zp-extensions of imaginary quadratic fields
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1. Introduction. Let p be a prime number and F a finite algebraic
number field. Denote the cyclotomic Zp-extension of F by F∞. Iwasawa
theory is centered on the study of various abelian pro-p-extensions over F∞,
especially the maximal unramified abelian pro-p-extension L(F∞) of F∞, to
find the properties of the p-primary parts of the ideal class groups of subfields
of F∞. We will apply this theory to the study of the maximal unramified
pro-p-extensions (called p-class field towers) of algebraic number fields. One
of the classical problems in the theory of class field towers was the question
whether the Galois groups of p-class field towers are always finite. Follow-
ing Golod and Shafarevich’s negative answer to this, many mathematicians
showed examples of algebraic number fields with infinite class field towers.
Another problem is what properties characterize the Galois groups of p-class
field towers. Although this problem has been widely investigated, only a few
results are known.

We consider the problem of classifying the algebraic number fields which

have abelian p-class field towers (i.e., p-class field towers with abelian Galois
groups). Note that abelian p-class field towers of finite algebraic number
fields are finite extensions by class field theory. In this paper we classify
the imaginary quadratic fields whose cyclotomic Zp-extensions have abelian
p-class field towers in the case where p is odd. Some methods we use here
are the same as those of Mizusawa and Ozaki [7] who treat the case where
p = 2 (see §2). The main theorem is the following:

Theorem 1.1. Let p be an odd prime number , k an imaginary quadratic

field , and A(k) the p-primary part of the ideal class group of k. Denote

by L̃(k∞) the maximal unramified pro-p-extension of the cyclotomic Zp-

extension k∞ of k, and by λk the Iwasawa λ-invariant of k∞/k. Then
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Gal(L̃(k∞)/k∞) is abelian if and only if one of the following two conditions

holds:

(i) λk ≤ 1,
(ii) λk = 2 and A(k) = D(k),

where D(k) is the subgroup of A(k) generated by the classes of powers of

primes lying above p.

Remark. Note that Gal(L̃(k∞)/k∞) is abelian if and only if all sub-

fields of k∞ have abelian p-class field towers, and that if Gal(L̃(k∞)/k∞)

is abelian, then Gal(L̃(k∞)/k∞) ≃ Z⊕λk
p . Also condition (ii) implies that p

splits in k/Q. Moreover we see later that the structure of Gal(L̃(k∞)/k∞)
over the formal power series ring Zp[[T ]] is different in the cases where
A(k) = D(k) = 0 and where A(k) = D(k) 6= 0 in (ii).

From now on, p is an odd prime number and we use the following notation
for any algebraic number field F :

• A(F ): the p-primary part of the ideal class group of F ,

• L̃(F ): the maximal unramified pro-p-extension of F ,

• L(F ): the maximal unramified abelian pro-p-extension of F ,

• G̃(F ) := Gal(L̃(F )/F ),

• X(F ) := Gal(L(F )/F ) = G̃(F )ab,

• F∞: the cyclotomic Zp-extension of F ,

• Fn: the unique subfield of F∞ with degree pn over F ,

• λF := dimQp
X(F∞)⊗Zp

Qp : the Iwasawa λ-invariant of F∞/F .

2. Central p-class field theory. In this section we introduce the cen-
tral p-class field theory, by means of which Mizusawa and Ozaki proved their
result [7]. In the present paper we also follow their approach.

For any pro-p-group and its subgroups H1, H2, we use the notation
[H1, H2] for the closed normal subgroup generated by the elements of the
form [h1, h2] := h1h2h

−1
1 h−1

2 (hi ∈ Hi). Let K be a finite p-extension of a
finite algebraic number field k with Galois group G := Gal(K/k).

Definition 2.1. We define the genus p-class field G(K/k) associated
with K/k to be the compositum of K and the maximal abelian subexten-
sion of k in L(K). The field G(K/k) coincides with the maximal abelian
subextension of k in L(K) if K/k itself is abelian. We also define the central

p-class field C(K/k) associated with K/k to be the subfield of L(K) fixed
by [Gal(L(K)/k), Gal(L(K)/K)].
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By [3, Theorem 3.11, (3.24), Proposition 3.6], we have the exact sequence

0→
E(k) ∩NK/kJK

E(k) ∩NK/kK×
→ K(K/k)→ Gal(C(K/k)/G(K/k))→ 0,(1)

where E(k) is the unit group of k, JK is the idèle group of K, NK/k is the
norm map and

K(K/k) := Coker(Ĥ−1(G, JK)→ Ĥ−1(G, JK/K×))

induced by the canonical map JK → JK/K×. For each prime p of k, we fix
a prime of K lying above p and denote by Zp its decomposition group in G.
Then by Tate’s duality theorem, we have the canonical isomorphisms

Ĥ−1(G, JK) ≃
∏

p

H2(Zp, Zp), Ĥ−1(G, JK/K×) ≃ H2(G, Zp),

where the product in the first isomorphism is taken over all ramified primes
of k. Therefore

K(K/k) ≃ Coker
(∏

p

H2(Zp, Zp)→ H2(G, Zp)
)
.(2)

If K/k is an infinite pro-p-extension, by taking the projective limit with
respect to the finite subextensions in K/k, we have an exact sequence similar
to (1). Now, we apply the exact sequence (1) to an imaginary quadratic
field k and the maximal unramified abelian p-extension K = L(kn) of kn

(0 ≤ n ≤ ∞):

Lemma 2.2. Let 0 ≤ n ≤ ∞ and let k be an imaginary quadratic field.

Suppose that
√
−3 /∈ k if p = 3. Then G̃(kn) is abelian if and only if

K(L(kn)/k) = 0.

Proof. Note that G(L(kn)/k) = L(kn). In fact, the maximal abelian sub-
field F in L(L(kn))/k is contained in the maximal abelian subfield L(kn)
in L(L(kn))/kn. By the assumption that k /∈

√
−3 if p = 3, we find that

K(L(kn)/k) = 0 if and only if Gal(C(L(kn)/k)/L(kn)) = 0. The latter condi-

tion is equivalent to L(L(kn)) = L(kn) and also equivalent to L̃(kn) = L(kn)
by [3, Lemma 3.9].

By the above lemma, the judgment whether L̃(kn)/kn is abelian or not

is reduced to the computation of K(L(kn)/k). Next, we consider the commu-
tative diagram of the minimal presentations

1 −−−−→ R −−−−→ F −−−−→ Gn −−−−→ 1
x

x
x

1 −−−−→ Rp −−−−→ Fp −−−−→ Zp,n −−−−→ 1

of G = Gn := Gal(L(kn)/k) and the decomposition groups Zp,n ⊂ Gn by
means of the free pro-p-groups F , Fp. Since the Hochschild–Serre spectral se-
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quence yields isomorphisms H2(Gn, Zp) ≃ R∩ [F, F ]/[R, F ], H2(Zp,n, Zp) ≃
Rp ∩ [Fp, Fp]/[Rp, Fp], we see that K(L(kn)/k) = 0 if and only if

Φ :
∏

p

Rp ∩ [Fp, Fp]

(Rp ∩ [Fp, Fp])p[Rp, Fp]
→ R ∩ [F, F ]

(R ∩ [F, F ])p[R, F ]

is surjective by (2).

3. Preliminaries for the proof of Theorem 1.1. From now on
throughout this paper, we suppose that k is an imaginary quadratic field
and n is any non-negative integer. We put X := X(k∞), Xn := X(kn) and
Gn := Gal(L(kn)/k) for convenience. In this section we introduce the nota-

tion from Iwasawa theory and look for a necessary condition for L̃(k∞)/k∞
to be abelian.

Put Γ := Gal(k∞/k) and identify Γ with Gal(Q∞/Q). Then Γn :=
Γ/Γ pn

acts on Xn by inner automorphisms via the canonical isomorphism
Xn ≃ A(kn) which is obtained by class field theory. Then lim←−Zp[Γn] acts on
the Galois group X, and hence the formal power series ring Λ := Zp[[T ]] acts
on X via the non-canonical isomorphism Λ ≃ lim←−Zp[Γn] which is obtained
by sending a fixed topological generator of Γ to 1 + T . It is well known
that X is a finitely generated Λ-torsion Λ-module. Moreover, since k is an
imaginary quadratic field and p is odd, there is an injective homomorphism
X →֒⊕s

i=1 Λ/(Pi)
mi with finite cokernel, where the principal ideals (Pi) in

Λ are prime ideals of height 1 and the structure of the right hand side is
uniquely determined by p and k (for example, see [9, §13.3, 13.4]). Also by
[2] we may take each Pi to be an irreducible distinguished polynomial. The
polynomial P (T ) :=

∏s
i=1 Pmi

i is called the characteristic polynomial of X.
Clearly deg P (T ) = λk. By considering X as the subgroup of Gal(L(k∞)/k),
the Galois group Xn is described as

Xn ≃ X/νn(T )Y, Y := Gal(L(k∞)/L(k)k∞),

where

νn(T ) :=
ωn(T )

T
, ωn(T ) := (T + 1)pn − 1.

Remark. The above homomorphism X →֒ ⊕s
i=1 Λ/(Pi)

mi is not an
isomorphism in general. But as we see later, we must determine precisely
the Λ-module structure of X to compute G̃(k∞). It is one of the keys to the
proof of our theorem.

We now look for a necessary condition for L̃(k∞)/k∞ to be abelian.
Denote the unit group of kn by E(kn) and set

Hn := E(kn)/E(kn) ∩NL(kn)/kn
L(kn)×, H := lim←−Hn,



Abelian p-class field towers 367

where the projective limit is taken with respect to the norm maps. Note
that Hn is a p-group.

Lemma 3.1. Suppose that
√
−3 /∈ k if p = 3. Then the module H is

cyclic over Λ.

Proof. First we prove that E(kn)⊗Z Zp is cyclic over Zp[Γn]. Denote the
unit group of Qn by E(Qn). Then by [9, Theorem 4.12], we obtain

E(kn)⊗Z Zp = E(Qn)⊗Z Zp.

Therefore it is sufficient to prove that E(Qn) ⊗Z Zp is cyclic over Zp[Γn].
Fix a primitive pn+1th root of unity ζpn+1 and a primitive root g mod pn+1.
Consider the extension Q(ζpn+1)+/Q and put ∆+ := Gal(Q(ζpn+1)+/Qn),

where Q(ζpn+1)+ is the maximal real subfield of Q(ζpn+1). Let C+
pn+1 be the

group of cyclotomic units of Q(ζpn+1)+, i.e. the group generated by −1 and
the units ξa, where

ξa := ζ
(1−a)/2
pn+1

1− ζa
pn+1

1− ζpn+1

and a satisfies 1 < a < 1
2pn+1, (a, p) = 1. Then ξg generates C+

pn+1/{±1}
as a module over Z[∆+ × Γn] by [9, Proposition 8.11], and therefore it also
generates C+

pn+1 ⊗Z Zp as a module over Zp[∆
+×Γn]. Taking the norm with

respect to ∆+, we find that N∆+(C+
pn+1 ⊗Z Zp) is generated by N∆+ξg as

a Zp[Γn]-module. On the other hand, by the computation in [9, §8.2], the
index of the subgroup in E(Qn) generated by {−1, N∆+(C+

pn+1)} equals the

class number of Qn. Since the class number of Qn is prime to p, we obtain

E(Qn)⊗Z Zp = N∆+(C+
pn+1 ⊗Z Zp).

This implies that E(Qn)⊗Z Zp is cyclic over Zp[Γn], so that E(kn)⊗Z Zp is
cyclic over Zp[Γn]. Combining these with the surjection E(kn)⊗Z Zp ։ Hn,
we see that Hn is also cyclic over Zp[Γn]. Hence H is cyclic over Λ.

Applying (1) in §2 to the unramified extension L(kn)/kn, we have the
exact sequence

0→ Hn → H2(Xn, Zp)→ X(2)
n → 0,

where X
(2)
n is the Galois group of C(L(kn)/kn)/L(kn), since Ĥ−1(Xn, JL(kn))

= 0 and E(kn) ⊂ NL(kn)/kn
JL(kn) by class field theory. Taking the projective

limit, we also obtain the exact sequence

0→ H→ H2(X, Zp)→ X(2) → 0, X(2) := lim←−X(2)
n .

Proposition 3.2. Suppose that G̃(k∞) is abelian (so that G̃(k∞) = X).
Then one of the following statements holds:

(i) λk ≤ 1, in other words, G̃(k∞) is trivial or isomorphic to Zp,
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(ii) 2 ≤ λk ≤ 3 and X is cyclic as a Λ-module,
(iii) λk = 2 and X is generated by two elements as a Λ-module.

Proof. If p = 3 and k = Q(
√
−3), then the claim is trivial because

G̃(k∞) = 0. So we may discard this case. Suppose that G̃(k∞) is abelian.
Then X(2) = 0 and X ∧Zp

X ≃ H2(X, Zp) ≃ H. Hence, by Lemma 3.1,
there is a surjection Λ ։ X ∧Zp

X which induces a surjection Fp[[T ]] ։

(X/pX) ∧Fp
(X/pX). We consider X/pX. Note that X ≃ Z⊕λk

p as Zp-
modules since k is an imaginary quadratic field and p is odd. We can choose
the representation

X/pX ≃
l⊕

i=1

Fp[[T ]]/(T si).

(If X = 0 we define l = 1, s1 = 0.) Then λk =
∑

si and, as Fp[[T ]]-modules,

(X/pX) ∧Fp
(X/pX) ≃

l⊕

i=1

(Fp[[T ]]/(T si) ∧Fp
Fp[[T ]]/(T si))

⊕
⊕

i<j

(Fp[[T ]]/(T si)⊗Fp
Fp[[T ]]/(T sj)).

Therefore l must be 1 or 2. If the latter holds, we can easily check that X/pX
must satisfy X/pX ≃ Fp[[T ]]/(T ) ⊕ Fp[[T ]]/(T ). Therefore (X/pX) ∧Fp

(X/pX) ≃ Fp. This implies that statement (iii) holds by Nakayama’s lemma.
Assume that the former holds: X/p ≃ Fp[[T ]]/(T λk). Then we obtain

Fp[[T ]]/(T λk) ∧Fp
Fp[[T ]]/(T λk) ≃ Fp[[T ]]/(T λk(λk−1)/2).(3)

Now we assume that λk ≥ 4. Then, by the surjection Fp[[T ]]/(T λk) ։

Fp[[T ]]/(T 4), the isomorphism (3) holds for λk = 4 and the kernel of multi-
plication by T on its left hand side must be isomorphic to Fp. But this is a
contradiction. In fact, if we write the fixed topological generator of Γ with
respect to 1 + T ∈ Λ as γ and pick

1 ∧ γ, γ ∧ γ2, γ2 ∧ γ3, γ3 ∧ 1, 1 ∧ γ2, γ ∧ γ3

as an Fp-basis of Fp[[T ]]/(T 4)∧Fp
Fp[[T ]]/(T 4), then the matrix of multipli-

cation by T is



−1 1

−1 1

5 −1 −4

−1 6 −1 −4

−4 4 1 −1




(blank entries are zero)

since γ4 ≡ 4γ3 − 6γ2 + 4γ − 1 mod T 4 = (γ − 1)4. The rank of the matrix
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is 4 = 6 − 2, so that the kernel of multiplication by T has dimension 2.
This is a contradiction. Consequently, λk ≤ 3 if X/p ≃ Fp[[T ]]/(T λk). This
implies that statement (i) or (ii) holds again by Nakayama’s lemma. The
isomorphism (3) holds if λk ≤ 3 indeed.

The same argument works on X0 ≃ A(k):

Lemma 3.3. If G̃(k) is abelian, then A(k) = 0 or A(k) is cyclic.

Proof. If p = 3 and k = Q(
√
−3), the claim is trivial. So we may discard

this case. Then H0 = 0 and X
(2)
0 = 0. Therefore H2(X0, Zp) = 0. This

implies that X0 is trivial or cyclic.

In the rest of this section we show Theorem 1.1 in the case where p is
non-splitting in k. Recall Gn := Gal(L(kn)/k).

Lemma 3.4. Suppose that p is non-splitting in k/Q. Then H2(Gn, Zp)
= 0 if and only if Xn = 0 or Xn is cyclic.

Proof. From the splitting exact sequence of pro-p-groups

1→ Xn → Gn → Γn → 1,

and also by [1] we obtain

H2(Gn, Zp) ≃ H2(Γn, Zp)⊕H1(Γn, Xn)⊕H2(Xn, Zp)Γn
.(4)

We can easily check H2(Γn, Zp) = 0 and H1(Γn, Xn) = 0, since

#H1(Γn, Xn) = #Ĥ0(Γn, A(kn)) = #A(kn)Γn/#A(k) = 1

by the genus formula (note that the lifting map A(k) → A(kn) is injective
by [9, Proposition 13.26]). On the other hand, by Nakayama’s lemma,

H2(Xn, Zp)Γn
= 0 ⇔ (Xn ∧Xn)/(p, T )(Xn ∧Xn) = 0

⇔ Xn ∧Xn = 0

⇔ Xn = 0 or Xn is cyclic.

This completes the proof.

Proposition 3.5. Let k be an imaginary quadratic field , and p an odd

prime number. Suppose that p is non-splitting in k/Q. Then G̃(k∞) is abelian

if and only if λk ≤ 1. More precisely , for any 0 ≤ n < ∞, G̃(kn) is abelian

if and only if A(kn) = 0 or A(kn) is cyclic.

Proof. Suppose that G̃(kn) is abelian and let Zp,n ⊂ Gn be the decom-
position group of a prime of L(kn) lying above p. Then by Lemma 3.3,
A(k) = 0 or A(k) is cyclic. By Iwasawa’s theorem [4], if A(k) = 0 then
X = 0, since there is exactly one prime which ramifies, and it is totally
ramified in k∞/k. Hence we may assume that A(k) is cyclic, in particular



370 K. Okano

k 6= Q(
√
−3). Then again, since there is exactly one prime which ramifies,

and it is totally ramified in k∞/k, we have

X ≃ Λ/(P (T )) and Xn ≃ Λ/(P (T ), ωn(T )).

This implies that the subgroup D(kn) of A(kn) generated by the class of
a power of a prime lying above p is also trivial. In fact this follows from
the injection lim←−D(kn) →֒ XΓ = 0. Therefore all primes lying above p
split completely in L(kn)/kn. So the decomposition group Zp,n coincides
with the inertia group which is isomorphic to the cyclic group Γn. Hence
H2(Zp,n, Zp) = 0. Combining these with the considerations in §2, we obtain

H2(Gn, Zp) = K(L(kn)/k) = 0.

The above lemma gives us the necessity part of the condition in the state-
ment. On the other hand, the sufficiency part of the condition is trivial.

4. Necessary condition in the splitting case. From now on, we
study the case where p splits in k as (p) = pq. Note that the characteristic
polynomial P (T ) of X is divided by T . In this section we continue to look

for a necessary condition for G̃(k∞) to be abelian.

For any non-negative integer n, denote by D(kn) the subgroup of A(kn)
generated by the classes of powers of primes lying above p in kn. Note that
D(kn) is a cyclic group, since the number of primes lying above p in kn is
exactly two and #A(Qn) = 1.

Lemma 4.1. Suppose that p splits in k. Then:

(i) A(kn)Γn = in(A(k))D(kn),
(ii) D∞ := lim←−D(kn) ≃ XΓ ,

where in : A(k)→ A(kn) is the (injective) lifting map for each n.

Proof. Let I(kn) (resp. P (kn)) be the group of fractional ideals (resp.
principal ideals) in kn. Then the exact sequences of Γn-modules 0→ E(kn)
→ k×

n → P (kn) → 0 and 0 → P (kn) → I(kn) → I(kn)/P (kn) → 0 induce
the exact sequence

I(kn)Γn → (I(kn)/P (kn))Γn → H2(Γn, E(kn))→ H2(Γn, k×

n ).

Hence

(I(kn)/P (kn))Γn/(I(kn)ΓnP (kn)/P (kn)) ≃ E(k) ∩Nkn/kk
×

n /Nkn/kE(kn),

which has the order prime to p. Therefore

A(kn)Γn = (I(kn)/P (kn)⊗ Zp)
Γn = (I(kn)/P (kn))Γn ⊗ Zp

= I(kn)ΓnP (kn)/P (kn)⊗ Zp = I(kn)ΓnP (kn)/P (kn) ∩A(kn)

= in(A(k))D(kn).
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This implies that (i) holds. Taking the projective limit with respect to the
norm maps of the exact sequence

0→ D(kn)→ A(kn)Γn → in(A(k))/in(A(k)) ∩D(kn)→ 0,

we obtain (ii) since we can check lim←−A(kn)Γn ≃ XΓ and lim←−(in(A(k))) = 0.

Let M(k) be the maximal abelian pro-p-extension which is unramified
outside p, and X(k) its Galois group: X(k) := Gal(M(k)/k). Then, since p
splits in k, we see that M(k) ⊂ L(k∞), Gal(M(k)/k∞) ≃ X/TX and the
sequence

0→ X/TX → X(k)→ Γ → 0(5)

is exact and splitting (for example, see [8, Proposition 1]). On the other
hand, by class field theory, we have the exact sequence

0→ Z⊕2
p → X(k)→ A(k)→ 0(6)

and rankZp
X(k) = [k : Q]/2 + 1 = 2.

Lemma 4.2. Suppose that p splits in k. If λk = 2, then P (T ) 6= T 2, i.e.

P (T ) = T (T − α) for some 0 6= α ∈ pZp.

Proof. Assume that P (T ) = T 2. Then X must be pseudo-isomorphic
to Λ/(T 2), in other words, there is an injection X →֒ Λ/(T 2) with finite
cokernel (see §3). In fact, if X is pseudo-isomorphic to Λ/(T ) ⊕ Λ/(T ),
then rankZp

(X/TX) = 2, which contradicts (5) and rankZp
X(k) = 2. By

[5] we can take the representation X ≃ (T, pm)/(T 2) →֒ Λ/(T 2) for some
m ≥ 0. Therefore we have (XΓ + TX)/TX ≃ (T )/(pmT, T 2) ≃ Z/pmZ. By
Lemma 4.1(ii), the quotient module X/(XΓ + TX) of X/TX corresponds
to the Galois group of the maximal subextension M ′(k) of M(k)/k∞ which
totally decomposes at all primes lying above p. Hence the above isomorphism
implies that each prime lying above p has the decomposition group of finite
order at M(k)/k∞. This contradicts [6, Lemma 3.1].

Proposition 4.3. Suppose that p splits in k. If G̃(k∞) is abelian, then

A(k) = D(k).

Proof. Denote by L′(k) the fixed subfield of L(k) under the Galois group
corresponding to D(k). Assume that A(k) 6= D(k). Then L′(k) 6= k. We
know L′(k) is the maximal subextension of L(k)/k which totally decomposes
at all primes lying above p, so that p splits completely in the Galois extension
L′(k)/Q. This implies that the maximal abelian pro-p-extension M(L′(k))
of L′(k) which is unramified outside p is contained in L(L′(k)∞), which
coincides with L(k∞) by assumption. Since L′(k) is a totally imaginary field
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and also since Leopoldt’s conjecture holds for L′(k), we obtain

3 ≥ λk ≥ rankZp
Gal(M(L′(k))/L′(k)∞) = [L′(k) : Q]/2 + 1− 1 ≥ p.

Therefore we must have p = 3, λk = 3, [A(k) : D(k)] = [L′(k) : k] = 3. But
in this case, M(L′(k)) = L(L′(k)∞). Hence for the Galois groups, we obtain

X(L′(k)∞) = X(L′(k)∞)/TX(L′(k)∞),

and X(L′(k)∞) = 0 by Nakayama’s lemma. This is a contradiction. There-
fore A(k) = D(k).

The following proposition holds without the assumption that G̃(k∞) is
abelian:

Proposition 4.4. Suppose that p splits in k and A(k)=D(k). If λk≤1,
then λk = 1. On the other hand , the following hold :

(i) If λk ≥ 2 and A(k) = 0, then X is cyclic over Λ.

(ii) If λk ≥ 2 and A(k) = D(k) 6= 0, then X is generated by two elements

as a Λ-module.

Proof. Note that X is generated by at most two elements as a Λ-module
by (5) and (6). If λk ≤ 1, it is clear that λk = 1 since p splits in k. Assume
that λk ≥ 2 and A(k) = 0. Then we have X/TX ≃ Zp by (5) and (6).
Therefore we obtain (i) by Nakayama’s lemma. Next, assume that A(k) =
D(k) 6= 0 and X ≃ Λ/(P (T )). Then

X/TX ≃ Λ/(T ), X/(XΓ + TX) ≃ Λ/
(P (T )

T , T
)
6= 0 (since λk ≥ 2).

The second isomorphism implies that M ′(k) 6= k∞, where M ′(k) is defined
in the proof of Lemma 4.2. The set of all closed subgroups of Zp ≃ X/TX
is totally ordered by inclusion, so that M ′(k) ⊂ L(k)∞ or L(k)∞ ⊂ M ′(k)
since both L(k)∞ and M ′(k) are contained in M(k). Both cases contradict
the fact that p does not split in L(k)∞/k∞, which follows from A(k) = D(k).
Therefore we obtain (ii).

The above two propositions and Proposition 3.2 give a necessary condi-

tion for G̃(k∞) to be abelian: Suppose G̃(k∞) is abelian and λk ≥ 2. Then
A(k) = D(k). If A(k) = 0, then X is cyclic over Λ and 2 ≤ λk ≤ 3. If A(k) =
D(k) 6= 0, then X is generated by two elements as a Λ-module and λk = 2.
Moreover, X is then described as X ≃ (T, pm)/(P (T )), P (T ) = T (T − α),
0 < m ≤ ordp(α), by [5], where ordp(α) is the p-adic order of α.

In the rest of this paper, we will seek a sufficient condition. But before we
start, we set the notation and assumptions, and compute the decomposition
groups. Now, we still assume that k is an imaginary quadratic field such that
an odd prime number p splits, but we remove the assumption that G̃(k∞)
is abelian. The following cases will be considered:
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Case I:

• 2 ≤ λk ≤ 3, A(k) = 0,

• X ≃ Λ/(P (T )).

Case II:

• λk = 2, A(k) = D(k) 6= 0,

• X ≃ (T, pm)/(P (T )), P (T ) = T (T − α), 0 < m ≤ ordp(α).

If λk = 1, then it is trivial that G̃(k∞) is abelian, so that it is sufficient to
consider only the above two cases to obtain a sufficient condition. In each
case we denote the decomposition group in G∞ of a prime lying above p

(resp. q) by Zp,∞ (resp. Zq,∞), where (p) = pq in k.

We define the notation ε̃, γ̃ as follows. If the conditions of Case I hold, we
denote by ε̃ a generator of X over Λ and by γ̃ ∈ G∞ a generator of the inertia
group Ip,∞ ⊂ Zp,∞. On the other hand, if the conditions of Case II hold, then
we can put X = (T, pm)/(P (T ))·ε̃, in other words, X is generated by T ε̃, pmε̃
over Λ. And as in Case I, denote by γ̃ ∈ G∞ a generator of the inertia group

of a prime above p. Note that, in each case, XΓ ≃
(P (T )

T

)
/(P (T )) ≃ D∞,

so that a generator of XΓ has the form (unit)P (T )
T ε̃.

From now on, regarding X as a subset of G∞, we write the operation of
X multiplicatively instead of additively.

Lemma 4.5. Let ε̃ d(T ) be a generator of XΓ . Then the decomposition

groups Zp,∞, Zq,∞ are abelian and described as

Zp,∞ = 〈γ̃〉 × 〈ε̃ d(T )〉,
Zq,∞ = 〈γ̃ε̃A(T )〉 × 〈ε̃ d(T )〉 (for some A(T ) ∈ Λ),

where 〈x, y, . . .〉 stands for the pro-p-group generated by x, y, . . . .

Proof. First, note that Zp,∞∩X⊳Zp,∞. In fact, this follows from X⊳G∞.
Since Zp,∞ ∩X = XΓ ≃ D∞ and Zp,∞/Zp,∞ ∩X ≃ Γ = 〈γ̃|k∞〉, we obtain
the splitting exact sequence

1→ XΓ → Zp,∞ → Γ → 1.

Hence Zp,∞ is generated by γ̃ and ε̃ d(T ) as a pro-p-group. Since Ip,∞ ⊳ Zp,∞

and [G∞, G∞] ⊂ X, we find

[γ̃, ε̃ d(T )] ∈ Ip,∞ ∩ [G∞, G∞] = 1.

Therefore Zp,∞ = 〈γ̃〉× 〈ε̃ d(T )〉. Next, we choose a generator δ̃ of the inertia

group of a prime lying above q such that δ̃ ≡ γ̃ mod X. Then there is some
A(T ) ∈ Λ such that δ̃ = γ̃ ε̃A(T ) by G∞ = Ip,∞X. Following the same

argument as above, we have Zq,∞ = 〈γ̃ε̃A(T )〉 × 〈ε̃ d(T )〉.
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5. Case I. We suppose that the conditions of Case I hold. We start with
the computation of A(T ).

Lemma 5.1. By changing the generator ε̃ if necessary , we have A(T )=1,
d(T ) = P (T )/T .

Proof. (We use the method in the proof of Iwasawa’s class number for-
mula.) Recall Y = Gal(L(k∞)/L(k)k∞). Then 0 = A(k) = X/Y , so that
Y = X ≃ Λ/(P (T )). On the other hand, by [9, Lemma 13.15], we know that
Y is generated by ε̃A(T ) and the module TX. Therefore Λ = (A(T ), T ). This
implies A(T ) ∈ Λ×. We may assume that A(T ) = 1 by changing ε̃A(T ) to ε̃.

Moreover, since the generator ε̃ d(T ) of XΓ ≃
(P (T )

T

)
/(P (T )) is determined

up to multiplication by a unit, we may assume that ε̃ d(T ) = ε̃P (T )/T .

In the following we determine whether G̃(kn) is abelian or not for any
fixed non-negative integer n, which is more refined and less complicated than
whether G̃(k∞) is. Denote the projections of γ̃, ε̃ to Gn by γ̃n, ε̃n. Since
Xn ≃ X/νnY ≃ Λ/(P (T ), νn(T )), we get (Xn)Γn

≃ Λ/(T, pn) ≃ Z/pnZ.
Hence

Gab
n = 〈γ̃n mod [Gn, Gn]〉 × 〈ε̃n mod [Gn, Gn]〉
≃ Z/pnZ× Z/pnZ.

Thus, in particular, Gn is generated by two elements for n ≥ 1.

Lemma 5.2. If n ≥ 1, then dimFp
H2(Gn, Zp)/pH2(Gn, Zp) = 2.

Proof. By [1], we obtain the same isomorphism as (4). We see H1(Γn, Xn)
≃ Z/pnZ, since A(kn)Γn/in(A(k)) = D(kn) ≃ Z/pnZ by Lemma 4.1(i) and
the genus formula. Moreover, H2(Xn, Zp)Γn

/pH2(Xn, Zp)Γn
= 0 if and only

if Xn = 0 or Xn is cyclic by Nakayama’s lemma. But Xn is not cyclic for
n ≥ 1. In fact, by the isomorphism X1 ≃ Λ/(P (T ), ν1(T )), we have X1/pX1

≃ Λ/(T λk , p) ≃ (Z/pZ)⊕λk 6= Z/pZ. On the other hand, the surjective map

Fp ≃ (X/pX ∧X/pX)Γ ։ (Xn/pXn ∧Xn/pXn)Γn

yields dimFp
H2(Xn, Zp)Γn

/pH2(Xn, Zp)Γn
≤ 1. This completes the proof.

Next, we give a minimal presentation of Gn by a free pro-p-group. Let
F := 〈γ, ε〉 be a free pro-p-group of rank 2 and

R := 〈γpn

, ενn(γ−1), εP (γ−1), [ε, εγ ]〉F ,

where 〈x, y, . . .〉F stands for the closed normal subgroup generated by
x, y, . . . and their conjugates, and the action by polynomials is defined by
the product of inner products such as

xanγn+···+a1γ+a0 := xanγn · · ·xa1γxa0 (ai ∈ Zp).
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Lemma 5.3. For arbitrary z1, z2 ∈ Zp, i, j ∈ Z,

(i) [εz1γi

, εz2γj

] is congruent to some power of [ε, εγ ] mod [R, F ].

(ii) [εz1γi

, εz2γj

] ≡ [ε, εγ]z1z2(j−i) mod (R ∩ [F, F ])p[R, F ]. In particular ,
the left hand side is in R.

Proof. We prove only (ii) because (i) is proven in the same way. The
key point is λ := λk ≤ 3. Throughout the proof we treat things modulo
(R ∩ [F, F ])p[R, F ]. First, we prove the case where z1 = z2 = 1, that is to
say, we prove

R ∋ [εγi

, εγj

] ≡ [ε, εγ]j−i.(7)

We may assume i < j. Moreover, we only have to prove

R ∋ [εγ−k

, ε] ≡ [ε, εγ ]k (k ≥ 1).(8)

If k = ±1, 0, then (8) is clear. Suppose that (8) holds for 1 ≤ i ≤ k. Put
P (γ − 1) = γλ + pλ−1γ

λ−1 + · · ·+ p0. Then since εP (γ−1) ∈ R, we have

1 ≡ [εγ−k+(λ−1)
, (ε−P (γ−1))−1] = [εγ−k+(λ−1)

, εp0εp1γ · · · εγλ

]

≡ [εγ−k+(λ−1)
, εp0 ][εγ−k+(λ−1)

, εp1γ · · · εγλ

]

≡ [εγ−k+(λ−1)
, ε]p0 [εγ−k+(λ−2)

, εp1 · · · εγλ−1
]γ

≡ [ε, εγ]p0(k−(λ−1))[εγ−k+(λ−2)
, εp1 · · · εγλ−1

]

≡ [ε, εγ]p0(k−(λ−1))[εγ−k+(λ−2)
, εp1 ][εγ−k+(λ−2)

, εp2γ · · · εγλ−1
]

≡ [ε, εγ]p0(k−(λ−1))[εγ−k+(λ−2)
, ε]p1 [εγ−k+(λ−3)

, εp2 · · · εγλ−2
]γ

≡ [ε, εγ]p0(k−(λ−1))[ε, εγ ]p1(k−(λ−2))[εγ−k+(λ−3)
, εp2 · · · εγλ−2

]

· · ·
≡ [ε, εγ]p0(k−(λ−1))[ε, εγ ]p1(k−(λ−2)) · · · [ε, εγ ]pλ−1k[εγ−(k+1)

, ε].

Therefore we obtain [εγ−(k+1)
, ε] ∈ R and

[εγ−(k+1)
, ε] ≡ [ε, εγ ]−p0(k−(λ−1))−···−pλ−1k.

If λ = 2, then P (T ) = (T + 1)2 + p1(T + 1) + p0. Consequently, p0 ≡ 1,
p1 ≡ −2 (mod p) and

[εγ−(k+1)
, ε] ≡ [ε, εγ ]−(k−1)+2k ≡ [ε, εγ]k+1.

If λ = 3, then P (T ) = (T + 1)3 + p2(T +1)2 + p1(T + 1)+ p0. Consequently,
p0 ≡ −1, p1 ≡ 3, p2 ≡ −3 (mod p) and

[εγ−(k+1)
, ε] ≡ [ε, εγ](k−2)−3(k−1)+3k ≡ [ε, εγ]k+1.

Therefore (8) holds for all k ≥ 1. Finally, we prove the general case. Since
any p-adic integer can be approximated by a positive integer, we may assume
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that 1 ≤ z1, z2 ∈ Z (taking the limit later if necessary). Then by (7),

[εz1γi

, εz2γj

] ≡ [εγi

, εz2γj

]z1 ≡ [εγi

, εγj

]z1z2 ≡ [ε, εγ ]z1z2(j−i).

The desired result follows from this.

Proposition 5.4. The sequence of pro-p-groups

1→ R→ F
φ→ Gn → 1

is exact , where the map φ : F → Gn is given by γ 7→ γ̃n, ε 7→ ε̃n. In

particular , this sequence is a minimal presentation of Gn for n ≥ 1.

Proof. It is clear that R ⊂ Ker(φ) and φ is surjective, so that we have a
surjective map F/R ։ Gn which induces surjective maps

F/[F, F ]R = (F/R)ab
։ Gab

n , [F, F ]R/R = [F/R, F/R] ։ [Gn, Gn].

We prove that they are isomorphisms. We know that [F, F ] is generated by
[γ, ε] = εγ−1 and its conjugates. By Lemma 5.3 we find that ε ∈ F acts on

[F, F ]R/R trivially. In fact, this follows from the fact that, for (εγ−1)γk ∈
[F, F ],

ε(εγ−1)γk

ε−1 = εεγk+1
ε−γk

ε−1 ≡ (εγ−1)γk

mod R.

Therefore, using Lemma 5.3 again,

[F, F ]R/R = 〈(εγ−1)F (γ−1) | F (T ) ∈ Λ〉R/R

= 〈εF (γ−1) | F (T ) ∈ (T, νn(T ))/(P (T ), νn(T ))〉R/R,

since ενn(γ−1), εP (γ−1) ∈ R. Then we have the induced surjective map

[Gn, Gn] ≃ (T, νn(T ))/(P (T ), νn(T )) ։ [F, F ]R/R

and hence [F, F ]R/R ≃ [Gn, Gn]. Finally, since F/[F, F ]R is generated by
γ mod [F, F ]R and ε mod [F, F ]R which are annihilated by pn, we have
#(F/[F, F ]R) ≤ #Gab

n . Therefore F/[F, F ]R ≃ Gab
n .

Consider the subgroups Fp := 〈γ, εd(γ−1)〉, Fq := 〈γε, εd(γ−1)〉 of F . Put

Rp := 〈γpn

, (εd(γ−1))en , [γ, εd(γ−1)]〉Fp
,

Rq := 〈(γε)pn

, (εd(γ−1))en , [γε, εd(γ−1)]〉Fq
,

where en := #(Zp,n/Ip,n). Then for n ≥ 1 we have the minimal presentations

1→ Rp→ Fp→ Zp,n → 1,

1→ Rq→ Fq→ Zq,n → 1

of the decomposition groups Zp,n, Zq,n ⊂ Gn by means of the free pro-p-
groups Fp, Fq.
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Lemma 5.5.

(i) R ∩ [F, F ]/[R, F ] = 〈εP (γ−1), [ε, εγ]〉[R, F ]/[R, F ],

(ii) Rp ∩ [Fp, Fp]/[Rp, Fp] = 〈[γ, εd(γ−1)]〉[Rp, Fp]/[Rp, Fp],

(iii) Rq ∩ [Fq, Fq]/[Rq, Fq] = 〈[γε, εd(γ−1)]〉[Rq, Fq]/[Rq, Fq].

Proof. (i) For any x ∈ R∩[F, F ]/[R, F ] ⊂ R there exist some z1, . . . , z4 ∈
Zp such that

x ≡ (γpn

)z1 · (ενn(γ−1))z2 · (εP (γ−1))z3 · [ε, εγ ]z4 mod [R, F ].

Hence, since T divides P (T ),

(γpn

)z1 · (ενn(γ−1))z2 ∈ R ∩ [F, F ] ⊂ [F, F ].

This implies γpnz1εpnz2 ≡ 1 mod [F, F ]. Since γ and ε are linearly indepen-
dent in [F, F ], we obtain z1 = z2 = 0. This implies R ∩ [F, F ]/[R, F ] ⊂
〈εP (γ−1), [ε, εγ]〉[R, F ]/[R, F ]. The reverse inclusion is trivial. The other as-
sertions are shown in the same way.

Remark. By Lemma 5.2, εP (γ−1) and [ε, εγ ] are linearly independent
modulo (R ∩ [F, F ])p[R, F ] if n ≥ 1, while [ε, εγ ] ∈ [R, F ] if n = 0.

Now we are ready to determine whether G̃(kn) is abelian or not.

Proposition 5.6. In Case I , the following equivalences hold :

λk = 2 ⇔ G̃(k∞) is abelian,

λk = 3 ⇔ G̃(k∞) is not abelian.

More precisely , G̃(kn) is abelian if and only if λ = 2 or n = 0.

Proof. If n = 0 it is trivial that G̃(k) is abelian. Suppose that n ≥ 1.
First, note the above remark. By the above lemma, it is sufficient to deter-
mine whether the images of [γ, εd(γ−1)] and [γε, εd(γ−1)] under the map Φ
of §2 generate R ∩ [F, F ]/(R ∩ [F, F ])p[R, F ] which is generated by εP (γ−1)

and [ε, εγ ]. Throughout the proof the notation ≡ is used for ≡ mod (R ∩
[F, F ])p[R, F ]. Since

[γ, εd(γ−1)] ≡ εP (γ−1)[ε, εγ ]g, [ε, εd(γ−1)] ≡ [ε, εγ]h (note d(T ) = P (T )/T )

for some g, h ∈ Zp, we can check that Φ is surjective if and only if h ∈ Z×
p .

If λk = 2, we can put P (T )/T = (T + 1) + q0 and see q0 ≡ −1 (mod p).
Therefore

[ε, εd(γ−1)] = [ε, εγ+q0] = [ε, εγ],

which implies h = 1. So if λk = 2 then G̃(kn) is abelian. On the other hand, if
λk = 3, put P (T )/T = (T+1)2+q1(T+1)+q0. Then q0 ≡ 1, q1 ≡ −2 (mod p).
Therefore

[ε, εd(γ−1)] = [ε, εγ2
εq1γεq0 ] ≡ [ε, εγ2

][ε, εq1γ ] ≡ 1,
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which implies h ∈ pZp. Hence if λk = 3 and n ≥ 1, then G̃(kn) is not abelian.
This completes the proof.

6. Case II. We suppose that the conditions of Case II hold. We start
from the computation of A(T ) in the same way as in §5.

Lemma 6.1. By changing ε̃ if necessary ,

A(T ) = pm + a1(T − α), d(T ) = P (T )/T = T − α,

for some a1 ∈ Zp.

Proof. The polynomial A(T ) is determined up to P (T ). So dividing by
P (T ), we may assume A(T )=a0+a1(T−α). Put Y ′ := Gal(L(k∞)/L′(k)k∞).
Then 0 = A(k)/D(k) = X/Y ′, so that Y ′ = X. On the other hand, in the
same way as in [9, Lemma 13.15], we see that Y ′ is generated by ε̃A(T ),
ε̃P (T )/T and the module TX. Therefore, since m ≤ ordp(α), we find

(T, pm) = (A(T ), T − α, T 2, pmT ) = (a0, T − α, αpm).

Now we prove ordp(a0) = m. Assume that ordp(a0) > ordp(αpm). Then
from pm ∈ (T −α, αpm), we can put pm = (T −α)f(T )+αpmg(T ) for some
f(T ), g(T ) ∈ Λ. Then we obtain f(0) ∈ pmZp, which contradicts α ∈ pZp.
Therefore ordp(a0) ≤ ordp(αpm) and (T, pm) = (a0, T − α). Assume that
ordp(a0) > ordp(α). Then from pm ∈ (a0, T−α), we can put pm = a0f

′(T )+
(T − α)g′(T ) for some f ′(T ), g′(T ) ∈ Λ. Then we also obtain g′(0) ∈ pmZp,
which yields a contradiction. Therefore ordp(a0) ≤ ordp(α). Consequently,
we have (T, pm) = (a0, T ), a0 = upm (for some u ∈ Z×

p ). Therefore if we

change ε̃u to ε̃ and u−1a1 to a1, the polynomial A(T ) is described as

A(T ) = pm + a1(T − α).

Finally, since we may change the generator ε̃ d(T ) of XΓ by multiplying it
by a unit, we can assume that ε̃ d(T ) = ε̃P (T )/T .

In the following, we show that G̃(k∞) is abelian. Since G∞ = X ⋊ Γ , as
in §5, we can easily check

dimFp
H2(G∞, Zp)/pdimFp

H2(G∞, Zp) = 2.

We give a minimal presentation of G∞ by a free pro-p-group. Let F :=
〈γ, x, y〉 be the subgroup of a free pro-p-group 〈γ, ε〉 of rank 2, where x :=
εpm

, y := εγ−1. Also let

R := 〈xγ−1y−pm

, (yxβ)γ−1, [x, y]〉F ,

where β := −α/pm ∈ Zp.
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Lemma 6.2. For arbitrary z1, z2 ∈ Zp, i, j ∈ Z,

[xz1γi

, xz2γj

] ≡ 1,

[yz1γi

, yz2γj

] ≡ 1,

[xz1γi

, yz2γj

] ≡ [x, y]z1z2 mod (R ∩ [F, F ])p[R, F ].

In particular , all the left hand sides are in R.

Proof. Throughout the proof ≡ stands for ≡ mod(R ∩ [F, F ])p[R, F ].
The lemma follows from the following four congruences, which hold for ar-
bitrary z1, z2 ∈ Zp, j ≥ 0:

[xz1 , xz2γj

] ≡ 1, [xz1 , yz2γj

] ≡ [x, y]z1z2 ,

[yz1, yz2γj

] ≡ 1, [yz1 , xz2γj

] ≡ [x, y]−z1z2 .

We only show the congruences in the first column because the other two
are proved in the same way. We may assume that 0 ≤ z1, z2 ∈ Z because
any p-adic integer can be approximated by positive integers. If j = 0, it is
trivial that [xz1, xz2 ] = 1. And [xz1 , yz2] ≡ [x, y]z1z2 follows from the fact
that [xz1, yz2 ] can be decomposed as the product of z1z2 conjugates of [x, y].
Suppose that the congruences in the first column hold for 0 ≤ i ≤ j. Then
since

[x, ypmγj

xγj

] ≡ [x, ypmγj

][x, xγj

] ≡ [x, y]p
m ≡ 1 ∈ R,

we obtain [x, xγj+1
] = [x, (xγ−1y−pm

)γj

ypmγj

xγj

] ≡ 1. Hence

[xz1 , xz2γj+1
] ≡ [x, xγj+1

]z1z2 ≡ 1.

Using this result, we have

[x, yγj

xβγj

x−βγj+1
] ≡ [x, yγj

][x, xβγj

][x, x−βγj+1
] ≡ [x, y] ∈ R.

Therefore [x, yγj+1
] = [x, ((yxβ)γ−1)γj

yγj

xβγj

x−βγj+1
] ≡ [x, y]. Hence

[xz1 , yz2γj+1
] ≡ [x, yγj+1

]z1z2 ≡ [x, y].

This completes the proof of the congruences in the first column.

Proposition 6.3. The sequence of pro-p-groups

1→ R→ F
φ→ G∞ → 1

is exact , where the map φ : F → G∞ is given by γ 7→ γ̃, x 7→ ε̃ pm

, y 7→ ε̃T .

Proof. It is clear that R ⊂ Ker(φ) and φ is surjective, so that we have the
surjective map F/R ։ G∞, which yields the exact commutative diagram

1 −−−−→ K/R −−−−→ F/R −−−−→ F/K −−−−→ 1
yφ′

yφ

y

1 −−−−→ X −−−−→ G∞ −−−−→ Γ −−−−→ 1
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where K := 〈x, y, R〉F . The quotient F/K is a cyclic group generated by γ.
In fact, we can easily check xγx−1 ≡ γ, yγy−1 ≡ γ mod K. Therefore the
surjective map F/K → Γ is an isomorphism. The map φ′ : K/R → X
is clearly surjective, so that the problem is reduced to showing that φ′ is
an isomorphism. We see from Lemma 6.2 that K/R is an abelian group
generated over Zp by

x, xγ , xγ2
, . . . , y, yγ , yγ2

, . . .

since [x, y] ∈ R. But since xγ ≡ ypm

x, yγ ≡ yxβx−βγ ≡ y1+α mod R, we see
that K/R is generated by the two elements x, y. Hence rankZp

(K/R) ≤ 2 =
rankZp

X. It follows that φ′ is an isomorphism.

Consider the subgroups Fp := 〈γ, yxβ〉, Fq := 〈γx(yxβ)a1 , yxβ〉 of F and
put

Rp := 〈[γ, yxβ]〉Fp
, Rq := 〈[γx(yxβ)a1 , yxβ]〉Fq

.

Then we have the minimal presentations

1→ Rp→ Fp→ Zp,∞ → 1,

1→ Rq→ Fq→ Zq,∞ → 1

of Zp,∞, Zq,∞ by means of the free pro-p-groups Fp, Fq.

Lemma 6.4.

(i) R ∩ [F, F ]/[R, F ] = 〈(yxβ)γ−1, [x, y]〉[R, F ]/[R, F ],

(ii) Rp ∩ [Fp, Fp]/[Rp, Fp] = 〈[γ, yxβ]〉[Rp, Fp]/[Rp, Fp],

(iii) Rq ∩ [Fq, Fq]/[Rq, Fq] = 〈[γx(yxβ)a1 , yxβ]〉[Rq, Fq]/[Rq, Fq].

Proof. The same as in Lemma 5.5.

Now we are ready to show that G̃(k∞) is abelian.

Proposition 6.5. In Case II , G̃(k∞) is abelian. Therefore G̃(kn) is

abelian for any n ≥ 0.

Proof. Throughout the proof, ≡ stands for ≡ mod (R ∩ [F, F ])p[R, F ].
By the above lemma, as in §5, it is sufficient to show that the images of
[γ, yxβ] and [γx(yxβ)a1 , yxβ] under the map Φ of §2 generate R∩ [F, F ]/(R∩
[F, F ])p[R, F ] which is generated by (yxβ)γ−1 and [x, y]. Since

[γ, yxβ] = (yxβ)γ−1, [γx(yxβ)a1 , yxβ] ≡ [x, yxβ][γ, yxβ],

we see that Φ is always surjective. In fact, by Lemma 6.2, we have [x, yxβ] ≡
[x, y]. This implies that [γ, yxβ] and [γx(yxβ)a1 , yxβ] generate R∩[F, F ]/(R∩
[F, F ])p[R, F ]. This completes the proof.

Examples. We give examples of the case where p = 3 splits in the
imaginary quadratic field k with λk = 2. Let k := Q(

√
−14). Then λk = 2

and A(k) = D(k) = 0 (Case I). Therefore k∞ has abelian 3-class field tower
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and its Galois group is cyclic over Λ. Let k := Q(
√
−107). Then λk = 2 and

A(k) = D(k) 6= 0 (Case II). Therefore k∞ has abelian 3-class field tower and
its Galois group is generated by two elements as a Λ-module. On the other
hand, if k = Q(

√
−461) (resp. k = Q(

√
−974)), then λk = 2 and X(k∞)

is cyclic (resp. generated by two elements) over Λ. Since A(k) 6= D(k), we
conclude that k∞ has non-abelian 3-class field tower.
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