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1. Introduction. We let 7(z;q,a) denote the number of primes less
than or equal to « which are congruent to a (mod q), for some real z > 0 and
positive coprime integers a, q. It is a classical theorem of Walfisz [24] based
on the work of Siegel that, for any fixed N > 0, uniformly for ¢ < (logz)™
and (a,q) =1, as x — oo we have

x

¢(q)logz’
It is generally believed that this asymptotic holds in a much wider range
of g. If we assume the Generalised Riemann Hypothesis (GRH), then the
asymptotic holds uniformly in the larger range ¢ < z'/2=° for any fixed
d > 0. Montgomery [17] has conjectured that holds uniformly in the
even larger range ¢ < z'79. Friedlander, Granville, Hildebrand and Maier
[5] have shown for any A, cannot hold for all ¢ > z/(logz)4.

Any improvement in the range of ¢ for which the asymptotic holds would
exclude the possibility of the existence of zeros of Dirichlet L-functions in
certain regions, but unfortunately such a result seems beyond our current
techniques. Without this type of improvement, however, we cannot hope to
prove results stronger than

(1.1) m(x;q,a) ~

><7r(:1:' a)<27x
=TS ) g e

¢(q)logz
when log x/log g is bounded.

Linnik [15], [I6] gave a non-trivial lower bound for 7(z; ¢, a) for a wider
range of q. He showed that there is a constant L > 0 such that, whenever
x > ¢ and ¢ is sufficiently large, there is at least one prime in the arithmetic
progression {n < x : n = a (mod ¢)} for any a with (a,q) = 1. Pan [20]
showed that one can take L < 10,000. This has subsequently been improved

(1.2)
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by many authors including (in chronological order) Chen [I], Jutila [13],
Chen [2], Jutila [I4], Chen [3], Graham [9], Wang [25], Chen and Liu [4],
and Heath-Brown [I1]. The best known result is due to Xylouris [26], which
shows that we can take L = 5.2.
Titchmarsh [23] used Brun’s sieve to show that for ¢ < = we have the
upper bound
x

¢(q) log(z/q)

The implied constant can be made explicit, and has been estimated by
various authors. The strongest result of this type which holds for all ranges
of g is due to Montgomery and Vaughan [I§], who used the large sieve to
obtain the following result.

(1.3) m(z;q,0) <

THEOREM 1.1 (Brun-Titchmarsh theorem). For xz > g we have
2 T

< .

~ 1—logg/logz ¢(q)logx

The constant 2/(1—log ¢g/log ) of the Brun-Titchmarsh theorem should
be compared with the constant 1 + o(1) which Montgomery conjectures for
T > q1+e‘

Since it appears unlikely that we can prove an upper bound with a
constant less than 2 with the current techniques, any improvements are likely
to reduce the factor 1/(1—logq/log x). Several authors including Motohashi
[19], Goldfeld [7], Iwaniec [12] and Friedlander and Iwaniec [6] have made
improvements of this type for different ranges of ¢q. If we put

m(x;q,a)

log ¢

(1.4) 0= gz’
then we have

' (C+o(1)x
(1.5) m(z;q,a) < W’
where

2-(1-0)/4°%)/1-0), 2/3<0,

(1.6) C =1 8/(6—170), 9/20 <0 <2/3,

16/(8 — 36), 6 < 9/20.

This improves the Brun—Titchmarsh bound of C'=2/(1—8) slightly through-
out the entire range of q. We note that in all cases we still have C' > 2 for
6> 0.

It has been known as a folklore amongst specialists that for 0 less than
some fixed constant we should be able to take C' = 2. In this paper we es-
tablish this, and give a quantitative bound for the range when this happens.
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We show that provided ¢ is sufficiently large we can take
c=2 if6<1/8.

2. Notation. We will let p represent a generic prime. We will consider
the arithmetic progression where all terms are < x and are congruent to a
(mod ¢). We will assume that ¢ is larger than some fixed constant through-
out, and so may not explicitly say that we are assuming ¢ to be sufficiently
large for a given statement to hold. x will refer to a Dirichlet character
modulo ¢ and x( to the principal character.

For the purposes of this paper we shall define an 7-Siegel zero to be a
real zero p of a Dirichlet L-function L(s, x) which lies in the region

n
1-— < < 1.
10gq_3?(p)_

3. Main result. We improve on the Brun—Titchmarsh constant for
some range of q. Instead of using sieve methods to count primes in arithmetic
progressions we will use the analytic techniques developed in the estimation
of Linnik’s constant.

In Linnik’s theorem one counts primes with a smooth weight, and esti-
mating this requires estimating corresponding weighted sums over the zeros
of Dirichlet L-functions. In the most successful work on Linnik’s theorem
only zeros of the form p = 1+ O(1/log ¢) make a significant contribution. In
this paper we wish to count primes weighted by the characteristic function
of the interval [0, z], however, and this means we must consider all zeros
p = B +iy with v < 1 in the corresponding weighted sums over zeros. Thus
the zero density estimates of Heath-Brown [I1] are insufficient, and we need
to extend them to this larger range.

THEOREM 3.1. There exists an effectively computable constant q1 such
that for ¢ > q1 and x > ¢® we have

2 Li(z)
?(q)

We note that without excluding the possible existence of n-Siegel zeros
for some 7 > 0 this is the strongest possible bound which we can hope to
prove for log z/log ¢ bounded.

We also obtain lower bounds which are essentially the strongest possible
for log x /log ¢ bounded without excluding the existence of an n-Siegel zero.

m(x;q,a) <

THEOREM 3.2. There exists an effectively computable constant gz such
that for ¢ > ¢ and > ¢® we have

log q T

7(11/2 7(;3((1) log @ L 7(z;q,a).
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THEOREM 3.3. Let € > 0. There exists an (ineffective) constant qs(e)
such that for q¢ > q3(€) and x > ¢® we have

T

¢(q)logx

THEOREM 3.4. Assume that there exists a constant n > 0 such that there

are no n-Siegel zeros. Then there exists an effectively computable constant
qu such that for ¢ > qu and x > ¢® we have

€

< m(x;9,a).

T 2z
¢(q)logz ¢(q)logz’

Thus the number of primes in an arithmetic progression is close to the
expected order predicted by GRH, provided logz/loggq > 8 and ¢ is suffi-
ciently large. If there are no zeros exceptionally close to 1 then the number
of primes has the same order as the asymptotic predicted by GRH.

In order to establish Theorems we prove the following proposi-
tion.

< 7(w5q,a) <

PROPOSITION 3.5. There are fized constants € > 0 and n > 0 such that:

e There exists an effectively computable constant qs such that if there is
an n-Siegel zero p1 = 1 — \1/logq to modulus q > q5 then for x > q"

we have ( )
x 1—X\)x
U(z;9,a) — ’
’ ¢(q) ¢(q)
o There exists an effectively computable constant qg such that if there
are no n-Siegel zeros to modulus q > qg then for x > ¢"%% we have
x (1—¢€)x
U(x3q,a) — <
¢(q) ¢(q)
We now establish the theorems assuming the proposition.
By partial summation we have, for any constant 7 < A < 8,
0(x;q,a) | | 0(t;q,a)
3.1 m(z;q,a) = + dt
(3.1) (w59, 0) log § tlog?t
x a* ¢
(z;q, 0(t; q, 0(t;q,a 0(t;q,a
_ 0(z;g,0 +S qa S(QZ)dHS(qQ)dt_
logx o tlog? t -2 tlog=t 5 tlog”t

The Brun-Titchmarsh theorem for ¢ < t < q shows

t
3.2 0(t;q,a) < (logt)m(t;q,a) K —,
(3.2) (t;q,a) < (logt)7(t; ¢, a) 5@
and trivially for ¢t < ¢ we have
(3.3) 0(t;q,a) < tlogt.
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We also note that
0(z;q,a) = ¥(z;q,a) + O(x'/?).
Thus uniformly for > ¢® and 7 < A < 8 we obtain

xT

(3.4) (x;q,a) = M + S Mdt—i— O<SE1/2 + qA>

log " tlog?t o(q)
This gives
' _ Li(z)
(38)  |rmes) =g
. R H [Y(t; q,a) —t/d(q)]
O #/2 q!
ro(«+ 35)

If there is an n-Siegel zero (where 7 is the constant from Proposition [3.5))
then we choose A = 7 and by Proposition [3.5] uniformly for ¢ > ¢¢ and
x > ¢® we have

o) Li(x)
(3.6) m(x;q,a) 50
(1*)\1)56 H 1*)\1 :1:1/2 qi
= ) logz q& ¢(q) log?t e O( " ¢(Q)>
(1 —X\p) Li(z x
T R O((ﬁb(f}))'

By Pintz [2I, Theorem 3] we see that A\; > (logq)/q¢"/? (with the implied
constant effectively computable). Thus for ¢ sufficiently large the error term

in (3.6) is at most

(3.7) A1 Li(z)

20(q)
Hence for g sufficiently large and = > ¢® we have

xlogq A1 Li(z) (2—XA1/2)Li(z) _ 2Li(x)
3.8 <7(x;q,a) < < ,
B8 Pstgs < 20l TPV ET 40 @

with all constants effectively computable.

By Siegel’s theorem [22], given any ¢ > 0 there is a constant C(e) such
that if ¢ > C(e) then A\; > 2¢~°. Here C(¢) is not effectively computable. In
this case, we have

xq~ € A1 Li(x)
(3.9) (@) logz = 26(q)log z

< m(x;q,a).
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If there is no n-Siegel zero then we instead choose A = 7.999. By Proposi-
tion and (3.5)) there exist € > 0 and g5 such that uniformly for z > ¢®
and for ¢ > g5 we have

) Li(x)
(3.10) m(x;q,a) e

(1 €)x R 1—e < 1/2 q"% )
< + ——dt+ OV
o(q)logw q?,sggg $(q)log”t ¢(q)log

_(1-9Li() | O(xll/looot))‘
¢(q) ¢(q)logz
Thus for ¢ sufficiently large and ¢® < z we get

/\

z 2z
¢(q)log z ¢(q)logz’
Theorems now follow immediately from (3.8)), (3.9) and (3.11]).

4. Case 1: Siegel zeros. We first consider the case when there are
zeros very close to 1. For this section we assume that n-Siegel zeros exist for
some small constant 1 > 0.

In order to establish Proposition we will make use of the analytic
techniques developed in the estimation of Linnik’s constant. In particular,
there are three main results which we use:

(3.11) <L m(x;q,a) <

PROPOSITION 4.1 (Zero-free region). There is a constant ¢; > 0 such
that, for q sufficiently large,

I Ze+itx)
X (mod q)

has at most one zero in the region

C1
T log@@+ ) =7

Such a zero, if it exists, is real and simple, and the corresponding character

must be a non-principal real character.

PROPOSITION 4.2 (Deuring—Heilbronn phenomenon). There is a con-
stant cg > 0 such that, if the exceptional zero p1 = 1 — A1 /logq from Propo-
sition exists, then for q sufficiently large, the function

I Ze+itx)
X (mod q)
has no other zeros in the region

o log(AT1) o<1
log(q(2+1t))) = —
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PROPOSITION 4.3 (Log-free zero density estimate). For T > 1 there are
constants cg3 > 0 and C3 > 0 such that

> N(o,T.x) < Cs(qT)*1 =),
X (mod q)

Here
N(o,T,x) = #{p: L(p,x) = 0, R(p) = 7, [S(p)| < T}.

We recall that for the purposes of this article we are defining an n-Siegel

zero to be a real zero p of some Dirichlet L-function in the region
n

(4.1) L= fogg SPE1

for a fixed small positive constant 7.

We will choose n < ¢1/2, so by Proposition an 7-Siegel zero, if it
exists, must be simple, and the corresponding character must be a real
character. Moreover, there can be at most one such zero. We label this
exceptional zero p; = 1 — \1/logq with corresponding character yj. Thus
we have \; < 7. We will also make use of the fact that Ay > (]*1/276 (with
the implied constant effectively computable), which follows from Dirichlet’s
class number formula.

We note that by [10] and [I1], equation (1.4)] we can take

(4.2) ¢y =2/3—1/1000,  c3 =12/5+ 1/1000,

provided 1 < ¢4, some suitably small absolute constant.
We wish to prove

va) & (1—=X\)z
) bl - | <
We have
@4 veea= Y AW = PR M@ (3 Am)x(m)).

nzan(if)d q) (mod nse
We use the explicit formula
P xzf z(log )?

(49 S =ex(0n - a0 T -3+ o),

where
1 if X = X0,
4.6 € =
(46) 1) { 0 otherwise,
if x is a character corresponding to the possible
(4.7) e2x) = exceptional zero p1 of [, L(s, x),

0 otherwise,
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and the sum ) , Is over all non-exceptional non-trivial zeros p = [ + i~y of
L(s, x) in the region {0 < 8 < 1, |y| < T'}.
We choose T = g(log x)3/\1 so that the last term is o(A12/¢(q)).
Recalling that py = 1 — A\ /log g we have

p1 1
(4.8) o :nexp( A1 ng) + o(A\z).
1 0gq
Substituting (4.5)) and (4.8]) into we obtain
T
4.9 Y(x;q,a) — ’
9 ’ ( ) ¢(q)

ro{aia)

T log x 1
< T exp< A ) L
¢(q) Ylogq) " olq
We now bound the sum

(4.10) > Z

X (mod q) p

e

odg)

>

x (

xp

We first consider the case when logz > ¢'/3900,

Since Ay > ¢~ /271190 we have T < ¢3/21/190(log )3 < (log x)*6%0,
By Proposition (and recalling |p| > A1 /log g for all p) each zero in the
sum contributes at most

x? log
< zexp| —c——
loglog x

for some constant ¢ > 0. By Proposition [£.3] the total number of zeros in the
sum is

(4.11)

(4.12) < (qT)'/5H1/1000 (100 1)20000,
Therefore
log
20000 _
(4.13) Z Z ‘ < z(log ) exp <_Cloglogx> = o(M\17).

X (modgq) P

Thus we see that for  sufficiently large and logz > ¢'/3%% the right hand

side of is
T n( — log x o (1—=M\)z
(149 <z5(q)< p( Allogq)Jr Ql)) = o

as required.

We now consider the case when logx < q1/3090 T this case, since A\; >
g~ 1/271/1000 o have T' < ¢3/2+2/1000,

We begin by considering the contribution to the sum from zeros
in the rectangle
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1
M <) <1- =,
log q log q

where 1 < n < T and m < 0.4logq. By Proposition with cp =
2/3 —1/1000 there are no zeros in the rectangle unless

(4.15) 1 n < |3(p)| < 2n,

2 1 log g ~1 —1
4.16 > (2= log A1 > 0.266log A7 .
(4.16) e (3 1000)10g(q(2—|—T)) 8 = 08

Recalling that m < 0.4log g, by Proposition with ¢g = 12/5 + 1/1000
there are
(4.17) < n%9 exp(2.41m)
zeros in the rectangle.
If holds then we see that each zero contributes
P

p

T < logx)
< —exp| —m
n log q

x log x 1 m
= —exp|—m ——— | exp| ———

n P logg  0.266 P\ 70.266
A 1
AL exp (—m( o8 _ 3.76>> .

n log q
Thus the zeros in the rectangle give a total contribution of
Az log

(4.19) < nO'O?’eXp(_m<logq - 6.17>>.
From summing this bound over n = 2/ with j € N, we see that provided

q518 < z, the contribution to the sum (4.10]) from all non-exceptional zeros
in the region

(4.18)

IN

(4.20) 06 <R(p) <1, 1<[S(p)|<T
is at most
(4.21) Oz exp(—clog \[) < C\zexp(clogn)

for some constants C, ¢ > 0. Since A; < 7 we see that for n sufficiently small
(depending only on C,¢) this is at most \jz.

Similarly we consider the contribution to the sum from the zeros
in the region

m+1 m
4.22 1-— <R(p)<1- S <1
(4.22) ogg = () < g q S(p)l <1,
with m < 0.4logg. As above, each zero contributes
1
(4.23) < Az exp(—m< 08T 3.76)).
log ¢

The number of zeros in the rectangle is
(4.24) < exp(2.41m).
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Thus again the contribution of all zeros from the rectangles is at most
(4.25) Chzexp(—clog \[') < CAjzexp(clogn)

for some positive constants C, c. Hence for n sufficiently small this contri-
bution is at most Ajx.
Finally we consider zeros in the rectangles

(4.26) 0<R(p) <06, |S(p)| < VT,
(4.27) 0<R(p) <06, VT <[I(p) <T.

By symmetry of zeros around the line R(s) = 1/2 we have R(p) > A1 /logq
for all such p. Thus, since A; > ¢~ /271100 and 2 > ¢, each zero satisfying

(4.26)) contributes

p

(4.28) T« 208,
p

and every zero satisfying (4.27)) contributes
P z0-6

(4.29) il
p| = VT

For ¢ sufficiently large there are

zeros satisfying (4.26)), and
(4.31) < (qT)\F1/1000 < (176, /7

zeros satisfying (4.27). Thus the combined contribution is

2.27
q

0.6 1.76
(4.32) K x°q <L MT—— oa

We see this is at most Az for ¢% < x and ¢ sufficiently large.
Since we have now covered all possible zeros in our sum, we see that for
n sufficiently small and ¢%'® < 2 we have

(4.33) > Z < 3\

X (modgq) P
Substituting this into we get

T T log
4.34 U(x;q,a) — ‘ < <exp<—)\1) —1-4)\1).
w30 [plaino - 5l < o fog 4
We note that if ¢" <z and n < 1/10 then

1

(4.35) exp< A1 qu) +4X <1 — A,

since 1 — e~ — 5t is zero and increasing at 0, has a unique turning point
and is positive at 1/10.
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Thus we have shown that for 7 sufficiently small, ¢° < 2 and logz <
¢1/3%0 e have

x (1—=M\)z

(4.36) R o) e

as required.

5. Case 2: no Siegel zeros. We now consider the case where there are
no 7n-Siegel zeros for some small fixed constant n > 0. In this case we have
A, > n for all zeros p with |S(p)| < ¢*. Following the method in the previous
section and using this zero-free region, we can establish Proposition if
log x/log q is sufficiently large. To obtain an explicit lower bound for the
range of log z/log ¢ in which this holds, however, would require us to estimate
the constant C3 in Proposition [£.3] and would likely produce a very large
bound if done directly.

We will follow the work done on the estimation of Linnik’s constant to
obtain an explicit lower bound for logz/logq for which the result holds.
This section follows closely the method of Heath-Brown in [I1], Section 13].

We define the following quantities which we shall use for the rest of the

paper:

log
1 =

(1) e
(5.2) L :=logq,

1/4 for g cube-free or ord(x) < loggq,
(53) o= { |

1/3 otherwise,
(5-4) Z(x) :==A{p: L(p,x) = 0}.

5.1. Weighted sum over primes. We wish to investigate

(5.5) Y(wiga)= Y An).

n<zx
n=a (mod q)

We fix a small positive constant € > 0 and let

(0, t<1/2,
BT _1/2), 1/2<t<1/2+¢/logz,
(5.6) fity=«1, 1/2 +¢e/loge <t <1,
1-182G 1) 1<t<1+¢/loga,
0, t>1+¢/logz.

The Brun-Titchmarsh theorem for primes in short intervals (see [18], for
example) states that
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2y
9.7 m(x;q,a) —m(xr —vy;q,a) L ————FF7—.
(57) ( )= ) ¢(q)log (y/a)
We replace the sum

(5.8) > An)

n<zx

n=a (mod q)

with the weighted sum

(5.9) i A(n) f(igiz).

n=q (Elod q)

By the Brun-Titchmarsh theorem for primes in short intervals and for e
sufficiently small, the error introduced by making this change is

(5100 < > A+ > An)

r<n<ze* n<ecxl/2
n=a (mod q) -
€ € € 1/2 dex
< (log(ze))(m(we; g, a) — m(w;q,a)) + e“(logz)r /= < oL

Thus in order to prove

(51 ’Mx;q’a) - ¢Z:Q)’ : (1¢_(q€))x’
it is sufficient to prove that

> logn) = (1 —5¢)z
iz 2, A (oe2) st = o

n=a (r_nod q)

We note also

(5.13) ; A(”)fGZiZ)
= X @ (A (P )

n=a (mod q)
x (mod q) n=1

We now replace x in the inner sum with the primitive character x* which
induces it. This introduces an error

1
(5.14) <<—ZZ Z 10gp<<210gx<<q610g;1:§6x
o) 22
plg al/2<pe<ze plg

(recalling that = > q).
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Therefore it is sufficient to prove that

Zx<a>imn>x*<n>f(log”) - \ < (1 - 6e)z.

5.15
( ) log x

5.2. Sum over zeros. We let F' be the Laplace transform of f. Hence

oo

(5.16) F(s) = | exp(—st) f(t) dt
0
1— _
g exp(s/2) 1 —exp((e/logz)s) expl — AN
—$ (—e€/logz)s log x
From the Laplace inversion formula we have
(5.17) logn) _ logz 2+§Oon_SF(—slo x)ds
’ logz ) 2mi . & ’
Therefore for x # xo we obtain
> logn
1 A *
SURWIINOH G
241300
log r .
=5t | () rsmaa
—1/2+ic0
log x r
- — (s, x) ) (F(=s1
27TZ S . < L(37X ))( ( S Ogl‘))ds
—1/2—i00
—logx Z F(—plogx)

p

where } , indicates a sum over all non-trivial zeros of L(s, x).
On Rs = —1/2 we have

/

(5.19) Lf(s,x*) < log(q(1+1s])), F(—slogz) < x

—~1/4 1

|s|72(log z) L.

Hence, recalling that ¢ < x,

—1/2+i00 I/

S <—L(s,x*)>(F(—slogm)) ds = O(w_1/4logx).
—1/2—ico

log

5.20
( ) 211
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Thus
> N logn
CEUID S OO ]
ogw
x#xo n=1
< logz Z Z|F(—plog:c)| + O(qz*log z)
X#Xo0 P
< logx Z Z!F(—plogmﬂ + ex.
X#X0 P

We now consider the case x = xo. We note that xg is identically 1. Hence
by the prime number theorem we have

> logn
A 5 — ) -
> (s (122 ) -
Thus putting together ([5.21)) and (5.22]) we obtain
_ S N logn
RO IO C g B
X n=1

- 1
> A oz ) —=|+
n= XF#X0

<dex + logx Z Z\F(—plogm)\.

X#X0 P

(5.22) < 3ex.

(5.23)

<

> a7 (122)

n=1

In particular it is sufficient to prove that

(5.24) logz » > |F(—plogz)| < (1 - 10¢)z.

X#X0 P
We now consider the contribution from the other characters where x # xg.
We begin by considering all zeros p = 3+ iy of all L-functions L(s, x) (with
X # Xo) in the rectangle

m+1 m
5.25 1— <B<1l——o <l|y| <2
(525) L <BLl-g n<hl<m
for n > 1.
We use the well-known zero density estimate
(5.26) > N(ox.T) < (1 +T5/2).
X

Thus there are
(5.27) < ¥M(1 +n??)

such zeros in the rectangle.
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Each zero contributes
—m1 1
(5.28) log z|F(—plogz)| < xexp( m ng/ 0g q)
en

to the right hand side of (5.23).
Thus, provided M > 3, there is a constant R (depending only on €) such

that the contribution of all zeros in the rectangles with max(m,n) > R is

(5.29) < ex.

Similarly we consider zeros in the rectangle
1 1

(5.30) max( £, 1- 25 ) <g<1i- i<
2 log q log q

There are

(5.31) < e3m

such zeros, and each zero contributes

—ml 1
(5.32) « p&P(zmloga/logq)
€
Therefore again provided M > 3, the contribution from all zeros in the
rectangles with m > R is < ex.

We now consider the final rectangle
(5.33) 0<B<1/2, hl<L
All zeros must have g > ¢~ /271100 for ¢ sufficiently large (by symmetry of

zeros about the critical line and the non-existence of Siegel zeros which are
within ¢—1/271/100 of 1),

There are

(5.34) < 3
zeros in this rectangle, and each zero contributes

1/2,,2/100

x
(5.35) < qf
Therefore the contribution from these zeros is
g 1/23/2+1/50

(5.36) L ——— <ex.

€
Thus at a cost of 3ex we only need to consider the contribution of zeros p
satisfying

1
5.37 1-R e S e L.
(5.37) | (n] < e g S(p) <
For such p, and for e sufficiently small and ¢ sufficiently large, we have
1 — /2
(5.38) +e€p <1+ 3
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Also, for any z € C with R(z) > 0 we have
1—e77

z

(5.39)

<1

Thus, putting R(p) = 1 — A\, /log ¢, and recalling that ¢"9% < z, we obtain
(5.40)  logz|F(—plogz)|
1—ag P21

€p

e’

= zexp(—(1 - p)logx)

1
< xexp (—)\png> (14 3¢) = zexp(—MA,)(1 + 3e).
log ¢
As before, we have put
log
5.41 M = .
(5.41) Tog ¢
Thus we have shown that
542 [0 - 55
* ? ) w(q)
x
< 12¢ (14 3¢) exp(—MA,)
oo+ R

X#XO p

where Y represents a sum over all zeros of L(s, x) in

(5.43) R:{z:1—10§q<§re() , ()gR},

with R a constant (independent of x and ¢).

6. Zero density estimates. We wish to estimate the sum

(6.1) > exp(—M)),

X#X0 pERNZ(X)

where

(6.2) Z(x) == {p: L(p;x) = 0}.

We do this by obtaining a zero density estimate for zeros in R by means of

different weighted sums over zeros of L(s, x). We note that by the log-free

zero density estimate given in Proposition this sum is finite for any

M € R. We specifically wish to show that the sum is < 1 when M = 7.999.
Similar sums have been looked at in the estimation of Linnik’s constant.

We will broadly follow the approach of Heath-Brown in [11], but most of

the estimates must be extended to cover a region where (p) < 1 instead
of S(p) <« L71.
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We split R vertically into smaller rectangles each with height 1/£. We
put
R m—1/2

_ < <
E_S‘E(z) 1, I8

(6.3) R = {z:l <m+1/2}.

o~
<I8() < ™
We label our non-principal characters modulo ¢ as x, x| ... in some
order. For each character Y1), and for each rectangle R, for which L(s, XU ))
has a zero in R,,, we pick a zero of L(s, x\9)) with greatest real part, which
we label plm).

We introduce the notation

Gom) pim)

logq

(6.4)  pUm) — glim) 4 jolim) 1 _ glim) _ AGm)

logq’ K

We also specifically label special zeros pi, p} and pa. We let p1 be a zero
of Hx L(s,x) which is in R and has largest real part. We let x; be the
corresponding character. We let p be a zero of J[, ., 5, L(s, x) which is in
R and has largest real part. We let p} be a zero of L(s,x1) which is in R
and is not p; or p; but otherwise has largest real part. If p; is not a simple
zero we simply have pj = p;.

For simplicity we argue as if p1, p), p2 all exist. Our argument is simpler
and stronger if any of these do not exist.

We now wish to estimate separately a weighted sum over rectangles and
a weighted sum over zeros in any such rectangle. Specifically we wish to
prove the following three lemmas:

LEMMA 6.1. For any 6 > 0 any m € Z and any constant K > 0 we
have, for q > qo(9),

> Bi(A,) < Ci(AU™)

peRmﬂZ(X(J>)

where
(11— exp(—K\))?
BN =% +1/4
_ oy(1 —exp(—2K)\)) 2K\ —1+exp(—2K\)
Ci(\) = o) + e + 4.

LEMMA 6.2. Let (X(i))ig be a set of characters modulo q. Then for any
d >0 and q¢ > qo(5) we have

Z By(A™)) < ¢y

meZ, i€l
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where

62)\11 4 62/\960 62)\u1 4 62)\u0 -1
By(M) =
1 — Xo Ur — up

xl—i-xo—v—ul(
2w(v — uq)

G4 will be defined in (6.55)),

and x1,To,v,u1,ug, w are all constants > 0 satisfying

x1>x0, xo>VvH+w4+1/3, v>uy, up >u, ug>2w+1/3.

In particular,

+ <11.826....

63.243...)\(19"“‘)+62.823...)\(j’m) 61.238...)\(“")+61.126...)\(j’m) -1
0.21 0.056

j7m

LEMMA 6.3. Let g:[0,00) = R be a non-negative continuous function,
supported on [0, xg) for some xg > 0, which is twice differentiable on (0, xo)
and has a bounded second derivative on (0,x¢). Moreover, assume the La-

place transform G of g satisfies R(G(2)) > 0 for R(z) > 0. Let 0 < A3 < \q
and 0 < X < 2 be such that

G(A—X1) > g(0)/6 and (G(A— A1) — g(0)/6)* > G(—A11)g(0)/6.
Then for any § > 0 and q > qo(9, g) we have

G(—)\H)Gg
2 1< (GO = An) — 9(0)/6)% — G(—A)g(0)/6 >

Here G3 will be defined in .

We will now proceed to prove each of these lemmas in turn.

We note here that we can easily ensure the L given in [11l Lemma 6.1]
satisfies R < L < %E rather than just L < %E by following exactly the
same argument but with this restriction. This means that all the results of
Heath-Brown [I1] and Xylouris [26] which are concerned with zeros in the
region
(6.5) t| <L
also apply to the zeros which we consider in R.

6.1. First zero density estimate. We now consider zeros within one
of the rectangles R,,. We follow almost identically the argument of Heath-
Brown in [I1, Lemma 13.3].
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We put

W(K —t))), 0<t<K
(6.6) sin ), 0<t<K,

1 eK)\ efK)\ 2)\€7KZ
()\+z+ A—z )\2—z2>’

(6.8)

O=fo

(6.7) oxoe_”hl
0
9= (-

=)
for some constants K € R and A € C, which will be declared later.
We note that
AeEA 1 = e~ EO+it) |2 \ KA
2 A+ it T2

Since Hi(z) and Ha(A + z) tend uniformly to zero in R(z) > 0 as |z| — oo,
and R(H1(z)) = NefA Hy(A + 2)|/2 when R(2) = 0, by [IT, Lemma 4.1] we
have

(6.10) R(H,(z)) >

whenever R(z) > 0.
We fix a character y = x\9) # yo and take A = A", Therefore L(s, x)
has no zeros in the region {o > 1 — X/L} N Ry,.

(69)  R(Hi(it)) =

Hy(\ +it)|.

)\K)\

|Ha(A + 2)|

Thus
(6.11) > Ha((1=p+im/L)L)|
PERmMNZ(X)
26—K)\
<= Y R L),

PERmMNZ(X)

where s =1 —\/L+im/L.
By [11, Lemma 5.2] and [11, Lemma 5.3] we have (recalling that |m| < £
so |S(s)| < L for ¢ sufficiently large), for any given § > 0 and g > ¢(9),

(6.12) > R(Hi((s—p)L))
PERmMNZ(X)

IN

-1 Z:l A@)éﬁ(ﬁi’?) hi (L logn)

m©)éx | -1 S An) Xf;e(g)) hi(L  logn) + 6
n

IN

[\

n=1

hl (0)¢x
2

IN

+ | Hy (R(s) — 1)L)| + 26.
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This gives

(6.13) >

PERmMNZ(X)

1 — e~ EXp—iK(m—v,L) 2

Ap +i(m —,L)

N e 2KX) N 2K\ — 1+ e 2KA
- 2 2)\2

Since p € R, we have |m — v,L| < 1/2. Thus, recalling that x = ) and
A = \Um) | we obtain

1— €7K/\p 2
(6.14) > | <A2+1/4)
PERMNZ(XD) ~F
_ du(1 = e . QKNG 1 4 g 2KAT™
- 2\ (m) 2(\(m))2
Hence Lemma [6.1] holds.

+ 26.

+ 26.

6.2. Second zero density estimate. We now prove Lemma [6.2] The
proof uses ideas originally due to Graham [9]. We follow the method of [11]
Section 11], but extend the result to a weighted sum over zeros rather than
just characters. We do this by using integrated exponential weights instead
of exponential weights, an idea originally due to Jutila [I4].

We adopt similar notation to that of [11, Section 11]. We put

(6.15) Up=4q", Ui=4q", Xo=4q", Xi=4¢", V=¢" W=g"

with constant exponents 0 < w < ug < u; < v < g < x1 to be declared
later. We put

(6.16) U=q", X=¢"

with ug < u < up and zg < x < x7 parameters which we will integrate over.
We define

M(d), 1 < d < Ula
log(V/d)
6.17 = (@)Y g <a<v,
( ) d}d M( )log(V/Ul) 1> >~
0, d>V,
log(W/d)
d)————=, 1<d<
0, 4> W

We wish to study the sum

619) T 3) = w300 0) (3000 oy o),
dn

n=1 djn
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where

(6.20) j(n) = Tz Jug (e X — e 2V du da

(u1 — uo)(21 — 20)
and wj ,, are some non-negative weights.

We start with the following weighted-sum result.

LEMMA 6.4. For zg > w+v + ¢, ;) we have

W} < (L+ 0L (5™, D).

Proof. The argument of [IT], pp. 317-318] shows that
(6.21) 1+0(L Z(Z W) (Z 9d> Y PO (=X _ ot U)
n=1 dln dln

for zo > w+ v + ¢, ;). We note that in [11] the definition of ¢, is slightly
different (it uses constants labelled U and V rather than U; and V' as in our
case), but this does not affect the argument in any way since Uy > U.

Multiplying the above expression by weights w;,, and integrating over
x € [zo,x1] and u € [ug, u;] gives

(6.22) Wi = (1 4+ O(L™1))T(pU™), x ).
Squaring both sides of the above expression leads to the result. m

We sum the expression of Lemma over all zeros p™ . We let 3 .m
denote this sum.
Thus

(6.23) Zw (14+0(L Z\J ) N2,

We now use the well-known duality prlnmple, which we will state here for
convenience.

LEMMA 6.5 (Duality principle). If
2
Z‘Z an,j,ij,m’ < B> [Cim|”
n j7m J7m
for all choices of the coefficients Cj p,, then

Z‘Z an,j,mbn ’ < BZ |bn|2
jm n n

for any choice of by,.
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We wish to use Lemma with

(6.24) = wjmx D ()27 (Ze )i,
d|n
dln
to bound this sum. We note that
(6.26) 3" tnjnbn = J(p9™ D).

First we evaluate > b2.

LEMMA 6.6. For xy > v we have

bol? = (1 g L))t To T 7Y
> Ihf? = (14 0(c g £)) P

Proof. The argument leading to equation (11.14) of [I1, p. 319] shows
(recalling that our definition of 14 used parameters U; and V rather than
U and V) that provided = > v we have

021) (Y wa) i X ety

=l din 2z —up — v
=(14+0(L  og L)) —1——
(1+0(2  log £) 5
Since x > xy > v, this holds in our case.
Therefore, integrating with respect to « € [z, 1] and u € [ug, u;]| and
dividing through by (x1 — zo)(u1 — uo) gives

o o (/X — =LV duy d:

1z
(6.28) Z(Z ¢d> n (1 — o) (u1 — up)

n=1 djn

1+ xg— Ul —v
2(v —uy)

=(1+0(L  log L))

Hence the result holds. =

Therefore in order to use Lemma [6.5] we want to find a bound B such
that

(6.29) Z‘Zanjm jm( <BZ\CJm!2

n=1 jm

for any possible choice of C .
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Expanding the left hand side, terms are of the form

o0

(6'30) E Qn,j1,m1n,j2,mo Cj1 ,mlcjzm"bz

n=1
= le,m16j2,m2wj17m1 Wia,mo
3 (30 00) X D )
n=1 dln
To ease notation we let
(6.31) pay = pUirm pgy = plizm2),

and correspondingly define X (1), X(2), B(1), B2) A(1)s A@2)» (1), V(2)-
We first deal with the terms when x (1) # X(2)-
We put

(6.32) Jo(5,X) = D Oy O, X([w1, wo] ) [wr, wo] *
wi,wa<W

(Here [a,b] denotes the least common multiple of a and b.) By the inverse
Laplace transform of the exponential function we have

(6.33) Z(Z Qd) X(l X(Q)( )nl—pu)—ﬁ(g)(e—n/X _e—nL2/U)
n=1 djn
1+ic0
= — | Ls+pa)+pe) — LxoXe) (X - (UL?))

2wy Y
1—ioc0

I'(s)J2(s + pay + P2) — L X1)X(2)) ds
=5 S L(s + pay + P2y — L X(1)X(2)) (X° — L))

211 ,
2—B1y—B(2)—1/k—icc

I'(s)J2(s + pay + P2) — 1, X1)X(2)) ds-
where k£ > 10 is a fixed constant (to be declared later).
On R(s) =2 — By — B(z) — 1/k with x # xo we have
(634)  L(s+pu) + Py — L) <k ¢/ 4 1)),
(6.35) I(s) < el
(6.36) Jo(s + pay + o) — Lix) < Z[wh wg] T/
< Y o R(n)? < WHRLE,

n<W?2
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Thus, letting x = X(1)X(2), We obtain
1-By—B2)—1/k+ioco
(6.37) i S L(s+ pay + Py — Lx)I'(s)(X® — (UL?)%)
1—6(1)—6(2)—1/k—i00
X JQ(S + P(1) +ﬁ(2) - 1, X) ds
< (qd’xW2U*1£3)1/kq1/k2[,2(U£*2)2*5<1>’5<2)
< (qqﬁ,(WQU—l)l/kqQ/k:Q.
(Recall 1 — By and 1 — B(9) are o(1).)

This is O(L™!) provided that k is chosen sufficiently large and (keeping
in mind ¢, < 1/3 for all x) provided we have

(6.38) up > 2w + 1/3.
The terms with x (1) # X(2) therefore contribute

(6.39) < £ (Z \Cj,m|wj,m)2 < £ (Z w;{m) S Caml?
J,m J,m J,m

We now consider the terms with x(1) = X(2). Such terms are of the form

_ s 2 _
(6.40) CayCoa)(waywz) Y (Z 9d> Xo(n)n' PO 7P@ j(n).

n=1 dln

LEMMA 6.7. For x > v we have

‘i (Z 0d> 2X0(n)nlfp<1>*ﬁ(2>j(n) ’

n=1 djn

(1+0(L t1og L))

T {wL(2 = pay — P2)?
2=p)=P 2=p)=P 2=p()=P 2=p)=P

Xl 1 @2 XO 1 (2) - Ul 1 2 U[) 1 (2)

X +0(£™h.

T1—To Uy — Uo
Proof. We observe that

(6.41) i(Z ed) 2xg(n)n1_p<1>_ﬁ(2)(e—"/){ _ e—nLQ/U)

n=1 d|n
- Z 9d19d2X0([d1,dz])[dhdg]l_p(l)—ﬁ@)
d17d2

« Z kl—ﬂ(n—ﬁ(z)Xo(k)(e—k[dhdﬂ/X — e—k[dl,dﬂﬁg/U)'
k=1
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By the inverse Laplace transform of the exponential function again we
have

(6.42) Z Xo(k‘)kl_p“)_ﬁ@) (e—k[dhd2]/X _ e—k[d1’d2]52/U)
k=1

141200

= omi 1SiOOL(S +p1) + Py — Lixo)I'(s)

" <([d1),(d2]>s - <£2wUld2]>> ds.

We again move the line of integration to

R(s) =2~ Bay — B — 1/k,

and by exactly the same reasoning, we find that the integral over this contour
is negligible when up > 2w. We encounter a pole at s = 2 — p1) — p(2),
however, which contributes

¢(9)
q

(6.43) I'(2 = pay — P2))

X \?Pro—Pe) U 2=p1)=P(2)
X S )
(([dladﬂ) <ﬁ2[d17d2]> )
Thus

(6.44) i (Z gd)ZXO(n)nl—p(l)—ﬁ@) (e_”/X _ e—n,C?/U)

n=1 djn

N gb(qq)F(Q — (1) — Py (XZ PP — (UL PO P)

el o

dy,d2

We now perform the integrations with respect to x and u. We have

1 xr1 Ul B B
6.45 X2P)=Pe) — (UL™2)27POP®) duy dx
(6.45) (1 = 20) (w1 = ug) xSO USO( ( ) )
2=p)=P(2) 2=p)=P(2) 2=p)=P(2) 2=pa)—P(2)
_ X, - X, ’ . Uy - U
1 — Xo Ulp — Ug

1
X — .
L(2 = pay — P2)

Thus
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(6.46) ‘Z(Z 04 Xolmpn =07 )
n=1 djn
_ qb(q)'F(? — P —P@))) «

Z O, 0, x0([d1, d2])
— Lg | 2-pa)— P

[d1, da]

d1,dz
2—p(1)—P, 2—p(1)—P, 2—p(1)—P, 2—p(1)—P,
X, P(1)~P(2) - X, P1)~P(2) U, P(1)~P(2) ~ U, P(1)TP(2)

X +0(£™h.

1 — Xo Ul — ug
We now estimate the sum over dy, ds:

647) |3 0Bl o) xo(ldr, )|

dy,d2
2 %ﬁ®<¢q 2 140G )‘

dy,da<W [dy, g?\f”n
(n,q)=1
q 2 2 77—1
= 9d +0 qW N
sy 2 (%) 0N
(n,q)=1
q 2 277—1
< SN ;V(dzed) +O(qWANTL).
Graham [8] has shown that for N > ¢?W? we have
_ 2 1407t
n<N dln &

Hence, for N > ¢*W?2,

2
(649) |3 6,04, [dl,dg]*lxo([dl,dg])‘ <=3 (36) +06™
di.d ¢(Q)N <N d
1,d2 n< In
(1+0(£™)g 1 q
=S M 1o
¢(q)log W ( ( ))¢(q)w£
Thus
(6.50) ‘Z(Z Qd) Yo(n 1‘P(1>—5<2>j(n)‘
n=1 djn
S 1t oL T'(2=pu)—P2) ‘
T L | 2-p0) =P
2_P(1)_ﬁ(2) _ 2_p(1)_ﬁ(2) 2_9(1)—ﬁ(2) _ 2—p(1>—ﬁ(2)
% Xl XO - Ul UO +O(£—1)
1 — Zo U — Ug
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We recall the Weierstrass product expansion of I'(s):

(6.51) I(s) = = ﬁ(l—I—Z)_les/”.

When s =2 — p(1) — p(), since 2 — (1) — B2y = O(L tlog L), we therefore
have

(6.52) IT(s)| < " 11 142 Re)/n
s
n=1
-1
< 1+O( logE <1+3%3> R(s)/n
n=1
-1
< 1+O( logﬁ <1+O< ))
’2 Pl)—P(z)’ i
1+0(L og L)
T 2=pa) =Pl

To simplify notation we put

1

X12—a—b _ Xg—a—b B U12—a—b _ Ug—a—b
L2(2 —a—b)? '

r1 — Zo Uy — uop

(6.53) ja(a,b) :=

Thus the sum over all the terms of the form with x(1) = x(2) is

1+ 0L og £ .
(6.54) < ( " ) Y lCu)Crywmweyizpay, pe)
P(1)-P(2)
X(1)=X(2)
+o(L Y 1CnCewaym))-
P(1):P(2)
X(1)=X(2)
We put
(6.55) Gy = max > Jwayweyia(pay pe)l.
X(2§J<=2;((1)

Since 2|C(1)C(g)| < ICy? + |C2)|?, we have

(6.56) > 1CnHCaywmywe 2y, )l < Ga Y |CH)I

P(1):P(2) P(1)
X(1)=X(2)
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Combining (6.39) and (6.56) gives

(6.57) i(z an,j,mcj,mf

n=1 jm
< <G2(1+0(£ Yog L)) +o( 1Zw]m)>Zij,m\2
7,m

for any choice of the coefficients Cj,.

Therefore by (6.23), Lemma and Lemma [6.6] we have

(6.58) Zwm_ 1—|—O(£1log£))<+0( 1Zwm))

T1+2xg— UL —V
2(v —wuq)

which gives

1 +2xg— UL —V

(6.59) Z w? (1+0(L ' 1og L)) Go.

2w(v — uyq)

We are therefore left to choose suitable weights w;,,, bound G2 and choose
suitable constants w, ug, w1, v, Tg, T1.
We note that, using Cauchy’s inequality, we have

(6.60) ‘X2 . I i
r1 — Zo th — o
eQmHA@)zr 4 cQFA)mo QA FA)u 4 e(Aay+Ae)uo
- T1 — o i 1 = o
2w 4 PAmro Ay g 2Aayuo 12
B ( 1 — Xo " U1 —do )
@71 4 2A2)T0  2A2u1 4 2Az)uo0 \ 1/2
< T1 — o i U1 = o > |
Also
) 1
(6.61) Z [L72(2 = pay = pe)) %l = Z (A@) +A@)? + (va) — v)?

P(2) P(2)

> 1
<2 ,
<2Y G

since |S(pUm)) — F(plm2))| > (|my — ma| — 1)/L£ by our choice of the
rectangles R,,.
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Motivated by these observations we choose

2A0Gm) gy 220 2 200m) 4y 2AEM) g\ —1/2
(6.62) - <e +e 46 +e )

L1 — o Ul — Uo
We assume from here on that we are only considering zeros p™) with
A@m) > Amin, for some fixed value of Apjn.

We now wish to estimate Ga, and so bound pr lwyw)j2(pay, P2))l-
We assume p(1) is in a rectangle R, and then consider the contributions
G, from zeros in rectangles R,,, where |m; — mg| = ¢ € Z (since we
have picked a fixed zero in each rectangle, there are at most two zeros
corresponding to each choice of ¢).

We first consider ¢ = 0. In this case p2) = p(1) (and there is only one
zero). This contributes at most

(6.63)  Gao < sup|j(py, pay)wiy

P(1)
<X122/3<1> _ X§*2/5<1> UIQ*Q/%) _ U[?ZB“))
= sup —
P(1) 1 — Zo U — Uo
X12*2/5(1) i X§*25<1) U12*2/3(1) i Ug*wu) -1 »
X + (2)\(1))
xr1 — Xo U1 — up

€2x1)\(1) _ 62330)\(1> e?ul)\(1> _ e?uo)\(l)
= sup -

)\(1)Z>\min 1 — Zo Uy — Uog

2I1>\(1) 2$0)\(1) 2u1)\(1) 2u0)\(1) -1
e +e e +e _
( + ) (2A1)) 2
xr1 — Xo U1 — Uo
We now deal with the case 1 < ¢ < 6. This means that
c—1<[S(pm) —Spe)| £ c+1,

and there are at most two zeros p(z). These zeros contribute at most

(6.64) 2 sup
)‘(1) 7)‘(2) >Amin
c—1<t<c+1

<62x1)\(1) + 62330/\(1) N 62u1/\(1) 4 62u0/\(1) )—1/2

Ir1 — X0 Ul — Ug

<62x1A(2> oo | Sete > 71/2((A(1> + @)+t

e:l?1(/\<1>+)\(2)+it) _ exo()\(l)+)\(2)+it) eU,1 ()\(1>+/\(2)+it) _ euo()\(l)+)\(2)+it)

1 — Xo Uy — uo

x| — Xg Uy — uo

X
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As in (6.60)), it follows from Cauchy’s inequality that

A1)+ A@2))z1 (A)y+A2))zo A+ A@2))w May+A@2))uo\ 2
(6.65) (e T + & e >

1 — Zo Uup — uo

62:!21)\(2) _|_621‘0)\(2) 62u1)\<2) +62u0)\(2)
< +
xr1 — Xo Uy — Ug
<621’1/\<1) + 62:00)\(1) N eQU1>\(1) + 62u0>\(1)>

1 — Xo Uy — Uo

Hence
ex1(2)\+it) _ €$0(2)\+it) 611,1 (2)\+it) _ eu0(2/\+’it)

(6.66) Ga.<2 sup

A>Amin T1 — o Ul — U
c—1<t<c+1
-1
<€2w1/\ + 62:1:0)\ 62u1/\ + 62u0)\> (4)\2 N t2)71'
T1 — Zo Ul — U
When ¢ > 7 we use the simple estimate
2
6.67) Go.<2  sup Ay + A2+t < .
( ‘ )‘(1)7A(2)2>‘m1n(( ( ) ( )) 4)\12‘[11n + (C - 1)2

c—1<t<c+1
For given constants x1,xg, u1, ug, w,v and Ay, we use Mathematica’s
NMaximize function to calculate the bounds above for G2y and Ga . for
1 < ¢ < 6. We can estimate the bound given for Gy, when 7 < ¢ < 101
exactly, and then for ¢ > 102 we use an integral comparison to see that

2 T 2
(6.68) Y G Y < | gt
¢>102 m>101 A T 100 Apin 1

< tan_l()\min/50).

o >\min
We can then use this information to estimate Go:

2 tan ™ (Amin/50)
(6.69) Go < G270 + Z G2,c + Z N e . .
1<c<6 6<m<100 = min

As is the case in [11], it is optimal to choose ug = 2w + 1/3 + ¢ and xy =
w+v+1/3+ 3§ with 6 small. We will take § = 2/3000 for our purposes. We
are then left to choose suitable positive constants w, uq > ug, v > u; and
r1 > x9. We fix these now as

(6.70) w=0.115, wup=0.564, w3 = 0.620,
(6.71) v=0.964, x9=1.413, x;=1.623.
We consider A\pin = 0.35. For this value we calculate that
(6.72) G2 < 0.650.
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Putting everything together we obtain

(6.73) >

j?m
AUm) >0.35

+

63,246)\(“")_1_62.826/\(“") 61.240/\(“")+61.128)\(77m) -1
0.210 0.056

< 11.9288.

6.3. Third zero density estimate. We now prove Lemma The
proof uses the ideas from [IT], Section 12] to obtain a stronger zero density
estimate close to 1, but agan we extend this to our slightly larger region
with §(p) < 1. Specifically we wish to estimate
(6.74) N*(A) := #{pU™ e R : \UM < A}

in the range 0 < A < 2. We note that from the log-free zero density bound,
for 0 < A <2 we know that N*(\) is uniformly bounded in ¢ and .
Throughout this section we assume that we have a fixed non-negative
constant A1; such that A\j; < Aj. We put 511 =1 — A1/L.
We adopt the notation of [I1]. We put

(6.75) K(s,x) = ZA@)@R(Xfl’:)) g(L M logn)

for some function g which satisfies:

CONDITION 1. g : [0,00) — R is continuous, g is supported on [0, zg)
for some xg > 0, g is twice differentiable on (0,x¢) and ¢” is bounded on

(0, IL‘()).

CONDITION 2. g is non-negative and its Laplace transform G satisfies
R(G(z)) > 0 for R(z) > 0.

We start with the following estimate:

LEMMA 6.8. Let g be a function satisfying Conditions 1 and 2 and let
d > 0. Then for q > qo(d,9) and \y > A1, if

(6.76)  G(A—Au) >g(0)/6,  (G(A— A1) —9(0)/6)* > G(~A11)g(0)/6

then
G(—X11)Gs

(G(A = A1) —9(0)/6)* = G(—A11)g(0)/6
where Gz will be defined in equation .

Proof. The first inequality of [11l Section 12] shows that for ¢ > ¢o(g, d1)
we have

6.77)  L7UK (B +i7U™ xD) < g(0)é) /2 + 61 — GAT™ — Aqy).

N*(\) < +94,
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Therefore, for any zero pU™) with G(AU"™) — X11) > g(0)¢, ;) /2 we obtain

X(]
(6.78)  0< GAU™ —\11)—g(0)o (/2 < —L K (Bry +iyU™, X)) 44y

We note that G(AU™) — \1;) is a decreasing function in AU™) and recall
that ¢, < 1/3 for all characters x. Therefore, if

(6.79) G(A = A1) > g(0)/6,
then for any AU™) < X we see that
(6.80) 0< G(A=Au) = g(0)/6 < GAV™ — A1) = g(0)¢,») /2

< =LK (B +iy9™ D) 461,
We sum over all j, m for which AU < X\. Thus for ¢ > qo(g,91) we have
(6.81)  N*(A)(G(A— A1) —g(0)/6)
< Z GOAY™ —x11) — g(0)/6

G m)<)\
<-L Z K (B + 9™, Z 5y
)\(j];n”)l<)\ /\(j’m>§)\
=_—L! Z A(n 511 -1 log n)%( Z X(j)(n)n_i,y(jﬂn)) s
,\(j?;glg)\
<L ZA 611 )g(ﬁ_l log n)‘ Z X(j)(n)n_”u’m) s
)\(j?;%n)hbg)\

< 21/2 1/2_1_52,
where

(6.82) da= > 4,

]7m
AG@M) <)\

(6.83) X = 1ZA n"yo(n)g(L™ logn),

E 2 : ] ; j,m 2
(684) 22 _= -1 A 611 -1 log n)‘ X(])(n)n_zy(m )
j?m
A@m) <\
By [11l Lemma 5.3] for ¢ > qo(g, 1) we have

(6.85) 21 = L7 K(Bi1, x0) < G(=An) + 61
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We expand the square in Y» and see that
(6.86) X9 = R(X9)
—r! Z K(B1 + Z’(fy(jl,ml) _ fy(jz,mz))’ X(jl)y(jz)).

J1,J2,m1,me
AU1,m1) A(F2,m2) <)\

By [11 Lemma 5.3] the terms with j; = jo contribute a total
(6.87) ‘Cfl Z K(,Bll + Z'(,Y(J'er) _ fy(jl,mz))’ XO)

J1,m1,ma

< N (RG (=g +i(Um) —yUrmay)| 4y,

Ji,m1,ma

By [1I, Lemma 5.2] the terms with j; # ja contribute

(6.88) £ ST K(Bu 4 i(yUnm) - ylzma)) o n)yl))

J1Fj2,ma,me
< Y (9(0)/6+6).
J1#j2,m1,me
Putting these together we get

(6.89) Xy < > (RG(=Au + i) =y Urm2Dy)| — g(0)/6)

Ji,mi1,ma2
A1m1) AG1m2) <)\

+N*(A)?9(0)/6 + 5.

We define

(6.90)  Gy:= sup Y (IR(G(=An + (™) —71m)))| — 6(0)/6),
Jma o

S0

(6.91) 22 < N*( )? ( )/6 + N*(\)G3 + 6.

Combining ((6.81] , and ( we obtain
(6.92)  N*(N*(G(\— A1) — g(O)/6)2 < 5155+ 65
< (G(=A11) +01)(N*(X)?g(0) /6 + N*(N)G3 + 83) + 8.

Since N*(\) is bounded uniformly for 0 < A < 2 by the log-free zero density
estimate, all the sums and terms are finite. Hence, by a suitable choice of d;
we deduce for given ¢ > 0 and ¢ > qo(g, ) that

(6.93) N* (M) ((G(A—A11) = g(0)/6)> = G(=A11)g(0)/6)* < G(=A11)G3 +4.
Therefore the lemma holds. =

We are now left to choose a suitable function g and evaluate this expres-
sion. As in the work of Heath-Brown [11] and Xylouris [26] we choose
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§, (0 =a?)(y? = (t —2)?) da
2 3 5
(6.94) g(t) = = —t® + 28 - 2 10 1 e [0,27),

0, t =2y,

for some constant v > 0.

We see that g is the convolution of max(0,7? — x?) with itself, and so
satisfies Condition 2, that is, R(z) > 0 = R(G(z)) > 0. We also see that g
is twice differentiable on (0, 2v) and its second derivative is continuous and
bounded, and so also fulfills Condition 1.

We see the Laplace transform G is

o0
(6.95) G(z) = | e7g(t) at
0
l(ifz 1 87 273 4 4y (1 4 e 277) 4
= +4(-1 + e~ % 4 2yze=21%) 276, z #0,
%, z=0.

We bound G3 in the same manner as we did in proving Lemma We
recall

(6.96) G3(\) = sup Y (IR(G(=Au1 +i(oVm) —oU2m2))))| — g(0)/6).

ML

As in the proof of Lemma we consider the contribution G3 . of zeros
from rectangles R,,, with |m; —ma| =c € Z.

We first consider G3. There is only one zero plirm2) = plnm) f it
exists. Thus

(6.97) G30 < G(=A11) — g(0)/6.

For G with 1 < ¢ <5 we see that there are at most two zeros both with
c—1 < |obum) —y0um2)| < ¢4 1. These contribute

(6.98) G < 2max( sup  |R(G(=A11 +it))| — g(0)/6, o).
c—1<t<c+1
We estimate them using Mathematica’s NMaximize function.

We use a simpler bound to estimate G3 . with ¢ > 6. Letting z = x + iy
we have
F AP R((L+ e727%)27Y)|

699 RG] < [T RE)|+ [T R6

+A4R((—1 + e 27 + 27z~ %))
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167°x 8y (lal” + 3laly?) | 4r*(1+e )
STHEEER B @ RP
+ 4(1 + 672’733 + 27(1,2 + y2)1/2672'yx)($2 + y2)73
=: G4(CC, y)

We see that G4(x,y) is decreasing in y, and so

(6.100) G < 2max( sup  [R(G(=Ai1 +it))| — g(O)/6,0)
e—1<]t|<c+1
< 2maX(G4(—)\11, C — 1) - g(O)/G,O)
We estimate this directly. We note that if G4(—A11,¢1 — 1) < ¢(0)/6 then
Gz <0 for all c > cy.

Using these estimates we can then bound G5 for any given value of our
parameter v and a given lower bound Aj; for .

We consider separately the cases A\; > 0.35, Ay > 0.40, Ay > 0.44,
A1 > 0.52, Ay > 0.60, Ay > 0.66 and A; > 6/7. In each case we choose
the value of v € {1.00,1.01,...,1.60} which gives the best bound whilst
ensuring that conditions still hold.

We give the results in the following table. We note that in comparison
with [11l Table 13] these are worse by a factor of approximately 4, but are
counting the number of rectangles containing a zero rather than just the
number of characters.

Table 1. Third zero density estimate

Bound for N*(\)

A M2 a2l a2 2| a2 2> | 2>
0.35 | 0.40 | 0.44 | 0.52 | 0.60 0.66 6/7
0.74 30 29 28 27 26 26 -

0.75 31 30 29 28 27 26 -

0.76 32 31 30 29 28 27 -

0.77 33 32 31 30 29 28 -

0.78 34 33 32 31 29 29 -

0.79 35 34 33 32 30 29 -

0.80 36 35 34 32 31 30 -

0.81 37 36 35 33 32 31 -

0.82 38 37 36 34 33 32 -

0.83 40 38 37 35 34 33 -

0.84 41 39 38 37 35 34 -

0.85 42 41 40 38 36 35 -

0.86 44 42 41 39 37 36 -

0.87 45 44 42 40 38 37 34
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Table 1 (cont.)

Bound for N*(\)

Az a2 > > > | A 2>
0.35 | 0.40 | 0.44 | 0.52 | 0.60 0.66 6/7
0.88 47 45 44 41 39 38 35
0.89 49 47 45 43 41 39 36
0.90 51 49 47 44 42 40 37
0.91 53 50 49 46 43 42 38
0.92 55 52 51 47 45 43 39
0.93 57 54 52 49 46 44 40
0.94 59 57 55 51 48 46 41
0.95 62 59 57 53 49 47 43
0.96 65 61 59 55 51 49 44
0.97 68 64 61 57 53 51 45
0.98 71 67 64 59 55 52 47
0.99 74 70 67 61 57 54 48
1.00 78 73 70 64 59 56 50
1.01 82 7 73 67 62 58 51
1.02 86 80 76 70 64 61 53
1.03 91 84 80 73 67 63 55
1.04 96 89 84 76 70 66 57
1.05 101 94 88 80 73 68 59
1.06 108 99 93 83 76 71 61
1.07 114 105 98 88 79 74 63
1.08 122 111 104 92 83 78 65
1.09 131 118 110 97 87 81 68
1.10 141 127 117 103 91 85 71
1.11 152 136 125 109 96 89 73
1.12 164 146 134 115 101 94 76
1.13 179 157 143 122 107 98 80
1.14 197 171 155 130 113 104 83
1.15 218 186 167 139 120 110 87
1.16 243 205 182 150 128 116 91
1.17 274 226 199 161 136 123 95
1.18 313 253 220 175 146 131 100
1.19 365 286 244 190 156 140 105
1.20 | 435 328 274 208 169 149 110
1.21 536 383 312 229 183 160 116
1.22 | 695 458 361 255 199 173 123
1.23 | 981 568 426 286 218 187 130
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Table 1 (cont.)

Bound for N*(\)

Al > > 2> | A 2>
0.35 | 0.40 | 0.44 | 0.52 | 0.60 0.66 6/7

1.24 | 1642 | 742 518 326 241 203 138
1.25 | 4835 | 1063 | 658 377 268 222 146
1.26 00 1844 | 895 446 301 245 156
1.27 6602 | 1382 | 543 343 272 167
1.28 o0 2967 | 690 397 305 179
1.29 00 940 470 347 193
1.30 1457 | 573 400 208
1.31 3156 | 729 471 226
1.32 00 995 569 247
1.33 1549 716 272
1.34 3398 958 302
1.35 00 1433 338
1.36 2782 382
1.37 35205 | 438
1.38 (%) 513
1.39 614
1.40 763
1.41 998
1.42 1430
1.43 2480
1.44 8791
1.45 00

7. Proof of Proposition We wish to estimate

DI

The work in this section follows that of [I1], Sections 14 and 15].

exp(—=MA,).

XF#X0 MEZ PERmmZ(X)

We do this by Lemmas and

We split the argument into two parts, when there is a zero close to 1 (in
which case it must be a real zero from a real character) and when there are
no zeros close to 1 (and so p; or y; might be complex).

285

7.1. A zero close to 1. We consider the case when n < \; < 0.35. By
[26, Table 11] we see that such a zero cannot exist if x1 or p; is complex, and
hence p; must be a real zero corresponding to a real character. Moreover,
p1 is simple. Since xi is real we have ¢,, = 1/4.
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We first consider the contribution from characters (@) # y.
We note that

o T = (o) ()

The first two terms in the product are decreasing in A, and so for M > K
this is a decreasing function of X. Therefore for all p € R, N Z(x)), if
M > K, we have

exp(—MAG™)

(7.2) exp(—MA,) < Bi(\G:m)) Bi(Ap)-
Thus by Lemma we get
exp(—MAG™)

PERmMNZ(x(9) PERMNZ(x))
- exp(—M NGOy (AG™)

- Bl(/\(jﬁm))

We note that
exp(—2x1\)

Ba (M)
are decreasing functions in A. Thus for M > 2x; + K we see that
exp(—MA)C1(})

Bl(/\)Bg()\)

and  C1())

(7.4)

is a decreasing function in . Since for ) # x1 we have A& > X, this
gives us

(7.5) Z Z exp(—MA,)

hm  peRmNZ(x))

XD #x1,x
1:X0 exp(—MA2)C1(A2) Z B2()\(j7m))
By (A2)B1(A2) m
xD#x1,x0

We now consider the contribution from the character x;. We give the zero
p1 close to 1 special treatment, and so treat differently the rectangle Rg
which contains p; (p1 € Ry since p; is real).

We begin by considering the contribution from rectangles R,, with
m # 0. Using the same ideas as above we have

exp(—MN))C1(\])
. — <
(7.6) E g exp(—=MA,) < B0 B\ E By

m#0 peRmNZ(x1)

X(J)—Xl
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We now turn to the rectangle Rg. We have

(7.7) > exp(-M),)
pGRoﬁZ(Xl)
exp(—M )
<exp(—MM\;) + exp(=MAy) ; ) Z Bi()\p)
Bl()‘l)
PERONZ(X)
pP#p1
exp(—M )
< exp(—Mx) + CREMA) )
Bi(A})
PERONZ(X)
exp(—MA})C1 (A1)
Bi(A}) ‘
We note that By(A) and C;()) are both decreasing in A. Therefore
exp(=MX;)C1(0)
B1(X})B2(A1)

<exp(—MAp) +

(7.8) Z exp(—MMA,) < exp(—MA\;) +
PERONZ(x1)

Combining this with ([7.6)) and using the fact the C is decreasing we obtain

(7.9) > > exp(—-M),)

j,m pGRmﬁZ(Xl)

Ba(\y).

xW=x1
exp(—MA)C1(0) (Gim)
By (AV™) + exp(—M ;).
X0 =xa

Now combining (7.9) and (7.5 we get
(7100 > ) exp(—M)))

X#X0 pERNZ(X) .
< exp(—MAy) + Ca(N), A2) D By(A™)
7,m
<exp(=MM\y) + Cy(N], A2)Co,

where

(7.11) Ci(A\}, X2) :max<

eXp(—M)\g)Cl()\Q) eXp(—M)\’l)Cl(O)>
Bi(A2)B2(A2) ~ Bi(\))Ba(\)
By [11, Lemmas 8.4 and 8.8] for any ¢ > 0 and for all ¢ > ¢o(d) we have

12
(7.12) 1A > (11 - 5) log(A7h).
Also by [11], Tables 4 and 7] for A\; < 0.35 we see that
(7.13) A]>2.19, o > 1.42.
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Thus, since Cy (A}, A2) is decreasing in A} and A2, we deduce for any constant
B with 0 < B< M — K — 2z that

(7.14)  Ca(N, Ao) < oxp <— (12 - 5) B log()\ll)>

11
« mex exp(—1.42(M — B))C1(1.42) exp(—2.19(M — B))C1(0)
B1(1.42)By(1.42) ’ B;(2.19)B»(2.19)

We choose
(7.15) B=1, 6=0.01, K =0.66
and as before
(7.16) w=0.115, wup=0.564, w3 = 0.620,
(7.17) v=0.964, x0=1413, ;= 1.623.

Given M we can now explicitly calculate the above quantities. For M = 7.5
we obtain

(7.18) D> exp(=7.5X,) < exp(—T7.5A1) +2.38 - A},
X#X0 pERNZ(x)

We see that the right hand side is a function which is 1 when A\; = 0, and
is decreasing at 0. Moreover, it is convex (has positive second derivative)
on (0,00) and so can have at most one turning point, which would be a
minimum should it exist. Therefore the right hand side is always < 1 for
A1 € [n,0.35] if it is < 1 at 0.35.

Calculating this at 0.35 with M = 7.5 gives 0.8628 ..., and so this is < 1
for \; € [n,0.35] provided M > 7.5.

7.2. No zeros close to 1. We now consider the case when \; > 0.35.
As above, for characters x\9) # x1,%; we have

exo(— MAGM)
(719) > exp(-Mx,) <Y p(=MAZ™) S B

(7:m)
PERNZ(x() Bl()\] ) PERmMNZ(xD)

<y exp(—MAG™)Cp(AG)
n Bi(AGm) '

We now consider the contributions for the character x; (and ¥ if x1 com-
plex). We separate out the contribution of p; (and p; if it exists). To do this
we put

(720) nl(Xl) = {

2 for x1 complex,

1 otherwise,



Brun—Titchmarsh theorem 289

2 for x; real and p; complex,
1 otherwise,

(721) ’I’Lg(Xl) = {

2 for x; real and p; complex and p; ¢ Ry,

(7.22) n3(x1) = {
Then
(7.23) > exp(—My)

PERNZ(x1)

= ng(x1) exp(—MA,) + Z Z exp(—MAy).

m pERmNZ(x1)
PFP1,P1

1 otherwise.

We separate out the contribution from the rectangle R,,, which contains p;.
If x1 is real and p; is complex then we also separate the rectangle R,,, which
contains p; if this is different from R,,,. We note that all zeros in either of
these rectangles have either A, = A\; or A\, > A|. The zeros in any other
rectangle R, have A, > AU We then use Lemma again. This gives

(7.24) > exp(—M),)
pERﬂZ(Xl)
= na(x1) exp(—MM) + > exp(—MA,)
PE(Rmy URmy)NZ(X1)

PFP1,P1
FY Y ey
m#m1,m2 pERmNZ(x1
exp(—M)\(j’m))C1()\(j’m))
Z B (\G:m))

IN

m#mi,ma
exp(—MM\))
ket Wiy ¥4 B
B 2 )
pE (le Ung )OZ(Xl)
gy - EREMA)
+n2(X1)<exp( M>'\1) Bi(%) Bi(A1)
Z exp(—M/\(]’m))Cl()\(J’m)) exp(=MA)C1 (M)
By (\Gm)) B1(\)

IN

+ n3(x1)
m#£mi,ma /
Tl <exp<—MA1> - W&M)

= )00 = )10 (S - )

S exp(—MAG™)Cy (AG™)
By (AGm) '

m
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If x1 is complex we follow the same argument and obtain the same result
for ;.
Putting together (7.19) and (7.24) we obtain

— M \Gm) (3;m)
(7.25) > Y exp(-Mx, <ZeXp ATT)C(AC ) oA,

X7#X0 pERNZ () By ( AU m))
where
(7.26) A1 = n1(x1)(n2(x1)B1(M) — n3(x1)C1(M1))
<exp(—M/\1) B eXp(—M/\’1)>
Bi(M) Bi(\) )

We now use Lemmas and to estimate the sum on the right hand side
of (7.25). We fix a constant A (to be declared later) and consider separately
the terms with A\@™) > A and \U™) < A. We use Lemma to estimate
the first set of terms, and Lemma [6.3] to estimate the second set.

We first consider the terms with \U™ > A:

exp(— MGy (AGM)
7.27 -
( ) jzm: Bl(/\(J,m))
AGm) s A

_y exp(—MAG™)Cp(AG)

. . By(AUmM),
By(AGm)) By(AGm)) 2( )

Again we note that
exp(—K\)  exp(—2z1)\)
Bi(A) By(A)

are all decreasing functions of A. Therefore, provided M > K + 2x1 we have

and Cq(N)

3 exp(—MAG™)Cp (AG)

(7.28) By (3G

j7m
A@m) S A

exp(— M/l C’l
< jm)
= Bi(4) Z B2 (A

AU m>>A
_exp( M/l C’l Gam)) _exp(— M/l C’l AGm)
- =B Z By(\ B ) Z Ba(A
AU, T’”)<A
exp(—MA)C1(A)Cy  exp(—MA)C1(A) (G.m)
_ Bo (A,
By(A) B () BB 2 B

]7m
AUm) <A
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Hence
exp(=MAU™)Cy (AG™)) - exp(=M A)C1(A)Cy
129 2 o) = T BB
exp(— MG Cy(AG™))  exp(—MA)Cy(A) Gim)
p> ( Bi(AGm)By(\G)  Bi(A)Ba(A) )BQ(A -

AU, m><A
We therefore are left to evaluate

exp(— MG CL(AG™))  exp(—MA)C(A) i m
(7.30) Z( BB 00~ B B >Bz()\(3 ).

j?m
A@mI<A

To ease notation we put

exp(—MMN)C1(N)  exp(—MA)Cy(A)
Bi(A\)Ba(\)  Bi(A)By(A) >Bz()\).

(7.31) D(\) = <

We note that D()) is a decreasing function of A (and is non-negative for

A< A).
We separate the terms for A\; and put A* = min(\}, \2). This gives
(7'32) Z D()\(j’m)) = ns(Xl)nl (X1)D()\1) + Z D()\(j’m)).

Jm J,m
A@mI<A A*<AEm <A

We further put 4, = A — (0.01)r and define s such that As1; < A* < /15.
We then split the sum into sums over the different ranges A, < A&™)
< A,

(7.33) > DA™
,\*S,\](ETM)SA

< Z DAU™)) 4 Z DA™

r=0 j,m j7m
A1 AGMI <A, A <AEm) <A,

< (N*(4s) —ni(xa)ns(x1))D(A)

+ Y (N*(Ay) = N* (A1) D(Apya).

Note that we have used the fact that D(\) is decreasing in \.
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By Abel’s identity we have

(7.34) Y. DA™
)\*S)\j(g?lm)g/l
< —ni(x1)ns(x1)D(A") + N*(As)(D(A") — D(4As))

s—1
+ ) N (A)(D(Ary1) — D(A)),
r=0
since D(A) = 0.

Since D(A,4+1) > D(A,) and D(A*) > D(As) we may replace N*(\) with
an upper bound, say N§(A). This gives

(7.35) > DA™ < —m(a)ns(x) DY) + Ny (4:) D(X)
,\*g,\j(’;?}wg/l s—1
+ Z(Nék(/lr) — Ny (Ar+1)) D(Ary1).
Hence -
(7.36) Y DOAP™) <ni(xa)ns(x1)(D(A) = D(A)) + Ng (As) D)
W%@A
+ Z No(Ar) = Ny (A1) D(Ar41).

Putting (|7.25} - and - 7.36)) together we obtain
(7.37) Z > exp(=M),)

X#X0 pERNZ(x)

where
exp(—MA1) exp(MAi))
) Bi(A)

(7.38) A’lzm(xl)nz(xl)Bl(M)< B(l(Al
(A1) = D(XY))

a0 ) (S - S )

+ n1(x1)ns(x1)(D

We now wish to bound this when we consider A;, A| and A2 constrained in
size. Specifically, we consider \; € [A11, A12], A2 > Ao1 and \| > A\
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By definition Ng(As) > ni1(x1)n3(x1), and so the coefficient of D(\*)
is > 0. Since D is a decreasing function, the right hand side of (|7.37) is
decreasing as a function of Ay. The term Bj (A1) occurs na(x1)/n3(x1) times

in the sum
Yoo Bi(M).
PER0NZ(x1)

Since the sum is < C7(\1), and all terms in the sum are positive, we have

(7.39) na(x1)Bi(A1) < na(x1)Ci(xa)-

Therefore, by expanding out A’ we see that the right hand side of is
also decreasing as a function of \].

Therefore we may replace \| and A2 with their lower bounds \|; and Aoy
respectively.

Considering this bound as a function of A; we find that the right hand
side equals

exp(~ M) exp(~MA)Cy(4)

(a0) o) (e o - SR o)
exp(—MX\)  exp(—MMN))
+n1(X1)n2(X1)B1()\1)( By (A1) a B1()\’11)11> ¢

where C' is independent of A;. We see this is

exp(=MAX},) exp(—=MA)C1(4)

(741) < n1(X1)n3(X1)( BN C1(M\1) — B, () Bs() Bg(Am))
exp(—MM\11)  exp(—MM;)
+ 2310\11)( Bl(/\n)u _ BI(XH)H ) +C.

Therefore

(742) > > exp(-M))

X#X0 pERNZ(X)

+ Ng (A:)D(A") + Af

+ ) (NG (Ar) = N§(Ar41))D(Arya),
r=0
where

(7.43) A} = QBI()\H)(exp(—M)\H) B exp(—M/\’H)>

Bi(A11) By(Ay)
exp(—MMN|) exp(—MA)C(A) *
+ny (BI(/\,H)llCl()\n) T T BI(A)Ba(A) By(A12) = D(A )>’

and n4 is chosen to be 1 or 2 so as to give the largest value for AY.
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We now proceed to estimate ([7.42|) for various ranges of A; which cover
the region A\; > 0.35. We consider

(7.44) M=78.

For each range of \; we use the lower bounds for A} and g as given by [20],
Tables 2, 3, 7] and [11l Table 4 and 7]. We use the upper bounds for N as
calculated in Table 1.

We give these bounds on | and Ag, our choices of A and the calculation
of the right hand side of ([7.42)) in Table 2.

Table 2. Calculation of the RHS of (7.42)) for different ranges of A;

A A2 A21 1 A Total RHS of (7.42)
0.35 0.40 1.29 2.10 1.29 0.8579...
0.40 0.44 1.18 2.03 1.27 0.9821. ..
0.44 0.46 1.08 1.66 1.28 0.9213...
0.46 0.48 1.08 1.53 1.28 0.9120. ..
0.48 0.50 1.08 1.47 1.28 0.9041. ..
0.50 0.52 1.00 1.40 1.28 0.9304. ..
0.52 0.54 1.00 1.34 1.31 0.8049...
0.54 0.56 0.92 1.28 1.31 0.8427. ..
0.56 0.58 0.92 1.23 1.31 0.8385...
0.58 0.60 0.92 1.18 1.31 0.8349...
0.60 0.62 0.85 1.13 1.34 0.7782...
0.62 0.64 0.85 1.09 1.34 0.7756. ..
0.64 0.66 0.79 1.04 1.34 0.8363. ..
0.66 0.68 0.79 1.00 1.36 0.7652. ..
0.68 0.70 0.79 0.96 1.36 0.7636. . .
0.70 0.72 0.745 0.93 1.36 0.8241...
0.72 0.74 0.745 0.91 1.36 0.8229...
0.74 0.76 0.745 0.89 1.36 0.8219...
0.76 0.78 0.76 0.86 1.36 0.7988...
0.78 0.80 0.78 0.84 1.36 0.7708...
0.80 0.82 0.80 0.83 1.36 0.7463. ..
0.82 0.86 0.82 0.827 1.36 0.7243. ..
0.86 00 0.86 0.86 1.44 0.5110...

We see that for each range of A\; we obtain an upper bound for
(7.42)) which is < 0.99. Since the expression is decreasing in M, this holds
for all M > 7.8. We have therefore established Proposition by taking
e=1073
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