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1. Introduction. Let p be an odd prime, Z, = Z/(p), E the set of even
residues in Z, and O the set of odd residues,

E={2,4,6,....p—1}YCZ, O={1,3,5...,p—2}CZ,,

with characteristic functions xg, xo respectively. Lehmer posed the problem
of determining the number N_; of even residues with an odd multiplicative
inverse modulo p [I7, Problem F12]. One expects N_; ~ p/4 and this was
proven by Zhang [30]. Here, we consider the more general problem of deter-
mining the number Nj, of even residues such that Az" is odd,

Ny, = Np(A) = #{z € E : Az" € 0},
where k, A are any integers with p{ A (with the convention that 2~ denotes
the multiplicative inverse of = in Z,). Lehmer’s original problem is just the
case k = —1, A = 1. The Goresky—Klapper conjecture [14] on the decimation
of ¢-sequences amounts to proving that Ny > 0 for p > 13 and (k,p—1) = 1.

For the general case one does not always have Nj asymptotic to p/4.
Two parameters play a key role in the determination of Ny,

d:=(k,p—1) and dy:=(k—-1,p—1),
and their companion values,

p—1 p—1
=T - d t:= )
S d aln dl

We find for instance (Example that if ¢ and |A| are both small odd
numbers then Nj ~ (1 — ﬁ) g. In other words, the probability that an even

residue becomes odd under the mapping z — Az®PH=1/t is asymptotic to
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(1 — —t) On the other hand, if both s and k are even then we have exactly
Nk = (p—1)/4 (Theorem - We also show that Ny ~ p/4 provided that
k is even and the set of all k-th powers is uniformly distributed, or k is odd

and dy = o(p) (Theorems and [1.2)).

Let ey(-) = €™/P denote the additive character on Z,, and set
(1.1) = max

(& ax
a€lyp Z p

a#0 z#0

1.2 =
(1.2) b (k, anlr)lg%p Zep ax® + bx) ‘
ab#0 270
(p—1)/2

ep(az®)].

(1.3) = max
aCly
a#o r=1

Using the Erdés—Turédn inequality we prove (Section

THEOREM 1.1. For any integer k,

N, -2l < %@’(k) min{log<§$>,1og(5p)}.

(1.4) .

If k is even then

If k is odd then
1 1
P'(k) < 5@(/{7) + p log(5p)@(k, 1).

Since xlogz — 0 as x — 0T, we see that if k is even then Ny ~ p/4
provided that @(k) = o(p), that is, the set of all k-th powers is uniformly
distributed. This phenomenon fails when k and t are both odd. Indeed, one
can have (k,p—1) = 1, so that the set of k-th powers is all of Z;;, but not have
Ny ~ p/4; see Example u In the original Lehmer problem, Where k=—1,
we have #(—1) = 1, and ¢(-1,1) < 2,/p, the Kloosterman sum bound,
whence Theorem |1 gives the result of Zhang, IN_1 — p/4| < flogQ .
Note that, since &'(k ( ) > 3/p+1 (see (2:)), the second option in is

only useful for small p < 20 277.

OPEN PROBLEM 1. How large must s be in order to have &(k) = o(p)
(where s, as defined above, denotes the number of k-th powers in Z;;)? It
is known, by the work of Bourgain [4], that there exists a constant ¢ such
that ®(k) = o(p) for s > p/1°81°8P; see Section |5 It is also known that
with s =~ logp one has @(k) ~ p. The conjectured bound of Montgomery,
Vaughan and Wooley [25], ¢(k) < /dplogp, gives ¢(k) = o(p) provided
(logp)/s — 0 as p — oc.
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For odd k we can bypass the concern of large @(k).
THEOREM 1.2.
(a) If k is odd and t is even then

Ni— 2| < 0.35p™/% 1og™*(5p).
(b) If k is odd and t is odd then
Ny — Pl< dy + P
4 log p

Thus, if &k is odd we have Ny ~ p/4 provided d; = o(p). If d; is on the
order of p in size, this can fail to happen; see Theorem The proof of
Theorem given in Section [8 uses Theorem [I.1] as well as Theorems
and [5.1] below, and a small refinement given in Section [0}

There remain the cases where k is even and s is very small (so that
& (k) # o(p)), and when k is odd and ¢ is very small (so that d; # o(p)). To
get a feeling for what one should expect in these cases we consider a couple
of examples.

EXAMPLE 1.1 (small s). If k = p—1, then 2% = 1 identically and
so N = 0 or (p—1)/2, depending on whether A is even or odd. If k =
(p —1)/2, then 2¥ = +1. Since A and —A have opposite parity and roughly
half of the even residues are quadratic residues, one gets Ny = (p — 1)/4
(k even) or N, ~ p/4 (k odd). If Kk = (p—1)/3 and C1,Cq,C5 are the
cube roots of unity then Az* = ACy, ACy or AC3 (mod p), and one obtains
N,=0,(p—1)/6,(p—1)/3, or (p — 1)/2 depending on the number of these
values that are odd; see Theorem [1.3|a).

The following theorem treats the case of small s. When k is even we find
that Ny is exactly (p —1)/2 times the proportion of k-th powers C; with
AC; odd. If s is also even this proportion is 1/2 since —1 is then a k-th
power and so we get Ny = (p — 1)/4. When k is odd we get Ny ~ p/4 for s
sufficiently small.

THEOREM 1.3. Let k, A be integers with pt A and (Z;)* = {C1,...,C;}.
(a) If k is even then

p—1 >
N =42 - E AC;).
k 99 2 X@( )

In particular, if k is even and s is even then Ny = (p —1)/4.
(b) If k is odd then

s—1
1 .
5 VP og(5p)

—1
Nk:_p4‘<



176 J. Bourgain et al.

Next, we deal with the case where t is small.

EXAMPLE 1.2 (small t). Suppose k& = (p+1)/2, so that ¢ = 2. Then
Az* = Az or —Ax (mod p) according as z is a quadratic residue or not.
Thus one expects half of the even residues to remain even and half to become
odd; indeed, Corollary [1.1] gives | Ny — p/4| < \/plog” p.

If Kk = (p+2)/3, so that t = 3, then Az¥ = ACyx, ACyx or ACsx
(mod p), where again C7,Cy, C5 are the cube roots of unity. In effect, the
problem becomes linearized, and as we see in Section [7] we need to examine
the distribution of points on the lattices y = AC;x (mod p). If none of the lat-
tices have a small point (0 < max(|z|, |y|) < 1) then we find (Theorem [L.5)
that the even and odd values are equidistributed and so Ny ~ p/4, but if one
of the lattices has a small point, bias may occur. For k = (p + 2)/3, we find
that Ny is asymptotically somewhere between p/4 — p/12 and p/4 + p/12,
depending on the size of the minimal point.

Let
(Z;)kil = {Cl) ceey Ct})

and for any C € Z, p t C, let F(C) denote the number of even residues
such that C'z is odd,

(1.5) ZXE z)xo(Cx).

In Section [4] we prove

THEOREM 1.4. For any k and A with p{ A,

Nk—fZF AC;) iQ

=1

(t —1)y/Blog*(5p).

COROLLARY 1.1. For any k and A with pt A,

1
(1.6) ’Nk - I’T

1 . .
ﬁ<t —1)/plog®(5p) if t is even,

1

<
- 1
ﬁ<t —1)/plog?(5p) + % log?(5p) + 1 if tis odd.

Thus Nj, ~ p/4 in the range log>™p < t < \/j?a/log%E p. For very small
odd ¢ more work is required. On average F'(C) is p/4 and our interest is in
estimating the discrepancy

(1.7) oc = F(C) —p/4.
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Trivially |dc| < p/4. The value of ¢ depends on the distribution of points
in the lattice

Lo = {(x,y) € Z*:y = Cz (mod p)}.
Let |(z,y)lo = max(|z|, [y]),

AC’ = mm{](a:,y)]o : (Ji,y) € £C7 (%,y) 7é (070)}7

and (z¢,yc) denote a point in Lo with [(zc,yo)|lo = Ac (we call such a
point a minimal point in Lc). Put \j = Aac;, 6 = dac,, 1 <i <t and let
(xi,yi) be a point in Lac, with |(z4,yi)|o = Ai. Reorder the C; so that

At <<

In particular, Ay = 1 if and only if AC; = +1, in which case we can take
(z1,y1) = (1,£1). In Lemma [7.2| we give the estimate

60l < =" & foplogp + -
c ol plogp 5.
12[zcyc| 2
Another estimate for the discrepancy is given in Lemma If ¢ is odd
we show that only §; can have any effect on the asymptotic value of Ng,

establishing in Section [7] the following:

THEOREM 1.5.
(a) Ift is odd, then

p 01 P 2
Ny — =+ = 4+ t/pl )
g (4+ t)’<<10gp+ vplog™p

(b) If t > 1 is odd and t < logp then

p 0 )
‘N k ( 1 + ; ) ’ < ; .

REMARKS. 1. In [5] the authors proved that if d = 1, then for p suffi-
ciently large, N > 0, resolving a conjecture of Goresky and Klapper [14];
see also [I5], [16]. The theorems above generalize this result to the following
cases: (i) k is any odd integer, ¢ > 1, and p is sufficiently large (Theorem
for t even, or t odd and ¢t > log p, Theoremfor t odd and t < logp); (ii) k
is even, p is arbitrary, and Az* is odd for some x € Z, (Theorem [1.3(a));
such is the case if s is even (Theorem[1.3{a)), or if s is odd and &(k) < p/5.24
(Theorem for in this case | Ny — p/4| < p/4).

2. Yi and Zhang [29] studied the number of times z* (mod ¢) and
7% (mod ¢) have the same parity modulo ¢ for general ¢ and (z,q) = 1,
obtaining the asymptotic value ¢(q)/2+Ox(¢* *d(q)/*log? ¢). We note that
the constant in the big-O depends on k, although the dependence is not in-
dicated. Shparlinski [27] generalized their result to systems of congruences.
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3. Louboutin, Rivat and Sarkozy [22] studied the related problem of
determining when z and ' have the same parity over an interval, showing
that for any € > 0 and any interval I of length |I| > pl/2t€ as x runs
through I, the probability that  and x~! have the same parity tends to
1/2 as p — oo. They also studied the pseudorandomness of the sequence

(—=1)™+ " (taking z, 2+ € {1,...,p— 1}).

OPEN PROBLEM 2. When does N, = 07 More specifically, when is k even
and 2% odd for all nonzero 2? Example: If p = (3° —1)/2 and k = (p—1)/s
then the group of k-th powers Gy, is just (3) = {1,3,3%,...,3°" 1}, all odd,
and s =~ logp. More can be said if G contains a pair of multiplicatively
independent integers a, b. In this case, by the work of Furstenberg [13] and
more specifically Bourgain, Lindenstrauss, Michel and Venkatesh [8, Theo-
rem 1.10] there exists a constant c(a,b) such that if p > ¢(a,b) then every
coset of the subgroup (a,b) contains both even and odd residues, and there-
fore so does every coset of Gy. Indeed, for any integer = with p { x there will
exist both even and odd residues of the type za’®’ with 0 < i,j < 3log p.

OPEN PROBLEM 3. How large can s be and still have a disproportionate
number of even or odd values in the set of k-th powers? This has direct
implications on a lower bound for @(k). Indeed, if (k,,p,) is a sequence
of exponents k,, and prime moduli p,, — oo such that Ny - p,/4, then

D(ky)/pn = 0.

2. The Erdés—Turan inequality and proof of Theorem In
this section we employ a version of the Erdés—Turan inequality for estimat-
ing Nj. For any sequence of points S = (x1,...,zn) in Z, set

N
bg = max‘z ep(ya:n)‘.
rly 12—

Since ZZ: SN ey (yzn)? > N(p — N), for N < p we note the lower
bound

N(p—N)

2.1 bg > .
(2.1) S p—1

Our goal is to estimate the number of points in S contained in a given
interval I = {a+1,...,a+ M} C Z,, with M < p. The simplest approach is
to use the characteristic function x of the interval, with Fourier expansion
xr(z) = >0y ar(y)ep(yz), where

ar(0) = M/p, aﬂy%=p1%((—@—A{—1>y>iﬁzﬁy£ﬁ, y#£0
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Now
N N
Z ZZaI y)ep(yrn) = ar(0 N—i—Za[ Zep YTp),
n=1 n=1 y y#0 n=1

and so

(2.2) r(en) — ——| < %Zlal

In Lemmas [T11.1] m and [I1.2] we prove that for any interval I,
(2.3) Z )| < — logp +0.35 < — 1og(3p)

and that for any interval of length M = (p £1)/2,
= 1 1
(2.4) Z lar(y)| < —logp + 0.482 < —log(5p).
= 7r T
From 72.4 we deduce that for any interval I,

MN

(2.5) - < S osp)s,

and when M = %(pi 1),

1
(2.6) < = log(5p)Ps.

MN'

One can improve this estimate for large p by using a smooth approxima-
tion to the characteristic function, leading to an Erdés—Turan type inequal-
ity. At the end of Section [10| we prove

THEOREM 2.1. For any sequence S = (x1,...,xN) in Zp, interval I =
{a+1,a+2,...,a+ M} C Zp, and positive integer H < p,

MN N N 2
§: W S ey by lsH 2)ds,
xr(z i1 7 + — (og +y+7/2)Pg

where v = 0.57721 ... is Euler’s constant. If M = (p+1)/2 we have the
sharper bound

(10gH—I—7+7T+10g2)

N
< —
3w
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COROLLARY 2.1. For any sequence S = (z1,...,zN) in Zy, and interval
I={a+1,....,a+ M} CZp,

—‘ —(log(N/®g5) + 1+~ + /2 + log(7/2))Ps,

and if M = 3(p£ 1) and wN/Dg < p then

> xi(zn) - ‘ —(log(N/®s) + 1 + 7 + 7 + log(27))®s.
=1

We note that the corollary improves on (2.5) and (2.6) when p*/"dg >
18.18 N and pPg > 140.79N, respectively.

Proof of Corollary 2.1. Set H = [ ] If N < (2/7)pPg, then H < p
and we can apply Theorem [2.1] to obtaln the first upper bound

20 2 TN
AR | 2\
- +7T<og<2q5 >+7+7T/) s

2
< ;@5(log(]\7/455) +1+v+7/2+log(m/2)).
If N > (2/7)p®Pg the corollary follows from (2.5)). For the second inequality
we similarly take H = [t N/®g] < p. =
Proof of Theorem Let z, = A2" 0¥ (mod p),1 < n < (p—1)/2,

and -
I'={-1,-2,...,—(p—1)/2}.

Let I = I' or I' U{0}. Note that for either choice of I, z;,, € I is equivalent

to A(2n)k € @ and so Ny = Z(p_ll)/z X1(zp).

il

With & (k) as in (L.3), from we have the lower bound &'(k) >
2\/ p+1 We assume that p > 7 (0therw1se the bounds are worse than the
trivial bound p/4).

Taking I = I’ U {0}, so that M = (p+ 1)/2, we obtain, in the manner

of ED).
Z lar(y)|P' (k)

Hence, using Lemma [T1.2]
P 1 8e'p , 1 1 8eTp\ _,
< (=1 E P(k)+— < =1 P'(k
41_(Fog(ﬂ)+ )70+ 1 < 2iog( 2L )/
1 0.192 1

< — + < 0.
Apd' (k) P 2pV/p+1
This gives the second inequality in (1.4]).

(2.7)

since

E(p) +
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On checking that 7N/®g < 71'%(]) — 1)/%\/17 + 1 < p, Corollary gives

‘N S < los((p — 1)/20 () + 147+ 7+ log(2m) &/ (k)

4

From the second inequality in ((1.4])) we can assume that @'(k) > 71.2. The
first inequality,

1 1
Ny, — p’ < ;(log(p/@’(k)) +14+v+m+logm)® (k) + T

1
Ni— 21 < Diog(356p/% (1) (k),

now follows on observing that 1+~ + 7 +logm + 7 /71.2 < 5.8746.
If k is even then trivially ¢'(k) = 1&(k). For odd k we have, with I =
{17"'7(p'_'1)/2}

(r—1)/2 p—1
ep(y Z x1(x)ep(yz®) Z ep(yz Z ar(z)ep(zx)
=1 =1
p—1 p—1
—G[(O)Zep ya* +Za1 Zep yr" + zx)
=1 2#0 =1
and so by (2.4),

& (k) < %@(k:) + %log(Sp)sP(k, 1). -

3. Proof of Theorem When s is small, that is, the number of
k-th powers is small, then we have no nontrivial estimates available for ®(k),
and so an alternate method is required to estimate Ny. Let d = (k,p — 1),
s=(p—-1)/d, and

(Z3)F ={C1,...,Cs}
be the set of nonzero k-th powers. Let ¢; be a value such that ¢f =C; (mod p),
so that
Ly =c1(Z,)" U~ Ucs(Zy)®.

Noting that xo(z) = xg(—=), and that 2* = Cj for x € ¢;(Z})*, we have

Ni = xe(@)xo(Az") ZX@ (AGi) > xe(@)

zec;(Zy)*

= % Z xo(AC;) Z( Z ¢(6$)>Xﬁ(x) = Main + Error,

z#£0 =y
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where 1 denotes a multiplicative character mod p and

Main = 71 Z xo(AC)),
i=1
Error = — Z ZX@(ACi)¢(Cz) ZT/J(@“)XIE(JJ)
15;122}0 i=1 z£0

Note that Main = (p—1)/4 if —1 is a k-th power, that is, s is even, for
then the even and odd values can be paired, AC;, —AC;. For the error term,
the sum over x is zero if ¢)(—1) = 1 since in this case ) ,_ (1) ﬂ@[)(m) =
%Zml/}(a:) = 0. When ¥(—1) = —1 we appeal to the bound of Polya, Lan-
dau, Schur and Vinogradov for incomplete character sums.

LEMMA 3.1. Let I be any interval in Z, and v any nonprincipal char-
acter modulo p. Then

a+M

4
o @) <P lar(y)l < = /plog(3p),
T
r=a+1 Y
and for intervals of length M = (p +1)/2,
a+M
| )| < VB Y lar)l < ~yploa(sp)
r=a+1 y#0

Slightly better bounds are available with greater effort; see Hildebrand
[19] and Bachman and Rachakonda [I].

Proof. Letting xr be the characteristic function of I, we have
a+M

> W) =) v()xi(e) =) v(z) Zaf(y)ep(y:r)
r=a+1 x x
0>Zw<x> +> arly Zw z)ep(yz)

y#0
- X art) e
y#0
The sum over z is just a Gauss sum of modulus /p. The lemma is now
immediate from (2.3]) and (2.4). »
Thus for any nonprincipal v,
(p—1)/2

(3.1) 2 v@at)]| = > ()| < —VPlog(5p).
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If k is even then ¢ (—1) = 1 for all ¥ satisfying 1)* = 1o, while if k is odd
then 1(—1) = 1 for exactly half of the ¢ satisfying ¢* = 1)y. Thus Error =0
if k is even, and if k is odd,

—1
| Error| < S?ﬁlog@p),

completing the proof of Theorem .

4. Proofs of Theorem [1.4] and Corollary [1.1} In this section we
proceed as in the previous sectlon but using the set of (k — 1)-th powers
rather than the set of k-th powers.

Proof of Theorem 1.4. Let dy = (k—1,p—1),t= (p—1)/d1, and
(4.1) (Z)F !t ={Cy,...,Ci}

be the set of nonzero (k — 1)-th powers. Let ¢; be a value such that cf‘l =
C; (mod p), so that

Zoy=c1(Zy) U Ucy(Zy).
Noting that xo(z) = xg(—2), and that 2* = C;x for = € ci(Z3)!, we have

Nk—ZX]E )xo(Az") Z > xel@)xo(AC)

i=1 zecl(Z*)t

*ZZ( Z (@) ) ve (@) xo0(ACiz)

=1 x
**ZZXE 2)x0(AC;z) + Z ZZ¢ cir) xe(z)xo(AC;z)
i=1 = wt Yo =1 =

p#bo

¢
1
=7 Z F(AC;) + Error,
i=1
where F(AC;) is as defined in and

(4.2) Error = Z Zzw ¢iz)xe(2)xo(AC).

W o =1 T
Y#o

Now for any nonzero b, C,

Z@Zz(bx)xﬁ( z)xe(Cr) Z(Z ag(y)ep(yz )(Z ag(2)ep(2Cx) )1/1(()3:)
ZZZGE?J&EZ (y + Cz,b),
y 2
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where G(y+Cz,b) is the Gauss sum G(y+Cz,b) = > e,((y+Cz)x)(bx),
of modulus /p, unless y+ Cz = 0 in which case it vanishes. Thus we deduce

from that
S vmxe()xo ()| < VB Y las()| 3 lax(2)] < 5 log*(5p) VP,

1
| Brror| < (t — 1) log?(50) .
7r
completing the proof of Theorem .

Proof of Corollary [1.1. If ¢ is even, so that —1 is a (k — 1)-th power,
then by pairing AC; with —AC; and observing that F(AC;) + F(—AC;) =
(p—1)/2 one gets %25:1 F(AC;) = (p—1)/4 and so

p—1 1
Ne =P < S 1) Vplog*(5)

Suppose now that ¢ is any positive integer. Using the Fourier expansion
for xg we have

(43) F(C) =) xe@)xe(-Cx) =Y > ap(y)ae(z) > _ ep(yxr — Czx)
T y oz T

_ 2 _(p—1)?
=pag(0)® +p > _ ag(z)ae(Cz) = e pG(C),
2#0
where
(4.4) G(C) = ag(2)ax(C2).
2#0
Thus
t 2 t
(4.5) % Y F(AC) = (b 4p1) + % > G(AC),
i=1 =1

and

t
<Y ag(2)as(ACiz) <Y 0 |a(2)ag(u)]

1=1 z#0 270 u#0
1 2
< —5 log"(5p).

By (4.5) and Theorem we get

(p—1)*
4p

\i G(AC)
=1

t—1
5 V/plog?(5p). m

™

Ny, —

p 2
< 2 log (5p) +
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5. Estimates for monomial and binomial exponential sums. In
order to apply Theorem [I.1] we need estimates for monomial and binomial
exponential sums. Several are available. In [12, Theorem 2.2] Cochrane and
Pinner proved the following explicit monomial bounds:

LEMMA 5.1. Suppose k| (p —1). Put A =2/v/3 = 1.51967.... Then
kp1/2, k< 3p1/37
D(k) < ¢ NKS/BpP/8, 3pl/3 < |k < pl/2,
A3/Bp3/A - P2 < | < %pz/s‘

The first bound is just the classical bound for a Gauss sum, while the
second two are due to Heath-Brown and Konyagin [I8] (with a big-O). Next
to each bound we have indicated the interval where the estimate is optimal.
Konyagin [20] established further bounds of this type, nontrivial for k as
large as p?/%. There is also the recent e-§ bound of Bourgain and Konyagin 7
and Bourgain, Glibichuk and Konyagin [6]: For any € > 0 there exists a § > 0

such that &(k) < p'~° provided d < p'~¢. More recently Bourgain [4] has
proved that

&(k) < p' POty
for some absolute (undetermined) constant C' > 1.
For binomials there is an abundance of bounds available; see [I1] and

[12] for a discussion. In particular, Cochrane and Pinner established [12,
Theorem 3.1]:

LEMMA 5.2. For any k € Z,
B(k,1) < (k—1,p— 1) +2.292p/92,
We readily deduce from Theorem [I.1
THEOREM 5.1.
(a) For any integer k,
d3/8p3/4 log p if k is even,
(di +p*/92)log?p if k is odd.

(b) For any € > 0 there exists a § > 0 such that if d < p'~¢ then

‘Nk B Z‘ - {p15 if k is even,

p 0+ dylog?p if k is odd.
Proof. Inserting the third estimate of Lemma [5.1] and the estimate of

Lemma into Theorem proves part (a) for k even, and for k odd
yields

R

‘Nk — Z‘ < d3/8p3/4 logp + (dy +p89/92) log? p.
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If d < p*0/%9 then the first term is < p/92 log p and we are done. If d > p0/69
then s < p29/69 and so by Theorem for k odd,

’N — Z < sy/plogp < 27138 10g p < pP 2 10g? p.

The e-6 bound of Bourgain [3] for (k) and Lemma [5.2] give part (b) in

the same manner. =

6. Refinement of Theorem for small d, d;. In this section
we obtain a slight improvement in the upper bound of Theorem Let

XE be the characteristic function of E with Fourier expansion xg(z) =

v 6 ae(y)ep(yz). Noting that yo(z) = xg(—z) we have

Ne = xe@)xo(Az*) = xa(x) ")

x#0 x#0

= > > ag(u)ey(ur) Y ag(v)e,(—Ava®)

z#0 u

= Z Z ag(u)ag(v) Z ep(ux — Avzh)

x#0

= (p— 1)ag(0)* + ag(0 ZG]E Zep ux)

u#0 x#0

+ ag(0) Z ag(v) Z ep(—Avzh)

v#£0 x#0
+ Z Z ag(u)ag(v) Z ep(uz — Avzh)
u#£0 v#£0 z#£0
= (p— Dag(0)* + ag(0)* + By + B,

Ey = ag(0 ZaE Zep Av:v

v#0 x#0
= Z Z ag(u)ag(v) Z ep(ux — Avzh).
u#0 v#£0 x#0
Now ag(0) = |E|/p = (p — 1)/2p, and so

(p—1)?
pag(0)* = P

where

If we proceed by using the bounds
1
(61) B1] < o log(Gp)(k),

1
(6.2) |Es| < ﬁlog2(5p)@(/€, 1),
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available by ([2.4]), then we just obtain

1 1
N, - Pl <= + 5 1og(5p)¢(k:) + —5 log?(5p)®(k, 1),
41— 2 s

a bound already seen in Theorem
We can save an extra +/log p by using an alternate bound for F» that we
shall derive below:

(6.3) |B| < VAMY*10g3/2 (5p),

where
(6.4) M = #{(z1,22,23,74) € (Z})" : 31+ 22 = 23+24, 2} + 25 = 2§ +2]},
yielding

PROPOSITION 6.1.

p|_1 1 1 1/dngl/47 . 3/2

_ Pl e 2 -

Ng, 1l =3 + 5 log(5p)® (k) + 51/d3/2P M/ *log”’*(5p).
COROLLARY 6.1. Letd = (k,p—1) and dy = (k—1,p—1). If d,d; <

1.68(p — 1)16/23 then

(6.5)

11
‘Nk - Z’ < 5+ 5 log(5p)P(k) + 0.346041p%/92 10g®/ 2 (5p).

Proof. Theorem 7.1 of [12] gives the estimate M < 27.57(p — 1)56/23
provided that d,d; < 1.68(p — 1)16/ 23 The corollary is now immediate from
the proposition. =

Proof of Proposition . It suffices to establish (6.3). To do this we
follow the method of [5]. Let a(y) = ag(y). Then

Bal <323 la()a(v)| | eplua — Ava®)|

uz#£0 v#£0 x#0
—ZZBUU ‘Zepux—l-vx
u/#0 v'#0 #£0

where (v, v") = - L > a0 la(zu)a (A1zkv")| and A1 A = —1 (mod p). Next,
from Holder’s inequality,

(6.6) |Es| < (ZZ‘Z% u'x 4 v'zk ‘ >1/4

o o 20
(S s ) (S sl e)
u/£0 v/ £0 u/£0 v/ £0

BV B2 gL,
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say. Clearly, E3 = p>M, with M as in (6.4). Next, using (2.4),

E, = ZZB(U',U’) 7222]a1‘u (AyaFo)|

u'#0 v'#0 x#0 u'#0 v’ #0
— Y latwalo)] < L log(op).
u#£0 v#£0

Finally, for E5 we have

— Z Z ﬂ(u’,v')2

/;éoq/;éo

= G1p ZZ Z Z la(zu)a( Ay | |a(yu)a(Aryo')|
270 y7#0 u/#0 v/ #0

_ pil Z la(ur)a(vr)] a(uz)a(ve)|

1<uy,u2,v1,02<p
(v1/v2)=(u1/uz)* (mod p)

~ LS Jatuatied)] la(ualid)

P curmmnj<p
1
o1 E U2‘§ ’aﬂh Juz‘
p 1Su1,u2<p

Using the Cauchy—Schwarz inequality, the Parseval identity

Z\a<y>\2—;zxé<m>=p‘l
Yy

and (2.4) we obtain
1 , 1
Bys—— 3 le(m)a(w)| Y laG)F = oo Y0 la(u)a(us)
P 1<uy,u2<p J P 1<uy,u2<p
1
< log?(5p).
< 52 08 (5p)
Thus, by and the estimates for F3, F4 and Ej,
onpyl/df 1 2 2 2 A
Bl < AWV 10g6) ) (g o) )

1

1/ANgl/47 . 3/2
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7. Proof of Theorem For any integer C' with p { C, let L& denote
the lattice of integer points satisfying y = Cz (mod p), so that

G(C) = > ag(z)ag(y),

(z,y)eLc
O<max(|z],ly|)<p/2

where G(C) is as defined in (4.4). Let |(x,y)|o = max(|z],|y|),

Ac = min{|(z,y)lo : (z,y) € Lc (2,y) # (0,0)},
and let (z¢,yc) denote a minimal point in Lo with |[(z¢,yo)|o = Ac. Put
Ni = Aac,, 1 < i < t, where the C; are as in ([£.1), and let (z;,y;) be a
primitive point in Lac, with |(zi, vi)|o = Ai. By a primitive point in a lattice
we mean a point with ged(x;,y;) = 1. Reorder the C; so that A} < --- < A

In particular, A\; = 1 if and only if AC; = 41, in which case we can take
(x1,y1) = (1,£1). Let ¢ denote the discrepancy as in (1.7]).

LEMMA 7.1. If Lo has a primitive point (xq, yo) with |(xo,y0)|o < \/DP/2
then any other point in Lo with |(z,y)lo < \/p/2 is a multiple of (zg, o).
In particular, (xo,yo0) = £(zc, yco)-

Proof. We have yg = Czp (mod p) and y = Cx (mod p) and so yor =

zoy (mod p). But |yox — zoy| < p and so yozr — xoy = 0. The result follows
from the assumption that (zg,yo) is primitive. m

Using the formula [5, Section 2] ag(z) = —%e‘”mi/p%, one has
1| sin(wz/p) 1 1
lag(2)] = —| = < - :
p|sin(2mz/p)| ~ p [sin(27z/p)|

Then from the inequality |sin(7z)| > 2|z| for |z] < 1/2, we get

_ 1
|ag (22)| < 3l for 0 < |z| < p/2,

where 2 denotes the multiplicative inverse of 2 (mod p). We break L¢ into
two sets: the multiples of (z¢,yc), and the remai points (x,y) all of

which satisfy |z| > /p/2 or |y| > \/p/2 by Lemma Thus

_ _ 1 1
(7.1)  |G(O)] < > Jag (22)| |ax(2y)] < 3 ol
0<max(el,lyl)<p/2 0<max(|z],ly|) <p/2

1 <1 1 1 1 1
< — Y 4= —_ - —_—
~ 2lzcycl lz; 24 2 Vp/2lz] 4 2 Vp/2 Y|

(z,y)ELC (z,y)ELC
v/p/2<y|<p/2 v/ p/2<|z|<p/2
2 V2logp

~ 12|zcycl VP
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We immediately deduce from (4.3)):
LEMMA 7.2. For any integer C’ with p t C' we have

p
F(C)— v/ 2pl
‘ ) 4‘ 12\900:1/ 2fzcye] ng+
where, as above, (xc,yc) is the minimal nonzero point 0f the lattice L.

LEMMA 7.3. Let 61 = dac, = F(AC1) —p/4. Then

t
P o1 7 p 1 1
TP V2p1 -
' ZFAC ( t>‘<12 tz\xiyi\+ plospty

Proof. By Lemma [7.2] we have

% Z F(AC;) = %F(Acl) + % Z F(AG)

03
+92\/ logp+5

for some 6;| < 1. m

As a consequence of Theorem and Lemma we have

t

p 01 D

. Ny — [+ 2 £
(7.3) ’k <4+t>’<<t;

< |ziyil

+t/p log? p.

We are left with considering the distribution of the values |z;y;|. The fol-
lowing lemma is motivated by the ideas in Section 6 of Bombieri, Bourgain
and Konyagin [2].

LEMMA 7.4. Suppose that t is odd.

(a) Let 2 < b < (p/2)Y*. The number of t-th roots of unity C with
1< |zeye| < bis at most (t — 1) [log(p/2)/2logh] ™ + 1

(b) Let 2 < b < (p/2)Y/8. The number of values i with 1 < |z;y;| < b is
at most (t — 1) [log(p/2)/41ogb] ™

If t is even the same results hold with +2 in place of the +1.

Proof. (a) Suppose that C is such a value with 2 < |zcyc| < b. We as-
sume here that xc > 0. Then for any positive integer n such that |(zg, y&)|o
<l|zcyc|™ < \/p/2, the point (x, y2) is a primitive point in the lattice Lon
satisfying the condition of Lemma and so (¢, yi) = (xon,ycn). Note
that the values C™ are distinct ¢-th roots of unity by Lemma Now if
powers from two different Cy, Cy coincide, (zg,,y¢,) = (¥, yd,) say, then
(xcl’ycl) — (ws/gcd(r,s)’ iys/gcd(r,s))’ (nga ng) — (xr/gcd(r,s)’ :l:yr/gcd(r,s))
for some z,y € N (and appropriate + signs). Writing ged(r, s) = as + br
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gives (z,4Yy) = (zcy,ycs) where C3 = C$CS (for an appropriate + sign).
Thus both (z¢,,ye,) and (zc,, yeo,) are powers of (xcy,, Yo, ) (since ¢ is odd
the £ sign is decided by the power) with plainly |xc,yc,| < b.

We may suppose then that the (z¢,yc) with 2 < |xcyc| < b consist
of powers (g f,hl) = 1,...,u;, of a basic set of (g;,h;), ¢ 1,...,v,
all of whose powers are distinct. Hence if there are N values of C with
2 <|zcyc| < b then

? ! logb
V=3 u=3 )
=1 =

1 log |gzh2|

while the number of (z¢, yo) with |zcyc| < /p/2 arising from taking pow-

ers of the (g;, hi) is Y ;_ [llzgg |ngh |] Hence

t—lzZ{W] :i[log\/ﬁ log b }

log | gihil — logb  log|gihi|
Z log \/p/2 log b _N log \/p/2
- log b log |gihi| | logh |’

The result follows on including C' = 1.

For even t the argument is similar except that the values occur in pairs
(g, £y&).

(b) Suppose that (x;,y;), @ = 1,..., N, are the minimal points satis-
fying 1 < |x;y;] < b. By definition, y; = AC;x; (mod p). Then x1y; =
(Ci/C1)xiy1 (mod p) where C;/Cy is a t-th root of unity. After removing
any common factor from (z1y;, ziy1), plainly 1 < |2, /0, yc, /0] < b%. The
result now follows from part (a). =

LEMMA 7.5.

(a) If t > 1 is odd and C # 1 is a t-th root of unity modulo p, then
Ao > (p/t)l/(tfl)'
(b) Ift > 1 is odd then Ay > (p/t)"/?>t=1),

Proof. (a) Any point (x,y) € Lo must satisfy 2 = y' (mod p) with
x Z y (mod p) and so

S bty a2 4y

Since the form on the left-hand side is positive definite (for odd ¢) the sum
is at least p and the result follows.

(b) Suppose that A; < Ao < (p/t)/2(¢=1. Then as we observed above
Acyjcy < (p/t)"/ =1 contradicting part (a). =

=1 =0 (mod p).
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LEMMA 7.6. Ift > 1 s odd, then

t
zt: 1 < 8(t — 1) log(A3e) < logp always,
| = 1
— |ziyi| ~ log(p/2) Ao ey < logp.

Proof. Writing
mj =i >2:|ziy| = j}
we first note that for z > Ao,

C(x) := j;xmj < 180(;(;/1;) log(Aox).

For Aoz > (p/2)Y/® this follows from the trivial bound C(z) < t — 1.
For oz < (p/2)'/® we use the fact that [z] > z/2 for z > 1 to get

[log(p/2)/41og(Aoz)] > %10g(p/2)/4 log(Aaz) and so by Lemma (b),
t—1 8(t —1)
<

1 2 -
ety = Tostor2)

(The +1 in Lemma b) can be omitted since, on this interval, |x1y1| < Aoz
but C'(A2z) does not count |z1y1|.) Applying partial summation we have

L1 “m; ¢ C(u
Y= =
; : M
8(t—1) OSO log(Aau) d 8(t—1) log()\%e).

C(z) < C(hx) <

log(A2x).

wr T log(p/2) T A

The first upper bound in the lemma is immediate since log(A3e)/A2 < 1.2.
For the second inequality we use the lower bound for Ay in Lemma (b)
to get Ay > 37 1/4p1/2(t=1) (for ¢ > 3), with this value at least 3 for ¢t — 1
< 0.361logp, and hence log(A\3e)/Xy < log(p'/2t=1) /pt/2t=1) for t — 1 <
0.36 log p.

Finally, we note that the two bounds are the same for ¢ ~ logp. =

We immediately deduce Theorem from ((7.3)) and Lemma

8. Proof of Theorem (a) Suppose k is odd and ¢t is even. If
p < 10?7 then we have trivially

p

(8.1) S E P 0.35p5/9210g%/2(5p).

S

If s < (0.35)(2m)p*3/921og!/?(5p) then by Theorem (b),

1
‘Nk - Z' < 87\/;31og(5p) < 0.35p%%/92 10g3/2 (5p),
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while if ¢ < (0.35)r2p?3/92 1og—1/ 2(5p), then by Corollary [1

2(5p) < 0.35p%%9210g%/(5p).

i<

Thus we may assume that p > 1027, d < 0.454729p*%/92 /1og/?(5p) and
di < 0.28949p49/9210g'/2(5p). Using the upper bound &(k) < A\d3/8p3/4
(Lemma we obtain, from Corollary

Ny — Z‘ < 0.5+ 0.18p%9/ T30 10g13/16(5p) 1 0.346041p%/*? 1og®/ 2 (5p)

< 0.35p%9210g%/2 (5p)

for p > 10%7.
(b) Suppose next that & is odd and ¢ is odd. By Theorem

‘Nk — Z‘ < sy/plogp.
By Theorem [1.1|and the bounds ®(k) < d*/®p?/4, &(k,1) < dy + p®/%2,
‘Nk — g < d3/8p3/* logp + (dy —|—p89/92) log? p.
Using the first inequality if d > p%1! and the second if d < p/1! we obtain

N —% < (dy + p*)log?p

uniformly for odd k. If d; < p/92 we keep this inequality. If d; > p®9/92 we

apply Theorem [1.5{(a), and the trivial bound [61] < p/4, to get
101]

p 3/92 2
Ny — = | <€ — 4+ — 1 <d
k ’ " +10gp+p Vplog”p < di +

p
logp

9. Estimates for F(C) and the discrepancy d¢c. Recall that F(C)
is the number of even residues = such that Cz is odd,

ZXE z)xo(Cx),

and the discrepancy d¢ equals F ( ) — p/4. We can also talk about the
complementary function H(C) = F(—C), the number of even residues x
such that C'x is even. The following statements are evident:

F-0)=""1 - F(C).
F(-1) = 1%1, F(1) =0,
(9.1) F(©) = F(O),

where C' denotes the multiplicative inverse of C' (mod p).
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LEMMA 9.1.

(a) For any nonzero integer C' with |C| even,

p| _ICI+1
2 F - = —_—
(9.2 ro)- 2 <1
(b) For any integer C with |C| odd,
1\p |Cl 3
(9.3) ’F(C) <1 C’>4’ <5 T

Proof. We shall prove the corresponding statements for H(C'). The state-
ments are trivial if |C| > p/2 so we may assume that |C| < p/2. More-
over, from the identity H(—C) = (p—1)/2 — H(C), it suffices to con-
sider the case where 1 < C < p/2. Then H(C) is the number of val-
ues of n € {1,...,(p—1)/2} such that 2jp < 2nC < (25 + 1)p, that is,
jp/C <n < jp/C + p/2C for some j with 0 < j < [(C —1)/2]. Thus

LA b jp
(9.4) H(C) = ; {C + 20] - [C]
Using [y] < [z] — [v —y] < [y] + 1, we have
p |[C+1 D C+1
. L <(|= - -
o ][5 mo= (5] ) [57]
and so
(9.6) ey -2 <€ 1<C <L ¢even
M 4 27 27 )
1\p c 1 P

COROLLARY 9.1. Suppose that t > 1 is odd, t < logp, and that for
some t-th root of unity C;, AC; = m (mod p), where m is an odd number

satisfying |m| < (p/t)"/2=1). Then 614+ & < @ + 3 and

1——1L1
1\p p 2D
Ne—(1- = )Pl 7
e ()i <
In particular Ny ~ (1 — %)%, with Ny — § ~ —42= provided that m =
0(p1/2(t_1)).

Proof. Suppose that AC; = m (mod p) where m is an odd number
satisfying |m| < (p/t)"/2=1. Since (1,m) € L, we have Aac, = Ay =
Im| < (p/t)"/?¢=1 . But then by Lemma|7.5) Ay > Aac,. Therefore A} = Aac,
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and so by (9.3) we obtain
01 + L

1\p |m| 3

—Fim) - (1- = )| <M 2

im ’ (m) < m>4’_ > 71
The result then follows from Theorem 1.5(b). m

EXAMPLE 9.1. Suppose A is an odd number with |A| < (p/t)'/2(=1) and
t < logp. Then the hypotheses of the corollary hold with C; =1, m = A
and so we get N ~ (1 — ﬁ)%

EXAMPLE 9.2. Let t be a positive odd integer such that 3 — 1 has a
prime factor p with p > +/3* — 1. Then p is such that ord, (3) = ¢, where ¢ is
an odd value with ¢ := [logs p for some [ with 1 < < 2. Set A = —1. The
t-th roots of unity modulo p are just {1,3,3%,...,3""1}. For 0 <i < t/2 we

have, by (©:3),
, 1\p 3 3
F(-3)—1(1 —+ =
'<3> (+3l>4‘<2+4

while for i > t/2 we have, by (9.1)) and the fact that 3' = 1 (mod p),
F(=3") = F(=3") = F(=3""").

Thus

14 1t—1 ‘ 1 (t-1)/2

— F(AC;) = - F(-3 — 2

DS FUC) = 3 P8 = t[ he2 3 }

e S (s a3 0))

p_1 . p,_ p(3_ t-1)2(3 _ 3
[2 5 4(t 1)+6<2 6>+03 5 € +49t,

where € : 23@ L < gi/f and |0], |0;| < 1. Thus,

1 2\p L3 Lu-1)2 \[\[ 2p!/?
— N 2Vl <« 2 2.
I (e s R

and by Theorem
2 pl/Q
Ny — (1+ >4‘ <—+flog p-

On the other hand, §; = p/4 — 1/2, and so Theorem [L.5|(a) shows that
N, — (1 +1/t)p/4] < p/logp. This apparent discrepancy in the asymptotic
estimate is explained by the fact that in this example p/t ~ p/llogs p, the
same order of magnitude as the error term in Theorem [L.F[a). In particular
we see that the error estimate in Theorem (a) cannot be improved.
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10. The Erd8s—Turan inequality and proof of Theorem The
discrepancy of a finite sequence S = (z1,...,2zx) of real numbers is given

by
fo ({zi}) — (B — o).

The Erdés—Turan inequality states that there exist absolute constants ¢y, ¢y
such that for any positive integer H,

Dyn(z1,...,xN) =
I= [a,ﬁ C[O 1)

C1
ND <
N(wla 7xN)—H+1

H | N
E’Z e(hxy,)
=1 n=1

Kuipers and Niederreiter [21] obtained the admissible pair (c¢1, c2) =(6,4/7),
Montgomery [24] the pair (c1,c2) = (1,3), Mauduit, Rivat and Sarkézy [23]
the pair (c1,c2) = (1,1) and Rivat and Tenenbaum [26] the pairs (¢1,c2) =
(1,0.6528), (c1,c2) = (1.1435,2/7), among others. The latter authors also
proved that any such pair must satisfy ¢; > 1 and ¢g > 2/7. Here we obtain
these optimal constants, but in a slightly weaker form of the inequality. If
we restrict to intervals I of length 1/2, as in our applications, the constants
can be reduced further.

THEOREM 10.1. Let (z1,...,xN) be a sequence of real numbers and H
a positive integer. Put ® = maxj<p<p | Zﬁ[:l e(hxzy)|.

(a) If I = [a, (] is an interval in [0, 1] then

al N 2
. —NI‘<7 Zlog H 2)®,
\nz:jle({x D= NI < g + S (og H 47 +7/2)

where v = 0.57721 ... is Fuler’s constant.
(b) If |I| = 1/2 then

1
(logH+’y+7r+log2)d5

Proof. The results follow readily from an inequality of Vaaler |28, The-
orem 20, (8.3)], which reads

N
OREVERL

N J(h)(H +1))  K(h/(H+1)
_H+1+22(’81nﬂ'h|f|’ — + 11 >‘Z (haxy,)

where by [28] (2.28),(2,29)],
(10.1) J(t) = mt(1 — [t]) cot(mt) + [t|, K (t) = (1 — [t])
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for 0 < |t| < 1. Setting m = H + 1, and observing that 0 < .J(t) < 1 for
0 <t <1, we obtain

N
> i) = NI

N 1 o1-
<= 42 ( h/m)gb
m mh m
h=1
N 1 T I 1m-—-1
=+2q5<<log(m—1)—|—v+ S {z}du>+>
m T u 2 m
m—1
N 2
=—+— log(m—1)+7+W+E1>,
m s 2
with )
T
FE —_——— <0
'=m =1 2m

form >3 (and Ey =1—v—7/4 <0 for m = 2), giving (a).
If |I| = 1/2 then using the fact that sin(wh|I|) = 0 for even h, the sum
m—11/h can be replaced by

m—1 m—1 ((m—1)/2]
1 1
PRI
h=1 h=1 h=1
odd
1 (m —1)? 1 T Au} 1T {u
= QIOg([(m 1)/2]) ot ) g )
m—1 [(m—1)/2]
_1 1 1 (m—1)
and thus
ZXI {xn}) — <—+ (log( — 1)+ +1log2+ 7+ E),
with

the trivial bound N/2 for m =2, i.e. H =1).

Proof of Theorem [2. Let (z1 + (p),...,zn + (p)) be a sequence in
Zy, with x; € Z. We simply apply Theorem to the sequence of reals
(x1/p,...,xN/p). For any interval I = {a+1,...,a+M}inZ,and 0 < < 1

The bound (b) follows since E2 < 0 for m > 3 (and the bound is worse than
u
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there is a corresponding interval I’ = [(a + d)/p,(a+ M + 1 —0)/p] in R/Z
of length |I'| = (M + 1 — 26)/p. So we have

N
> xalan) = NIT!
n=1

For the first inequality we take § — 1, |[I'| — (M —1)/p and § — 0,
|I'l — (M + 1)/p to obtain the stated upper and lower bounds respectively
for SN x1(,). When M = 2(p—1) or 3(p+1) we can take § = 1/4 or 3/4
giving |I'| = 1/2 and the second 1nequahty The results are now immediate,
upon observing that the value @ in Theorem satisfies @ < Pg.

N
= > waa/od) - NIT|
n=1

11. A trigonometric sum of Vinogradov. In this section we discuss
the estimation of the Vinogradov sum

p-] 1 p] sin(mMy/p)
;m(y)y N py; sin(my/p) '

which was needed in Sections and[6] As before, the a;(y) are the Fourier
coefficients of the characteristic function of an interval I C Z, with |I| = M.

LEMMA 11.1. For any prime p and interval I we have
(11.1) Z lar(y)] < —logp—i— 0.35 < —log(Sp)

The estimate is a slight improvement on the upper bound given in [9]
Theorem 1].

Proof. The bound is trivial for M = p so we may assume 1 < M < p.
Cochrane and Peral [10, Proposition] obtained the asymptotic formula

1 p sin(w M
2 53 sifw%?)\

P

log |sin(mj M /p
5 (log(4p/m) +7) +—22 . )]

p’m

where v is Euler’s constant and

8 1
E'(p, M) = E(p, M) — —(log(4p/m) +7) D | propt
lj
with

CRGME(AZ—1) w2
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Here R(jM) = minjey [jM — Ip|. Using the trivial bound R(jM) > 1 we
have

1 4
p

for p > 364. Since the sum over j in the asymptotlc formula is plainly nega-
tive, one obtains the result of the lemma (checking small p on a computer). m

For certain length intervals, the contribution from the sum over j in
(11.2)) gives an extra savings on the main term. For instance, when M =
(p£1)/2 we get

LEMMA 11.2. For M = 1(p£1),

p—1 p—1, .
1 sin(mM 1
>l = 3 3D Loyt ¢4
— p | sin(my/p) T
y= y=
with
1 8 0.822 0.192
C=" 1og< c )20.481261..., - <BE< -2,
T p p

Numerical checking shows that the minimum value of F = E(p) occurs
at p = 3, and so we have uniformly E > E(3) = —7~log(24e7~27/3 /1) =
—0.1642. ...

Proof. Rather than appeal to the asymptotic formula above, we give a
direct proof. Since

2 -f . dd
lsin(rMy/p)| = { |cos(my/2p)| if y is odd,

|sin(my/2p)| if y is even,

we have
p—1 (r-1)/2, .
2 sm(ﬂMy/p)‘
113 a = — _—
s Yewl=2 Y R
y y
E RSN NS o U
p = sin(ry/2p) p = cos(my/2p)
y odd y even

Writing mg = Li(p + 1)J, we have, see [10, Lemma 1],

(r—1)/2 ma
1 1 P 1 1 ~
- = — =—1 —+FE
D yz::l (my/2p) 7rk212k:—1 T ng+7r+ b
y odd B

with

1 meo 1 mo 1
—1 < B <=1 —_— .
T Og(p/4> ="l=7 Og<p/4> + 247rm%
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In order to estimate the sums in (11.3)) we first note the following. If
0 <6 <1and f(z) is a positive and increasing function on (1/2,m + J)
then plainly

1 2
| fu)du< f(1) < | flu)du,
1/2 1/2
J Jj+1
| rwdu< Gy < | fwde, j=2,...,m-1,
Jj—1 J
and
m+0 m+4
| fw)du—5f(m+06) < f(m)< | flu)du+(1-6)f(m+0),
m—1 m
giving
m m-+9
(11.4) —6f(m+6) < Z - | fwdu<(@-06)f(m+09).
Jj=1 1/2

Similarly if f(x) is positive and increasing on (0, m + §) then

1 2
| f(w)du < £(1) < | f(u) du— £(0)
0 0
and
m m-+4
(11.5) —of(m+08) <> f(G)— | flu)du<—f(0)+(1-08)f(m+0).
j=1 0

Since 1/sinu — 1/u is increasing on (0, 7), applying (11.4]) with f(x) =
1 1 1
@ T — @ty and § = B+ 5 — ma, we therefore have

(p—1)/2

<Sm (my/2p) Wyi2p>

1 1
N p,; <sin<w<2k —1)/2p)  w(2k - 1)/2p>

1 p/4+1/2 . 1
D 1§2 <Sin(ﬂ'(2x —1)/2p) w2z — 1)/2}7) dr + Es
- i10g<i(\/§ - 1)) + By,
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with

et
<E2<;<f—i)<m2+1—<;+i)>.

Similarly, writing mq = [(p — 1)], since 1/cosz is increasing on (0, 7/2),

applying (11.5) with f(z) = Wlx/p) and § = § —my, we get

1 (p—1)/2 1 1 m 1 1 p/4 1
- ==y = | ———dr+ B3
p = cos(my/2p)  pi= cos(nl/p) p § cos(mz/p)

yeven

1

with
2 1 2
—\[<p—m1> <E3 < —+\f(m1+1—p>.
p \4 p P 4
Hence
i 8 1
Z|a1(y)] logp%—7 + = log< (\@—1)) +;log(\/§+ 1)+ E,
y=1
where

E=E1+E2+E3

p p
:_(14_2_\@)1
™ p
L log(1 = 1/p) + 1/p) + ——2—— ifp=1 (mod 4)
RE 0g P)+1/p)+ gy p=1(mod 4),
1 2 e
;(log(l—kl/p)—l/p)—i—m if p=3 (mod 4),
0.192
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£ 2 m)
(log(1—1/p) +1/p) ifp=1 (mod 4),

(log(1+1/p) —1/p) if p=3 (mod 4),

Similarly

e P

=3 | S
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