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Counting rational points near planar curves
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1. Introduction. In this paper, we give an explicit asymptotic formula
for the number of rational points with bounded denominator near a suf-
ficiently smooth planar curve. This result expands on Theorem 3 of [6],
and it may serve to provide quantitative information about Khinchin-type
manifolds.

Our results are motivated by the convergence side of Khinchin theory,
and so we will begin with an overview of the relevant points therein. We
say that ¢ : Rt — RT is an approzimating function if it is decreasing and
satisfies ¥(z) — 0 as * — oo. Given an approximating function 1, we say
that a point (y1,...,yn) € R™ is simultaneously 1p-approximable if there
exist infinitely many ¢ € N such that

(1) Joax. lqyil < ¥(q).

Here ||z|| = min,,cz |z —m|. We denote by S(¢) the set of all simultaneously
1-approximable points in R™. Khinchin’s theorem gives a criterion for the
n-dimensional Lebesgue measure | - [gn of S(), namely

3 n
SWlan = 0 I Zem VA< o
FuLL if }° o 9(9)" = oo,

where “FULL” means that the complement of the set has measure 0.

Current research in metric Diophantine approximation focuses on ex-
tending this theorem to m-dimensional manifolds in R”. Let M C R"™ be
a manifold and denote the induced Lebesgue measure on M by |- |p. We
say that M is of Khinchin type for convergence if IM N S()|p = 0 for
any approximating function v with Zq>1 ()" < oo. Similarly, we say
that M is of Khinchin type for divergence if |M N S(¥)|p = FULL for any
approximating function ¢ with »_ -, ¥(¢)" = oo.
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In this paper we are specifically concerned with curves in R?. Beresnevich
et al. [I] established that any C®) non-degenerate planar curve is of
Khinchin type for divergence. Vaughan and Velani [6] showed that such
curves are also of Khinchin type for convergence. The proof of the con-
vergence case relies on an upper bound on the number of rational points
near the curve. The present paper provides an asymptotic formula for the
number of rational points near a curve. These results may lead to informa-
tion about the growth of the number of solutions to with ¢ < @, as
() — 00, which in turn would hopefully yield a quantitative version of the
Khinchin-type theorem. The aim of the quantitative theorem would be to
obtain a result similar to that of Schmidt [3], which was a sharpening of the
classical Khinchin theorem.

2. Statement of results

DEFINITION 1. Let n,§ € R, n < & I = [p,&] and f : I — R be
such that f” is continuous and bounded away from 0 on I. For Q > 1 and
0 < < 1/2, define

N(Q,6) :=card{(a,q) € ZxN:1<q¢<Q,ng<a<&q llqf(a/q)| <}

When dealing with rational points in R™, we consider the “denominator”
of the point to be the least common denominator of the coordinates of the
point. Then N(Q, ) counts the number of rational points with denominator
g < @ that lie within a (0/¢)-neighborhood of the curve that graphs f. When
we apply our results to Khinchin theory, the parameter ¢ will be replaced
by a suitable approximating function 1 (q). It is therefore reasonable, when
finding asymptotic formulae, to bound ¢ from below in terms of Q).

The computations are easier when all values of ¢ are of the same order
of magnitude, so we will in fact be working with a slightly different object,
namely

N(Q,0) == card{(a,q) € ZxN: Q < ¢ < 2Q, ng < a < &q, ||qf(a/q)|| < 5}.

Theorem 1 gives an explicit asymptotic formula for N (Q,0). We translate
this back to N(Q, ) in Theorem 2.

THEOREM 1. Suppose that 0 < § < 1 and f" € Lipy([n,&]). If Q_?l»%zJrs
<0< 1/2, then

N(Q,6) = 3(6 —m)sQ* + E(Q,9),
where the error term satisfies @

2/35/3 2/3 =2 -3=
(2) E@m<{5f%$?@ romar, s
05-0Q 50 if 6 << Q27 (logQ) 7.

ot
5

SN

5

(*) The first range of § will not occur when 6 < 1/2.
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THEOREM 2. For @, f, and 6 as above, we have

N(Q,8) = (€ = n)dQ* + F(Q, ),
where F(Q,8) satisfies the bound given by (2).
COROLLARY 3. For @, f, and 6 as above, we have
N(Q.0) ~ 3(6 = m)oQ*.
COROLLARY 4. For 6, f, and 6 as above, we have

N(Q,0) ~ (£ —m)3Q*.

3. Proof of Theorem 1. For convenience we extend the definition
of  to R by defining f(5) to be (5 — €)2"(€) + (5~ €)7'(¢) + f(€) when

B> € and L(B—n)2f"(€) + (8- n)f'(€) + () when B < 1. Note that then
1"e Llp(,(R) and f” is still bounded away from 0 and is bounded.

We follow the methods of the proof of [6l Theorem 3]. Let K be a
sufficiently large integer that will be determined later. Let Sj (), Si ()
be the Selberg functions for the interval J = (—¢,0). These functions are
trigonometric polynomials of degree at most K with the propertles that
Si(a) < xs(a) < Sk(a) for all a and STS (a)da = 20 £ K+1 See [2,
Section 7.2] for more details about these functions.

From the definition of N (Q,0) and the properties of the Selberg func-

tions, we see that
S Y xulllaf@/l)

Q<q<2Q ng<a<éq

> > Skaf(a/q)

Q<q<2Q ng<a<éq
> > Z Sic(k)e(kqf(a/q)) = N + N7,
Q<qL2Q ng<a<fqk=—-K
where

Ni= Y Y Sk

Q<q<2Q ng<a<&q

N = Z S+ Z Z e(kqf(a/q)).

0<|k|<K Q<g<2Q ng<a<iq

We wish to find a suitable upper bound for N;~. Recall that §};(O) =
§ St(a)da = 26 + ﬁ Since there are at most ({ — n)g + 1 integers
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in the interval (ng, £q], we have
Vi < (204 7 ) (€0 222 1 q)

_ 2 —
=3(§ = moQ* + (€ — n +2)0Q + 3§K _Tg * (52(17(7 j: f;Q

=3(£ - 1)iQ* + 0(6Q + K~'Q%).
Using S} in place of S’;g, we similarly find that
N(Q,8) > Ny + Ny

where

Ny= Y Y 8g0)>3(—n)iQ*+0(6Q + K~'Q%),
Q<q<2Q ng<a<&q

Ny = Z S Z Z e(kqf(a/q)).

0<|k|<K Q<q=<2Q ng<a<{q

It can easily be shown that |§[i((k)| < \§§(0)| < 6 + K1 For conve-
nience we define

Ny = Z (§+K! ‘ Z Z e(kqf(a/q))

0<|k|<K Q<g<2Q ng<a<iq
It then follows that Nfr , NI < Nj. Thus from the above analysis, we see
that
N(Q,0) = 3(¢ = 1)6Q* + O(N1 +6Q + K~'Q?).

In other words,

(3)  E(Q.0):=N(Q,0) —3(6 —n)iQ® < Ni+8Q + K~ Q%
In order to find an upper bound for E(Q, ), we need to compute an upper
bound for Ny in terms of 4, K, and (). This part of the proof is entirely
similar to the proof of [0, Theorem 3], and many of the details are omitted
here.

Consider the function F(«) = kqf(a/q), which has derivative kf’(a/q).
Given k with 0 < |k| < K, we define

H- = |infkf'(8)] ~ 1, H, = [suphf(8)] +1
he = kf'(B)] + 1, hy = [supkf'(8)] -

where the extrema are taken over the interval [n, £]. By [0, Lemma 4.2], we
have

&q
> elkaf(a/g)= Y. |elkaf(a/q) — ha)da+ O(og(2 + H)),

ng<a<&q H_<h<H, nq
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where H = max(|H_|,|H4|). Therefore
(4) M =N2+O( CET SO 1og(2+H)),

0<|k|<K Q<q<2Q
where
&q
Ny = Z (6 + K1 ‘ Z Z S e(kqf(a/q)—hoz)da’.

0<|k|<K QR<q<2Q H_<h<H4 nq
Since H < |k| < K, the error term in (4) satisfies
(5) Y 6+KT) D> g2+ H) < (6+ K )EQlog K.

0<|k|I<K Q<q<2Q

By a change of variables, the integral in the expression for N2 can be
written as

3
q\e(a(kf(B) —hB))dp.
n

The function g(8) = q(kf(8) — hB) has second derivative gk f”(8), which
has modulus lying between constant multiples of ¢|k|. Thus, by [4, Lemma
4.4], for any subinterval Z of [, ],

1
(6) ;e(q(kf(ﬁ) —hpB)) dB < NCTh

Thus the contribution to Ny from any h with H-. <h<h_orhy <h<H,is

< DL (O+ETH q— < SKV2Q3? 4 K12Q32,
0<[k|<K Q<q<2Q
and so
(7) Ny = N3 + 0(5[{1/2@3/2 + K71/2Q3/2)’
where
Ny= Y (G+K! ‘ EDD S h/@))dﬁ“
O<|k|<K Q<q<2Q h_<h<hin

Since f’ is continuous and inf kf/(8) < h— < h < hy < supkf’(8), and
since f” is continuous and non-zero, it follows by the intermediate value
theorem that there is a unique 8, = Bk € [1, ] such that kf’'(8) = h. Let

Ah = Akp = [[Ef(Br) — hBull-
By @, the terms of N3 with A\, < Q™! contribute

<@E+HETY DS D PR

0<|k|<K h_<h<hy Q<q<2Q
A<t
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By [6, Lemma 2.3] this is
< (64 K HQ¥2(K3?2Q + KY?log K),

where € is any positive real number. Thus

(8) N3 =Ni+O0((6 + K Q¥ (K*?Q* ! + K'?log K)),
where
No= Y G+EN Y 0 Y g 8) — hA)) ds|.
0<|k|<K QR<q<L2Q h_<h<hyn
)\h>Q71

Let B, = Bk,n be as above and let = (£ —n)/2. Define
Al = [7775] \ [/8}1 - :uvﬁh + ML AZ = [5h - /'Laﬁh + ,U] \ [”7’5]
From the proof of [6] Theorem 3], we see that for i = 1,2,

1 1
i e(akf(B) = hB)) df < g~ + 7y

Therefore

1 1
(9) N4=N5+0<5+K > X (h—h)+(h+—h))’

0<|k|<K h_<h<hy

where
Br+u
No= 3 0+EN > Y a | elakf(8) - hB)) dsl.
0<|k|<K h_<h<hi Q<q<2Q Bp—un
>\h>Q71
Note that the error term in @D is
(10) <E+ENQ D> lgK < (6+ K )QKlog K.
0<|k|<K

We are left to deal with N5. Again by the proof of [0, Theorem 3|, we
have

Br+
ST g | e(akf(8) = hB)) dB < QYN KTV 4 QB0 2|k |(-1=0)/2

Q<q=2Q Bp—n
Using [6, Lemma 2.3] it then follows that
(1) Ns<(@+E7N > 3T (V2N kT2 QB2 | (1-0)/2)

0<|k|<K h_<h<h4
)\h>Q71

<<(5+K71)(Q1/2+€K3/2 + Q3/2K1/2 IOgK + Q(379)/2K(379)/2).
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We now have our upper bound for N;. Combining the error terms in ([5)),

7 , , and leads to

12150 K K1/2 -
(12) Ny < (0K + 1)Q<QK1/2g Tlog K + G 4 (KQ) 9)/2>'

Thus we see that
(13)  E(Q,9)

2 1/2 1/2
Q (5K+1)Q<Q[{10/2g[( +log K + Qlf/Q (KQ)(l‘(’W),

The goal now is to find the choice of K that minimizes E(Q,0d). To
simplify the computations, we allow K € R for the time being. We will take
2
the floor function of our choice later to get back to K € N. If K > Q'73¢,
then

1/2
SKQ <g) @ > 6Q%,

and hence is too big to give an asymptotic formula. Thus we may suppose
that K < Q'~2¢/3. Then, since 6 < 1, we obtain

1/2
(14) E(Q,(S)<<K_1Q2+(5K+1)Q(<§> 1ogK+(KQ)<1—e>/2>,

If S < 1then K—'Q? > §Q?, and we do not get our asymptotic formula.
So we assume that K > 1 and simplifies to
(15) E(Q,0) < KT'Q* + 6K'?Q*?1log Q + (KQ)*~/?

We replaced log K by log ) in the above bound to simplify our computations.
This is valid because the restrictions we have placed on ¢ and K so far require
that log K < log Q). The optimal choice for K will occur when two of the
three terms in are equal. So we may reduce our analysis to three cases:
K = 672/3QY3(log Q)2/3, K = 657Q5 4, and K = Q77 (log Q)27 These
cases will yield three upper bounds for E(Q, d). We will then compare them
to find the least upper bound.

CasE 1: K = §-2/3Q3(log Q)~%/3. With this choice of K we have
K—lQQ _ 5K1/2Q3/2 lOgQ _ 52/3@5/3(10g Q)2/37
5(KQ)(3’9)/2 _ 50/3Q§(370) (log Q)fé(:’,f@)'

Straightforward computations to find the dominating terms show that

§2/3Q5/3(log Q)%/3 it 6 > Q 0 (log Q) =6
E(Q,6 =
(@Q,0) < { §93Q3B-(log Q)53 if§ <« Q70 = (log@) 2
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) 146
CASE 2: K = 65-0Q5-0. In this case we have

3(3-0)

K™'Q* = §(KQ)B0/2 = 559Q 57
SKY2Q3/210g Q = §5-0 Q57 (log Q).

Thus,

4—6 8—0 5-0
§50Q50(log Q) if 6 > Q2 7 (log Q) 7,
E(Q,d) < > 3(3_(9) ) Hos @) s
5529 () 59 if 6 < Q77 (log Q)™ 77,

CASE 3: K = Q%(log Q)% We now have
SKY2Q3%10gQ = 6(KQ)B~0/2 = 5@3’2%%5)(1% Q){E%Z),

K_1Q2 — Q%(IOgQ)ﬁ
We obtain 0 9
4—
B(Q,0) < Q> (log Q)*==7.

Comparing the bounds from each of the three cases, we find that the
least upper bound is given by
5

52/305/3(1og Q)23 if § > Q57 (log Q)" 3=
E(Q,d) < LQ 3(3(79)5;62) h ( gQ) -6
§50(Q) 50 ifd Q20 =3 (logQ)

ol

l\.’)
Q:

5—0

Hence we will choose K = |§72/3Q1/3(log Q)~%/%| when 6 >> Qﬁ (log Q) 2-¢

and K = L(S%Q%gj when § < Q%(log Q)f%. Since we have the ad-
ditional assumption that § < 1/2, the first range for § will only occur if
6 > 1/2. This completes the proof of Theorem 1. m

4. Proof of Theorem 2. We obtain N(Q,4) from N(Q,8) by a dyadic

sum. That is,
[e.e]

0= F(3)

It is casy to see that this sum converges since N(Q/2",8) = 0 if 2! > Q.
To avoid restrictions on § in terms of Q/2", we will use the estimate for

E(Q,6) given by (13). We have

- ifV(gﬁ) =i<3(§—n)5<§>2+E<§,5>>

r=1

—235 n)é +ZF Q,9),
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where
1—6 3—6

Q3210g K Qlog K K3QV/*+e KzQz)

Q2
23r/2 1/2 or or(1/2+e) + 27«(37_6)

Fr(Q,6) < ——+(0K+1) (

4K

Since r only appears as an exponent of (1/2)® for various values of a > 0,
it is clear by the convergence of the geometric series that

5) = ZFT(Q75)

Q2

12100 K K1/2
<« o (K + 1)Q<Q°g

1-6)/2
/5 +log K+Q1/2 + (KQ) >/).

Note that this is the same estimate that is given for F(Q,d) in (13)). Thus
the proof of Theorem 1 gives the bound for F(Q,§). We now return to the
main term of N(Q,d). We have

/4

2
235 MOL + F(Q.0) = 3(6 —mo@ L L

F(Q,6)
= (5 —n)0Q* + F(Q,0),

as desired. =

5. Proof of the corollaries. Denote the piecewise upper bound given
in by E1(Q,9). To prove both corollaries, it is clearly enough to show

that
El (Q7 5)
5Q?
as () = oo and 6 — 0. We Wlll call upon the assumption that § > Q_%J“E.
When § > Q20 =i (log @)~ -0 , we have
E(Q.0) _ 6°1Q3(log Q)
6Q? 6Q?
= (0Q) 3108 Q)** < Q50 3 (10g Q)**,
5

which tends to 0 as Q — oo. On the other hand, when § < Q%Q: (log Q) 29,
we have

—0

<

Ey(Q,5) _ 559Q 5
1(Q, 5—0 5-0 s
5@2 < 5@2 =0

which also tends to 0 as Q@ — co. =

w
B

3—

<Q 5,

£
-
|+
<l

w
|
Q‘

Q_5
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