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Introduction. In a recent paper [7], we discussed Mellin transforms
N (s) of integrators N for which N(x) — x is periodic in order to study flows
of holomorphic functions converging to ((s). Here we consider the question
when such an N determines a g-prime system, i.e. N(x) is the ‘integer
counting function’ of a generalised prime system—see Section 1.3 for the
definition.

An example of such a flow Ny(s) was given in [7], but it was unclear
whether or not they determined g-prime systems. As a consequence of our
present results, we show that none of them does.

In fact, we investigate more generally when an increasing function N
for which N(x) — cx is periodic determines a g-prime system for a constant
¢ > 0. (At the outset we assume that N is right-continuous, N (1) = 1, and
N(z) =0 for z < 1.) For example, N(x) = cx + 1 — ¢ for > 1 determines
a continuous g-prime system for 0 < ¢ < 2 at least.

As for discontinuous examples, we have the prototype N(x) = [z] for the
usual primes and integers. For other examples, consider the g-prime system

containing the usual primes except given primes py, ..., pg. This has integer
counting function
T—n
N(x) = 1
@= ¥ |25+,
n<P
(n,P)=1

where P = p; - - - p. In this case N(z+ P) = N(x)+¢(P) where ¢ is Euler’s
function, and N(x) — (¢(P)/P)z has period P.

Our results split quite naturally into continuous and discontinuous cases.
In Section 2, where we consider the continuous case, the main result is that
for N sufficiently ‘nice’ (e.g. continuously differentiable), N determines a
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g-prime system only for the trivial case where N(x) — cx is constant, i.e.
N(z)=cx+1—c

For discontinuous N the picture is less straightforward. A useful tool is to
consider its ‘jump’ function Nz, which must necessarily also have N;(z)—c'x
periodic (for some ¢ > 0) and which also determines a g-prime system if
N does (Theorem 1.1 below). We show that if such an N has only finitely
many discontinuities in any interval but is otherwise ‘smooth’, then N must
be a step function, the discontinuities must occur at integer points, and the
period, say P, must be a natural number. Then, denoting the jump at n
by a,, we show that a,, is even modulo P @ and multiplicative. This allows
us to deduce our main result.

THEOREM A. Let N € T be such that N(x) — cx has period P, and
suppose that N determines a g-prime system. Then P € N and

N@y= Y [f’f;”H],
n<P
(n,P)=1

i.e. N is the integer counting function of the g-prime system P\ {p1,...,px}
where p1,...,pg are the prime divisors of P.

(For the definition of T', see Section 1.2.) This actually shows that the
smallest period must be squarefree and that ¢ = ¢(P)/P. Our set-up in-
cludes all the usual ‘discrete’ g-prime systems.

In proving Theorem A, we prove the following result on Dirichlet series
with periodic coefficients, which may be of independent interest.

THEOREM B. Let {ay }nen be periodic, ay = 1, and suppose a,, = exp, b,
for some b, > 0. Then a,, is multiplicative.

Here # refers to Dirichlet convolution. Thus a, and b, are related by

Doy @n /1 = exp{d )7 bn/n°}.
1. Preliminaries

1.1. Riemann—Stieltjes convolution. Let .S denote the space of func-
tions f : R — C which are zero on (—o0, 1), right-continuous, and of local
bounded variation. (See e.g. [3, pp. 50-70].) This is a vector space over ad-
dition. Let ST denote the subspace of S consisting of increasing functions.
Also, for « € R, let S, = {f € S: f(1) = a}, while ST = ST N S,.

(') That is, an = a(n,p)-
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For functions f,g € S, define the convolution (or Mellin—Stieltjes convo-

lution) by @ N
(fg)@) = | £(Z)dg(t).

We note that S is closed under * and that * is commutative and associative.
The identity (with respect to *) is i(x) = 1 for > 1 and zero otherwise.

(a) If f or g is continuous (on R), then f * g is continuous.
(b) Ezponentials. For f € Sy, there exists g € Sy such that f = exp, g,

i.e.
f= §jnp

where ¢*" = g % ¢*=D and ¢*0 = i. Also f = exp, g if and only if f gy,
= fr (see [B]), where f;, € S is the function defined for z > 1 by fr(x) =
{1 logtdf(t). )

(c) For f € S, define the Mellin transform of f by f(s) = {J° a~*df (z).
This exists if f(z) = O(z*) for some A. Note that f/:k\g = f§ and e?p;” =
exp f.

(d) Let f,g € S be continuously differentiable on (1,00). Let g1(z) =
§1_(1/t)dg(t). Then f * g is also continuously differentiable on (1, 00) with
(f*9) =f*g+f(1)g

Proof. Let x > 1 and consider (f % g)(x + h) — (f * g)(z) for h small.
First suppose that h > 0. We have

(f*xg)(@+h)—(f*9g)(x)

1.1
(1) /

T z+h

[0/ = J@/t) 4oy LTF (2t
=& - }Lif dg(t).

The integrand in the first integral tends pointwise to (1/t)f’(x/t), so by the
continuity of f’ this integral tends to (see [I], p. 218)

¢ ()t

§ LU0 4500y = (5 @) a0

S

The second term equals

f(l)g(:mh})L—g(:c) +}1L’”§‘<f(x4trh> _f(1)> 4ot

(?) All limits of integration are understood to be 4 (i.e. from the right) except where
they are explicitly stated to be —.
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The first summand tends to f(1)g’(x) while the integrand tends to 0 by
right-continuity of f at 1. Hence so does the integral.

If h < 0, write h = —k and split up the integral as (1/k) Scf*k and
(1/k)§;_, and argue as before. m

For the proofs of (a)—(c) see [3] and [5].
1.2. The ‘jump’ function
DEFINITION 1.1.

(i) For f € S and each = € R, we denote by Af(z) the left-hand jump
of f at x; i.e.

Af(x) = fz) = fle—) = Tim (f(x) = f(z = h)).

This is well-defined for monotone f and hence for f € S. Note also
that Af is non-zero on a countable set only [I, p. 162].
(ii) For f € ST, let f; denote the jump function of f, i.e.

fr@) =3 Af(a),
<z
where the xz, denote the discontinuities of f.
The function f; is increasing and f = f; + fo, where fo is continuous
and increasing ([I, p. 186]).
Let d, denote the function which is 1 on [a, c0) and zero otherwise. Note

that 64 * 0y = 0qp. Letting Dy denote the (countable) set of discontinuities
of f, we may write

(1.2) fr=">Y_ Af(a)da.
a€Dy

The series has only non-negative terms and converges absolutely.
Properties. Let f,g € S™.

(@) (fxg)g=fr*gs.
Write f = f; + fo and similarly for g. Then
(L.3) fxg=(fsr+fc)x(gs+9c)=fr*gs+ fr*xgc+ fc*gs+ fc*gc.

The last three terms are all continuous, and so their jump functions are
identically zero. Therefore we need to show (f;*gs); = fr*gJ.
To see this, use (1.2) for f; and g;. Hence

fregr=>_ 3 Af()Ag(B)daxds= D > Af(a)Ag(B)das,
a€Dy BeED, a€Dy BED,

which is a sum of the form > ¢,d,, i.e. a jump function. Thus (f;*gs)s =
f7* g as required.
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(b) For x > 1, we have

(1.4) Alfxg)x)= Y Af(@)Ag(p).
aeglfﬁ,:ﬁxeDg

Take A of both sides of (1.3). As the last three terms are all continuous,
A = 0 for these functions. For the remaining term

Alfregn)()= Y.  Af(0)Ag(B)Adap(z) = > Af(a)Ag(B),
€Dy, HEDs aegfﬁfﬁzeDg

since Ad,(x) =1 for x = a and zero otherwise.

(C) Df*g = Dng = {Ozﬂ oS Df, b e Dg}.

For, if v ¢ DyDy (i.e. * # af for any o € Dy and 8 € D), then there
is no contribution to the sum in (1.4). Hence A(f*g)(x) =0 and x & D ..
Thus Dyyy C DyDy.

For the converse, if v € DD, then x = af3 for some o € Dy and 3 € Dy,
so that

A(f xg)(x) = A(f * g)(af) = Af(a)Ag(8) > 0,
as all the other terms in (1.4) are non-negative. Hence x € Dy,y and Dy, =
D;D, follows.
(d) For f € S, let f denote the function fr(x) = {]logtdf(t). Then
Afr(xz) = Af(z)logz (see [3, p. 341]) and hence (f;)r = (f1)s. (Both sides
equal EaeDf Af(a)logady.)

The subspace 7. Consider those functions in S whose right-hand
derivative exists and is continuous in (1, 0), i.e.

f ) — 1 LEEN @)

h—0+ h

exists for each > 1 and f/ is continuous here. Let T denote the subspace
of such functions which have a finite number of discontinuities per bounded
interval. For example, all step functions in S lie in 7" with f! = 0. Further,
for f € T, f. = 0 if and only if f is a step function. This follows from
the fact that if f is continuous on an interval, and f has a continuous one-
sided derivative, then in fact f’ exists (and of course equals the one-sided
derivative)—see [9, p. 355]. Thus on each interval where f is continuous and
fi =0, we must have f' =0 so that f is constant here.

Part (d) of 1.1 generalises to functions in T if f,g € T then fxg € T
and

(f*9)y = fixgi+ fr1xdl,
where g1 is as before and f;1 = (fi)1-
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Proof. By 1.2(c), Dysg C DyDy, so f * g has at most finitely many
discontinuities per bounded interval.
We have, on (1, 0),

(f*9) e =frxg90)+ (Fr*gc), + (fexgs)L + (fo*gc),-

Now f g is again a step function, so (fxgs)". = 0. Also, f, = (fc)', hence
fc is continuously differentiable, and similarly for go. By 1.1(d), (foxge). =
f& * gc,1. For the remaining terms

(f5*9c)y (Z Af (o ( ))l =) %g@(i).

OéeDf + OleDf

This is clear for x ¢ Dy (since then o # x), but also true if x € Dy
since go(£) = 0 for # < . Thus (f; * gc)y = fi1 * g and similarly
(fc *g1)y = f& * g1. Putting these together gives

(f*9)y = fraxge+ fex g+ fexgc1 = fiax g + fiox g
Thus (f * g)’, is continuous and f*xg € T. m

1.3. Generalised prime systems. We distinguish between two differ-
ent types of g-prime system.

DEFINITION 1.2. An outer g-prime system is a pair of functions IT, N
with IT € S§ and N € S] such that N = exp, II.

Of course, if IT € Sy, then exp, IT € Si, so (II, N) is an outer g-prime
system (with N = exp, IT). On the other hand, if N € S, then N = exp, IT
for some IT € Sy by 1.1(b), but IT need not be increasing. If IT is increasing,
then we say N determines an outer g-prime system. The above definition is
somewhat more general than the usual ‘generalised primes’, since we have
not mentioned the equivalent of the prime counting function 7(x).

DEFINITION 1.3. A g-prime system is an outer g-prime system for which
there exists m € Sy such that

(/%)

T =

(0.9}
k=1
We say N determines a g-prime system if there exists such an increasing

T € Sp.

REMARKS. (a) As such, 7(x) is given by

m(z) = 3 'u(;)ﬂ(xl/k).
k=1
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In fact this sum always converges for IT € S* (since IT(z'/*) decreases with
k and )22, pu(k)/k converges). But of course 7 need not be increasing.

(b) A g-prime system is discrete if 7 is a step function with integer
jumps. In this case the g-primes are the discontinuities of 7 and the step is
the multiplicity.

(¢) An outer g-prime system is continuous if N (and hence IT, see below)
is continuous in (1, co).

(d) For an outer g-prime system (II,N), let v = II; (i.e. ¢(z) =
{{logtdII(t)) denote the generalised Chebyshev function.

Note that ¢ € S, and that N = exp, IT is equivalent to 1) * N = Ny,
(see [3] and [A]).

If N determines a g-prime system and N(z) = cx + O(z(logz)~7) for
some 7 > 3/2, then by Beurling’s prime number theorem @ (see [2] or []),
Y(x) ~ x. Also 11 (z) = logx + k + o(1) for some constant k, where 11 (x)
§1 (/) dp(2).

(e) Applying 1.2(c) to outer g-primes shows that Dy, = DyD,. But
DNL = DN \ {1}, SO DN \ {1} = DND@Z)‘

THEOREM 1.1. Let (I, N) be an outer g-prime system. Then

(a) AII < AN. In particular, I is continuous at the points of continuity
of N.
(b) (II;,Ny) is an outer g-prime system.

Proof. (a) Apply A to both sides of ) * N = Ny and use ANp(z) =
AN (z)log x. Thus

AN(z)logz = A(¢ * (Nj + No))(x) = A(y + Nj)(z) = Ad(x),

since N has a jump of 1 at 1. But Ay(z) = AIl(x)logz, so AIl < AN and
(a) follows.

(b) Take the jump function of both sides of the equation ¥ *x N = Np.
Thus (¢ * N)j = (N1)s. By 1.2(a) and (d) this is ¢; * Ny = (Ny)r. Since
Ny and 1 are increasing, this implies (IT;, N;) forms a g-prime system. m

Theorem 1.1 gives a useful necessary condition for N € Sfr to determine
a g-prime system, namely that Nj must determine a g-prime system. Of
course, this is of no use if NV is continuous, in which case Nj = i, the
identity with respect to .

Finally, we remark that if N is continuously differentiable on (1, 00),
then so is ¢ and ¢’ = N} — N’ x ;. The proof follows 1.1(d) with f = N
and g = 1, so that (f*g)’ = N} . The first integral on the RHS of (1.1) then

(3) This is usually formulated for g-prime systems, but actually proved for outer
g-prime systems. No use of w(z) being increasing is made, only that of II(x).
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tends to f’* g1 = N’ %11, while the second integral lies between

z+h x+h
N;LI) | dp(t) and N(‘fh) | du).

Since N is right-continuous at 1, it follows that (¢ (z + h) — ¢ (z))/h must
therefore tend to a limit as h — 0. Similarly for A — 0.
In the same way, N € T implies v € T

2. Continuous g-prime systems with N(z)—cx periodic. Suppose
now that N € S; and N(x) = cx — R(x) where R(x) is periodic for some
¢ > 0. Extend R to the whole real line by periodicity. Thus R is right
continuous, locally of bounded variation, and R(1) = ¢ — 1.

In what follows we shall always write N = exp, Il where Il € S.

THEOREM 2.1. Let N(x) = cx — R(z) € S{, where R is continuously
differentiable and periodic, and ¢ > 0. Then II is increasing if and only if
R is constant; i.e. N(x) =cx+1—c forx > 1.

Proof. If R is constant, then N(z) = cz +1 —¢ (z > 1) and N(s) =
1+¢/(s—1). Thus
_ —N'(s) 1 1

vis) = N(S) T s5—1 s+4c-1

which implies ¢/(z) =1 — 27¢ > 0. Hence I is increasing,.

For the converse, let R be non-constant and suppose, for a contradiction,
that IT is increasing. Equivalently, suppose that 1)’ > 0. Differentiate the
relation Ny = ¢ x N, using 1.1(d). Thus, for x > 1,

(2.1) N'(z)logx = (N"* 1) () + ' (x) = (N 1) (x),
where 1 () = {7 (1/t) di(t). Since N' = ¢ — R/, this becomes
R'(z)logz — (R x 1) (z) < clogz — e ().

By Beurling’s PNT, the right-hand side tends to a limit as x — oo, so for
some constant A and all z > 1,

(2.2) R'(z)logx — (R *1)(z) < A.
Let P be a period of R. Extend R to R by periodicity. By continuity and
periodicity of R’ there exists xy € [0, P] such that
R'(xg) = max R'(x).
Furthermore, for § > 0 sufficiently small, the set of points z in [0, P] for

which R'(z) < R/(x0)—0 contains an interval, say [, 3] with0 < o < § < P.
(If not then R’ is constant, which forces R constant.) Let 2 = nP+uxg in (2.2)
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where n € N. Since log(nP+1z¢) = ¢¥1(nP+x¢)+O(1) and R’ has period P,
(2.2) can be written as

(2.3) niimlyum)—}?<P{nf;;xo}>dwﬂﬂng

(A different constant A.) Note that the integrand is non-negative. Further-
more, the integrand is at least § for t € nl;,i%’, T,‘f;ﬁ‘?] for each positive
integer k < n.

Let K be a fixed positive integer less than n. Thus the LHS of (2.3) is

at least

nP+zg
K kP+a
nP + xg nP + xg
S| s =5§:(w1< )m())
Pl S kP + « kP+ (0
kP+3

As n — o0, the kth term in the sum tends to

lo kP+ 5 =—log(1-— p-o > f-a
S\kPta)” B\ kP+g) T kP+p
Thus

.. nh o , , nP + xq K 1
liminf | (R (z0) — R (P{tp}» dipy (t) > 5<ﬁa>§ WP s

1—
> §' log K

for some ¢’ > 0. This is true for every K > 1 so the left-hand side of (2.3)
cannot be bounded. This contradiction proves the theorem. m

REMARK. (i) We see that N(x) = cx+1—c determines an outer g-prime
system for every ¢ > 0. What about g-prime systems, i.e. for which values of
c is 7 increasing? We show in the appendix that this happens for 0 < ¢ < A
and fails for ¢ > A for some A > 2.

(ii) The proof of Theorem 2.1 can be readily extended to the case where
R is absolutely continuous and R'(z) has a maximum value, say at = = x,
and the set

{x €[0,P]: R(z) < R(x0) — 4}

contains an interval, for some § > 0.

In particular this shows that none of the functions Ny with A > 1 (as
defined in [7, Section 3]) forms part of a g-prime system, except of course
when py = 0. (To recall: Ny(z) = z — Ry(x) for x > 1 and zero otherwise,
where Ry (x) is periodic with period 1 and defined for 0 < x < 1 by Ry(z) =
ox(C(1 =X 1—2)—¢(1—X\)). Here py is a continuous function of A with
p1=1)
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For A > 2, this follows from Theorem 2.1 since Ry is continuously differ-
entiable and non-constant. For 1 < A < 2, this follows on noting that R) is
absolutely continuous and R} is maximum at 0+.

3. G-prime systems with N(z) — cx periodic and finitely many
discontinuities. Suppose now that /N has discontinuities (other than at 1).
To check whether N comes from a g-prime system we consider its jump
function Nj. By Theorem 1.1, a necessary condition that N determines a
g-prime system is that N; does.

Our strategy for determining the possible N will be as follows. Writing
N = Nj + Ng¢, we first show by extending Theorem 2.1 that we must have
N¢(z) = a(x—1) for some a > 0. Then we show that the discontinuities must
occur at the (rational) integers and that the period, say P, is an integer.
Writing a,, for the jump at n we therefore have a,p = a, for n > 2. Next
we show that a14+p = ap is forced, so a, is truly periodic. Using a result
of Saias and Weingartner [§] on Dirichlet series with periodic coefficients,
we deduce that (i) a,, must be even (mod P), and (ii) a, is multiplicative.
We are then in a position to deduce No =0 (i.e. N is a step function) and
determine exactly which N arise from g-prime systems.

First we extend Theorem 2.1 to members of T'.

THEOREM 3.1. Let N(z) = cx — R(x) € T, where R is periodic and such
that II is increasing. Then N(x) = Nj(z)+ a(x — 1) for some a > 0.

Proof. We proceed as in the proof of Theorem 2.1 but with R/, in place
of R'. Now (2.1) becomes

N (z)logz = (N x¢1)(x) + (Nya * ¥ ) (2) = (N ¢h)(),

and (2.2) still holds with R’ replaced by R/, . If R/, is not constant, then
as before, we can find an z¢ € [0, P] which maximises R/ and for which
R! (z) < R/ (x0) — ¢ holds throughout some interval for some (sufficiently
small) § > 0. We obtain a contradiction as before and hence N/, is constant.

But N has finitely many discontinuities in bounded intervals, so N, =
(N¢)'.. So N = a implies (since N¢ is continuous) that No(z) = a(x — 1),
using N¢(1) = 0. Since N¢ is increasing, we must have a > 0. =

Later on, we shall see that the only possible value of a is 0.

NOTATION. Let A denote the total jump of N per interval of length P,
i.e. Ny(x + P) — Nj(z) = X for x > 1. Thus N;(z) = (\/P)z + O(1) and,
by integration by parts, (Nj)r(x) = (A\/P)zlogx + O(x). Note that A = 0
implies N is continuous, while A = ¢P implies N = Nj.

For the following, Dy denotes the set of discontinuities of N in (0, c0)
and D}y = Dy N (1, P+ 1]. We suppose that D}, is a finite, but non-empty,
set.
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PROPOSITION 3.2. Let Dy have k elements. Suppose o € Dy is such
that « is irrational. Then there are at most k* numbers 3 € Dy such that
af € Dy.

Proof. Suppose, for a contradiction, that there are [ > k? numbers 3 €
Dy such that a8 € Dy. Let DY = {c1,...,c;}. Each § is of the form
nP + ¢;. There are k choices for ¢; so some ¢;, will appear at least k£ + 1
times. (If not and all appear at most k times, then there can be at most k2
such numbers f3.)

Thus we have (at least) k + 1 equations

a(nP + c¢iy) = mP + ¢,

with (possibly different) m,n € N and some ¢; € D},. As D}, has only k
elements, at least one ¢; must occur twice, i.e. there exist positive integers
ni,ng, mi, ms such that

a(mP+cy,) =miP+cj, and a(naP + ciy) = maP + cj.
Note that ny # ne and my # ms, otherwise they are not genuinely different
equations. Subtracting these two gives

a(ng —n1) =mg —my,

and « is rational—a contradiction. =

ProrosITION 3.3. The set Dy contains only rational numbers and P
s rational.

Proof. By 1.2(a) and Theorem 1.1,
(3.1) (Nj)p(z) = (Ny* ) (x) = Y AN(a)Ap(B).

af<z
a)ﬁeDN

Since (NJ)L(I‘) = (A/P)xlog:z + O(x) and D¢DN = DNL = DN \ {1}7 we
may rewrite (3.1) as

(3.2) Y AN(e) > A3 —mlogx +O(z).
alz ﬁgaj/a
OCBEDN

For « irrational, by Proposition 3.2 there are at most k? possible s for
which af € Dy, where k = |D%/|. For each such 3, Ay(8) < AN(S)log 8
< C'log 8 for some C. Hence the inner sum on the left of (3.2) is at most
Ck?log(x/a). Thus the contribution of irrational o to the LHS of (3.2) is
less than

Ck? Z AN(a) logg = Ck? S log % dNy(t) = Ck?

a<lz 1—
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Hence
(3.3) > AN(a) Y Ay(8 —xlogx+0( ).
a<z ﬁgz/a
arational afeDyn

But the LHS of (3.3) is (using Beurling’s PNT for 1 ;(z))

(3.4) 3 AN(a)¢J(Z)~a: 3 A]Z(a).

alzx alz
arational arational
Now
NJQ E AN (« —x +0(1)
a<z
arational

for some p < A by periodicity. (Precisely, p is the jump per interval of length
P from the rational discontinuities.) The RHS of (3.4) is therefore

01 ¢ Nyolt 1
:cS;dNJ@(t) ::cs7g)dt+0(x) = leogaz—f—O(az).
1 1

It follows that 4 = A and there are no irrational numbers in Dy .

Finally, & € Dy with a > 1 implies @ + P € Dy by periodicity. As Dy
contains only rationals, this forces P rational. =

ProposiTION 3.4. Dy C N and P € N.

Proof. Since Dy \ {1} = Dy«n = DyDy, if a € Dy, then o8 € Dy for
every 3 € Dy. In particular (using Dy, C Dy), a € Dy, implies o € Dy
for every n € N. By periodicity, o™ — kP € Dy for every integer k provided
o — kP > 1.

Now write « =r/s and P =t/u where r,s,t,u € Nand (r,s) = (t,u) = 1.
For D} to be finite, the numbers 1 + P{(a" —1)/P} (n = 1,2,...) (take

k = [(a™ — 1)/ P] above) must repeat themselves infinitely often. Here {z}
is the fractional part of x. Thus for infinitely many values of n,

a” — kP =a™ — kP
for some integers k, ko, and ng. As such,
P a—a"  (r/s)"—(r/s)™ t

k—ky k — ko u
Multiplying through by (k — ko)us™ shows that s"~"0 |ur™ for infinitely
many n. But (r,s) = 1, so s"7" |u for infinitely many n. This is only

possible if s =1, i.e. & € N. Hence D, C N.

Consequently, Dy C N also, and D .« C N for every positive integer k.
Since N = 372 IT** /K|, it follows that Dy C N as well.
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Finally, m € Dy with m > 1 implies m + P € Dy by periodicity. Since
Dy C N, this shows that P € N. =

4. Determining the jumps. Now that we have established the dis-
continuities are at the integers, it remains to determine the possible jumps.
Write a,, = AN (n) and ¢,, = A¢(n). Thus a; = 1 and a,+p = a, for n > 1.
The equation ANy, = (AN) % 1 translates as

(4.1) anlogn = Z Cdln /-
dln

Thus ¢; = 0; for a prime p, ¢, = a,logp; and for distinct primes p and ¢,
we have (after some calculation) ¢,q = (apq — apaq) log pq.

Next we show that a, is truly periodic (a,+p = a, for n > 1). For
the proof, let (P, p) denote the set of numbers of the form p; ...p, where
the p; are distinct primes, all congruent to r (mod P). Here r is coprime
to P. Fach such set is infinite by Dirichlet’s theorem on primes in arithmetic
progressions.

ProrosiTION 4.1. ap4; = 1.

Proof. First we prove that ap;q =0 or 1.

Let p1,...,pr be distinct primes all of the form 1 (mod P), with
k > 3. Let n = py---pg, which is also 1 (mod P). Note that for every
d|n, d =1 (mod P), so that ag = apy1 if d > 1. In particular we have
Cpip; = apt1(1l —apy1)logpip; for any 1 <4, < k with i # j. As ¢, >0,
(4.1) implies

2
apy1logn > Z Cpip; On/pip; = @p41(1 — api1) Z log pip;
1<i<j<k 1<i<j<k

=ap, (1 —apt1)(k — 1) logn.

This is impossible for & sufficiently large unless apy; equals 0 or 1.

Next we show that apy; = 0 implies a,, = 0 for all n > 1, and hence
that Nj(z) =1 for x > 1—i.e. the continuous case.

We proceed by induction. Suppose api; = 0 and that a, = 0 for all
n > 1 such that @ Q2(n) < k, some k > 1. (It is vacuously true for k = 1.)
Then a,, = 0 for all such n and all » = 1 (mod P), by periodicity. In
particular, we can take r € (P; p). Note that this implies c,, = 0 also for
such n and r.

(*) As usual, 2(n) denotes the total number of prime factors of n, while w(n) denotes
the number of distinct prime factors of n.
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Now let n be such that {2(n) = k. Then, with r € (P; p) such that

(n,r) =1,
Anyr IOg nr = Z Cdlnr/d = Z Z Cd1d2nr/dyda-

dnr di|n da|r

Now dy € (P p) also, so by assumption, cq,4, = 0 if 2(d;) < k. Hence
only the terms with £2(d;) = k give a contribution, i.e. only if d; = n. Also
Qnyr = ay by periodicity. Thus

(4.2) ap lognr = Z Cndyr /dy = Cnrs
da|r
since only the term with da = r makes a,. /4, non-zero.
Now consider a,,2, with n and r as above. Then

2
Gp2, logn’r > E CndQnr/d-
d|r

Using (4.2) and noting that a,2, = a,2, we therefore have @

2
ap2 logn®r > a? Z lognd = %d(r) log n’r,
d|r

i.e. 2a,2 > a2d(r) for all 7 € (P, p) such that (n,7) = 1. But 7 can be chosen
such that d(r) is arbitrarily large, and we have a contradiction if a,, > 0.
Thus a, = 0 is forced.

Hence by induction, a, =0 for alln > 1. =

Thus, for the discontinuous case, N 7(s) is a Dirichlet series with purely
periodic coefficients. Further, if N; determines a g-prime system, then Ny
has no zeros in H; @ Now we use the main result of Saias and Weingartner
([8, Corollary]: Let F' be a Dirichlet series with periodic coefficients. Then
F' does not vanish in Hy if and only if ' = PL,, where P is a Dirichlet
polynomaial with no zeros in Hy and x is a Dirichlet charcter.

Thus Ny = PL, for some Dirichlet polynomial P and Dirichlet char-
acter y. We shall see below that the positivity of the coefficients of N
implies that y must be a principal character, showing that we actually have
Ny = Q¢ for some Dirichlet polynomial Q.

PROPOSITION 4.2. NJ(S) = Q(s)((s) where Q is a Dirichlet polynomial
with no zeros in Hy. Furthermore, ay, is even modulo P, i.e. an = a(, p),

and Q(s) = > _qpa(d)/d® for some q(d).

(°) Using 2 Zd‘n log kd = d(n) log k*n.
(°) For 6 € R, Hg denotes the half-plane {s € C: Rs > }.
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Proof. From above, Ny(s) = P(s)L,(s), where P(s) = ny:l b,n~* say.
Extend b,, so that b, = 0 for n > N. By inversion,

by, = Zu(d)x(d)an/d =0 forn>N.
din

In particular, for every prime p > N, a,, = x(p). A simple induction on £2(n)
shows that, more generally, a,, = x(n) whenever all the prime factors of n
are greater than N. Consequently, for all such n, a,, = 0 or 1 (since a,, > 0
while x(n) = 0 or a root of unity).

Now let p > max{N, P} be prime. Then p = r (mod P) for some r with
(r, P) = 1. Let n = p?®). Then n = r*") =1 (mod P) and hence

1=a; =a, = x(n) = x@*D) = x(p)*").

But x(p) =0 or 1, so x(p) = 1 for all sufficiently large p.

This implies xy must be a principal character. For suppose x is a character
modulo m. Let (r,m) = 1. For a sufficiently large prime p in each residue
class r (mod m), 1 = x(p) = x(r) by periodicity. Thus x(r) = 1 whenever
(r,m) =1, i.e. x is principal. Thus

N 1
§1(5) = PL(9) = P TT (1 ) = @)
plm
where () is again a Dirichlet polynomial, non-zero in Hy. Denoting the coef-
ficients of @ by ¢(n), we see that ¢(1) = 1, g(n) = 0 for n sufficiently large,

and
an = Z q(d).
dln
To show a,, is even modulo P, we first show that for d| P, ap,q = a4 for
all sufficiently large primes p. It is true for d = 1, so suppose it is true if
£2(d) < k for some k > 1.

Let d| P be such that 2(d) = k. Let p be prime and sufficiently large so
that (p,d) =1 and ¢(pd) = 0. Then

0=q(pd) =D p(c)apye = pc)apye+ Y 1(pe)aqse

clpd cld cld
= apd + Z :u’(c)apd/c - Z N(C)ad/c = Qpd — a4
cld cld
c>1

since apq/c = aq/. as §2(d/c) < k in the first sum.

Let d = (n,P). Then (n/d, P/d) = 1 and there exist arbitrarily large
primes p congruent to n/d (mod P/d). For such primes p, pd = n (mod P),
and by periodicity an, = apq = aq for p sufficiently large. Thus a, = a,, p)-
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As a result, we can write

~ > Qnp, Qaq ad 1 Qaq 1
Ni) =2 > 5= 2 a2 1l <1ps)<<5>
(n,P)=d (m,P/d)=1
= Q(s)¢(s),

which shows that g(n) is supported on the divisors of P. m
THEOREM 4.3. a, is multiplicative.

Proof. Equivalently, we show ¢(n) is multiplicative. Let the period be
P =p/"...p. Write

Q=Y q((izl) _ exp{i tf;t) }

d|p n=1

for some ¢(n), where ¢(1) = 0. Since Ny(s) = exp{> o, bp/n®} for some
b, > 0, Proposition 4.2 implies that t(n) = b, > 0 for n not a prime power.
The aim is to show that ¢(n) = 0 for such n.

Since the g(n) are supported on the divisors of P, t(n) is supported on
the set {p}* - pp* :ny,...,n, € No}.

For each p| P let

Qols) =3 1),

r=0
(This is a polynomial in p~9.) Then

[T = exp{ > o }

p|P n prime power

Now define T} (s) and t;(n) by

Q) e S i)

i.e. t1(n) = t(n) for n not a prime power and zero otherwise.

If the Dirichlet series for Tj(s) converges everywhere, then the result
follows. Indeed, the LHS of (4.3) is then entire and of order 1, while if
ti(ng) > 0 for some ny > 1, then the RHS of (4.3) is, for negative s, at
least e!1("0)70”  which has infinite order. The contradiction implies T} is
identically zero and @ = Hp Qp-

Suppose then that the series for 77 has a finite abscissa of convergence,
say — (. Since the coefficients are non-negative, —3 must be a singularity of
the function, i.e. —3 must be a zero of one of the Q,(s). (As we shall see
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later, Qp(s) # 0 in Hy, so > 0, but we do not require to know this at this
stage.)

We can write down the ‘spatial extension’ of (4.3). We can think of this
as substituting z; = p; °. For p prime, let Q,(z) = > .72, q(p")z", so that
Qp(p™%) = Q,(s). Now define

Q(zr,.. oz = > (P )t 5
b1 yeensby >0

(the series is of course finite) and similarly for T;. Then (4.3) becomes

Q(Zl, .. .,Zk)

(4.4) < = =exp{T1(z1,...,2)}
Qp: (21) -~ Qpy (21)
ni,...,nE>0
Since (4.3) holds for 0 > —f3, (4.4) holds in the domain {(z1,...,2) :
Iz < P2, ... |z <p§}.
Let r be the smallest positive integer such that ¢;(n) = 0 whenever

w(n) <r.(Thus 2 <r <k.) Put z,41,...,2; = 0. Then (4.4) becomes

Q(Zl,...,zr) :exp{ Z tl(p?lp?'r)z?lz:”}

Qm (21)--- Qpr(zr) N1y >0

where we identified Q(zl, oy 2Zp) with Q(zl, ooy 2r,0,...,0). Without loss
of generality, we may assume that the numerator and denominator of the
left-hand side of (4.5) have no common factors. (If there are any, cancel
them, and apply the argument to what remains.)

Let z; = x; (i = 1,...,7) be real and positive. Take logs of (4.5) and

(4.5)

differentiate with respect to each of the variables x1,...,x,. This gives
(46) Z ni---npt1 (p?l .. p?r)’w;ll L l’?r
n17"'7n7‘20
> ) P(xy,...
=7 logQ(z1,...,7,) = M
Oy -+ Oz, Q(z1,...,xp)"

for some polynomial P. The crucial point here is that the polynomials Qp
have all disappeared.

Now, Qp(pﬁ) = 0 for some p|P, say p = p1. Fix xa,...,z, and let
Ty — p? through real values from below. If Q(pf, x2,...,xy) 7# 0, then the
RHS of (4.6) remains bounded, and hence (since t1(n) > 0) the series

(4.7) Z ny---npti(pyt - ppr )p’flﬂ:ﬂg2 <.z converges,

N, np>1
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while the LHS of (4.5) tends to infinity, so

(4.8) Z t(pyt oy )pnlﬁ 52 --xpm diverges.

Nni,...,nr >0

But (4.7) and (4.8) are in contradiction since in (4.8) we actually require

ni,...,n, > 1 (if any n; = 0, there is no contribution to the sum as
w(pyt -+ pr) <r).
Thus this forces Q(pf, x9,...,2,) =0 for every z; (i =2,...,r) in some

1nterval and hence for all such z;, since Q is a polynomial. But this implies
x1 —p1 is a factor of both Q(x1, ..., x,) and Qp, (21)—a contradiction. Hence
T is identically zero and the result follows. m

REMARK. This proves Theorem B of the introduction.

Determining a for which Nj(z) + a(z — 1) is a g-prime system.
The problem thus reduces to determining Q,,(s). We shall see in Theorem 4.4
that the zeros of )p(s) all have real part less than or equal to zero. We use
this fact to deduce that the only permissible value of a is 0.

For, using this fact, the zeros of ) then all lie in C\ Hy. In particular,
in Hy, the zeros of N are precisely the zeros of ¢ and hence N has no real
positive zeros. Indeed, Q(o) > 0 for ¢ > 0 since (o) is real and non-zero
here and as 0 — 00, Q(0) — 1. Thus Ny(o) < 0 for 0 < o < 1. Also
N(o) = Ny(o) —a/(1—0) <0 for o € (0,1).

Now N = N;j+ N¢ and v = ¥ 7+ ¢ and by assumption )¢ is increasing.
(Here N¢(z) = a(z — 1), so that No(s) = a/(s — 1).) Thus

~

ve(s) =b(s) —y(s) = = —,

since (117, Ny) and (II, N) are g-prime systems. Note that ¢ # —N’C/NC
as (II¢, N¢) is not a g-prime system (indeed N¢(1) = 0).

Both v(s) and v (s) are meromorphic functions, holomorphic in H;\{1},
with simple poles at s = 1 and residue 1. Thus ¥c(s) has a removable
singularity at 1 and poles at the zeros of N and Nj.

Landau’s oscillation theorem (cf. [3, p. 137]) applied to Y¢ implies that
1/)0 has a singularity at its abscissa of convergence, say 6. Of course 6 < 1
must be a zero of N or N 7. But neither N nor N s has real positive zeros, so
6 < 0. But then zpc must be holomorphic in Hy, implying that N and Nj
have the same zeros here, i.e. all the non-trivial Riemann zeros. But at each
such zero, say p, also Nc(p) = 0. This is impossible as ]\7@ has no zeros,
except if a = 0.

Hence a = 0 is forced and N = Nj.
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Criteria for g-primes. We have N(s) = Q(s)((s) = exp{T(s) +
log ¢(s)} = exp{II(s)}. Thus

fi(s) = 3 A,

n=1

For I to be increasing, the coeflicients of IT must be non-negative, that is,
Ai(n) +t(n) > 0 for all n € N. As t(n) is supported on the powers of the
prime divisors of P, we have

1
(%) IT is increasing < t(p*) > —z for p| P and k € N.

Note that t(p) = q(p) = a, —1 > —1 for p prime, so (x) is satisfied for k = 1.
Turning now to m(z), we observe that N determines g-primes if 7 is

increasing, where 7(z) = Y207, (u(k)/k) I (x'/*). But
w(s) = L(k)ﬁ(ks Z + Z plk = E
k knks ns’
k=1 P kn>1 n=1

say, for some coefficients m,. Thus 7 is increasing if and only if m, > 0 for
all n. Now m = 0 and 7, = 1 +t(p) > 0 for p prime, while 7, = 0 for n not
a prime power. Hence

(%) 7 is increasing < Z uld t(p™/?) >0 for n > 2 and p| P.
din
To deal with these criteria, it is useful to write them in terms of the zeros

of Qp.

The zeros of Qp. Let p| P and let k be the degree of Qp. Then Qp has
k zeros Ai,..., A\, Letting p, = 1/, gives Qp(2) = (1 — p12) -+ (1 — pgz)
and

log Qp(2 Zloglfur = Z< Zw)

n=1

Since log Qp(z) =302 t(p")z", equating coefficients gives

1 E
My === up
n
r=1
Hence () is satisfied for a prime p| P if and only if

k
(1) Tn::Z,u,TfSl for n € N.
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Turning to (#x), let sp(w) = >_g,, u(d)w™¢ for w € C. Then

Zﬂ n/d__lzk:s( )
o d = nT:1nM7~a

and () is satisfied for a prime p| P if and only if

(11) Z sn(pr) <0 forn > 2.
r=1
THEOREM 4.4. Let Qp, k and pi,...,u; be as above. For k =1, () is
satisfied if and only if |u1| < 1. For k > 1, if (1) is satisfied, then |p,| <1
for all r.

Proof. For k = 1 this is trivial so assume k > 1 and that (f) is sat-
isfied. The numbers pu1, ...,y are either real or occur in complex conju-
gate pairs. Denote the real ones by p1,...,u; and the complex ones by

et vet®n where v, > 0 and 0 < 6, < 7. Thus (1) becomes

(4.9) T = p7 + -+ +2(vf cosnby + -+ + v, cosnby,) < 1.
Assume without loss of generality that |pi| > -+ > || and v1 > -+ > vy,.
If |pu1| > 1, then 2™ > 1 and (4.9) implies

1/12” cos2nfy + - -+ + 1/31" cos2nf,, <0 for all n € N.

Suppose V) = - -+ = 14 > Vg41 for some ¢ < m; then this involves
a
(4.10) cos 2nby + - - - + cos 2nb, < o (n € N)
for some a and A > 1. But this is impossible as we show below.
Thus if any g, is real, then |p,| < 1. Now suppose v = -+ = 14 > Vg41
and v; > 1. Then (4.9) implies

1
(4.11) cos 2nby + - - - + cos 2nf, < 54—% (neN)

for some a and A > 1. We show this is impossible, which in turn implies
(4.10) is impossible.

Let ¢, = 0,/m. By Dirichlet’s theorem (see [0, p. 170]), the numbers
nei,...,nes can be made arbitrarily close to ¢ integers simultaneously, i.e.
given € > 0, there exists n € N such that |n¢, — K| < e forr =1,...,q
and integers K,. Thus, for some |J,| < ¢,

cos 2n, = cos 2mne¢, = cos 2w (K, + 6,) = cos 21d, > cos 27e,

which can be made as close to 1 as we please. The inequalities (4.10) and
(4.11) are impossible and hence v, < 1 for all 7. =

To deal with (f1) we require the following.
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LEMMA 4.5.
(a) Let w € R. Then sp(w) <0 for alln > 1 if and only if w =0 or 1.
(b) Let wi,...,wr be non-zero complex numbers of modulus less than

one, and symmetric about R, i.e. W; = w; for some j. Then s, (w1)+
-+ sp(wy) changes sign infinitely often.

Proof. (a) For p prime, s,(w) = wP —w > 0 for w > 1, while for p an odd
prime, sg,(w) = w?? — wP — w? + w > 0 whenever w < —1 for p sufficiently
large. This leaves —1 < w < 1. For w = 1, s,(w) = 0 for all n > 1 and the
condition s,(w) < 0 is satisfied, while for w = —1, s,(w) = 0 for n > 2 and
s2(—1) = 2, so the condition (narrowly) fails in this case. For w = 0 the
result holds trivially.

Now suppose —1 < w < 1, w # 0. Consider the entire function defined
by the Dirichlet series

Note that

Hy(s) > Sp(w)
¢(s) 2 ‘

Now if s, (w) is ultimately of one sign, then the abscissa of convergence of
this series must be a singularity of H,, /(. This singularity must be real, and
there can be no others further to the right. But the first real singularity
(furthest to the right) is at —2, so H,, must be zero at all the complex zeros
of ¢. This is a contradiction as H,,, being bounded in any strip, has at most
O(T) zeros up to height T here.

(b) This time

Hyy(8) + -+ Hy,(s) > Sp(wr) + -+ + sp(wy)
¢(s) =2 n’

If sp(w1) + -+ - + sp(wy) is ultimately of one sign, then the abscissa of con-
vergence is a singularity of the LHS. Each H,, is entire, so the first real
singularity occurs at —2. As in (a), this gives a contradiction. m

Proof of Theorem A. By Lemma 4.5(b), if k > 1, () cannot be satisfied
(for then |u,| < 1 for all r). So, for 7 to be increasing, we require k = 1,
ie. Qp(z) = 1+ q(p)z. Hence py = —q(p) and (1) holds if and only if
Sn(p1) = sp(—q(p)) <0 for n > 2. By (a) of Lemma 4.5, this only happens
if g(p) = 0 or —1. Thus

l

. 1

N(s) ={((s) | |<1+q(1$7)> = ((s) | |<1—s>

p - p;
p|P i=1

for some prime divisors p1,...,p; of P. =

n=1

n=1
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Outer g-prime systems with N(z) — cx periodic. The condition in
Theorem 4.4 does not allow us to determine which coefficients a,, will lead to
outer g-prime systems, as they are only necessary and not sufficient. Instead
we use the relation

rt(p")a(p* "

|
] =

(4.12)

)

r=1

which follows directly from @ = el'. This allows us to calculate (p*) explic-
itly in special cases. Suppose (), has degree 1. Then ¢(p") = 0 for r > 1 and
(4.12) gives kt(pF) = —(k — 1)t(p*1)q(p) for k > 2. Thus

t(pk) _ (_1>kk1Q(p)k ]

As a result, (*) holds if and only if (—q(p))* < 1 for all k, which is easily
seen to be equivalent to —1 < ¢(p) < 1 for all p|P (i.e. 0 < ap, < 2). In
particular, we have proven:

THEOREM C. Let N € T be such that N(x)—cx has squarefree period P.
Then N determines an outer g-prime system if and only if

N =S a5

d|P
where q(-) is multiplicative, q(p) € [~1,1], and ¢ = ][, p(1 + q(p)/p)-

For example, the outer g-prime systems for which N (z)— cz has period 6

are given by
N(z) = MJFAB] +u[3] +)\u[6}
where (A, 1 € [~1,1]) and (1 +A/2)(1 + 1/3) = c.

Appendix. When does N(z) = cx + 1 — ¢ determine a g-prime
system? From the proof of Theorem 2.1 we saw that ¢/(z) = 1 — 2~°¢
for x > 1. Thus ¥ (equivalently IT) is increasing for every ¢ > 0. What
about 7?7 Let 8 = 7y be the generalisation of Chebyshev’s §-function. Then

0(a) = Y22, pln)(a'/7) so that
- ( 1n1 1n
) = pn) 1y W () =
2

Let f be the entire function

2) = i@(ezm 1) = izik
o 2 kI (k+ 1)

Z p(n) (1 — p=e)/my,

n

8|~

n=1
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Then e*0'(e*) = f(z) — f((1 — ¢)x) and 0 is increasing if and only if
(A.) f(@) = f(1—c)2) Voo

For 0 < ¢ < 2 this is easily seen to hold as

e (= (1 —e)F)at

F@) — F( =90 =3

k=1

and the coefficients are all non-negative if (and only if) 0 < ¢ < 2.
Now consider ¢ > 2. It is clear that (A.) holds for all ¢ > 2 (actually for
¢ > 1) if and only if

(B) f(=x) <0 forx>0.
For if (B) is true, then since (1 — ¢)z < 0, we have
f(T=c)x) <0< f(x)

and (A.) holds. Conversely, assume (A.) holds for all ¢ > 2. Suppose, for a
contradiction, that f(—x¢) > 0 for some z¢ > 0. Then

0 < f(—0) =f<(1—0)'cx_01> < f(;i)l)

for every ¢ > 2. This is false for ¢ sufficiently large as the RHS can be
arbitrarily close to zero. Thus (B) is true.

However, we show that (B) is false, and hence that (A.) fails for some
c>2.

THEOREM Al. There exists A > 2 such that for ¢ < A\, 7 is increasing,
while for ¢ > X, m is not increasing.

Proof. Clearly, if (A.) holds for some ¢ = ¢y > 1, then it holds for all
smaller ¢, since (A.) is equivalent to

(AL) f(—y)§f< y ) Wy >0

c—1
and f is increasing on (0,00). Also, if (Al) holds for all ¢ < ¢, then by
continuity of f, it holds for ¢ = ¢;. Now we show (B) is false.
Starting from the formula ()| 5% S(—1 0) I'(s)z=*ds=e*—1(x >0) we
have

i. S I'(s) gg*sds:i”—n)-i S p(s)(x>sds

2mi 10 C(1—ys) = n 2m 10 n
o (1) aom
=S i) = e,
n
n=1
(") Here S(Ocﬂ) means limr_.o SZZ; for any o € (a, ).
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using the absolute and uniform convergence of the Dirichlet series for
1/¢(1 — s). Changing the variable gives

By Mellin inversion

ri-s) % f(-o)
o ) e

r (1<o<2).

Hence

_T(l-s) < (=)+!
=) +;k!((k+1)(k+1s)'

Since the LHS converges and is holomorphic in Hj, the singularities at
2,3,4,... on the RHS are all removable, as is the singularity at s = 1.

Suppose now that f(—zx) is ultimately of one sign. Then the abscissa of
convergence of the LHS Mellin transform must be a (real) singularity of the
function. But the first real singularity occurs at —2 (zero of (). This is a
contradiction as there are singularities at the non-trivial zeros of  to the
right of this. Thus f(—xz) cannot be ultimately of one sign, i.e. f changes
sign infinitely often in (—o0,0) and has infinitely many zeros here.

Thus (AY) fails for some ¢ > 2 and hence all larger ¢. Let A denote the
supremum of those ¢ for which (A’) holds. Thus (Al) holds for ¢ < A and
fails for ¢ > A.

Finally, A > 2 since f(y/(A —1)) > f(—y) for all y > 0 with equality for
some y > 0 (or A would not be optimal) and this is false for A = 2. =
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