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1. Introduction. Quasimodular forms were introduced by Kaneko and
Zagier in [5] and have been studied actively since then in connection with
various topics in number theory (see e.g. [1], [7], [9], [11]). They are also
linked to some problems in applied mathematics (cf. [4], [10]). Quasimodular
forms generalize modular forms, and one of their useful properties is that
their derivatives are also quasimodular forms. In particular, the derivatives
of modular forms are quasimodular forms. On the other hand, as shown in
this paper, each quasimodular form can be expressed in terms of derivatives
of some modular forms. In fact, it turns out that a quasimodular form can be
identified with a finite sequence of modular forms. This identification may
allow us to investigate certain aspects of quasimodular forms by studying
the corresponding sequences of modular forms.

Poincaré series provide examples of classical modular forms, and one of
the goals of this paper is to construct Poincaré series for quasimodular forms
by using an automorphism of the space of polynomials that is equivariant
under certain actions of SL(2,R). For this purpose we need to introduce two
types of actions of SL(2,R) on the space of polynomials over the ring of
holomorphic functions on the Poincaré upper half-plane as well as an equiv-
ariant automorphism. Given a discrete subgroup I" of SL(2,R), quasimod-
ular polynomials and modular polynomials for I" are invariant polynomials
under such actions restricted to I'. Thus the equivariance property shows
that the above automorphism induces an isomorphism between the space of
quasimodular polynomials and that of modular polynomials.

The coefficients of modular polynomials are modular forms of certain
weights, so that a modular polynomial can be identified with a certain finite
sequence of modular forms. On the other hand, quasimodular polynomials
correspond to quasimodular forms. Indeed, given integers m and w with
m > 0, a quasimodular form f of weight w and depth at most m for a discrete
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subgroup I of SL(2,R) corresponds to holomorphic functions fy, fi,..., fm
on the Poincaré upper half-plane H in such a way that

A s +1 ay f(ifffi)

:fO(Z)+f1(z)<CZiti>+"'+fm(z)<czi_d>m

for all z € H and (‘Z Z) € I', and the corresponding quasimodular polyno-
mial has the functions f; as its coefficients.

In this paper we consider a particular automorphism of the space of
such polynomials and prove that it is SL(2, R)-equivariant with respect to
the above-mentioned actions. The resulting isomorphism between the space
of quasimodular polynomials and that of modular series determines a corre-
spondence between quasimodular forms and some finite sequences of classi-
cal modular forms. More specifically, if a quasimodular form f satisfies (1.1),
the corresponding holomorphic functions fi can be expressed as linear com-
binations of derivatives of some modular forms. Furthermore, such modular
forms can be written as linear combinations of derivatives of the functions fx.
We also use the equivariant automorphism to construct Poincaré series for
quasimodular forms.

2. Correspondences of polynomials. In this section we consider
polynomials whose coefficients are functions on the upper half-plane. We
construct a linear automorphism of the space of such polynomials associ-
ated to each integer, which will be used in Section 4 to obtain modular
forms corresponding to quasimodular forms.

Let H be the Poincaré upper half-plane, and let F be the ring of holo-
morphic functions f : H — C satisfying the growth condition

(21) rol< ()

1+ |22

for some v > 0 (see e.g. [8, Section 17.1] for a more precise description of
this condition). We fix a nonnegative integer m and denote by F,,[X] the
complex vector space of polynomials in X over F of degree at most m. If
an element ¢(z, X) € F,[X] is a polynomial of the form

(2.2) O(2,X) = 3 6,(2) X"
r=0

and if A is an integer with A > 2m, we consider two other polynomials

(EX'®) (2, X), (AT ®) (2, X) € Fm[X]
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defined by
(23)  (E{P)(z,X) =) ¢r ()X, (AVP)(z,X) =) o ()X"

r=0 r=0
where
=_ 1 1 (r)
2.4 r =
(24) % = Z_% r!()\—2k—r—1)!¢m_k—”’
= (1)
(2.5) o = (N 42k —2m — 1) S (m— k1)
r=0 ’

X (2k 4+ X —2m — 7"—2)'gbm et
for each k € {0,1,...,m}.

LEMMA 2.1. Let u and v be positive integers with u < v. Then

s () (i) o

Proof. See e.g. [6, Lemma 2.7]. =
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PROPOSITION 2.2. The maps Z\*, A" : Fp[X] — Fn[X] given by (2.3)

are complex linear isomorphisms with
(AT~ =Z7 for each A > 2m.

Proof. Given A\ > 2m, we first consider a polynomial ®(z, X) and its
image (Z1'®)(z, X) under =) as in (2.2) and (2.3), respectively. Then from

(2.4), we obtain

1 kr 1

m—ker = (m—k+r)! — NA=2m+2k—2r—1-1)! Dbt

for 0 <r <k < m. Thus, if we set

o0

(A3 0 Z5)P) (2, X) = Y or(2)X

then from (2.5) we see that
o
A+2k—-2m—1
~ (D
r!

(2.6)

(m—k 4+ A+ 2k —2m — 7 — 2)1(p5_; )"

0

%
I

AT (A +2k —2m —r —2)! (1+7)

'r'l' —2m + 2k —2r — [ — 1)! "k=l=r

I
Mw

ﬂ
Il
=)

=0
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o Or'u—r'()\+2k—2m—r—u—1)
(A F2k— 2m—2)‘¢
()\+2k: 2m —1)!

(=) ul(A+ 2k —2m — r — 2)!
+Z ¢ Zr'u—r)()\+2k:—2m—7’—u—1)'(u—1)!

)\+2k—2 Z o1 Z )(r)(wrzk;z_n;—rn)

Since A > 2m, if 1 < wu < k, we have
A+2k—2m—2>2k—1>k >u.

Thus, using Lemma 2.1, we see that
u
AN+2k—-2m—r—2
S () (L) o
s r U —
for 1 <w < k. Hence (2.6) can be written in the form

O _ o
A+2k—2m—1 A+2k—2m—1’

and we obtain

((AX' 0 EX)P) (2, X) = &(2, X).
We now assume that (Ay'®)(z, X) is as in (2.3) and that

(Z} 0 AT)D Zqﬁr

Thus, in particular, (2.5) is valid for 0 < k& < m. We shall verify that 5/% = ¢
for 0 < k < m using induction. Given a nonnegative integer n < m, we first
assume that

o 1 1 A0
Ok =06 = g ZO A =2k —r—1)! (Gm—t—r)

for each k € {m —n,...,m}. Then from (2.5) we obtain

di = (2n— X —2m+1)
= (-1
X rz:;] . 2n+A=2m—r)i(im—-—n—1+ T)!Qﬁg)inipﬂ
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=2n—-A-2m+1)(m—-—n—Ddp—n-1—2n—A—2m+1)

xZn: (=1" Cn+AX—=2m—r—1)(m n—i—r)'qﬁrH

| m—n+r>
— (r+1)!
which can be written in the form
P
2.7 el =
27 Sm-n (2n —A—2m+1)!(m —n —1)!

1
+ (2n — A =2m)!(m —n—1)!

n ( 1)'r (r11)
E n+A—2m—r—1) —n+r)lo .
X 2 (7’ 1)'( n A m T ) (m n 7’) M

However, since (2.4) holds for k € {m —n,...,m}, we have

Z (f‘_—i-l)lr)‘ 2n+AX=2m—r—-1)(m—n+ r>'¢":+711)+7"

n n—r

i 2n4+A—2m—r—1)!
r+1 ‘l‘ —2m+2n—2r —1—1)!

(¢ 7Y
0

\g
Il

(—D)"2n+AX—2m —r—1)! w
(r+ D w—-—r)A=2m+2n—r —w—1)! (énw) Y

Il
(] L
Ms

0

g
Il
3
Il
<)

N wH T\ (2n+A=2m—r =1\ 4 (1)
— - 1) w .
S e () (T ek
On the other hand, using Lemma 2.1, we deduce that

Zw:(—l)r w+1\2n+A=2m—r—1\ (2n+ X —2m

~ r+1 w N w '

Thus (2.7) can now be written as

P n 1
Cn—XA=2m+Dm-n-1)" 2n—-A=2m)l(m—n—1)!

~ 1 (2n4X=2m\, 4 (wr)
XwZ:O’UJ—Fl< )(¢n—w)w

w

Qsmfnfl =

) ot
2n—X=2m+ 1!(m —n—1)!
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n+1
1 2n + A — 2m A (w)
+(2n—)\—2m) m—mn—1) IZ ( >(¢n+1—w)

1 n+1

1 ~
- (m—n—l)!wzz:ow!(Qn_|_)\_2m_w+l) (d)nJrl w) :(bm—n—l‘

Hence 5;.3 = ¢y, for all n € {0,1,...,m} by induction. Thus
((EX" 0 AY)P)(2, X) = &(z, X)),

and the proof of the proposition is complete. m

3. Modular and quasimodular polynomials. In this section we in-
troduce two types of actions of SL(2,R) on the space of polynomials con-
sidered in Section 2. We show that the isomorphisms in Proposition 2.2 are
equivariant with respect to these actions. As an application, we establish a
correspondence between modular and quasimodular polynomials.

The group SL(2,R) acts on the Poincaré upper half-plane H as usual by
linear fractional transformations, so that

az+b
cz+d

7z =

for all z € H and v = (¢ %) € SL(2,R). For the same z and 7, we set
c
cz+d

These formulas determine the maps J, R : SL(2,R) x H — C of which the
first map is the usual automorphy factor satisfying the cocycle condition

(3.1) J(v,2) =cz+d, R(v,2) =

(3.2) I 2) =3( 23, 2)

for all v,7" € SL(2,R) and z € H. On the other hand, it can be shown that
the second map satisfies

(3.3) Ry, 2) = R(Y, 2) + 37, 2) 2R(7,7'2).

Let F be the ring of holomorphic functions f : H — C satisfying (2.1),
as in Section 2. If v € SL(2,R), A€ Z, f € F and

(3.4) B(z,X) =Y ¢r(2)X" € FnlX],
r=0

we set

(3.5) (f i) =3(v,2) 7 f(72),
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(3.6) (@13 7)(2,X) Z r |ator 1) (2) X7,
=0
37 (@h(EX) =30, Z)_A@(vz,\?(% 2)(X = R(7,2)))

for all z € H. If 4/ is another element of SL(2, R), then it can be shown that

(f x())(=) = (f A v) 3 (=),
(@15 ()= X) = (@13 7) 1,7z X),
(@ [\( Nz X) = (L A7) 1,7 (2, X).
Thus the above operations determine right actions of SL(2,RR), one action

on F and the other two on F,,[X]. We note that

: LA +7r— =l
@9 Uhae = (M) S
for f e F, z€H, v e SL(2,R) and r > 0 (cf. [3, (1.9)]).

THEOREM 3.1. Given a polynomial ®(z,X) € F,,,[X]| and an integer A,
we have

(3.9) (EXP) 1\ 1) (2, X) = R _am 1) (2, X),
(3.10) (AFP) 3 am 1) (2, X) = AT (@[5 7) (2, X)

for all v € SL(2,R), where Z\* and AY' are the isomorphisms in Proposi-
tion 2.2.

Proof. Let @(z,X) € F,,,[X] be given by (3.4), so that

= ¢r(2)X
r=0

for A € Z, where the coefficients ¢= (z) are as in (2.4). If v € SL(2,R), from
(3.7) we obtain

T

(ERD) A1)z X) = 3(1,2) 7 D o (72)3(7, 2)* (X — R(7,2))'

m !

= 3 (1) oF et -1 )
(=0 r=0

= Y30 () eF et At
r=0 l=r

Thus we may write

(EXP) I 7)(z X) = Y &5 (7, 2) X",
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where
= — I+ ~ —
00 = 3 (0 (7)o (0200, PR,
1=0
for each r > 0. Using (2.4), we have
m—r—I
= _ 1 1 (k)
9i+-02) = T 2o RN —2r— 20—k — 1)l Om-r-1-k(17);

and therefore we obtain
mrmrl( 1 20427 — Aﬁ(

31, 2) 72 k)
B0 & Z 2 WO =2 2=k = 1)) Omertk(07)
k=0

On the other hand, from (2.3), (2.4) and (3.6) we see that

(@‘)\ 2m7 2, X 2777“ Y5 < 7

where

1 m—r
== (®)
ol kz o k1) (Drm—r—k [x—2r—2k7)"(2)
for r > 0. Using (3.8), we have

(¢m r— k’/\ 2r— 2k:'7)(k)(z)
Kl (A=2r—k—1 R(v, 2)k )
-1
- Z ( k—1 )3(% Z)A-2r=2k+2l D1 (V7)-

Thus we obtaln

m—r k

_ (_1)k—lﬁ(% Z)k_lJ(’y, Z)—A+2r+2k—2l W

w002 = 2 G i =2 — sk T = Omerk0)

k=0 [=0

_ m—r m—r (_1)1:—[_@(7’ Z)kz—lg(,% Z)—)x+2r+2k—2l ¢(l) (/yz)

Pk — DA —2r — 2k +1— 1)l “m-r=k

=0 k=l
m—r m—I[—

" kﬁ 77 ) (7? ) At2r2k )
B ZZ Z RN —2r — 2k — 1 — 1)1 Omor—h-t(72):

=0 k=0
Comparing this with (3.11), we have

&r(7,2) = nr (v, 2)

for each r € {0, ..., m}, which verifies (3.9). The relation (3.10) follows from
this and Proposition 2.2. =
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DEFINITION 3.2. Let I' be a discrete subgroup of SL(2,R), and let |,
X and ||, with A € Z be the operations in (3.5)-(3.7).

(i) An element f € F is a modular form for I' of weight X if it satisfies

fhxy=1r
for all v € I'. We denote by M, (I") the space of modular forms for
I of weight A.
(ii) An element F(z,X) € F,[X] is a modular polynomial for I' of
weight X\ and degree at most m if it satisfies
FRy=F

for all v € I'. We use M P{"(I') to denote the space of modular
polynomials for I" of weight A and degree at most m.

(iii) An element @(z, X) € F,,[X] is a quasimodular polynomial for I' of
weight A and degree at most m if it satisfies

@H)\7:¢

for all v € I'. We denote by QP{*(I") the space of quasimodular
polynomials for I" of weight A\ and degree at most m.

If a polynomial F(z, X) € F,,[X] of the form
P X) =3 f()X"
r=0

belongs to M Py*(I"), from (3.6) and Definition 3.2(ii) we see that
(3'12) fr S M)\+2T(F)
for 0 <r <m.

PRrROPOSITION 3.3. The isomorphisms Z\* and AY' in Proposition 2.2
induce the isomorphisms

EX' s MP (1) — QE(I),  AY: QPY'(IT) — M P, (I')
for each A € Z.
Proof. This follows immediately from Theorem 3.1 and Definition 3.2. u

4. Quasimodular forms. In this section we study some of the prop-
erties of quasimodular forms including their correspondence with finite se-
quences of modular forms. We also construct Poincaré series for quasimod-
ular forms.

Let I' be a discrete subgroup of SL(2,R), and let F be as in Section 2.
Given a nonnegative integer m, let F,,[X] be as in Section 3.
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DEFINITION 4.1. Given an integer A, an element f € F is a quasimod-
ular form for I' of weight A and depth at most m if there are functions

fo,--., fm € F such that

(4.1) (FIaN) =D fr(2)8(, 2)"

r=0
for all z € H and v € I', where R(v, z) is as in (3.1) and |, is the operation
n (3.5). We denote by QM{*(I") the space of quasimodular forms for I" of
weight A and depth at most m.

REMARK 4.2.
(i) If v € I is the identity matrix in (4.1), then &(vy, z) = 0, and therefore
it follows that

f=fo
On the other hand, if m = 0, the relation (4.1) can be written in the form
fxv="Jfo=f

hence we see that QMY(I") coincides with the space M, (I') of modular
forms.
(ii) If (4.1) is satisfied for another set of functions fo, ..., f,, € F, then

we have
m

S (Fo(2) = F(2)R(7,2)" =0

r=0

for all v belonging to the infinite set I'; hence it follows that f; = f, for
each r. Thus we see that the quasimodular form f determines the associated
functions fy, ..., fimm € F uniquely.

Let f € F be a quasimodular form belonging to QM{*(I") satisfying
(4.1). Then we define the corresponding polynomial (9% f)(z, X) € Fp,[X]
by

(4.2) QXN X) =) fr(2)X"

r=0

for all z € H. From Remark 4.2(ii) we see that QY f is well-defined; hence
we obtain the complex linear map

OV QMM (') — Fm[X]
for each )\ € Z.

LEMMA 4.3. Let F(z,X) = >0 fr(2) X" € Fn[X]. Then F(z,X) is
a quasimodular polynomial belonging to QPY*(I") if and only if for each
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r€{0,1,...,m} the coefficient f, satisfies

(43 Urhea)@ = X (1) )0,

1=0
forall z € H and v € I'. In particular, f, is a quasimodular form belonging
to QM5 (I).
Proof. See e.g. [2]. m

If 0 <1 < m, we consider the complex linear map

&1 : FnX] — F defined by 61<Z fr(z)XT> — fi(2)
r=0

for all z € H. Then from Lemma 4.3 we see that
SUQP(I) € QM5 (I);
hence we obtain the map
(4.4) S : QPM(I) — QM H(I)
for each [. On the other hand, using (4.2) and (4.3), we also have

@m0 =3 ()@ X e orr)

=0
for F'(2,X) € QM{*(I") and 0 < r < m. In particular, the map QY given
by (4.2) determines the complex linear map
(4.5) QX'+ QMY(I") — QP (I)
for each A\ € Z.
LEMMA 4.4. The map &g : QP{*(I') — QM (I") in (4.4) is an isomor-
phism whose inverse is the map QY in (4.5).

Proof. See [2]. m
Let ¢ € QM{*(I") be a quasimodular form satisfying

(4.6) CIRIE Z r(2
for all v € I" and z € 'H, so that
(Q'9)(z,X) =D ér(2)X" € QP (T)
r=0

by (4.2). We then set
(47) AT () = (84,61 o) € FH,
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where the functions ¢/ € F are the coefficients of the modular polynomial
(A3 0 QX)¢) (2, X) € MPM(I')
given by (2.5).

PROPOSITION 4.5. The formula (4.7) determines an isomorphism
m
AT QMNT) — @D My sak—om(I

of complex vector spaces for A > 2m.

Proof. From (3.12) we see that ¢ € My, o,(I") for each r€{0,1,...,m};
hence the proposition follows from Lemma 4.4. m

EXAMPLE 4.6. We consider modular forms g € My(I") and p € M¢(I)
with £ € Z. Then we see that g¥p € Mg o, (I") for 0 < k < m; hence

m
(psgp; - -9"p) € D Mator—am(I)

Thus we obtain

~ @ 1
m -1 moy m—r, \(r)
(A§+2m) (pagpvag p) szo,ﬂ()\_r_ly(g p)
T\ m—ry\(1), (r=1)
-3 Y s ()
r= Ol 0
ZZ g l)p(r 1)
L Ol'r—l N—r—1)

and it is a quasimodular form belonging to QM; " om (L)

In order to discuss Poincaré series we now assume that x is a cusp of I,
so that there is an element o € SL(2,R) such that
n e Z}

(4.8) oot - {+1} = { + <(1) }f)n

for some positive real number h. Given integers w > 3 and u > 0, we set

(49)  Po.(z)= > Iov.2) e (0yz) = (" |aemir) 0)(2)
~elN\T

for all z € ‘H, where e"(-) = exp(2miu(-)) for u € C. Then it is well-known
that the series in (4.9) converges absolutely and uniformly on any compact
subset of H, and the resulting function Py, , : H — C is a Poincaré series
for modular forms belonging to M,,(I").
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If a,u € Z, we set
Nau(2) = 3(0,2) e/ (02)

for all z € H, where h is as in (4.8). Then, using (3.2), we have

)(2) = 3(7,2) V(o 72) "M (072) = J(07,2) "€/ (072).

(na,u

Thus the Poincaré series (4.8) can be written in the form

(4.10) PS)M(Z): Z (Mau la 7)(2).

yELLN\T

Given ¢ € Z, we consider the polynomial

and set

(4.11) Geulz,X) Z’hs mry(2) X" € Frl X],
(4.12) Preu(zX) = Y ((Z5Gew) loe_om7)(2 X)
yel\I'

for z € H, where z is a cusp of I" as above and =3 is as in (2.3).

THEOREM 4.7.

(i) The series 7355 (2, X) given by (4.12) is a quasimodular polynomial
belonging to QP¢(I").

(ii) The series 73292#(2, X) can be written in the form

(4.13) P (2, X)
m m—r ; . N
B (—1)1* (2miu)71!
B Zzh girl(26 —2m — 1 —1)!

26 —2r—1—-1 Aoy, 2)l » T
’ ( )3(0% 2)2—2r—20+25 © Moy2) X

(iii) The function 79 £ € F given by

—J(2miu)’l!
25’ = 2 ZZ a; 25 2m—l—1)

NETN\T 1=0 j=0

26-1-1 R0y, 2)'™ u/h
- < L—j )3(0% 7)2€—2r—21+2j e/ (072)

for z € H is a quasimodular form belonging to QM%Z(F).
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Proof. Using (3.6), (4.10)—(4.12) and Theorem 3.1, we have
Pgﬁ,u(zvX) = Z Eﬁ(Gé,uggfzm’Y)(zaX)

~yelL N\
= Z 5351 (Z(n2(§—m+7’),u |2(§—m+r) 7)(Z)XT)
NEDAT r=0

= 552 <zm: 7’2(5—m+r),u(z)Xr> .
r=0

Since Poge—mr)u € Mog—m+r) (1) for each r > 0, from (3.6) and Definition
3.2 we see that the sum

(4.14) F(z,X) = Z,PQ({—m—H"),u(Z)XT
r=0

is a modular polynomial belonging to M ng_Qm(F), and therefore by Propo-
sition 3.3 its image

(4.15) Pieu(2, X) = (55¢F)(2, X)

under =3¢ is a quasimodular polynomial belonging to QPQ”{‘(F); hence (i)
follows. On the other hand, using (2.3) (4.9), (4.14) and (4.15), we have

(416)  (ERF)X) = > ZE (D b man ) (2)X7)

RS EAVA r=0
= > D o)X,
~yeIZ\I" 7=0
where
417 5 o1\ 1 w/h 0
Am =5 gy gy @ ey
=0

However, from (3.8) we see that
(418) (€ |ye—r1y o)V (2)

l s <2§ T - 1) N
: jl l _j 3(0-,7, 2)25—27‘—2l+2j

(€M) (0y2)
i

e (ovz).

: (-1 (2miu)7l! <2£ —2r—1- 1> Aoy, 2)I

= hjjl | — ] 3(0-,% 2)2572r72l+2j

Thus we obtain (4.15) by combining (4.16)—(4.18), which proves (ii). Finally,
(iii) follows from (ii), Remark 4.2, and Lemma 4.4. =
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