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On some conjectures and results
for the Riemann zeta-function and Hecke series

by

ALEKSANDAR IVIC (Beograd)

1. Spectral theory and the function Z5(s). The spectral theory of
the hyperbolic Laplacian has become increasingly important in the theory of
the Riemann zeta-function ((s), especially in problems connected with the
fourth moment of |((1/2+ix)|. For a comprehensive account of this subject
we refer the reader to Y. Motohashi’s monograph [15]. In this section we
shall briefly state some necessary facts from spectral theory and introduce
the function Z5(s), closely related to [¢(1/2 + ix)|*.

Let {)\; = x5 4+ 1/4} U {0} be the discrete spectrum of the hyperbolic

Laplacian
o\ 9\
— .2 - i
a==(() ()

acting over the Hilbert space composed of all I'-automorphic functions which
are square integrable with respect to the hyperbolic measure, where

I ~SL(2,Z)/{+1, -1}.

Let {¢;} be a maximal orthonormal system such that At; = A;1; for each
j > 1and T'(n)y; = t;(n)y; for each integer n € N, where

(T(n)f)(z) = % 3 Zd:f<az;b>

ad=n b=1

is the Hecke operator. We shall further assume that ¢;(—2) = ¢;9;(2) with
£; = £1. We then define (s = o + it will denote a complex variable)

[e.e]
Hi(s) = Y tinn™ (0> 1),
n=1
which we call the Hecke series associated with the Maass wave form 1;(z),
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and which can be continued to an entire function. As usual we put

a; = |o;(1)[*(coshmr;) ",

where p;(1) is the first Fourier coefficient of 1;(z). We note (see [15]) that

(1.1) > aH(1/2) < K?log“K  (C > 0),
HjSK
that H;(1/2) > 0 (see Katok-Sarnak [12]), and that there are < K eigen-
values k; in [K — 1, K + 1].
The function Z5(s) was introduced by Y. Motohashi [14] (see also [§]

and [15]), who showed that it has meromorphic continuation over C. It is
defined as

Zy(s) = | K2+ im)[*2™dx (0> 1).
1
He also established that in the half-plane 0 = Re s > 0 it has the following
singularities: the pole s = 1 of order five, simple poles at s = 1/2+ix; (k; =

VAj —1/4) and poles at s = p/2, where ¢ denotes complex zeros of ((s).
The residue of Z5(s) at s = 1/2 + iky, equals

. 3
(1.2) R(sn) = 4/~ (2_% I(1/4- mh/z)>

2 I'(1/4+ikp/2)
x T(2ikn) cosh(mrn) Y a;H?(1/2),

and the residue at s = 1/2 — ikj, equals R(kp). Thus there is an intrinsic
connection between Z5(s) and a;H3(1/2), and therefore also between the
fourth moment of [¢(1/2 + iz)| and a; H?(1/2). The plan of the paper is as
follows: in Section 2 the modified Mellin transform is studied and five lemmas
needed in what follows are proved. Mean square results on Z5(s) are studied
in Section 3, and two conjectures on Z3(s) and their corollaries are given in
Section 4. In Section 5 a conjecture on exponential sums with o H(1/2) is
made. A new pointwise bound for Z5(s) is obtained in Section 6. Finally in
Section 7 the general function Zj(s) is studied.

2. The modified Mellin transform. The function Z5(s) represents
a sort of a modified Mellin transform of [((1/2 + iz)|*, where the Mellin
transform of an integrable function f(x) is commonly defined as
MIf(@)] = F(s) = | 2" f(2)dz (s =0 +it).
0
Mellin transforms play an important role in Analytic Number Theory. By a
change of variable they can be viewed as special cases of Fourier transforms,
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and their theory built by using the theory of Fourier transforms, for which
the reader is referred to E. C. Titchmarsh’s classical monograph [16]. Namely

if F(s) = M[f(2)], then (§ =€)
F O'—I-Zt OSOSJ—Ht 1f g) g_ OSO eia:tf(ez)eaz dx
0 —oo

is the Fourier transform of f(e®)e™.

An important feature of Mellin transforms is the so-called inversion for-
mula. It states that if F(s) = M[f(z)], y" 'f(y) € L'(0, o) and f(y) is
of bounded variation in a neighbourhood of y = z, then

— 1
(2.1) f@+0) +Jle=0) =— S F(s)x™*ds
2 2mi
(o)
o+iT
g, ) Pl

We recall that if f(z) denotes measurable functions, then

17(a,b) = {f(x) ‘ l§|f(:n)|pd:r < oo}.

a

The Mellin inversion formula is usually derived from the inversion formula
for Fourier transforms. Namely, if

o0

9(y) = S e™Vg(z) dx

— o0

is the Fourier transform of g(z), then under suitable conditions this is equiv-
alent to

o0

(22) o) = 5= | e G() dy.

For example if g, € L'(—o00,00), then (2.2) holds for almost all x €
(—o00,00). If additionally g is continuous in (—oo, c0), then (2.2) holds for
all x € (—00,00). A variant of Parseval’s formula for Fourier transforms is
the identity

(23) — [ IfwPde= | If@)Pd,

and it can be used to derive Parseval’s formula for Mellin transforms.
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The modified Mellin transform m[f(z)], of which Z5(s) is a special case,
will be now defined as
(2.4) F*(s)=m[f(x)] = | f@)z™"dx (s =0 +it),
1
which is often more convenient to have in applications than the ordinary

Mellin transform, since now there are no convergence problems at = 0. If
f(z) = f(1/x) when 0 < z < 1 and f(x) = 0 otherwise, then

(25) mlf@)] = M| 7@,

so that the properties of m[f(x)] can be deduced from the properties of the
ordinary Mellin transform M|f(z)] by the use of (2.5). In what follows five
lemmas concerning the properties of the modified Mellin transform will be
proved.

LEMMA 1. If 277 f(z) € L*(1,00) and f(z) is continuous for x > 1,
then

(26) @) =g | e s FYs) = mif()]
(o)

Proof. If F*(s) = m[f(x)], then from (2.5) and (2.1) we have

(2.7) %f(x) = % S F*(s)x™%ds

(o)
provided that y"_lif(y) € L1(0,00). This means that

1
1 1
(o
o Y (Y
and making the change of variable y = 1/x, we deduce that the last condition

is equivalent to 277 f(z) € L'(1,00). Changing = to 1/x in (2.7) we then
obtain (2.6).

Lenuia 2. If F*(s) = m[f(z)], G*(s) = mlg(x)], and f(x), g(x) are
real-valued, continuous functions for x > 1, such that

gl/27¢f(x) € L*(1,00), a¢"Y277g(x) € L*(1,0),

then

(2.8) mlf(z)g(x)] = 2% | P (w)G* (s + 1 - w) dw.
(c)
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Proof. From [16, Theorem 73] we have
(2.9) | f@)g(@)z* ™ do = == | F(w)G(s — w) dw

if
F(s) = M[f(2)],  G(s) = Mlg(x)],
212 f(x) € L*(0,00), a7 2g(x) € L*(0,00).
In place of f(x) and g(z _) n (2. 9) we shall take 1 f(z) and g(z), respectively.
By (2.5) we have M [ f(z)] = F*(s) and

1

Mig(a)] = [ o1 )a do = "G5+ )

0
Consequently, (2.9) gives

o0

1~ — s—1 _ 1 * * o
X Ef(:c)g(:c)x dx = 5 S F*(w)G* (s + 1 —w) dw.
0 ()
After the change of variable y = 1/x this reduces to (2.8) if
1- 1
xc—l/Z : —f((l?) € L2(07 OO), wa’—c—l/2 : —E(IL’) € L2(07 OO),
x x
and these conditions are easily seen to be equivalent to
2P0 f(z) € LP(1,00), 27127 7g(x) € LP(1,00).
Lenva 3. If F*(s) = mlf(2)], G*(s) = mlg(a)], and f(x), g(x) are
real-valued, continuous functions for x > 1, such that
w277 f(x) € L*(1,00),  x'/*77g(x) € L*(1,00),
then
(o) 1 -
(2.10) | f@)g(x)2' 72 do = P | F*(5)G*(s) ds.
1 (o)

Proof. This follows similarly to the preceding proof from Parseval’s for-

mula for Mellin transforms in the form

oo 1 _

S f@)g(z)z® tde = — S F(s)G(s)ds

271

0 (o)

if
F(s) = M[f(z)], G(s) = M]g(a)],
277 V2f(x) € L2(0,00), 27 Y%g(x) € L*(0,00).

The last relation follows e.g. from [16, Theorem 72] by a change of variable.
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Lemma 3, in the special case f(z) = g(z), is a natural tool for investigat-
ing mean square formulas connected with the modified Mellin transform. In
particular, it offers the possibility to obtain mean square estimates of f(x)
from the mean square estimates of m|[f(x)], provided we have adequate ana-
lytic information about the latter. A result in this direction, which is useful
for the applications that we have mind, is now given as

LEMMA 4. Suppose that g(x) is a real-valued, integrable function on
[a,b], a subinterval of [2,00), which is not necessarily finite. Then
T b b

2
(2.11) S ’ Xg(x)xfsdx‘ dt <2m S g (x)x'"27dx  (s=o+it, T >0, a<b).
0 a a
Proof. Let
T b )
(2.12) I:= S Hg(x):n_s da:‘ dt (s=o+it, T>0).
0 a

In Lemma 3 set f(z) = g(x) if a <x < b and f(z) = 0 otherwise. Then
b
F*(s) =m[f(2)] = {g(@)2™>dz, F*(s) = G"(s),
and 2277 f(z) € L?*(1,00) for any o. Consequently, (2.10) of Lemma 3
(with f = g) gives

) b
I 1
(2.13) < oo [P0 +it)|2dt = | g (2)2' =27 da,

and (2.11) follows from (2.12) and (2.13).

In case we have sufficient information on f and F*, we can obtain an
explicit bound for the mean square estimate of f(x):

LEMMA 5. Let f(x) € C*[2,00) be a real-valued function for which

(a) § /0 (2)| do <o X2 (r=0,1,2,...) and
(b) F*(s) = m[f(z)] has a pole at s = 1 of order l, but otherwise can
be analytically continued to the region Res > 1/2, where it is of polynomial
growth in |Im s|.
Then for 1/2 < o < 1 and any given € > 0 we have
2T
214) | fP(2)da

T
5T/2 Tite

< log ' T\ |f(@)de+ 170 | [F*(0 +it)|? dt.
T/2 0
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Proof. Let p(z) € C*(0,00) be a test function such that ¢(z) > 0,
plx)y=1for T <z <2T, p(x) =0for x <T/20or x>5T/2 (T > Ty > 0),
@(x) is increasing in [T'/2,T] and decreasing in [2T, 57'/2]. Then obviously

Il S I27
where
2T 5T/2
I = S fA(x)dz, Ip:= S o(x) f2(z) de.
T T/2

From the assumption (a) we have =7 f(x) € L'(1,00) if 0 > 1. Therefore
Lemma 1 gives

(2.15) f(z) = L S F*(w)z* ! dw
i (11e)
= L S F*(w)xwfl dw + Ql—l(log ':U)’

211
L

where @;—1(logz) is a polynomial in x of degree [ — 1, and £ is the line
Rew = 1+¢ with a small indentation to the left at the pole w = 1 of F*(w)
of order [, so that by the residue theorem we pick a contribution equal to
Qi—1(log x). Therefore (2.15) yields

5T/2
(2.16) I, = ZLm S F* (w)( S o(x) f(x)zw ! dx) dw
c T/2
5T/2
+0(10g 7' T | (@) (@) da).
T/2

We integrate r times by parts to obtain

5T /2
(2.17) S (@) f(x)zV  da
T/2
, 5T/2
) [ (o) /@)t do.

w...(w+r—1) iy
Since (") (z) <, T~" and (a) of the lemma holds, by (2.17) it follows that
the portion of the integral over w in (2.16) for which |v| > T!T¢ makes a
negligible contribution, namely < T~4 for any given A > 0, provided that
we choose r = r(A, ¢) sufficiently large. This remains true even if we move
the contour of integration to the left. Hence if 0 < v < 1/2, w = u+iv, then
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by (2.16) and the Cauchy—Schwarz inequality for integrals we infer that
1 Tite 5T/2
B * . u+iv—1
I, = Py S F*(u+iv) S o(z) f(x)x dx dv
_Tite T/2
5T/2
+0(log T+ | @)l f ()] do)
T/2
T1+5 T1+s 5T/2
, 2 1/2
< { S |F*(u 4 iv)|* dv S ‘ S o(x) f(x)z Tt d:r‘ dv}
0 0 T/2
5T/2
Flog T | o(@)lf(@)] da.
T/2
Now we apply Lemma 4 (with g(x) = ¢(z)f(z), s = 1 —u+ v, T replaced
by T17¢) to deduce that

Tite 5T/2 )
S ‘ S o(x) f(z)zv ot d:U‘ dv
0 T/2
5T/2 5T/2
< S O () f2(x)2® de < T S () f2(x) do = T* s,
T/2 T/2

since 0 < p(x) < 1. It follows that
51/2 T 1/2
I < log™'T- S o(x)|f(z)| dz + ( S |F*(u—|—iv)|2dv.T2“*1[2> ,
T/2 0

which easily gives (2.11) with o = w.

3. The mean square of Z5(s). Mean square problems involving Z5(s)
are naturally of interest. They were investigated in [8], where it was shown
that

T
3.1)  {l1Z(o+it))?dt < TUO8)B10g“ T  (1/2<0 <1, C>0).

0
We now introduce the function E3(T), the error term in the asymptotic
formula for the mean fourth power of {(1/2 + it), customarily defined by
the relation

T
(3.2) V1¢(1/2+it)|* dt = TPy(log T) + Ex(T),
0
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with

4
, 1

(3.3) Py(x) = jgo a;x?,  ag = 73
For some recent results on E5(T") see [3]-[6], [9], [10], [14] and [15]. For the
explicit evaluation of the a;’s in (3.3), see [4]. A fundamental result in the
theory of E5(T') is the mean square estimate

T
(3.4) \ B3 (1) at <. 77,

0
where € denotes arbitrarily small positive constants, not necessarily the same
at each occurrence. In fact, Ivié-Motohashi [9] proved (3.4) with log® T in
place of T, but for our present purpose (3.4) suffices; the integral in (3.4)
is actually > T2, as shown in [6], so that the bound in (3.4) is essentially
best possible. We have (see [5], [6], [10] and [15])

(3.5) Ey(T) < T*?10g® T, Ey(T) = 2. (VT)
and
T T
(3.6) | Bo(t)dt = O(T?), | Ea(t)dt = Qu(T%?).
0 0
Thus if ¢ is a constant for which
(3.7) Ey(T) <. T°"*,

then (3.5) implies that one must have 1/2 < ¢ < 2/3. It was proved in [§]
that, besides (3.1), one also has
T
38) V2o +it)Pdt < TS(T +TE2/079)  (1/2<0 < 1).
0
We can derive a mean square result on Zs(s) by the use of Lemma 3.
Namely from (3.2) we obtain, by integration by parts, the representation

(3.9) 25(s) = | (Pa(logz) + Pj(logz) + Ej(x))x™* da
5 [e%e)
= ch(s 1) +s S Ey(z)x %t dx
j=0 1

It follows from (3.4) and the Cauchy—Schwarz inequality for integrals that
the function

5 oS
(3.10) zo(s) == 25(s) — ch(s -1 =s S Ey(z)x % 'dx
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is regular for o > 1/2, where the constants ¢; may be explicitly evaluated
in terms of the a;’s in (3.3). Then Lemma 3 gives

(3.11) OSOEQ(a:)x_l_Q” dw = Ogo ale i) oo
' ) 2 J | o +it '
Thus, for 1/2 < ¢ < 1, we have
2T . 2 2T
t
1> | M' dt > T2 | |za(o +it)|? dt,
b o+t b
which yields
2T
(312) | [Z2(0+it)]?dt
T
2T
< {(zlo+ i)+ 1)dt <T?  (1/2<0<1).
T

Note that if (3.12) is known, then (3.11) yields (3.4). To see this let s = o+it
with 1/2 <o <1, t >ty > 0. Then by the residue theorem
1
(3.13) Zo(s) = 5~ | X" (w)Zo(w+s)dw (2 <X <t?),
i
D
where D is the rectangle with vertices 1/2—o+e+i log?t, 1—o+e+ilog?t
and 0 < € < 0 —1/2. By Stirling’s formula for the gamma-function it follows
then that
log? t
(3.14) Zy(s) < X270t | e Zy(1/2 4 e +iv +it) | do+ X,
—log2t
since Z5(s) <, 1 for o > 1. If we additionally suppose that T' < ¢t < 2T,
then from (3.12) (with 0 = 1/2 + ¢) and (3.14) we obtain
2T
| 122(0 +it)|? dt

T
log? T 2T
< Tx?2ore g xtm2ote | e 25(1/2 4+ & + v + i) dt do
—log?T T

<<e TX2—20'+6 + T2X1—20'+6 <<£ T3—20’+€

if we choose X = T'. Hence
T

(3.15) VIZ2(0 +it)?dt <. TP727% (1/2<0 < 1).
1
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Since 3 — 20 < 2 for o > 1/2, (3.15) yields

i

zo(0 +it)

o+t

2
‘ dt<1 (1/2<0<1),

and consequently (3.11) yields (3.4) with o = (1 +¢)/2. As proved in [9],
(3.4) then easily gives

T
(3.16) By(T) < T3 {|c(1/2 +it)|"? dt <. TP,
0
and both of these estimates are best known up to “e”. This shows the
strength and importance of mean square estimates for Z,(s) (see also (3.29)).
A natural problem is to ask: what is the true order of magnitude of

(3.17) I,(T) =\ |Z:(c+it)?dt (o >1/2)?

It seems very hard to speculate what the shape of the asymptotic formula
for I,(T") ought to be for fixed ¢ > 1/2, not to mention values like ¢ =
1/2 +1/logT (in view of the poles s = 1/2 & ik; of Z5(s)) etc. The lower
limit of integration in (3.17) is unity and not zero for technical reasons, in
view of the pole s = 1 of Z5(s). The bound

(3.18) L 24 (T) < T?

follows from (3.15) and in view of the fact that (3.4) is essentially best
possible, it follows that by using Parseval’s formula, namely the identity
(3.11), we cannot obtain a stronger estimate than (3.18). Nevertheless there
seems to be no apparent reason why (3.18) could not be improved. It can also
be remarked that (3.18), via the second bound in (3.16) and the Cauchy—
Schwarz inequality for integrals, yields the bound

T
(3.19) VIc(/2+it)[® dt <. T3/2F,

0
which is best known up to “¢”. Thus any improvement of (3.18) would have
important consequences in zeta-function theory. On the other hand it is
of interest to obtain lower bounds (i.e., omega-results) for I,(7). In this
direction we have

THEOREM 1. For any given € > 0 and fized o satisfying 1/2 < o < 1 we
have
T
(3.20) V12200 +it)? dt >, T*727~.
1
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Proof. Let, as usual,
Z(t) = x"Y2(1)2 +it)¢(1/2 + it),
C(s) _ mPr(1/2—s/2)
¢(1—s) I'(s/2)

Then Z(t) e Rift € R, |Z(t)| = [¢(1/2 + it)|, and Z*(¢) and all its deriva-
tives are bounded in mean by a suitable log-power. This follows by Hoélder’s
inequality for integrals, and the fact that (see [11, Chapter 3])

Z® (1) = O (/4 (2 1og )1

+2 0 > nt? (log wy

x(s) =

n<y/t/(27)
t/(2r) t w 7k
tlog———F — — — —+ — |.
xcos( og N 5 8+ 2>

Another way to see this is to use Leibniz’s formula for the derivative of a
product, the expression for x(s) and properties of the gamma-function. If
we set f(z) = Z*(x), then F*(s) = Z5(s), and the assumptions (a) and (b)
of Lemma 5 are satisfied (I = 5, Z5(s) is of polynomial growth for ¢ > 1/2
by (3.9)). Therefore (2.14) gives, for 1/2 < o < 1,

2T 5T/2
(3.21) Vlcz+it)Pdt < log'T- | |¢(1/2+it)|* dt
T T/2
T1+5
+ T2 | | Za(0 +it)? dt.
0

But (see [3, Theorem 6.5]) we have

2T
| 1c/2 +it)|®dt > Tlog' T,
T
hence (3.21) yields
T1+E
(3.22) Tlog'® T <. 727" | |Za(0 +it)|? dt.
0

The lower bound in (3.20) then follows if we substitute 7" for T17¢ in (3.22).

The mean square of Z5(s) has a convexity property, embodied in
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THEOREM 2. For fized ¢,0 such that 1/2<c<o and t >T >3 we have

2T
(323) | |Za(0 +it)* dt
T
2T
L T'4+7T° <T26—2" \ 1Z22(c+it)[>dt + T + T5_6"),
T
t+t°
(3.24)  Za(o+it) <t + 1771 | | Za(c+iv)|dv+ 574 log' L.
t—te

Proof. The proof of both bounds is similar (for (3.24) we take X = t1),
so only (3.23) will be considered in detail. Clearly we may assume that ¢ < o.
Let T <t < 2T < X < T4, where A (> 1) is a constant. For ¢ > 1 we
have

27! ¢ 2X
Z5(s) = S o(z)[¢(1/2 + ix)|*2* da + S o(x)[¢(1/2 +ix)|*2% da
1 T1l—¢

+ | 7(@)¢(1/2 + i) |2~ da
X

= Ii(s) + I2(s) + I3(s),

say. Here o(x), 0( ) 7(x) € C*° are nonnegative functions such that: p(x)=1
for 1 < o < T'¢ p(x) = 0 for x > 2T, o(z) = 0 for z > 2X,
7(z) =1—o0(x). By repeated integration by parts, as in the proof of (3.21),
we obtain

B = CO2EOE L o2« L
Next note that
I5(s) = S T7(2)Q4(log x)x™° dx + S 7(z)Ey(x)z™ % dz
- = 1+ 00 Qulog2) + 7(2)e™ Qo5 ) de
S z) (' (z)z™* — sT(x)z 1) dx
= Lu(s) = Is(s),

say. Since 7/(r) < X! and 7/(x) = 0 for x > 2X, it follows that
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2X
Lu(s) = Sil | 2= (7 (2)Qullog 2) + 7(2)2~' @, (log x)) da
X
1 oo
+to 2&( z7°Q}(log x) dx

= Is(s) + I7(s),
say. The function Ig(s) is regular for s # 1 and for T" < t < 2T it is
< T7'X'7log* X. We can evaluate Ir(s) and obtain
c(2X)t=s
In(s) = 222
7(s) PR

which provides analytic continuation of I7(s) to C. In view of (3.4) (or (3.6))
I5(s) is regular for 0 > 1/2, and therefore we obtain

2T o)
(3.25) V()P dt < T7 | B3 ()27 727 doe < T°X' 727 10g® X
T X

by using Lemma 4. Consequently, we have from (3.24) and (3.25), for 0 >1/2,
2T
VL) + Is(s)|?) dt < T+ T X272 10g® X + T?X 1727 log® X
T
< T 4+ T5%10g® T
for X = T3, which we henceforth assume. It remains to deal with the
mean square of I(s), which we write as a sum of O(logT) integrals of
the type
5K'/2
Fr(s):= | o@IC(1/2+iz)l*a"dz (IT'"° <K<K <2K < X),
K/2
where p(z) € C* is a nonnegative function supported in [K/2, 5K’ /2] such
that p(z) =1 for K < K’ < 2K, and

(3.26) e M(x) <, KT (r=0,1,2,...).

To connect Fi(s) and Z5(s) note that from the Mellin inversion formula
(2.6) we have

1C(1/2 + iz)|* = 2% | Z(s)2tds (2> 1).
(1+e¢)
Here we replace the line of integration by the contour L, consisting of the
same straight line from which the segment [1 4+ & —i,1 + & + ¢] is removed
and replaced by a circular arc of unit radius, lying to the left of the line,
which passes over the pole s = 1 of the integrand. By the residue theorem
we have
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1
(3.27) C(1/2 +ix)|* = = | Za(s)a* " ds + Qa(logz) (x> 1),
L

e
where we have set (cf. (3.2)) Q4(logz) = Py(logx) + P;(logx). Hence by
using (3.27) we obtain
) 5K'/2
_ w—s—1
(3.28) Fk(s) = 5 X Zg(w)( S o(x)x dx) dw
C K/2
5K'/2
+ S o(z)Q4(log x)x™* dx.
K/2

In view of (3.26) we infer, by repeated integration by parts, that the last
integral in (3.28) is < T4 for any given A > 0. Similarly we note that

5K'/2
S o(x)z ™ de
K/2
5K'/2 w—s+r—1
=(-1" | ") ° de < T4

(w—8)...(w—s+r—1)

for any given A > 0, provided that [Imw — Ims| > T° and r = r(4,¢) is
sufficiently large. Thus if in the w-integral in (3.28) we replace the contour
L by the straight line Rew = ¢, we obtain

t4T°

Fr(s) < K° S |Zo(c +iv)| dv + T2,

t—Te
which gives
2T
| 112(s) 2 at

T
2T  t+T°

2

< T '4logT __max 3K2°*2" S( S ]Zg(c+iv)]dv> dt
TV <K K<LT N e
2T t4+T°

<T '4logT max  K*27¢ |Za(c + iv)|* dv dt
T e KK <LT3

T t—T¢
2T+T*¢ v+T°

<T '4logT max  K?*27¢ S |Z2(c + iv) 2 S dt dv
ek T-T¢ v—T*

2T
& T 4 20204 S |Z5(c + iv)|? dv + T2~ 204,
T
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where we used the bound Z3(0 + it) <. t'77%¢ (see Theorem 3), whose
proof is independent of the present theorem. Collecting the above bounds
we obtain (3.23).

COROLLARY 1. For any given € > 0 we have

2T
(3.29) V1220 +it)?dt <. T+ T8372 (0 >5/6).
T
Proof. From (3.8) (with ¢ = 2/3) we have
2T
12200 +it))2dt <. T (5/6 <0 <1),
T

hence (3.29) follows from (3.23) (with ¢ = 5/6) since 5 — 60 < 8/3 — 20
for o > 7/12. Note that (3.29) sharpens (3.8) (with the best known value
c¢=2/3) for o > 5/6.

4. The conjectures on Zs(s). It seems reasonable that the lower
bound (3.20) of Theorem 1 is essentially of the correct order of magnitude.
Therefore we formulate the following

CONJECTURE 1. For any given € >0, 1/2<o <1 and T > 1 we have

T
(4.1) | [Z2(0 +it)]? dt <. T*727*.
1

This conjecture is very strong. It implies the essentially best possible
bounds for E2(T') and the eighth moment of |((1/2 + it)|. This is contained
in

COROLLARY 2. If Conjecture 1 holds, then

(4.2) BEy(T) <. T?+e,
COROLLARY 3. If Conjecture 1 holds, then
T
(4.3) VIc(r/2+it)* dt <. T

0
Proof of Corollary 2. From the defining relation (3.2) it is not difficult
to obtain (see e.g. [5, (5.3)]) that (C1,C2 >0, 1 < H <T/4),
T+H
(4.4) Ey(T) < CiH™' | Ep(w)f(z)dz + CoHlog"T,
T

where f(x) (> 0) is a smooth function supported in [T, T + H] such that
f(z)=1for T+ H/4 <z <T+3H/4. If we integrate (3.27) from z =1 to
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x = T and take into account the defining relation (3.2) of E5(T"), we shall
obtain

1 T°
(4.5) Ey(T) = — | Zy(s)—ds+0(1) (T >1).

2
L

Then from (4.4) and (4.5) we have (1/2 <c <1, T > 1)

46)  B(T) < -2 Z0) s 4
, 5(T) < T | , | f(x)2*dwds+ CyHlog" T,
(©) T

and we also have an analogous lower bound for Ey(T). Since f(")(z) <, H™"
it follows that the s-integral in (4.6) can be truncated at [Ims| = T'T¢H !
with a negligible error, for any c satisfying 1/2 < ¢ < 1. We take ¢ = 1/2+¢
and use (4.1), coupled with the Cauchy—Schwarz inequality for integrals, to
deduce that
T+H

S Z2(3) X f(l’)l's dx ds <. HT1/2+26’
(1/24¢) 5 T

so that Corollary 2 follows from (4.6) with H = T%/2.
Proof of Corollary 3. From (3.21) we have

2T Tite
@n)  la+i)fd <1 | |20 +it)Pdt (1/2<0<1),
T 0

so that (4.3) follows from (4.1) and (4.7).

It is plausible that Conjecture 1 is equivalent to Corollary 3. We can
prove something a little weaker. Namely if (4.3) holds, then by the above
method one can sharpen (3.29) to

2T
(4.8) | 12200 +it)? dt <. {
T

T4-do+e (1/2<0<1),
T272U+£ + Tfl (O' Z 1)

Conversely, (4.8) (with o = 1 — ¢) implies (4.3) by (4.7), so that (4.3) and
(4.8) are equivalent.

In view of the discussion on the true order of I,(7T), it seems in place
to discuss also the problem of the order of Z3(o + it), t > to > 0 and
1/2 < o < 1. Conjecture 1 says that Z3(o + it) is small in mean square.
Perhaps it is even also small pointwise, so the following conjecture is now
proposed.

CONJECTURE 2. For any given € > 0 we have
(4.9) Zo(o +it) < |t]° (0> 1/2).
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Conjecture 2 is the analogue of the classical Lindel6f hypothesis
(C(1/2 +1it) <. |t]?) in the equivalent form

(4.10) C(o+it) < |t]° (0 >1/2).
Since both Z5(s) and ((s) take conjugate values at conjugate points, it

suffices in (4.9) and (4.10) to assume that ¢ > 0. Conjecture 2 implies Con-
jecture 1, which easily follows from

COROLLARY 4. Conjecture 2 is equivalent to the statement that, for any
givene >0 and 1/2 < o < 1,

(4.11) Zy(o +it) < Y270 (>t > 0).

Proof. Trivially (4.11) implies (4.9), so we only have to prove that (4.9)
implies (4.11). We suppose that ¢ > 1 and proceed as in the proof of (3.23)
to obtain

(412)  Za(s) = 0<1> + 5| Za(u)( OSO (1 - ola))a™ =~V dr) du

t 2me h e
+ S (1—=o(x))Qs(logz)x*dx (T <t<2T).
T1l—e

An integration by parts shows that the last integral above is < t*~!. Since
(1 —o(z))") <, TV for r = 0,1,2,..., it follows by r integrations by
parts that

S (1—p(x)z* > lde < T4
T1l-—¢
for any given A > 0 if [Imw — Ims| > T° and r = r(e, A) is sufficiently
large. Hence (4.12) yields, on replacing £ by the line Rew = 1/2 46,

(4.13)  Za(s) < 571 + tfl max 122(1/24 6 +iv)] | 2P0y
v—t|<te
- Tlfs

< ts—l + 7525—}—1/2—0’ < 7525—}—1/2—0’

if 1 <o < 3/2and 0 > 0 is sufficiently small. Finally we use (3.13), (4.9)
(with 0 =1/2 +¢) and (4.13) (with o = 1 4+ ¢) to deduce that

22(8> <. Xl/2*dte +X170't671/2 < t€+1/270
for X = t. This finishes the proof of Corollary 4.
In concluding, note that (4.2) and (4.3) do not seem to imply each other.
It seems even that the Riemann hypothesis (that all complex zeros of ((s)
have real parts equal to 1/2) does not imply (4.2). On the other hand,

(4.3) is a trivial consequence of the Lindel6f hypothesis (4.2) (which is a
consequence of the Riemann hypothesis; see [2] and [17]).
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5. The conjecture on exponential sums with Hecke series. We
now pass to a conjecture involving exponential sums with the Hecke series
H?(1/2), which will have applications to Z5(s) and to ((s). The Lindelof hy-
pothesis (4.10) can be recast (by using the approximate functional equation
for ((s) and the Perron inversion formula [2, (A.10)]) in the form involving
exponential sums, namely

(5.1) > nTT< NPT (N <N <2N <t t >t >0).
N<n<N’

It trivially implies the power moment estimates (see [2], [3] and [17] for a

comprehensive account)

T
(5.2) Vlc/2+it)*Rdt <. TV (k€N),
0

and in particular the eighth moment (4.3), namely the case k = 4 of (5.2).
The connection with the Hecke series is that both estimates for F5(7T) and

S;‘)F |C(1/2 + it)|®dt can be made to depend on exponential sums with the
Hecke series H3(1/2) (see (5.8) and (5.12)(5.14)).

One conjectures (this can be thought of as an analogue, in some sense,
of the Lindel6f hypothesis) that

(5.3) H;(1/2) <. K5,
and more generally that
Hj(1/2 +it) < (k;t])"

The conjecture (5.3) is, at the present state of knowledge involving Hecke
series, certainly out of reach. However, recently the author proved in [7] that

(5.4) > a;H?(1/2) <. GK'**
K—G<k;j<K+G

for

(5.5) K°<G<K.

In view of the nonnegativity of H;(1/2) and «; >, r; %, this result implies
that

(5.6) H;(1/2) <. k%7
Of course, (5.6) is much weaker than the conjectural (5.3), but nevertheless

it is the first published improvement over the trivial H;(1/2) < /@]1-/ ?. The
results of (5.4)-(5.6) can be put in the form

(5.7) > oHN(1/2) < KT
K—-1<k;<K+1
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which is essentially best possible. However, when o H3(1/2) (> 0) in (5.7)
is weighted by a suitable exponential factor, one expects additional cancel-
lation to take place, just like when instead of the sum

Y 1=N-N+0(1) (N<N <2N)
N<n<N’

we consider the sum in (5.1), which is weighted by the exponential factor
exp(—itlogn).

In applications an exponential sum with o H?(1/2) has occurred on at
least two important occassions. First, we have (Ivi¢c-Motohashi [10])

(5.8)  Eo(T) < Alog®T
2
—3/2 . K Ak
R LR L))

Kk <TA-llogT

+71/? sup

=T

provided that T%/2 < A < T?/310g°T.
The second application is a bound for the eighth moment of |{(1/2+1t)|.
Note that in [8] it was proved that

2T Tite
(5.9) Vic/z+in)fat <. T2 | 2|G(1/2+it)|* dt + T,
T T1/2

where for 1/2 < a < 1 one has

1 U(s,w)
e w—+s )
(5.10) G(s):= 57 S zo(w)T ” dw,
(a)
5/2 .
R s+w—1 :
(5.11) U(s,w) := 1§2 ®(z)x* T dz < min <1, m)

for any given A > 0, where ¢(z) € C*° is a nonnegative function supported
in [1/2,5/2] which equals unity in [2,2]. From (5.9) and (5.11) we obtain,
by shifting appropriately the line of integration in the expression for G(s),

2T Tt
(5.12) Vicaz+ia)Pat <. | 2T, ¢)]dt + A(T),
T T1/2

where for the error term A(T) we hope to have A(T) <. T'*¢, which is by
no means easy to establish. In (5.12) we have

5/2
Rl(_’?]) S @(:E)(Tl‘)it_inj dr.
1/2 —ik; 172

(5.13)  I(T,t) := > aHN(1/2)

t—Te<r;<t+T<
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The function R; is closely connected to R in (1.2), and we have
, 3
(5.14)  Ri(y) = \/g (2-1?%) I'(2iy) cosh(ry)
<(A+)? (yeR).
If we bound I(T,t) by (5.7) we obtain
I(T,t) < t=3/2 > aH (1/2) < t71/2 (T2 <t <),
t—Te<r;<t+T¢

and consequently (5.12) gives the worse-than-trivial bound
T
VIc(/2+it)[* dt <. T*F=.
0

The z-integral in (5.13) cannot help much because it is practically non-
oscillating. One does expect that massive cancellation will be induced by
R1(—k;). From Stirling’s formula it follows that

(5.15)  I(T,t) = O(tF73/?)

+ m(2t)73/2 a;H?(1/2) ex <z'/<c~lo ﬁ)
(2t) t_ng,.@ngt_,_Ts J ]( /2) exp j 108 1e
5/2
x | &) (Tz)"=" da.
1/2
The exponential sum involving ; H? (1/2) then becomes essentially the same
as the sum in (5.8), if the latter is split into short subsums. Thus it seems
reasonable to make the following

CONJECTURE 3. For 7° < K < 7119 (0 < § < 1) we have

(5.16) > aH1/2)exp (imj log ﬁ) <. KY*e
K—1<r;<K+1 T

Note that in (5.16) we are assuming a saving of /K over the known
bound (5.7) when there is no exponential factor, which in a sense corresponds
to the saving required by the Lindel6f hypothesis (4.10). Very likely (5.16)
is, if true, essentially best possible (see (7.6)). Two consequences of (5.16)
are the bounds (4.2) and (4.3), similarly to the case when one assumes the
conjecture (4.1).

COROLLARY 5. If Congecture 3 holds, then (4.2) holds.
COROLLARY 6. If Congecture 3 holds, then (4.3) holds.
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Proof of Corollary 5. To obtain (4.2) we use (5.8), splitting the sum into
O(logT') sums over [K,K'] (K < K' < 2K), and removing the monotonic

coefficients
_ Aki\?
o en(-(7) )

by partial summation. Each of the sums over [K, K] is further split in < K
subsums over unit intervals, to which the conjecture (5.16) is applied. The
choice A = T/? then gives (4.2).

Proof of Corollary 6. In a similar way we use (5.16) to obtain
I(T,t) < t'Te (TY? <t < T,

which easily gives (4.3) by (5.12), provided one can prove rigorously that
A(T) <. T'¢ in (5.12). This can be achieved by noting that the main
contribution to A(T') comes from the bound of the portion of Z51(s) (see
(6.7)) coming from the discrete spectrum at o = —e, when we shift the line
of integration in the relevant part of (5.10) to a = —e. Then the relevant
expression will be an exponential sum with a; H7(1/2) to which (5.16) may
be applied. This will lead to A(T) <. T,

A possibility to treat the sum in (5.16) is to use Motohashi’s transfor-
mation formula (see [15, Lemma 3.8 and the method of evaluating C(K, G)
on p. 127]) for

(5.17) i a; H?(1/2)h(k;),

where h(r) is an even function of exponential decay in a suitable horizontal
strip satisfying h(i/2) = 0. Instead of considering summation over the inter-
val [K — 1, K + 1], one could consider summation over intervals of the form
[K — G, K+ G], K* < G < K'~¢, with the idea of choosing G suitably.
A natural choice for the function h is

0= 1) (e (7))
) {exp<_<%>2> +exp<_<%>2> |

This is a difficult problem, and even if some progress with the sum (5.17)
could be made, this would not automatically imply any result concerning
the sum (5.15), where there is no Gaussian exponential factor.

It may also be remarked that either of the conjectures may be used to
derive a mean value result for Dirichlet polynomials. This is
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COROLLARY 7. If either Conjecture 1, 2 or 3 holds, 1 < N < T? and
a(n) € C is arbitrary, then
T 2
(5.18)  [lc(1/2+ z't)\4( S annt
0 N<n<N'<2N
<T° > lam)P(T+TY*N).

N<n<N'<2N

Corollary 7 may be compared to the result of Deshouillers—Iwaniec [1],
who had T + T'/2N? 4 T3/4N5/4 as the factor on the right-hand side of
(5.18). Assuming the Selberg conjecture that the smallest positive eigen-
value of the non-Euclidean Laplacian for Hecke congruence subgroups is
> 1/4, the Deshouillers-Twaniec proof shows that the term T3/4N°/* in
the above factor may be discarded. This is the limit of the Deshouillers—
Iwaniec method. N. Watt [18] showed that the left-hand side of (5.18) is
< T(T + TY?N?)N max <n<an |an|?, which improves the Deshouillers
Iwaniec bound if a,, <. nc.

6. A new bound for Z;(s). We have seen that both Conjecture 2 and
Conjecture 3 imply the important bounds (4.2) and (4.3) in zeta-function
theory. Thus the question naturally arises: is there any connection between
Conjecture 2 and Conjecture 3?7 Does one of them imply the other? They
appear to be both of the same level of difficulty, and it will now be shown
heuristically that Conjecture 3 implies Conjecture 2. We start from (3.13)
and replace the left side of D by the line Rew = —e. Then we expect that
the major contribution should come from the poles at w =1/2+ik; —s. In
view of the gamma-factor it then transpires that we obtain the relevant sum

(6.1) > o HI(1/2)XEHR TRy (k)T (1)2 + ik — 5),
‘I{j—t‘gts

where R; is given by (5.14). If we disregard the exponential factor which
will come from R;(x;) and use only (5.7), then from (3.13) and (3.14) (with
X =t) we obtain the bound

(6.2) Zo(o4it) < 77 (1/2 <0 < 1),

which improves the bound obtained in [8], where the exponent of ¢ was
2 — 20 + . However, if we use Conjecture 3, then the sum in (6.1) will be
<. t° X127 and Conjecture 2 follows. We now derive (6.2) rigorously and
prove

THEOREM 3. If s = o +it is well separated from the poles of Z2(s), then
for0<o<1,t>1tyg>0 we have

(6.3) Zo(o +it) < thore,
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Proof. From the bounds [8, (4.13) and (4.29)] we have, under the above
hypotheses,

(6.4) Za(o +it) <tV U=0Fe 1 N o 7 (1/2)t8 20/ (220t
jt—ry1<te
provided that
(6.5) 1/3<¢<1/2.
Take first 0 = 1/2 40, £ = 1/3. Then from (6.4) and (5.7) we obtain
Zy(0 4 it) < t3170)/2+

which is weaker than (6.3). The desired bound (6.3) would clearly follow if
¢ = ¢ is a permissible value in (6.4). To ascertain this fact there are two ways
to proceed. Y. Motohashi [13], [15] established the spectral decomposition
of the function

(6.6)  o(T) =(T,¢)
1
= W

where 0 < { < 1 is a constant. In [8] this function was used as a substitute
for |¢(1/2+4T)|* when dealing with Z5(s) for o < 1/2. Namely we put

oo

§ 162 +i(T + )" exp(—(¢/T)?) dt,

(6.7)  Z2(s) = [ (DT~ dT + § (JC(1/2+iT)|* = (T)T~*dT

= Z21(8) + Z22(s),
say. It turns out that the integral Z95(s) will converge well, and the main
difficulties are inherent in Z5; (). The key role in the spectral decomposition
of ¥(T) is played by the function (r is real)
E(ir; T, T)
_ I?(1/2+r)
- I(1 4+ 2ir)

o

X (1 + y)71/2+iTy71/2+ir

x exp(—3T% log?(1 +y)) F(1/2 +ir,1/2 + ir; 1 + 2ir; —y) dy,

where F is the hypergeometric function. For this function Motohashi [15,
(5.1.39)—(5.1.41)] obtains an asymptotic formula, where he essentially has
the condition (6.5). The first approach is to go carefully through Motohashi’s
proof of the asymptotic formula for Z(ir; T, T¢), and try to relax the condi-
tion (6.5) to 0 < & < 1/2. This can be done, but the analysis is rather long
and technical. Here we adopt another approach. It consists in going through
the proof of (6.4) in [8], and making appropriate modifications. The condi-
tion (6.5) is actually used there in the estimation of the contribution coming
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from the saddle point zg, the root of F(z) = 0, where
F(z) = F(z;r,T) = —rlogz + T'log (1 + %) + 2rlog (1 +4/1+ %),

so that
r T

,
-+ + :
z TH+z TH/1+2/T+1+2z/T)

-1
20 20 r/T

2 (1+2)(1

: <+T)( +1+(1+20/T)_1/2> ’

and since it was shown in [8] that

F'(z)=—

We obtain

(6.8) T>T(r) :=rY/01oglr,  |r—t] <t
we find by iteration that
2 3
20 r r r
. 2 o
(6.9) . +2T+8T2+O<T3>’

where the O-term in (6.9) admits an asymptotic expansion in powers of /7.
The crucial term in the contribution of zq is G(zp), where

z z 1/2—4T
—ilog (142 ) + = . 22—
G(z) zog( +T>+T2 1+ 2/T

-1 .
z (1 —2ir)z 1 01 2< z>
(14142 ) o EE L Ceptygg? (14 2
( T> T ir T 2 & T

1
+ 5T log <1 + 3) ©

T)T?
so that
120 2iz3 r 2r26—3
(610) G(Zo) = W(/ZO - T) - 3? + O(ﬁ) + O(’r‘ T )
In [8] (cf. page 332, line 7) we estimated trivially G(zg) as
(6.11) G(z0) < r*T 7% 47T 4 7?T% 7% < T2 247273,

since in view of (6.5) and (6.8) we have
r3T3 < p? logC P T7278 & p2e2-3,

Then by trivial estimation the total contribution coming from the function
Z51(s) is bounded by the second term on the right-hand side of (6.4). How-
ever we can deal with the first two terms on the right-hand side of (6.10) as
follows. First note that by (6.8) and (6.9),

120 2z 13
2772

(20 =7) = 378 = T5°
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The crucial portion of the integral

[ee]

Xi(s) = | E(=ir;T, 78T dT
T(r)
which is to be bounded is of the form
(612) (5 +ir — S) 7"71/2 S K(?", T)elF(Zo)Tl/Zer’fs dT,
T(r)

where K(r,T) =< (r/T)3 and (6.8) is assumed to hold. A calculation shows
that

oT T2
in the relevant range of r and T'. Write

(6.13) OF(z) o 1

S = S K(T, T)Tl/Qfo_eiF(zo)Jri(rft)]OgTdT’
T(r) T(r)
set
H(r,T) = F(z) + (r —t)logT

and observe that, since (6.8) and (6.13) hold,

OH(rT) _ 12 .
> —  (fort > T/,
or > Uort= )

Then by the first derivative test (cf. [2, Lemma 2.1]), for t > T'*/2%¢ the total
contribution of » = x; does not exceed the second term on the right-hand
side of (6.4). In case t < T/2%¢ that is, T > t>~¢, a trivial estimation shows
that the contribution of the integral in question is

oo 3
. 1 r Y
Lo 1/2+ir — |71 Y/2 S ﬁTl/Q dT
12—
Lo [1/2+ir — | 7152427 (3270) « 1/ i — 5| 7MY/ 2720
If s = o + it is well separated from the poles of Z5(s), then by (6.8) and
(5.7) the total contribution of the portion in question is

<. Z ajHj;’;(l/2)‘t71/2720+5 <. 751/2720+5 <. t170+5 (U > _1/2)’
[t—rs |<t2

which is negligible. Since there is now no restriction on & except the initial
one that 0 < £ < 1/2, we obtain (6.3) from (6.4) with £ = ¢, as asserted. We
note that one can extend the validity of (6.3) to the half-plane o > —1/2,
since in [8] it was shown that (6.4) holds for

o > max(2{ —1,—-1/2).
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In the other direction (6.3) holds at least for 1 < ¢ < 2, which follows from

(3.24).
We note that the bound
(6.14) Z5(1/2 4 +it) < V1,

which follows from (6.3), implies the mean square bound (3.15), therefore
also (3.16) and (3.19). More generally, if we assume that

Zo(1/2 + e +it) < t°
with some 0 < p < 1/2, then from (4.6) we obtain
(6.15) Ey(T) <. T(e+1)/(24+20)+e

The bound (6.15) shows that any improvement of (6.3) would have far-
reaching consequences in zeta-function theory. It also transpires that essen-
tially progress on bounds for E5(7T') and the eighth moment of [((1/2 + it)|
follows from new bounds for the exponential sums appearing in (5.16).

7. The function Zi(s). The function Z5(s) is a special case of the

function
oo

(7.1)  Zi(s) := S 1C(1/2 +ix)|**z™*dx (s =0 +it; o,t €R, k €N),
1

introduced in [10], where the cases k = 1,2 were extensively investigated.
One of the possible applications of Zj(s) consists of the following. If F'(s) is
the Mellin transform of f(z), then by (2.1) one formally obtains, for suitable
c>1,

(7.2) | f(%) 1C(1/2 + iz)[** dz

— OS:_ § F(s)(;)sds\C(l/Q—i—ix)]% dx

1
27

| F(s)T°25(s) ds.
()
If f(z) € C*° is a nonnegative function of compact support such that f(z)=1
for 1 < x < 2, then F(s) is entire of fast decay, and (7.2) (with ¢ = 1+ ¢)
yields a weak form of the 2kth moment for |((1/2 + it)|, namely

T
(7.3) VIC(a/2+ i) R dt < THT,

0

provided that Zj(s) has analytic continuation to the half-plane o > 1, where
it is regular and of polynomial growth in |¢|. Conversely, if (7.3) holds, then
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integrating by parts the right-hand side of (7.1) it is seen that Zj(s) is
regular for 0 > 1 and in this half-plane satisfies Z(s) <, |t|. Thus the
2kth moment estimate (7.3) has an equivalent formulation in terms of the
analytic behaviour of Zj(s). Moreover (7.3) is equivalent (for example, by
Lemma 7.1 of [3]) to the Lindel6f hypothesis. Hence the Lindel6f hypothesis
is equivalent to the following statement: given € > 0, for every k € N the
function Zj(s) can be analytically continued to the half-plane o > 1 + ¢,
where it is of polynomial growth in |¢|.
In [8] it was shown that

T
(7.4) VIZi(o+it)?dt <. T*727% (1/2<0<1).

1
By arguments analogous to the ones used in the proof of Theorem 1 it can
be shown that (7.4) is essentially best possible, namely that the integral in
question is >, T?72°7¢. Another, quicker proof of (7.4) follows from the
method of proof of Theorem 3. This in fact will yield even

2T
(7.5) VIZio+it)Pdt <. T2+ 771 (0>1/2).
T

The bound (7.4) is the analogue of Conjecture 1 (cf. (4.1)) for Z1(s). How-
ever, the analogue of Conjecture 2 (cf. (4.9)), namely

Zi(o+1it) < |t]F (0 >1/2),

is a difficult problem which is certainly out of reach at present.

One can directly estimate the 2mth moment of |((1/2 + iz)| by Z,,(s)
as follows. Let m = k + 1, k,l € N. Then by Lemma 1 we obtain, provided
c and d are sufficiently large,

5T/2
(7.6) | e(@)¢(1/2+ i)™ da
T/2
1 5T/2
= — S Zk(s) S 90($)|§(1/2+2':13)|2lm3*1 dr ds
211
(c) T/2
1 \? 5T /2
= s+w—2
- <2—m) J 2(s) | 2(w) | p(a)e da ds dw.
(c) (d) T/2

Integrating by parts over x sufficiently many times it is seen that the non-
trivial contribution in (7.6) comes from w, s satisfying |v + t| < |¢|°, where
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s =0+ it, w=u+iv. Then from (7.6) we obtain

2T
| 1c(1/2 +iz) ™ do < THI,
T

provided that ¢, d are chosen in such a way that the triple integral in (7.6)
converges. This procedure shows that mean values of Z(s) are relevant not
only in the range o < 1, but in the range o > 1 as well (see (4.6)). A way
to deal with Z,,(s) is to observe that, by Lemma 2, one has for sufficiently
large c,

(7.7) Zn(s) = ZLm S Z1(w)Zk(s + 1 — w) dw.
)
Thus (7.7) is a sort of a recurrent relation that permits one to deduce infor-
mation on Z,,(s) from Zi(s) and Z;(s) ift m =k + 1.
A possible application of (7.6) is to show that if one assumes Conjec-
ture 3, then it follows that it is essentially optimal. Namely we expect that

there exists a constant C' > 0 such that, for given J,& > 0, we have

. Rj
Z ajH?(l/Q) exp (mj log C—ép)‘

K—1<r;<K+1

(7.8) sup
T1—5 §K§T1+8

>>675 T1/276.

This can be shown heuristically as follows. Take m = 4,k =1 = 2 in (7.6),
so that the left-hand side is > T'log!'® T'. From the first identity in (7.6), by
using repeated integration by parts and the fact (see Section 3) that Z*(t)
and its derivatives are bounded in mean by log-powers, it follows that the
s-integral in (7.6) can be truncated at |Im s| = 7'+ with error which is < 1
when we take ¢ = 1/2 4 €. In the w-integral the relevant portion (coming
from the discrete spectrum in Z51(s) in (6.7)) is obtained by taking a = —e.
By using repeated integration by parts in the z-integral it transpires that
only the terms |t + ;| < t° are relevant. Therefore we obtain

Ti+s
(7.9) Tlog"T< | [22(1/2+¢+it)
_T1+5
5T/2
x‘ Z aij(l/Q)Rl(—/fj) S ()t T dg| dt.
roj+t|<te T/2

Conjecture 3, as was seen in Section 6, implies heuristically the truth of
Conjecture 2. Thus we may truncate the ¢-integral in (7.9) at [¢t| = T*~° with
an error which will be < T' if §, ¢ are sufficiently small. Then we use (5.14)
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and Stirling’s formula to obtain an asymptotic formula for the function R;.
Finally we divide the range of summation over the spectrum into O(T¢)
subsums with the range of summation K —1 < x; < K + 1, interchange
summation and integration over x and take the suprema over z and K to
obtain (7.8) after trivial estimation.
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