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On the spinor zeta functions problem: higher power
moments of the Riesz mean

by

HAryAN WANG (Jinan)

1. Introduction and statement of results. Let S;(Iy) be the space
of cusp forms of weight k£ and genus g on the full Siegel modular group
Iy = Spy(Z). If F € Si(I}) is a common Hecke eigenform, define

(1.1)  Zpp(X) == (1 — agpX H I Q- copip--aipX).

v=11<i1 <<, <n

For s > 0, the spinor zeta function by definition is

o

(1.2) Ze(s) = [[[Zepo~ ) = 3 cun™.

P n=1

We shall only use the spinor zeta function for eigenforms of genus 2. In
this case, Andrianov [I] has proved the following properties.

LEMMA 1.1 (Andrianov, 1974). Suppose that f|T'(n) = A(n)f for all
n > 1. Then

Zpp(X) = 1= Ap)X + (A(p)2 — A(p2) — p2F =) X2 = \(p)p2F 3 X3 4 pth—6 x4,

where A(n) denotes the eigenvalue of F with respect to the Hecke opera-
tor T'(n). The function

Z5(s) == (2m) "I (s)[(s — k 4+ 2)Zp(s)
has a meromorphic continuation to C and satisfies the functional equation
Z5(2k —2 —s) = (=1)*Z5(s).

In [2] and [8], the authors proved that Z7(s) is holomorphic if either k
is odd or if k is even and F' is contained in the orthogonal complement of
the Maass subspace S} (I2). Since Z}.(s) is entire, Zp(s) is entire and in
particular vanishes at the points s =k -2,k —3,....
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Under our assumption on F, by Weissauer’s theorem [13] the Satake
p-parameters o p, a2, are of absolute value 1. As in [9], we can define
a1 = x1(p), a2, = xa2(p) and ag, = p*~3/20(p), where x1, x2 and o are
unramified characters of Q5. Then combining (1.1)) and (1.2)) we obtain

Zp(s) = H((l —agpp ) (1 — agponpp ) (1 — agpazpp”)
2
x (11— aO,pO‘LpO‘?,ppis))il
_ i nF 3204 (n) X (n) x5 (1)) '

nS

n=1

Hence we have
(1.3) n & P32t

Thus we conclude that the Dirichlet series Zp(s) converges absolutely for
Rs > k—1/2.
The Riesz mean of the coefficients ¢, of the function Zg(s) is defined by
the relation
1 /
D,(z;7F) = ——— —n)?
p(x7 F) F(p+ 1) Z (m n) C?’L7

n<x

where p > 0, and > means that if p = 0 and « is an integer, then ¢, is
replaced by ¢; /2.

When Zr(s) is entire, using Hafner’s method [4], we gave the truncated
Voronoi-type formula for D,(x, Zr) in [7]:

LEMMA 1.2. Assume that k is odd or k is even and F is contained in
the orthogonal complement of the Maass subspace S;(I). Fiz 1/2 < p < 1.
Let N > 1. Then for any x > 1,

(1.4)  Dy(x; ZF)

= (2m) (P AHR=O/8 5 ¢ pmp/ Ak TS iy <87T(M)1/4 N 3—42pﬂ_>
n<N
+ O($3(P*1)/4+k+6N7(1+p)/4) + O(x(SpfS)/4+kN(1fp)/4+e)

for any € > 0.
Letting N = 23/5 in ((1.4)) one obtains
(1.5) D,(x; Zp) < a3P/5Hk=9/10,

In this paper we are concerned with estimates of power moments of
D,(x; ZF). Before stating our results, we introduce some notations. Suppose
f : N — R is any function such that f(n) < n¢, and h > 2 is a fixed integer.
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Define
(1.6)  sp(l, s f)

- 2 ) J ast<n
YTt Y= Y+ Y (n1 cee nh)(2P+5)/8 — )

and
h—1

an Byhif) = 3 <h ; 1)8[)([’ b f) COS<(1 —2p)(h — 21)7T>'

4
=1

We shall use s,(l, h; f) to denote both the series (1.6 and its value.
Let

by(h) =4""2 1+ (3 —2p)h/8 — 1/4.
For a real number Ag := Ao(p) > 3, let Hy be the least even integer n such
that n > Ag. Define
(1+2p)(Ao —h)

= <

op(h, Ag) WA, 3 3Sh<,
. . (2p—1 1

(18) %(h; Ao) = 0,(h, o) mm<2p +1 4bp<Ho>>’

4b,(h) +40,(h, Ap)’
Our results are as follows:

THEOREM 1.3. Suppose that the assumption of Lemma 1.2 holds. Fix
1/2 < p<1. Then
X
S Dp(a:; ZF)Z dr = CXBp/2+2kf5/4 + O(Tp+2k71>7
1
where

o0
C=2"23772072(3p/2+ 2k — 5/4) 71 Y~ cAn /2RI,
n=1
Using the result of Robert—Sargos [10] and following the proof of Theo-
rem 2 in [6], one can prove the fourth power moments
T
SDlll(x’ ZF) d.fU < T4k‘—1/2+5 4 T4k_2+5.
1
THEOREM 1.4. Suppose that the assumption of Lemma 1.2 holds. Fix
1/2 < p < 1. If there exists a real number Ay > 3 such that
T
(1‘10) S \Dp(x; ZF)|A0 dr < T1+(3p/4+k79/8)140+67
1
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then for any integer 3 < h < Ag, we have the asymptotic formula

T
By(h; f)
hi. _ p\'%
§Dp (z; Zp) dv = (2m) (P Dh2h—1

(14 (3p/4+k —9/8)h) ' T+ ATk=09/8)h

+ O(Tl+(3p/4+k79/8)h75p(h,Ao)+e)’

where By(h; f) and 6,(h, Ag) are given in (1.7) and (1.8).

THEOREM 1.5. Suppose that the assumption of Lemma 1.2 holds and

p=1. Then
T

S |Dy (5 Zp)|'/3 da < TH16(k=3/8)/34¢
1
Thus the asymptotic formula

T
Bi(h; f)
hy . - 1 )
SDl(.T,ZF)d[E— W

1

(1 + (k N 3/8)h)71T1+(k73/8)h

4 O(T1+(k—3/8)h—)\1(h,16/3)+e)'
holds for h = 3,4,5, where \,(h, Ao) is defined by (1.9).

REMARK. From Theorem 1.5 we find that the estimate
T

(1.11) S D1 (z; Zp)| A0 doe < TH(E=3/8)Aote
1

holds for Ag = 16/3. The value of Ag for which ((1.11]) holds is closely related
to the upper bound of Di(z; ZF).

REMARK. To prove Theorem 1.5, we use the method given in Section 4.
But this method breaks down for the other p (1/2 < p < 1).

2. Proof of Theorem 1.3. In the section, we estimate the integral
X
\ Do(z; Zp)? dar
1
for 1/2 < p < 1. We follow the approach of Fomenko [3] and Ivi¢ [5, The-
orem 13.5]. It is sufficient to consider the integral over [T, 2T]. In this case,
T <x<2T, and, for N =T, Lemma 1.2 yields

DP(«T§ZF):(27T)7(p+1)x3p/4+k*9/8Z MCOS(8F(TI$)1/4+1;2PW>
n<N

+O(TP/2 e,

where f(n) = ¢,n *+3/2 <« nc.
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On integrating the latter equality term-by-term, we obtain

2T
(21) | Dy(a; Zp)? da

T
2T

= (gﬂ)—2(p+1) S 23p/2+2k—9/4 Z f(m)f(n)(mn)—(2p+5)/8

m,n<T

T
1 1-2
X cos{87r(nm)1/4 + <4 - g>7r} cos{87r(mx)1/4 + 4p7r} dx

2T
+O<Tp/2+k—l+6 S 30/4+k—9/8

T

f(n) 14, 1=2p
Z:T"WCOS 8m(nx) t— 7

X

dac)
+ O(Tp+2k—1+e) .

In the first term in (2.1), we distinguish the cases m = n and m # n. The
contribution of the terms with m = n is

(2.2)
- 2T - - 1-2p
) 2(p+1)z S 230/ 2+2k 9/4f2(n)n (2p+5)/4 0082{87r(na:)1/4—|— - W} da
n<T T
2T
— 9-2p-3_—2(p+1) Zf —(2p+5) /4 S 3P/2+2k—9/4
n<T T

x {1 + Cos<167r(n:13)1/4 + (; - p) 77) } dz

1
_ 2—2p—3ﬂ_—2(p+1) (3[) + 2k — 5> ((2T)3p/2+2k—5/4 _ T3p/2+2k—5/4)

« Z f2 —(2p+5 /4 + O<Tp+2k 3/2+5) + O(Tp+2k: 1+5)

In deriving (2.2)), we have used the bound
|cnl
(23) S« Sl = Y s <

n<lz n<lz n<lx
partial summation, and the following classical lemma (see [11, Lemma 4.3]).

LEMMA 2.1. Let F(x) be a real differentiable function such that F'(z) is
monotone and F'(x) >m >0 or F'(z) < —m <0 fora <z <b. Then

b
(2.4) ‘ SG(x)eiF(x) dz| < 4Gm™,

a
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where G(z) is a positive monotone function for a < x < b such that

G(z)] < G.
The formula 2 cos acos § = cos(a— ) +cos(a+ ) implies that the terms
in . ) for which m # n are a multiple of

2T
Z f(m)f(n) (mn)7(2p+5)/8 S cos(8m(mx) 1/4—87r(na:) 1/4) 3P/ H2k=9/4 g
m#n<T T

+ Y f(m)f(n)(mn)” 2t/
m#nT
2T
X S (:08(87r(mac)1/4 + 87r(n:c)1/4 +(1/2 - p)7r):c3p/2+2k—9/4 dx
T
=: 51+ 5o, say.

By estimating the integral in So with the use of (2.4]), we obtain
Sp & 3 ) f(n)(mn)CorISTIER2 Yy )

m<n<T

Using ([2.3), we derive
Sy K Trt2k=1,

Analogously, we have

Si < T2 ST )| | )| (mm) =20+ — )

m,n<T

:T3p/2+2k—3/2< Z i Z ):: T3/2426=3/2 (g1 L G1) gy

n<m/2 n>m/2

Further, we also have

St Y fm)]|f(n)|(mn) =GOyl

m<T,n<m/2
< Z f(m —(2p+7) /8> < Z f(n —(2p+5) /8) < T(1=0)/2,
m<T n<T
and
Sy < Y |f(m)lm=BeEE - N Tf () GO (m — /)
m<T m/2<n<m
<TE=208 N | f(n)[n 7208 (m —n) Tt < T2 10g T
m/2<n<m

Combining the above estimates proves Theorem 1.3.
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3. Proof of Theorem 1.4
LEMMA 3.1. Suppose y > 1. Define

Sp(lv h? y; f)
= Z fm): ‘(];/E:-lg))/g (1<l<h).
Yni+e+ Y= Y+ Ynn (n---mn)
n;<y,1<j<h
Then

15p(1, s f) — 8,(1, s f)] <y~ (1F20)/ A%,

Proof. This lemma can be proved by the same argument of Lemma 3.1
of [I4], so we omit the details. m

LEMMA 3.2. Suppose h >3, (i1,...,in_1) € {0,137 and
g+ (1) g + (1) g + -+ (—1)1 Yy, # 0.
Then

/1 + (=1)" Yz + (1) g + -+ (=1)"1 /g
> max(nq,. .., nh)_(4h72_471),

Proof. See for example Lemma 2.2 in [14] or Lemma 1 in [12]. =

Let T'> 10 and y > T*¢ be a parameter to be determined later. For any
T <z < 2T, define

Ry = Ri(ay) 1= (2m) 0D/ tk-9/S
f(n) 1—-2p
X Z: Wcos 8mv/nx + T ")
n<y
Ro = Ra(z;y) = Dy(z; Zr) — R1.

We shall show that the higher-power moment of Rso is small and hence the

integral S;T DZ(x; Zr) dz can be well approximated by SQTT R} dz, which is

easy to evaluate.

3.1. Evaluation of the integral S?FT Rff dx. For simplicity we set
I={0,1} and
Nh:{n:(nl,...,nh):nj eN,1<j<h}
For each element i = (i1, ...,i,—1) € "1, put |i| = iy 4+ --- +45_;. By the

elementary formula

1 . : .
COSay - COSap = Spoy Z cos(ai+(—1)"az+(—1)2az+---+(—1)""'ay),
ielh—1
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we have
h (p+1)h 1, (3p/4+k—9/8)h - f(na)
Ri = (2m)~ g Z Z )2p+5)/8
n1 <y nh<y
1-2
X Hcos <87r14/njx + 1 pTF)
(3p/4+k: 9/8)h ( h)
D S S
iclh—1n1<y nh<y
4 o 1 - 2,0 .
x cos| 8mv/z a(m;i) + 1 76(3i) ),
where

a(n;i) = ¥nn+ (=1)" Yz + (=1)2 ng + -+ (=1)" Y,
BE) =1+ (=1 + (1) 4 -+ 4 (—1)"-1.
Thus we can write

(3.1) R} = M(&(z) + 5y(@)),

where
Sy (:E) — x(Sp/4+k79/8)h

1-2p . m) - Jn
X Z cos( 1 p75(1)> Z (fl(. .1.)nh)(];/§+g))/8’

iefh—1 nj <y, 1<j<h n
a(n;i)=0
Sy(z) = gBe/AHk=9/8)h Z Z f(ny)--- f(np)

. 2p+5)/8
{elh—1 n;<y, 1<j<h (n1 nh)( )/

a(n;i)#0
1-2p

X COS (877\4/504(n; i)+ 1 wﬁ(i)).

For the contribution of S;(x), we have

oT 1-9 ) n) - f(n
S Si(z)dx = Z cos( 1 pﬂﬂ(l)) Z (fl(_ -1-)nh)(é£+g))/8

T " nj<y1<j<h "
o7 o(n;i)=0
y S £ (30/4+k=9/8)h ..
T

It is easily seen that if a(n;i) =0, then 1 < |i| < h — 1. Let [ = |i|. Then
f(ny)--- f(np
Z ( ) ( ) :SP(Lhay;f)v

e (2p+5)/8
ny<o1ej<n (W77 )
a(n;i)=0
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where s,(l, h,y; f) has been defined in Lemma 3.1. Hence

2T 2T
S Sl(%)d (h f) S (3p/4+k—9/8)h dr
T T

+ O(T1+(3’O/4+k—9/8)h+6y_(1+2’0)/4),

where
1-2p . f(ny) -~ fnp)
B (h; f) := Z cos< ﬂﬁ(l)) Z .
p 2p+5)/8
iclh—1 4 (n1,...,np)ENP (n1 nh>( e
a(n;i)=0

For any i € I"=1\0, let

S = Y Ame o)

(nl e nh)(2P+5)/8 )

(n1,...,np ) ENP
a(n;i)=0

It is easily seen that if |i| = |i'| or |i| + |[i'| = h, then
Sp(i7 ha f) = Sp(i,7 ha f) = SP(|i|’ h7 f)
From (—1)7 =1 —2j (j = 0,1) we also have 3(i) = h — 2|i|. So we get

h—1
By(h f) = §j<ws(142pwﬁ<n>spuﬂ,h;f>

1=1 |i|=l
h—1

= sp(l,h; f) COS< —2l) > Z 1
=1 li[=
h—1

220 2 ) = By (1)

Now we consider the contribution of Ss(x). By Lemma 3.2 we get

2T
S So(z) der < T(3p/4+k—9/8)h+3/4
T f(ny)--- flny)
X .
i;:l ”a‘SyZ:lSjSh (n1 -+~ np) 2P H5)/8 o (s )
a(n;i)#£0

< T(3p/4+k—9/8)h+3/4y4h—2+(3—2p)h/8—1/4
< T(Sp/4+k79/8)h+3/4ybp(h)'

Here we have used the elementary estimate
2T

(3.2) | cos(AVE+ B)dt < T¥*|AI™!, A0
T
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Combining the above estimates, we obtain the following:

LEMMA 3.3. For any fized h > 3, we have

2T 2T
| Rbdr = By(h; f) [ @o/tk=9/9 g
b 1 (2)(p+Dhh—1 )

4 O(T1+(3p/4+k—9/8)h+ey—(1+2p)/4 i T(Sp/4+k—9/8)h+3/4ybp(h))‘

3.2. Higher-power moments of R,. Taking N = T in Lemma 1.2
and combining with the definition of Ro we get

(3.3)
f(n 1-2p
Ro = (2m)~ (p+1) 3/ 44k=9/8 Z 72;%))/8 coS 87T(n$)1/4+74 0
y<n<T
+ O(Tp/2+k—1+e)
< 3p/4+l~c 9/8 Z (2p(+5))/8€(4(nx)1/4) +Tp/2+k—1+e,

y<n<
which implies

2T
34) | R3de
T

2

3 4+k—-9/8 1/4
plitk-9/s 37 2p+5) geld(na) M| dx
y<n<T

« ToHR-ITE L Tp/2H2-5/1 3 f(n)
n(2p+5)/4
y<n<T

3p/2+2k—3/2 f(m)f(n)
4 T3e/2 y<mz<n<:r (mn)(2p+5)/8(\4f — Vm)

& TPHR=Tre | p3p/242k=5/4, ~(1420)/4  p3p/242k=5/4, ~(142p)/4

Here we use the bound ([1.3)) and the estimate

PR LU DRSS
A/ 4 ’
yerner (M) GRS — §/m)
which can be proved in a standard way.
Now suppose y satisfies y*»(H0) < T Then by Lemma 3.3, we obtain

2T
S |R1|H0 dr < T1+(3p/4+k79/8)H0+67

T
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which implies

2T
(35) S ‘R1|AO dr < T1+(3p/4+k79/8)A0+6
T
since Ay < Hy. From (1.10) and (3.5 we get
2T 2T
(3.6) | [Rao 0 dw < § (1D (5 Zp) [0 + [R1|0) dov
T T

< T1+(3p/4+k*9/8)A0+6.

For any 2 < A < Ap, by (3.4), (3.6) and Holder’s inequality we get

2T 2T 2(Ag—A) | Ag(A—2)
S |R2|Adl‘: S |R2| Ag—Q + (,)40—2 dx
T T
2T Ag—A )
( | Rde) o2 ( S Ro| A0 d )“‘0 2
T

(1+2p)(Ag —A)
< T1+(3p/4+k—9/8)A+ey_ﬁ

Therefore we have

i 2p—1 1
LEMMA 3.4. Suppose T® <y <T" n(2f’+1’4bp(Ho>), 2< A< Ag. Then

2T (14+2p)(Ag—A)

S ‘R2|A dr < T1+(3p/4+k79/8)A+6y_ 1(Ap—2)
T
3.3. Upper bound of the integral SQT Rh_le dz. In this subsec-
tion we shall estimate the integral S Rh YRy dz. We suppose T¢ < y <

Tmm(%“"*bP(Ho)), which, combined with Lemma 3.3, implies that
2T
S Rilz—l do < THBe/A+k—9/8)(h—1)
T
Thus from (3.3]) we get
2T 2T
(37) S RiL—lRQ do — S R?_IRE daﬁ—|—O(T(Q_Qp)/8+(3p/4+k_9/8)h+6),
T T
where
. _ —2, 3p/4+k—9/8 f(n) s, 1=2p
RS = (2m) 2P Z<T —ap s 08 8m(nx)/* + T
y<n<

Similarly to (3.1) we can write
1
h—11*

W(&a(m) + Sa(z)),
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where

Sa(w) = aGo/1HR-9/9h 5™ 37 3 f(na) - - f(nn)

o\ (2015)/8
eIt y<ni<T ny<yoagj<h (M)
a(n;i)=0

X cos(1 _42'0776(i)),

Su(w) 1= gBr/ATh=9/8h §= {7 3 f(na) -~ f(np)

ielh—1 y<n <T n;<y,2<j<h (m n)

a(n;i)#0
1-2
X COS <87r{‘/3?oz(n; i)+ 1 pﬂﬁ(i)).
By Lemma 3.1, the contribution of S3(x) is
2T
38) | Ss(x)dx
4 2T
f(n1) - f(np) (3p/4+k—9/8)h
< Z Z Z (ny---ny)2et0)/8 S T dx
iclh—1 y<n1<T n;<y,2<j<h T
a(n;i)=0
h—1 2T
< ol b f) = sp(l by )] | @/ HE0/9h gy
=1 T

& TG/ ATk=9/8)hte, —(1420) /4.

Also, using Lemma 3.2 and (3.2)), the contribution of Sy(z) is bounded by

2T
3.9 | Si(x)da
T
« T3/4+(3p/4+k=9/8)h Z Z Z f(n1)--- f(ng) .
(T y<mi €T ny<y, 3%j<h (ny - - - np)20+5)/8|a(n; i)
a(n;i)#0
« THHE/ A9 3§ > f(ni) - f(np)
. 2p+5)/8 3
ielh—1 y<ni <h4y njﬁ(y, Q)Sjﬁh (nl nh)( p+5)/ ‘a(n) 1)‘
a(n;i)#0

L T/A+(3p/A+k—0/8)h f(n1) - f(np)
ieﬂzh; n1§4y any%:SjSh (na -+ ) @0t3) /8 /4
o(n;i)#0
« T3+ A+R=9/8)1 (1)
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Combining the estimates in (3.7)—(3.9)) we obtain

2T
(3.10) S RI-IRy da < TG0/ A+k=9/8)he, ~3/4

T - TB/4+ B30/ 4Hk=9/8)h by(h) | (9=2p)/8+(3p/4+k=9/8)h-+e.

s 2p—1 1
min 20140, (Hp) )

where T <y <T

. r2p—1 1
Proof of Theorem 1.4. Suppose 3<h<Agand T <y < Tmm(QZ“ 74bp (Ho) ).
By the elementary formula (a + b)" = a® 4+ ha"~'b + O(|a"26%| + |b|"), we
get,

2T 2T 2T
311) | Dh(@iZp)dz = | Ridz+h | RI7'Ryd
T T T
2T 2T

+0( :; |R’f*272§|dx) + O( :Sr mg\hdx).

By (3.5)), Lemma 3.4 and Holder’s inequality we get

2T 2T heo 2T Ag—h+2

(312) | |RI*RYde < ( | Ry dx) A0 ( | Ry o2 da:) Ao
T T T

(1+2p)(Ag—h)
< T1+(3p/4+k—9/8)h+ey—Wj'2)

(2e=1 1
Now take y = Tmln(?f’“ b)) Collecting the estimates in Lemma 3.3,
Lemma 3.4, and (3.10)—(3.12)), we finally obtain

T By(hif) ¥
(3.13) \ Dh(a; Zp) da = mm [ aere+k=9/8)n gy
m
T T

+ O(T1+(3p/4+k—9/8)h—5p(h,Ao)-l—e)‘

Hence, Theorem 1.4 follows from ([3.13) immediately. =

4. Proof of Theorem 1.5. The following lemma is the well-known
Haldsz-Montgomery inequality (see [5, (A.40)]).

LEMMA 4.1. Let S be an inner-product vector space over C, let (a,b)
denote the inner product in S and ||a||*> = (a,a). Suppose that €, ¢1,...,0R
are arbitrary vectors in S. Then

Z | ‘S 9011 |2 < H§||2max E ‘(()Dllv()plzﬂ

I1<R
<R <R
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LEMMA 4.2. Suppose T < x1 < -+ < xpr < 2T satisfy |D1(xy; Zp)| >
VT2 (1=1,...,M) and |x; —2;| > V > TYB3 LW (i £ j). Then
M < L37TV 3 4+ LV 3y =17,
where L :=logT.

Proof. Suppose V< Ty is a parameter to be determined later.
Let I be any subinterval of [T,2T] of length not exceeding Ty and let
G = I Nn{xy,...,xp}. Without loss of generality, we may suppose G =
{z1,...,z0n,}, where My < M.

Taking x =T, by Lemma 1.2, we have
Tk+€N71/2 < VTk71/276 Tk‘fl/ZNe < VTk71/276.

Then we get
N > Vit

It is easy to check that the estimate of Dj(z; Zp) is much better when

we take smaller N. Hence, we take N = 271! < V27144 where J :=
[(1+4€)E7210gV]
log 2 )
By Lemma 1.2, for T' < x < 2T, we obtain

Dy(x; Zr) < kag/g‘ Z f(n)n*7/86(4(nx)1/4)‘ + VTk-1/2=e

n<N

< Th 3/8’2 Z Fn)n~3e(4(n x)1/4)’+VTk71/276.

7=0 n~27
Squaring, summing over G and applying the Cauchy inequality, we get

Z D3(xy; Zp) < T34 Z ‘Z Z Fln)n~ /e (4( 361)1/4)‘2

l<M(] l<M0 ] n~2J

< T2k=3/4p Z Z’ Z f(n 7/8 (4(n 901)1/4)‘2

I<Mo j n~27

« T2k=3/4p2 Z ‘ Z Fn)n~T/3e (nml)1/4)‘27
I<Mp n~290
for some 0 < jo < J.
Let Ng = 270, Take £ = {£,}°2, with &, = f(n)n~"/% for n ~ Ny and
zero otherwise, and take ¢ = {gol,n}nzl with ¢, = e(4(nml)1/4) for n ~ Ny
and zero otherwise. Then we have

f(n
57 SOl Z 7/8 1/4)7 (9011 3 ()012) = Z 6(4177’1/4(:6l11/4 B xll2/4>)’

n~Ng n~No
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and

@y = Y LW NS g N

n~Ng n~Np

where we use the bound ), _, If(n)]? < z.
From (4.1) and Lemma 4.1, we get

(42) MV <TVIL ) ’ > f(n)n77/86(4(n$1)1/4)‘2

l<M0 n~No
<<T1/4£2N zni%\}f Z ’ Z 4n1/4 1/4 112/4)‘
=10 <My nNo
1/4p2
1/4 p2 1/4 T 1/4 1/4 1/4

< TYVAL2N] N l1<MoZ > en — /M.

12<My n~DNp

l1#l2

By the Kuz’min—Landau inequality taking the exponent pair

we get
3/4 1/7
N, Yy, — Yx
D eln (Y, — i) < ﬁ°ﬁ+0hm“)W”
n~No ’ VTl v le‘ NO
1/7
< (NoT)3/4 <|$11 —$12|> / NS/
|$l1 - l‘l2’ (NOT)3/4 0
< (NOT)S/ 4 T—3/28T1/7 3/4
’J;ll xl2’

where we use the mean value theorem and the estimate |x;, — x,| < Tp.
Inserting this estimate back into (4.2) we conclude that

V42 Ny T)3/4
Mov? <« TN L AT 3 (l(())‘_'_T_g/gsTol/?NgM)
Ty — Ty
2<Mp

Li#l>
< TVALNY* 4+ 3TV + £L2(TTH) Y M,
< L3TV™Y + L2(TTy)™ My,
where we use the facts that {z;} is V-spaced and Ny < V—271+4€,
Taking Tp = VWT-1L7M if V > TV/13£14/13 it is easy to check that
To > V. For this Ty we get
My < L3TV 3.

Now we divide the interval [T, 27" into O(1+47/T}) subintervals of length
not exceeding Tp. In each interval of this type, the number of x;’s is at
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most O(L3TV ~3). So we have
M < LTV 31 +TTy ™) < 37V =3 4+ LT3y =17,
This completes the proof of Lemma 4.2. u

LEMMA 4.3. For any € > 0, we have
T
\ | D1(2; Zp)| '3 daw < TR/,
1

Proof. Suppose ¢ < y < x/2. By the definition of D;(z; Zp) we get

Dy(z;ZF) = 1122) Z(x — n)Cp.

n<x
So we have
|Di(z+y; Zr) — Di(z; ZF)| < ‘ Z (x4+y—n)ep, — Z(az —n)ey
n<lzr+y n<x
< chn +vy Z cn K xk_l/Qy,
n<x r<nlzr+y

k—3/2

where we use the bound >_, ., [cn| <2 y. So there exists an abso-

lute constant ¢y > 0 such that
|Di(2 +y; Zr) — Di(w; Zr)| < cox® 1y,
which implies that if | Dy (z; Zp)| > 2coz*~ /2y, then
|Dy(z +y; Zp)| > |D1(x; Zp)| — | Di(@ + y; Zp) — Di(2; Zp)| > coz™ /2y,
This together with (1.5) and an argument similar to (13.70) of [5] yields

T
43)  {[Di(x;2p) [ do < THEOALN Y N Dy (05 Z0) 4,
1 \4 r<Ny

where
TY8 <V <TYS, VT2 <\Dy(ap; Zp)| <2VTF Y2 (r=1,..., Ny),

and
|z, —xs| >V forr#s<N = Ny.

Then by Lemma 4.2, we get

VY D Zp) |t < TEDAN, A

r<N
= < L3ITIH(E=1/2)Ay A2 | P17+ (k—1/2) Ay, A-16

=: 1 + I, say.

Suppose A > 2. From
I < L3\ FE=UDAP(A-2)/5 o plt(k=3/8)A
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we can deduce A < 16/3. It is easy to check that I, < T'H*=3/8)ALIT for
0 < A <16/3. Back to (4.3), we complete the proof of Lemma 4.3. =

Proof of Theorem 1.5. Suppose T¢ < y < T'/3. Taking p = 1 and
applying the arguments of Lemmas 4.2 and 4.3 directly to R, we obtain
2T
S ‘Rl‘lﬁ/?) do < T16/3k—1+e
T
Then by the definition of Rs and Lemma 4.3, we have
2T
S ‘R2|16/3 dr < T16/3k—1+e.
T
By the same argument in the last subsection, we find that for h = 3,4, 5,
2T 2T
S DV x; Zp) dx = S RY da
T T
4 O(T HB=3/8)ey =01 (116/3) | p(k=3/8)h+3/4, br (k)

Taking y = T/ (401(h16/3)+4b1(h)) 1y Lemma 3.3 we get

2T 2T
Bi(h; f) _
hi,. _ 1\7% k—3/8)h
T

n O<T1+(k—3/8)h—/\1(h,16/3)+e).
Hence, Theorem 1.5 follows by dyadic subdivision. =
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