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1. Introduction. For a point set P = {py,...,py} of N > 1 points in
the two-dimensional unit square [0,1)? the Ly discrepancy is defined by
1 1/2
La(P) = (V§|B(,y. P) P dway) ",
00
where the so-called discrepancy function is given as E(z,y, P) = A([0,z) X
[0,y),P)— Nzy, with A([0,z) % [0,y),P) denoting the number of indices 1 <
M < N for which p,; € [0,2) x [0,y). The Lo discrepancy is a quantitative
measure for the irregularity of distribution of P, i.e., the deviation from
perfect uniform distribution.
It was first shown by Roth [15] that for the Ly discrepancy of any finite
point set P consisting of N points in [0, 1)? we have

(1) Ly(P) > cy/log N
with a constant ¢ > 0 independent of P and N. According to [IT, Chapter 2,
proof of Lemma 2.5] one can choose ¢ = 1/(2%y/Iog2) = 0.0046918. . ..

The first to obtain the best possible order of Lo discrepancy for finite
two-dimensional point sets was Davenport [5] (see also [2] and [6l Theo-
rem 1.75]), with a modification of so-called (Na)-sequences (o having a
continued fraction expansion with bounded partial quotients), more pre-
cisely with the set consisting of the N = 2K points ({£Ma}, M/K) for
1 < M < K where K is a positive integer and {z} denotes the fractional
part of x.

Next, observing that {—Ma} = 1 — {Ma}, Proinov [14] obtained the
same result with the same set where generalized van der Corput sequences
take the place of (Na)-sequences, and he named this process symmetrization
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of a sequence. Later on, the same process was used by Chaix and Faure [I] for
infinite van der Corput sequences (improving at the same time the constants
of Proinov) and by Larcher and Pillichshammer [I2] for (0,m,2)-nets and
(0, 1)-sequences in base 2. All these results using the symmetrization process
give the exact order with bounds only for the implied constants.

Recently, Chen and Skriganov [3] gave concrete examples of point sets
in arbitrary dimensions of minimal order of Lo discrepancy (see [4] for an
improvement of the result and a simplification of the proof and see [16]
for a generalization of the result to L, discrepancy). Of course, their great
merit is to have bounds for any dimension with explicit constructions, but
we mention that the constant at the leading term in their result is huge.
For example, in dimension 2 (as in this paper) they gave for any integer
N > 1 a point set P of N points for which Lo(P) < Cy/log N where
C ~ 11%/(2y/log11) = 4727.43 .. .; see [4, Theorem 1]. By comparison, the
analogous constants we get are less than 0.2; see Corollary [2] and Table

In this paper we consider the Lo discrepancy of so-called generalized
Hammersley point sets in base b with b" points. These point sets are gen-
eralizations of the Hammersley point set in base b (which is also known as
Roth net for b = 2) and can be considered as finite two-dimensional ver-
sions of the generalized van der Corput sequences in base b as introduced
by Faure [7].

Throughout the paper let b > 2 be an integer and let &, be the set of
all permutations of {0,1,...,b — 1}. The identity in &; is denoted id.

DEFINITION 1. Let 5>2 and n>1 be integers and let X' =(oy,...,0,-1)
€ 6;. For an integer 1 < N < b", write

n—1
N—1=> a(N)}W
r=0

in the b-adic system and define

n—1
P Ur
- Z br+1

Then the generalized two—dzmenszonal Hammersley point set in base b con-
sisting of b points associated to X' is defined by

N-1
Hi = {(S{(N),bn> 1< N < b”}.

In the case of 0; = o for all 0 < i < n, we also write H" instead of

Hbz If in the above definition o; = id for all ¢ € {0,...,n — 1} then we
obtain the classical Hammersley point set in base b, Wthh we simply denote
by Hb,n~

ﬁ
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Let 7 € &; be given by 7(k) = b — 1 — k. Faure and Pillichshammer
I8] investigated the (more general) L, discrepancy of the generalized two-
dimensional Hammersley point set in base b with X' € {id, 7}". In particular,
for the Lo discrepancy they showed that, whenever [ is the number of com-
ponents of X' which are equal to id, then

2 2 2
(L) = (Mgt ) (=22 =y St (1 g et )

bpt—1 3 1 1
"Toopr T8 wr  Tap
This result generalizes older ones due to Vilenkin [I7], Halton and Zaremba
[9], Pillichshammer [13] and Kritzer and Pillichshammer [10] in base b = 2
and White [18] in arbitrary bases b > 2.

Note that the Ly discrepancy of Hlfn with X' € {id, 7}" only depends on
n,b and the number of permutations in X' which are equal to id (and not on
their distribution). Setting [ = n we get the formula for the Lo discrepancy
of the classical Hammersley point set.

The above result shows that generalized Hammersley point sets can
achieve the best possible order of Lo discrepancy in the sense of Roth’s
lower bound . More specifically, we have

. o La(Hp) 1 [(82 —1)(362 4 13)
(2) lim min @ ——= =~ .
n—oo xe{id,r}» /log b" b 7201logb

This is not the case for the classical Hammersley point set Hy, ,, where

. Lo (Hb n) b2 —1
lim - = .
n—oo log " 12blog b
In this paper we intend to generalize the result mentioned above. More-
over, we aim to minimize the constant in the leading term in the formula
for the Lo discrepancy, i.e., the quantity lim, ..o Lg(an)/\/log b™. More
precisely, for o € &, we define 7 := 7 o o and consider sequences of permu-
tations X € {o,7}". We will show that for arbitrary o € &, one still can
achieve the optimal order of Lo discrepancy in the sense of . However,
if we want to study the constant in the leading term, then we need some
restrictions on o for technical reasons.
Let A(1) := {0 € 6y : 0 o7 = 7 o ¢}. For permutations o € A(7) and
XY € {0,7}"™ we provide an explicit formula for the Lo discrepancy of an.
This also yields an explicit formula for the quantity

lim  min_ Ly(H;,)//log b

n—oo geA(T)
Ye{oo}im

_l’_

With this formula we can then search for the permutations in A(7) which
yield the best result (see Section [f]).
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The results are presented in Section [2 In Section [3| we show some aux-
iliary results and the proofs are finally given in Section [4]

We close this introduction with some definitions and notations that are
used throughout this paper.

Basic notations. Throughout the paper let b > 2 and n > 1 be integers.
Let &, be the set of all permutations of {0,1,...,b—1}, let 7 € & be given
by 7(k) = b—1 —k and define A(7) := {0 € &, : coT = Toc}. The
identity in Gy is always denoted by id. In all examples and concrete results
we will write down the permutations in the usual cycle notation, e.g. for
o= (gigg?gg;) we will write o = (4 1)(6 3).

The analysis of the Lo discrepancy is based on special functions which
have been first introduced by Faure in [7] and which are defined as follows.

For o € Gy let
27 =(a(0)/b,o(1)/b,...,0(b—1)/b).
For h € {0,1,...,b— 1} and = € [(k—1)/b,k/b) where k € {1,...,b} we
define
o )'_{A([O,h/b);k;Zg)—h:E if0<h<o(k-1),
P 0 — hyx — AR/b, 1)k Z0) ifo(k—1) < h < b,

where for a sequence X = (z7)p>1 we denote by A(I; k; X) the number of
indices 1 < M < k such that xps € I. Further, the function ¢j , is extended
to the reals by periodicity. Note that ¢j , = 0 for any o and that ©p. 7,0)=0
for any o € &, and any h € {0,...,b—1}.

Let b1

or ™ =S "(eg)"

h=0
(1)

where for » = 1 we omit the superscript, i.e., gog’ =: ¢7. Note that 7

25¢ 15¢
20}

10r
15¢
10t 05!

05¢

O L T
6 3 2 3 6
-05*

Fig. 1. The functions ¢f,, 0 < h < b, and ¢f (left plot) and ¢y o:(2) (right plot) for b= 6
and o = (4,1)



Hammersley point sets 399

is continuous, piecewise linear on the intervals [k/b, (k + 1)/b] and ¢f (0) =
©7 (1). The function gpg’@) is continuous, piecewise quadratic on the intervals
[k/b, (k+1)/b] and @Z’(Z) (0) = @Z’(Z)(l). For an example see Fig.

2. The Ly discrepancy of ’Hbzn. We start with a general result for the
L discrepancy of generalized Hammersley point sets.

THEOREM 1. Let 0 € &y, and let G := Too. Let ¥ € {0,5}" and let |
denote the number of components of X which are equal to o. Then we have

(L2(Hin))® = (27)*((n = 20)* = n) + O(n),

where &7 := (1/b) S(l) of (x) dx and where the constant in the O notation only
depends on b.

The proof of this result will be given in Section

Theorem |1|shows that one can always obtain Lo (H;, ) = O(y/n), which is
the best possible with respect to Roth’s lower bound . Either one chooses
a permutation o € &, for which #7 = 0 or, for arbitrary o, one chooses [
such that the term (n — 21)? = O(n).

For permutations o from the class A(7) we can even give an exact formula
for the Lo discrepancy of generalized two-dimensional Hammersley point
sets. This result is a generalization of [8, Theorem 4] which can be obtained
by choosing ¢ = id.

THEOREM 2. Let o € A(T) and letd :=Too. Let ¥ € {0,5}" and let |
denote the number of components of X which are equal to o. Then

(LaH3) = (BP0 =27 = )+ 07 (1 5 )21 =)

3 1 1
@‘77(2) _ -
TP T e T T

where & = (1/b) S(l) @7 (x) dx and @g’m = (1/b) 8[1) @Z’(Q) (x)dx.
The proof of this result will be given in Section [

REMARK 1. Note that the Lo discrepancy of an with X' € {o,7}",
o € A(7), only depends on n,b,o and the number [ of permutations in X

which are equal to o. It does not depend on the distribution of ¢ and &
in 2.

From Theorem [2] we find that among all sequences of permutations
Y €{o0,7}", 0 € A(1), the one where all components are equal to o, i.e. [=n,
gives the worst result for the Lo discrepancy (except if #7 = 0, see Corol-
lary [3| below).
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COROLLARY 1. Let 0 € A(7) and let & := 7 o 0. Then for any X €
{o,5}" we have Ly(Hy,) < La(HY ).

Still from Theorem [2} if 7 # 0, one can choose [ such that (n — 2[)? =
O(n) to obtain the best possible order of Ly discrepancy in the sense of
Roth’s lower bound ([I)). The simplest choice is in general | = n/2 if n is
even or [ = (n —1)/2 if n is odd.

COROLLARY 2. Let o € A(7) with &7 # 0 and let G := T oo. Then

min_ (La(Hi,))? = n(@]® — (€7)%) + 0(1).

Ye{o,g}n
In particular,
i 20 a® g
im min ——— = min {/ ———F2—.
n—oo oeA(r) +/logb” oeA(T) logb
Ye{og}n

Proof. The result follows from Theorem [2| together with the fact that
the function

z (D7) ((n — 2x)? —n) + &7 (1 — 1/2b™) (22 — n)
attains its minimum for x = n/2 — ;4-(1 —1/2b"). =
b
If &7 = 0, the formula from Theorem [2|is independent of | (and we can
take [ = n).

COROLLARY 3. Let o € A(t) with & = 0 and let & := 7 o 0. Then for
any X € {o,7}" we have

1 1
(La(HE))? = (La(HE)P = nd) ™ 42 4 = o

REMARK 2. Concerning Corollary 3, we can give explicit constructions
for permutations o € A(7) in bases b = 0 (mod 4), b = 1 (mod 4) and
b =3 (mod 4), b ¢ {3,7,11} satisfying &7 = 0. In bases b = 3,7 and
b =2 (mod 4) there do not exist any permutations o € &; with &7 = 0. For
b =11 we will give an example in Table

For b =0 (mod 4) and b =1 (mod 4), we may choose o € A(7) defined
by

a(k):{k+1 for even k

for 0 <k < V)J,
b—k forodd k 2

and for b = 4¢ + 3 with ¢ > 3 we have found
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2c—k+1 for 1<k<c-—2,
de—k+4+1 forc—1<k<c+1,
2c+k+1 for c+2<k<2c—2,
6c — k for 2¢— 1<k < 2¢.

o(k) =

Note that o is completely determined since o € A(7), i.e. the other values
are given by symmetry through o(b—1—k) = b—1—o(k). These examples
show the existence of permutations with 7 = 0 for arbitrary bases, except
b=3,7and b = 2 (mod 4) for which they cannot exist. But on the other
hand, numerical experiments suggest that for any b # 2 (mod 4), b & {3, 7},
there exist many permutations o with &7 = 0. Getting algorithms to find
these o for arbitrary given b seems a difficult task. We have tabulated those
with the minimal Lo discrepancy for bases b < 17. See Section [5| Table
where it appears that the numerical values of @Z’(z) are not optimal in these
cases (except for b = 4 and 13). One interest of having only one permutation
o instead of two, o and &, is that formulas start being valid from n =1, i.e.
with b points, whereas with two permutations one must start at least from
n = 2, i.e. with b? points. Further, more involved calculations would show
that o and @ produce a permutation p in base b for which @ZQ = 0. Such
refinements would lengthen the paper and we think they can be postponed
for later investigations. Another interesting observation is that we obtain
the optimal order of Lo discrepancy with only one permutation, which was
not evident in the light of former results.

We can also show that the Lo discrepancy of the two-dimensional gener-
alized Hammersley point set Hlfn with X' € {0,7}" and o € A(7) satisfies a
central limit theorem. More specifically, the following result states that the
probability for Ly(H; ) < ey/n with randomly chosen X € {o,5}" can be
made arbitrarily close to 1 by choosing the constant ¢ large enough.

COROLLARY 4. Let o € A(7) and let G := Too. Then for any real y > 0
we have

e fna 1206 Wﬁ OV

where ¢(y) = (1/2m)§ e /2 dt denotes the normal distribution function.

Proof. We denote the right hand side of the formula in Theorem |2 by
dp(n,l). Then

{E efo )" La(Hy,) <avn}| 1 z”: <n>

on Son l
=0

\Y4 db (n7l)Sm\/ﬁ
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We have \/dy(n,l) < zy/n if and only if a;, () <1 < a;} (z), where

n o\2 __ o,(2) T
o Z—(l 1) 1, an(@gr -7 +a2) + o)

- T2 ) 48 Adg
Therefore
{Z € {0.0}": La(Hy,) < zvn}| 1

DI
2n 2n 1)
ap (z)<I<ay (z)
For x > \/@Z’@) — (P7)? we have

a,(2
. al(z) —n/2 \/(@?)2 — P, ® 422
lim =+

N oYE %
and the result follows from the central limit theorem together with the

substitution x = \/@Z’Q) — (455)2(1 —y?). =

3. Auxiliary results. In this section we prepare the basic tools which
are used for the proof of Theorems [I] and 2] Some of the following results
are interesting on their own.

Basic properties of ¢ . We begin with some basic properties of the func-
tions ¢7 , resp. ¢f. It has been shown in [I, Propriété 3.4] that

(3) (@5n) (k/b+0) = (¢in) (o (k) /b +0)
and from [I, Propriété 3.5] it is known that
k—1

(5)'(4/b +0).
=0

S| =

(4) oy (k/b) =
For o0 = id we have
; (b—h)x ifxze€[0,h/b)],
) e = { |
h(1 —z) if x € [h/b,1].
A formula for the discrepancy function. The following lemma provides

a formula for the discrepancy function of generalized Hammersley point sets.
This formula has already been used in [§].

LEMMA 1. For integers 1 < X\, N < b" we have
AN s ~ o (N
B (o) = o (57
j=1

where the ej = (A, n, N) can be given explicitly.
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As the exact definition of the €;’s is not so important here and as this
definition is of a very technical nature we omit it here. A proof of the above
result together with explicit expressions for the ¢;’s can be found in [8]
Lemma 1].

REMARK 3. Let 0 < z,y < 1 be arbitrary. Since all points from an
have coordinates of the form «/b™ for some a € {0,1,...,b" — 1}, we have

E(z,y, Hj,) = E(z(n),y(n), Hy,) + 0" (@(n)y(n) — zy),
where for 0 < x <1 we define z(n) := min{a/b" >z : a € {0,...,b"}}.
More involved properties of p7 . We give a series of lemmas which provide
important properties of the functions ¢y , and 7. These results finally lead

to the proof of Theorems [I] and [2]
A proof for the subsequent lemma can be found in [8, Lemma 2].

LEMMA 2. For I < NSV, 0< n<---<jg<nandry,...,71p € N
we have (¢j = €;(A\,n, N), see Lemma 1)

pn

o; N m O’j N Tk
(e () - ()
A=1

— pn—k Ujl’(rl) ﬁ O'jk»(Tk) ﬁ
=) ©p (bj1> Pp (b]k R

LEMMA 3. Let 0 € &y, and let ¢ =T oo. For any h € {0,...,b— 1} we

have QOI;?h =~y ,_p- Furthermore, @Z’(T) = (—1)7"902’(”.

o, b—1
where @, ™. h:o(@g,h)r'

Proof. With together with the fact that ¢ , = —go}f}b_h, as shown in
[8, Lemma 4], we obtain
(9bn) (k/b) = () (@ (k) /b) = (i) (7(0(K))/b)
= (¢hn) (0 (k) /b) = —(pisy—) (0 () /0) = —(of ) (/D).
Since for any permutation o the function ¢f, is linear on any interval

[k/b, (k +1)/b] and since ¢f,(0) = 0 the first result follows. The second
result follows easily from the first one. m

LEMMA 4. Let 0 € &y. For1<1i,j <n, i# j, we have
1

©) szzsob(éf) Ao

0

) ijsob@)sob@) — b (§ () ds)”
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b 1 9
a2 (NY  .n o,(2) b(b=—1)
N=1 0
Proof. We first prove @ Using the periodicity of ¢ we have
b b —1 bi—1
o N N - N
o Xaly)-2a(y) - Xealy)

Since ¢7 is linear on the intervals [k/b, (k 4 1)/b], from the trapezoidal rule
for 0 < N < b we obtain

(N+1)/b
- 7 (N, b —i—go (N+1 bJ
N/bi
Hence
1 —1(N41)/b7
(10) Vg Z | ¢f(2)do
0 N=0 N/bi
bi—1 bi—1
vy + ‘P
- S AL 55 a(3),

N=

since ¢f (0) = ¢7 (1) = 0. Insertlng into @ yields @

We turn to the proof of . Let i =: 41 and j =: i3. We may assume that
i1 < ig. For 0 < N <" let N = No+ Nib+ -+ + N,_1""! be its b-adic
representation. Then we have

b1 2

£ S ()

N=0l=1

Nt o/ No+ Nib+-+ Np_qbnL
= > ]I+ o

Noyooy Np—1=0 I=1
b—1

i of No+---+N; bt
- b 2 Z Spb < bil - >

Nos...sNig—2=0

b-1 ;
ok No+---+N; ,2b22_2
x> <b * b ‘
k=0

Let ¢t := (No + -+ Nj,—2b™72)/b™ € [0,1/b). From the linearity of ¢f(z)
for x € [k/b, (k4 1)/b] it follows that

(5 - (5) ro((55)-(3))
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> (5 >=bz;w<>+wz< (1Y) - (1))

=Zs0 (5) +uter) = 7(0) = ] g

O

where we used with j = 1 and the periodicity of ¢f for the last equality.
Therefore we obtain

> 114(3)

N=11=1

1 b—1 i
e () Y (Mt

0 No,.e;Niy—2=0

1 bm—1 N 1 )
~ () X vi () =0 (i)
0 N=0 0
where we used @ for the last equality. This gives @

Finally, we prove . First let 5 > 2. The function @g,(z) (z) for = €
[k/b, (k+1)/b] is a quadratic polynomial agz? + byx + c. Hence from Simp-
son’s rule we obtain
(N+2)/b7

o,(2) _ L (oo N o (NA1Y o N+2
) e dr =g (‘Pb <ba>+4 < b ) o))
N/bi
whenever N/b/, (N + 1)/, (N +2)/¥ € [k/b, (k+ 1)/b]. Hence for 0 < k
< b we obtain

(k+1)bi 1

-2
1 (o N o2 (N +1 o2 (N +2
2. <90b (bj> L X B

N=kbi—1
(k+1)p7~1—2 (N+1)/t9  (N+2)/b7

= L) e

N=kbi—1 N/bi (N+1) /b
(k+1)/b—1/t7 (k+1)/b
= S gog’(z)(x) dx + S 901;"(2) () dx
k/b k/b+1/b7
(k+1)/b k/b+1/b7 (k+1)/b
=2 S @Z’(Z) (x)dx — S ©p (2)( ) dx — S 4,02’(2) (x) dx.

k/b k/b (k+1)/b—1/bi
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Summation over all k =0,...,b— 1 yields
b —1
L[ o@(N o2 (N +1 a2 (N +
Zw‘(b <w>+4‘”b b ) Te T
N=0
1 b—1 k/b+1/b (k+1)/b
o,(2 o,(2
:2Sgpb()(x)dx—2{ S + S }gob()(x)dx
0 k=0 k/b (k+1)/b—1/b
b—1 o,(2 o,(2 o,(2
SRR ) ) - )
3bJ '
k=0
Now, using again the periodicity of gog’(z) , we have
= o2 (N o2 (N +1 o2 ( N+
2\ e () AT
N=0
Bi—1 bJ bI+1
_ a2 (N o2 (N 0.2 (N
-2 A0 (5) a0 (5) LA (5)
N=0 N=1 N=2
bi—1
_ a2 (N
N=0
Thus,
bi—1 @
(%)
N=0
1 bi b—1 k/b+1/b (k+1)/b
i o,(2 o,(2
:bJSgob()(x)dx—EZ{ S + S }cpb()(:r)d:n
0 k=0 k/b (k+1)/b—1/bi
b
1 o (k1 o2 (k o (k1
- ’ - = T 4 ’ - ’ - .
+6;<% (b bﬂ>+ o \p) TR\ T
1
(o A 7k7
= (S gpb’(2)(:z:) dz + (‘72 U)>,
0
where
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Using the periodicity of (p‘b”@), we get

b 1 .
0 (3) - (3) - o 252
for all 5 > 2. For j = 1 this equation can be checked directly.

It remains to evaluate A(j,k,c). For 1 < k < b let hy(z) = apa?® + Bpx
e with b (5 = 55) = 67 @ (5 = ) () = o7 () and hi(§ +35) =

@l‘:’@)( + ﬁ). Then by Simpson’s rule we have

k/b+1/bi o, o, o,
ot/ _SOb@)(%_%)WL‘l‘Pb@)(%)‘H%(Q)(%WL%)

S hi(z) dx = 3 .
k/b—1/bi

By tedious but straightforward algebra it can be shown that

k/b+1/b7 k/b+1/b7
S hi(x) dx — S oy (2)( ) dx
k/b—1/bi k/b—1/bJ
_ L (@ (k o.2)y (K
—6b2j<(80b ) (b_o —(e,"") E‘FO :
By definition we have cpg’( ) = ?L B((pb ,)? and hence

(sDZ’(Q))'CZ ~ o) _ <<PZ"(2))'<IZ + o)
=8 (5) (6 (4 0) (4 +0))
) 221 () (6 (52 +0) ~ e (5 +0))

For short we define fy, x := (¢7,,)'(k/b+ 0). Hence we have

[e=]

b—1 b

(11) A(j k, o) 3b2j22%h< ) fng—1 = fnk)-

h=0 k=1
Since ¢, is linear on every interval [k/b, (k + 1)/b] we have ¢f, (k/b) =

Sk/b(gob ) (x)de = (1/b) Zg:ol fn, and especially Z?;S fni = 0. Hence for
every fixed h we obtain
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(12) i%( )it = )

k=
' = b
= > fui Y Fnke1 = frn) =

=0 k=Il+1
2
)

o

(SN
1]
=)

—_

T

Inserting into and using gives
b—1 b—1

4G 10) = g 3 (60

b
h=0 1=0
b—1 b—1 U(l) 2
bmﬂZZ(‘pbh <b+0>>
h=0 1=0

T beZ( it (5 +0))2 — AG kid).

This means that A(j, k,o) does not depend on the choice of the permuta-
tion 0. Now we may use known results for the case ¢ = id. It has been
shown in [8, Lemma 5] that

1

bn
id,2) [ N nlt id,(2 b(b? — 1)
Z% ()<bj> =b (S% ()(x)dl"i‘w

N=1 0

(we remark that So gob 43 (2) dz = Z’ST?, which follows from [8, Lemma 3]).

Hence
A(jakag) o A<j7k71d) o b(b2 — 1)

2 2 -~ 36b%
and this finishes the proof. =

LEMMA 5. For any o € &y, we have

§<PZ ZE; (b_1> :

0

@M—t

In particular, X(l] of (x) de = S(I) go?il () dzx.

Proof. Using integration by parts and we have

1 b—1 (k+1)/b

Vef(@)de =" | ¢f(a)de

0 k=0 k/b
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b—1 (k+1)/b
NG .
=Y (et @, "~ § aep)(@)n)
k=0 k/b
b—1 (k+1)/b b—1
- ; o(k 2k+1
==X |ty (5 +0) o= - el (T +0) B
k=0 k/b k=0

From we obtain

b—h ifz€0,h/b],

id \/ =
(Ppp) (2 +0) = {—h if z € [h/b, 1],

and therefore for any 0 <1 < b we have

) I b—1 ) I l b—1
13) @ (5+0) = Tl (5 +0) =S m+ X -
h=0 h=0 h=Il+1
_b(b—1-20)

2
Therefore we have
1

Sl b—1-20(k)(2k+1) 124 b—1)2
S@Z(ﬂ:)dfﬂz—z( 4(5,)) . gza ( >"

0 k=0

LEMMA 6. We have o € A(T) if and only if ¢ (x) = 7 (1 — x) for all
z €[0,1].

Proof. Since ¢ is continuous, piecewise linear and ¢f (0) = ¢ (1) = 0,
we have ¢f(z) = ¢7(1 — ) if and only if (¢7) (z) = —(¢7)'(1 — x) for all
€ [0,1]. Now if 0 € A(7), i.e., o(k) +0(b—k —1) = b— 1, then by

we have

(%‘)’<k+0> =b(b2_1)—ba(k)zb(l);l)—b(b—l—a(b—k—l))

b
:—(b(bz_l)—ba(b—k—l)) = (g7 (1—kzl+o)

This gives the desired property on the interval [k/b, (k 4+ 1)/b] for (¢7)" and
vice Versa. m

4. The proof of Theorems [1] and [2| First we give a discrete version
of Theorem [2

LEMMA 7. Let 0 € &, and let 7 := Too. Let ¥ € {0,5}" and let |
denote the number of components of X which are equal to o. Then
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bn

1 AN 3
AN=1

b™ 2
1 AN
(15) 1)27 Z <E<bn7banb,n>>
AN=1

a,(2) o 1 1

o 1 & o,(2 1 0,2
Here, ®7 := (1/b) \, ¢7 (x) dz and @y @ .= (1/b) §o ¢4 ( )(az) dx.
Proof. Let ¥ = (0q,...,0n-1) € {0,0}" and define, for 1 < i <n,
{ 1 ifo;_1 =0,
S; =
0 if 0;—1 — 0.

For we use Lemmas with the definition of the s; and equation
(6) from Lemma 4] (in that order) to obtain (recall that e; = ;(\,n, N))

b

1 AN
n b " o N n b"
bznzNZ: lebfe}l(bj) pnt1 Z ( >

j=1 N=
2 n
1 S g N 8 g
= WZ(_U PR (b]> 7Y (1% = (2 —n)ay.
j=1 N=1 j=1
Now we prove . Using Lemma [1| we have
bn
1 AN 5 o o N
oo 3 (o)) = 2 S (5)e(5)
AN=1 AN=114,j=1
2
Sy (w(X))
i=1 N=1 =1

n ’I’L 'n.
o N
o S Y (M) (2)
i,j=1 N=1 =1
i#]

By Lemma [2] we have

b™ 2

Oi— N n—1 0i—1, N
(s (3) v (),
A=1
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and for ¢ # j,

gj g N n— O;— N o N
29055,1( > bJ(s;(bj):b %04 1<b1>90bj 1<bj>'

Therefore we obtain
bn

1 )\ N P n—1 UZ 17 N
e 3 (B X)) = e ()
AN=1 i=1 N=1
N
n—2 U’L (o}
b?nzzb 1( )(PbH(bj)'
i,0=1 N=1
1#]
From Lemma |3 we find that gog’(z) = @?’(2) and ¢f = —¢7. Now we obtain
b 2 n o b
1 AN 1 no1 o2 (N
w2 () —m e S (5
A N=1 i=1 N=1
n on
1 S S 77— g g N
Fa D0 St () ()
ij=1 N=1
i#]

Using from Lemma |4 we obtain

n b
Z Z bn_l(pg,(Q) ( bl) -y 1 an (S 7(2) d.%‘ + b(b2 _1)>

i 2
i=1 N=1 36b%7

_ 12n 0,(2) 2n b -1
= b""nd) 4+ b ;36[)%

b2n 1
— b2'rL (2) o
T\ T )

and, by from Lemma {| for i # 7,

sz;goz (5) () = (5 AA(w)dr)’ = 02 (ap)2

55 (o2 b))

Hence
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Finally we note that Y7, ,:(—1)%%% = (Y1, (=1)%)*—n = (n—21)*—n,
from which the result follows. =

Proof of Theorem 2. (The proof of Theorem (1| follows easily, see at the
end.) We have

11
(La(Hi))* = \\(B(w, y, Hi,))? de dy
00

O e =

1
V(E(x(n), y(n), Hi,) + 6" (@(n)y(n) — wy))? de dy
0

b 2
1 AN s
“ 32 (E (i)
A\ N=1
b AT N/b"
N AN _s\/AN
AN=1(A=1)/b" (N—1)/b"
pn 2/bm N/bn 9
AN
2n - -
w Y ] (G wa
AN=1(A=1)/bn (N—1)/bn
=X+ Xy + Xs.

From of Lemma m we find that

_ T 2 o2, L 1
and straightforward computation shows that X3 = (1-+18b"+25b%") /(72b%").
So it remains to deal with Y. We have
bTL
2 AN
Ty = > E<bn, bn,Hb’n>)\N
AN=1
bn

1 AN
— o 2 E(m,bn,’l-(fn)@)\—l)(ZN—l)
AN=1

bm b
1 AN 1 AN
= A+ NE( S = HE ) — B2, = HE
bSn Z ( + ) <bn’ bn’Hbm) 2b3n Z <bn’ bn’Hb,”>
AN=1 AN=1
=: 24 — 25.

)

From of Lemma [7| we obtain X5 = (21 — n)®7 /(20") and for X4 we
have
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1 & AN
— X
mim g S p( M) e S e )
A\ N=1 A\ N=1
1

= e (Y11 + Ya2).

Again let X' = (09,...,0n-1) € {0,7}" and, for 1 <i <mn,

{1 if Jj—1 =0,
S; i —

0 if 0;—1 — 0.
Then

n b" n b
a5 n— S; o N
P 3 S a Y () - e S (3)
i=1 N=1 =1 i=1 N—1

where we used Lemma Bl We have

> (N (1 (2 (b1 3
> Nyf w) =\ ) Tl ) o tel ) T
N=1

+ gol‘)’( . ) .
Since ¢7 is 1-periodic and since o € A(7) and hence, by Lemma@ oy
07 (1 —z) for x € [0, 1], it follows that

b b 1
" N pn " N b2n > b2n+1 >
> Ny <b3> =35 > & <bﬂ> = 78%(1‘ do = —— ;.
N=1 N=1 0
This leads to

242_1)11 12

It remains to compute Y4 1. We have

n—1 n—1
oi(ai) Ap—1—i
an:{<é pitl 7E pitl ):ao,...,an_lE{O,...,b—l}}

=0 1=0
—1
L4 Op— zxnll)
{<Z Z lbz+1 ):x()v-“vxnle{(),...,b1}},

with (0¢,...,00-1) € {a, 7 }". Note that if o € A(7) then also o~ € A(7).

~—

b2n+1 b3n

O’ bgn ag g S; ag
b:7b2@w_7mﬂmh
=1
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Let g : [0,1]> — [0,1]? be the map defined by g(x,%) = (y,x) and for
Y = (00,.-.,00-1) define * = (0,%,,...,05") € {¢7},071}". Then we

have found that H,:Zn = g('HbE;) and therefore

Z )\E<bn bn7an> Z )\E<bn bn’g(Hbzy:b)>

A N=1 AN=1

Z AE H _bn(zz—n)qw
bn bn’ b 2

AN=1

where for the last equality we used the formula for 32 since the number
of components of X which are equal to o is the same as the number of
components of X* which are equal to o~ !. By Lemmawe have @grl = o7
and hence Xy 1 = (b°"/2)(2] — n)®7. Together we obtain Xy = (21 — n)dy.

Now the desired formula follows from (Lo ('Hzfn))2 =21+ =5+ 2.
The evaluation of this sum is a matter of straightforward calculations and
hence we omit the details. m

For the proof of Theorem |1l we just remark that the only place in the
proof of Theorem [2] where we used that o € A(7) was in the exact evaluation
of X;. However, it is easy to see that for arbitrary permutations o € &; we
always have Xy = O(n) and hence the result of Theorem (1| follows as well
from the proof above.

5. Numerical results. In view of Corollary [2| we search for permuta-
tions o € A(7) giving the minimal Lo discrepancy for a fixed base b. In fact,
we want to minimize the expression @Z’(Q) — (97 )2. To this end we use an
alternative formula for @Z’(2)
for @7 given in Lemma

that can be derived similarly to the formula

LEMMA 8. For any o € Gy, we have

1 — 6b2 + 9b3 — 4b* "i max{o(k1), 0 (k)}

18b2 b3

0.(2) _
D, =
k1,k2=0

X <b max{kl, kQ} —

k3 + k1 + k3 + ko
5 .
If in addition o € A(T) then

@ _ 1

b 213 (21)53( ) — Sa(o) — (2b—1)S1(0)

b(6 — 11b + 6b + 3b3 — 12b* + 8b5))
18

i
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where

Ss(0) = Y max{ks, ky} max{o(ki),o(ka)}.
k1,k2=0
Proof. As these results are more of a technical nature and not as essential
to the rest, we only give a short sketch of the proof.
The idea is as in Lemma [5| to first separate the integral into intervals
where (¢gh)’ is constant and integrate the occurring quadratic functions
explicitly. After some calculation this leads to the expression

b—1 b—1 b—1
o 1 i it 7
= (4055 - ) o0 5 o1,
k=0

k,1=0 l1,lo=0
where
b—1
Fgy o= (¢5,) (k/b+0)(¢7,) (1/b+0)
h=0

for which by equations f the explicit expression
b
Flg,l =5 (1736+2b2+3(0(k)(0(k¢)+1)+U(l)(a(l)+1))f6bmax{0(k),a(l)})

can be derived. Since the first two sums in the above expression for @Z’(g) are
thus merely rational polynomials in b (which can be derived by interpola-
tion), the only term depending on o is the third one. Some more rearranging
leads to the result.

For the second formula, the strategy is to use the symmetry

ok)+ocb—1—-k)=b-1
to reduce the first formula to one using only Si,S2,53. As an example,
ZZ;%) ko(k)? = p(b) + (b — 1)S1(0), where p(b) is a rational polynomial
depending only on b. =
From the second formula we deduce that o and o~! can be interchanged.

2)

Therefore for o € A(7) we can replace 0! by o in the first formula for ;.

Note that, since @Z’(l) has the same invariance against the inversion of o,
the same applies also to the Lo discrepancy.

Using the alternative formulas from Lemmas [5 and |8 which are prefer-
able for computation, we have performed a full search over all permutations
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Table 1. Numerical results for the full search in A(T)
,(2) _ 502
b EZLATA%§327 num. value o
og
2 ToToR® 0.037570 id
3 s 0.044950 id
4 ) 0.037570 (2,1)
2
5 o7 1as(8) 0.037114 (3,1)
6 FTetles(®) 0.036927 (4,1)
7 TS ) 0.036529 (2,0)(5,1)(6,4)
8 FITes®) 0.037570 (4,1)(6,3)
9 6 (D) 0.035516 (5,1)(7,3)
10 5000 Log(io) 0.036817 (2,8,4,6,9,7,1,5,3,0)
11 GEossiesan 0.034940 (7,1)(4,2)(9,3)(8,6)
12 Someie 0.034137 (5,4,10,6,7,1)(8,9,3,2)
13 (T3 0.033953 (5,12,7,0)(10,11,2,1)(8,9,4, 3)
14 150563 10s7) 0.034178 (2,5,7,3,12,4,0)(9,13,11,8,6,10,1)
15 comasiosis) 0.034385 (8,10,12,9,1)(5,13,6,4,2)(11, 3)
16 To5508 0e7te) 0.032237 (7,6,14,8,9,1)(12,11, 5,2) (4, 10, 13, 3)
17 seatioss) 0.033977 (9,1)(4,6,2)(13,3)(11,5)(15,7)(14, 12, 10)
18 15501 10s(1E) 0.033478  (10,15,11,9,5,16,7,2,6,8,12,1)(13,14, 4, 3)
19 $30351 Toa(i0) 0.033800  (7,12,13,2,14,15,8,1)(10,17,11,6,5, 16,4, 3)
11,1)(7,2)(16,3)(14,5
20 ssooooieey  0-032500 (11, 1)(7, 2)(16,3)(14,5)
o8 (9,6)(18,8)(13,10)(17,12)
12,1 17,3)(15,5
21 194413914102 o) 0.032768 ( )( )( ) )( ’ )
o8 (9,6)(19,8)(14,11)(18,13)
278629 (10,5,7,2,15,8,20,11, 16, 14,19,6,13,1)
22 2811072 1og(22) 0.032066 (4 18.17 3)
9,21,13,1)(16,20,6,2)(5,12,18,3
23 87112 0.033093 ( )( )( )

839523 log(23)

(19,17,10,4)(14,15,8,7)

o € A(r) for bases 4 < b < 23. Note that we improved the best results
known until now in all of these bases which were obtained for the identi-
cal permutation (see —the best value 0.03757 appeared in base 2). In

particular, the minimal value occurs in base 22 (see Table .

Additionally, we have performed a full search over all permutations o €
A(7) where #7 = 0 for bases b < 17, b € {2,3,6,7,10, 14}, and tabulated

those with the minimal Ly discrepancy (see Table [2).
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Table 2. Numerical results for the full search in A(7) where &7 = 0 (see Remark

(2
27

b P num. value o

4 RO 0.037570 (1,3,2,0)

5 T rlE) 0.043079 (1,4,3,0)

8 Tos®) 0.037570 (2,4,7,5,3,0)(6,1)

9 TITeEy 0.037458 (3,8,5,0)(6,7,2,1)

11 ereeam 0.043656 (3,1,6,0)(8,2)(10,7,9,4)

12 gmgpoomsy 0036486 (3,1,9,5,4,11,8,10,2,6,7,0)

13 smohiems 0033953 (5,12,7,0)(10,11,2,1)(8,9,4, 3)

15 iommigs  0-035158 (5,3,10,6,14,9,11,4,8,0)(12,13,2,1)

16 W@w) 0.034752 (4,15,11,0)(12,14,3,1)(8,13,7,2)(6, 10,9, 5)
1T o 0.034196  (6,16,10,0)(14,15,2,1)(11,13,5,3)(9,12,7, 4)
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