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Lattice points in bodies with algebraic boundary
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1. Introduction. Let F be a polynomial of even degree d in s variables
with integer coefficients. Assume that the leading homogeneous part F(4) in
the decomposition F = F@ + G with deg(G) < d is positive definite. Then
Drp(R) = {x € R? | F(z) < R} is compact. Denote by Ap(R) the number
of lattice points of the standard lattice Z® which are contained in Dp(R).
Then Ap(R) is approximately equal to vol(Dp(R)). It is easy to see that
the discrepancy Pp(R) = Ap(R) — vol(Dr(R)) satisfies
(1) Pr(R) = (R,

One only has to observe that Ap(R+¢) = Ap(R) for Re Nand 0 < e < 1,
but vol(Dp(R + ¢)) — vol(Dp(R)) > R¥4!. Our aim is to give a sharp
upper bound for Pp(R). To formulate the main result we introduce the
invariant h(F) of F, defined as the smallest integer h such that F(4) has a

representation
h
F=%"A;B
i=1

with homogeneous polynomials A;, B; € Q[ X1, ..., X;] of positive degree.

THEOREM 1. Assume that h(F') > o(d) where Q( ) =4, o(4) =288 and
o(d) = d(d — 1)2¢ Y (log 2)~?d! for d > 4. Then for R > 1,

(2) Pp(R) = O(R*).

In the case d = 2 it is easy to see that h(F) = s. Thus Theorem 1
contains as a special case the well known theorem of Walfisz [10] and Landau
[4] who proved (2) for rational quadratic forms of dimension s > 4. If F(@
is non-singular, i.e. the only solution of a%i(F(”l)(gr:)) =0,1<i<s,inC*is
x =0, then h(F) > s/2 (cf. [7, p. 282]). In this case the theorem gives the
exact order of Pp(R) if s > 20(d). The proof of Theorem 1 uses a variant of
the Hardy-Littlewood method. For general F' this method was first used by
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Schmidt in his famous work on diophantine equations [6], [8]. For special F’
the estimate (2) can be true for much smaller s. As an example we prove

THEOREM 2. Let Fo(X) = Y0 N X¢ with d > 2 even and integer
coefficients \; > 0. Then Pp,(R) = O(R*/ 1), provided that s > min(d2¢~,
0o(d)). Here gy denotes an explicitly computable function which satisfies
00(d) ~ 2d3logd for d — oo.

As noted by Randol [5] Theorem 2 cannot be true if s < d? —d + 1. See
Krétzel [3] for a detailed study of Pg,(R) for small s. With some obvious
modifications our proof shows that Theorem 2 remains true for real coeffi-
cients \; > 0.

Recently, Bentkus and Gotze [1] studied Pr(R) for polynomials F' with
real coeflicients and leading homogeneous part

50
(3) FOX) =Y NXT+P(X) (N> 0).
i=1

Here P denotes a homogeneous polynomial of degree d such that the degree
of P viewed as a polynomial in (X7, ..., X,) is strictly smaller than d. They
proved (2) under the assumptions that sp = s and s > «a(d) or sp < s and
so > 2%a(d), where a(2) = 8, a(4) = 1512 and a(d) = d2¢-1e3do8d for
d > 4. The condition (3) on the leading homogeneous part of F is rather
restrictive. Bentkus and Gotze already remarked that one should expect that
(2) is true for general F'if h(F) is sufficiently large. The main advantage of
their method is that it applies to polynomials with real coefficients, whereas
we have to assume that F' has integer coeflicients.

2. The Hardy-Littlewood method. Let B = (—1,1]*. Assume that
R € N and Dp(R) C RYIB for R > ¢(F) sufficiently large. Otherwise
consider cF instead of F, where ¢ € N is sufficiently large, and use Ap(R) =
Acr(cR). To count the number of lattice points in Dp(R) we introduce
the auxiliary function x = I(_g_1/2 r+1/2) * 0 which is the convolution of
the indicator function with a symmetric probability density § € C*(R)
satisfying supp(d) € [—1/2,1/2]. Then x(u) = 1 if |u] < R, x(u) = 0 if
luf > R+ 1 and 0 < x(u) <1if R < |u] < R+ 1. By Fourier inversion one
obtains

@ x(u) = [ R(t)e(—tu) dt = | R(t)e(tu) dt,
R R

where

~ ~

() = Y x(we(tu) du = I_g_1/5,r41/2) (D)3 (t).
R
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Here e(x) = €>™ as usual. Furthermore,
~ 1
I-r-1/2,R41/2)(t) = — sin(2mt(R +1/2)).

Applying j-fold partial integration one obtains g(t) < ([t|+1)77 for j > 0.
Hence

(5) RO < )T G20
Set N = [(R+1)Y/%] 4+ 1/2. Then F(k) < R implies k € NB and (4) yields
(6) Ap(R) =Y x(F(n)) =\ Sn(®)x(t) dt
neN BNZS R
with
' Sn(t)= D e(tF(n)).
neN BNZ*

This should be compared with the following integral which counts the num-
ber of lattice points on the boundary of Dp(R):

1

S (t)e(—tR) dt.

0
It is not surprising that the properties of Sy(t) known from the Hardy—
Littlewood method can be used to analyse Ap(R). The main difference
comes from the behaviour of X(¢) for small ¢. Note that Sy (¢) is one-periodic
if F' has integer coefficients. The following proposition deals with these small
values of t.

PROPOSITION. Assume that for N > 1:
(A) | ISn()|dt < N*%.

(0,1]
dt _
® | lswo L«
(N1=4.1]
(C) There exists an w > d such that for |[t| < N1~¢
(7) Y etF(n+u)) < N7t~

neNB'NZ*

uniformly inu € B and all boxes B' C B with sides parallel to the coordinate
axes.
(D) There exists an w > d such that for |t| > N~%,

(8) | e(tF(z))de < N*~dJt|™
NB'
uniformly in all boxes B' C B with sides parallel to the coordinate azes.
Then Pp(R) < R/,
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The proof of this Proposition is given in Section 3. Here we describe the
“axiomatic” form of the Hardy-Littlewood method given by Schmidt [6]. If
F is a polynomial with integer coefficients, Sy (t) can be evaluated asymp-
totically in a neighbourhood of a rational number with small denominator.
The union of these neighbourhoods is called the major arcs. To be precise
let 0 < A <1 and set, for 1 <a <qg< N? with (a,q) =1,

1

<-N A‘d}.
q

Then the major arcs and minor arcs are defined by

Mo = U Ma(g,a) and mp = (R/Z)\ Ma.
1<a<q<NA4
(a,q)=1
Note that M A is the union of disjoint intervals if N is sufficiently large.
If F'is homogeneous, i.e. F' = F@ we define 2(F) as the supremum of
all w > 0 such that for all A € (0,1] and ¢t € ma,

(9) Y e(tF(n+u) <p, N2

neNB/NZ*
uniformly for all v € B and all boxes B’ C B with sides parallel to the
coordinate axes. If F is an arbitrary polynomial with leading form F(9) we
define 2(F') as the supremum of all w > 0 such that for all A € (0, 1] and
teEmp,

(10) > e(tFD(n) + P(n)) <p, N4

neNB'NZs
uniformly for all polynomials P € R[X},..., X;] with deg(P) < d and all
boxes B’ C B with sides parallel to the coordinate axes.

(2(F) is similar to the invariant w(F') introduced by Schmidt [6]. The
latter is defined as the supremum of all w > 0 such that for all A € (0, 1]
and t € ma, (9) is true with u = 0 uniformly for all boxes B’ C B. We prove
that the assumption 2(F) > d implies (A)—(D) of the above Proposition.

THEOREM 3. If 2(F) > d then Pp(R) < R¥/% 1.

MAa(g,a) = {t eER/Z| |t — ¢

Theorem 1 follows immediately from Theorem 3 and the following in-
equality:

(11) QF) =

Here 7(2) = 2, 7(4) = 72 and 7(d) < (d — 1)2%!(log2)~9d! in general.
With 2(F) replaced by w(F) this is Theorem 6.A in [6, p. 86]. We have to
verify that Schmidt’s inequality remains true with our modified invariant
2(F). To see this note that Schmidt’s proof starts with a d-fold application
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of Weyl’s inequality. This transforms the exponential sum in the definition
of 2(F) into an exponential sum of the form > e(Gy(ni,...,nq)), where
G(X) =tF9(X) 4 P(X) and Gq is the unique symmetric multilinear form
which satisfies G (X) = (_d—I!)de(X, ..., X). If P is a polynomial of degree
strictly less than d, then P; = 0. It follows that G4 = tF ng). Hence the new
exponential sum does not depend on P. From this moment on, one proceeds
as in [6]. Note that 2(F) and the above lower bound on 2(F') depend only
on the leading form of F.

3. Proof of the Proposition. Assume that conditions (A)—(D) of the
Proposition are satisfied. The representation (6), together with (5), (A)
and (B), yields

(12) ApR)= | Sy®x()dt
MSled
dt =1
+o< | Syl —+> | \SN(t)dt>
(N1=d 1] =17 (4,+1]

= | Sv@®x@) dt+ow1).
t|<N1-d
If [t| < N'=? we use an asymptotic expansion of Sy(t). There are several
ways to obtain it. We use the following expansion of a sufficiently smooth

complex-valued function g : R®* — C due to Bentkus and Gotze [1]. Let
J €N, and x,u,...,uy € R°. Then

J-1

(13) g(z) =gz +w)+> g +7J,
j=1

where for 1 < j < J,

9= Y c(@)gV (@ + umir)[uf" . up]

lal=j
and
1
ry= Z d(a) S (1= 7)) (@ 4 ) [us .. ulm] dr.
lo|=J 0
The summation extends over all @ = (a1,...,qp,) € N with 1 < m < j

and |a| = Y| a; = j. Furthermore, g\ (z)[u{"

directional derivative

...udm] denotes the j-fold

) J
g(J)(:zs)[u?l cooudm 0

m]:mg(x+>\1u1+...+)\mum)

A1=...=Am=0
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and
(=™
ar!. . am_1 (o — 1)

(_1)m /
C<Oz):()q!...()4m!7 ¢o) =
This expansion can be obtained by iteratively applying Taylor expansions,
first to A\ + g(x + Auy) and then for every summand ¢(®V)(2)[u$"] in the
resulting expansion to A +— ¢(@) (2 + \ug)[uf']. After J such steps one
obtains (13).
We use (13) with g(z) = e(tF(z)). Summing over x € NB N Z* and
integrating over (u1,...,u;) € T’ with T = (—1/2,1/2]*, yields

(14) Sn +ZG )+ Ry(t
where
Go(t)zs Z g(x +ur)duy = S g(z) dz,
T xe N BNZ3 NB
Gt = eo) | ( | gD @) .. .ufnm]dx) d(ur, ... um),
o] =7 Tm NB

1

Ryt)= Y (@@ —m!

laf=J 0
X S Z 9D (@ 4 ) [us ..l d(uy, - .U dT
Tm 2€NBNZS
With the choice J = d we prove that
(15) | Ra®)x(t)dt < N*¢
[t|<N1—d
and for 0 < j < d,
(16) | Gimx)dt < N9
[t|>N1-d

From this it follows that

d—1
| Sn(txR()dt = | Gi@x@®) dt+ 0N
[t|<N1-d J=0 |t|<N1-d
d—1
= Hj+O(N*™%),
j=0

where
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Together with (12) and the definition of N we obtain
d—1
Ap(R) =) H;+ O(RY"1).
j=0
Hj yields the main term since
Hy = [ Go()x(W)dt = | [e(tP@)(0)dide= | x(F(x))de
R NBR NB
- | de+ 0( i da;) = vol(Dp(R)) + O(R*/41).
F(x)<R R<F(xz)<R+1
In the remaining part of this section we prove (15), (16) and H; = 0 for
j > 1. This will complete the proof of the Proposition. We begin with the
following lemma which can be proved by induction.
LEMMA 3.1. Let g(x) = e(tF(x)) and x,uq,...,u; € R®. Then

J

(17) gD (@)[us, ... us] = g(x) Y _(2mit) Py (x),
=1

where Pj;, 1 <1 < j, are polynomials with deg(P;;) < ld — j whose coeffi-
cients are linear in uq,...,u;. They can be determined recursively by

]+1 1 Z 833‘ ], 5.3.1)

i >\ OF i .
Piiila Z 5 Pty + Piaa ()3 5 - (@), (2<1<),
i=1
oF i
Proagia) = B 3 2 (ol
i=1
and
oF i

Pra(z) = > a—mi(:ﬁ)ug).

Here u( ) denotes the ith component of u;.

To prove (15) we consider the cases [t| < N™¢ and N~% < |t| < N1~¢
separately. If [t| < N~ we estimate g(® trivially. Since Pj(x) < N'd=J
uniformly in wi,...,u; € T and z € 2NB, (17) and [t|N¢ < 1 imply
gD (@)[u1, ..., u;] < [t|N9I. Hence Ry(t) < [t|N*®. Together with Y(t) <
[t|~! this yields

(18) | Rpx)dat< | Noat< N
[t <N~ jt|<N—d
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In the case N~¢ < |t| < N'=% we use assumption (C). Since the estimate in
(C) is uniform in all boxes B’ C B with sides parallel to the coordinate axes
we can apply partial summation. This yields, for an arbitrary polynomial P,

D e(tF(n+w))P(n + u) < NIaPrrsmwdjy =
neNB
uniformly in w € T'. Together with (17) we obtain

Z D (0 + T Wt .. ulm)
ne€N BNZs

= (2mit)! Z Pyi(n+ tup)e(tF(n+ Tum))
1 neN BNZS
d 2
< N—d-&-s—wd’t’—w Z(‘t‘Nd)l < Nd —d+s—wd‘t‘d—w'
=1

d

l

Since w > d it follows that
[ Rax(t)dt <« NE—drsmed [ gdmoml gp o N7
(N—d’led] (N—d’led]
This together with (18) implies (15).

To prove (16) we use (D). Since the estimate in (D) is uniform in all
boxes B’ C B we can apply partial integration. This gives, for an arbitrary
polynomial P and [t| > N~%

| P(a)e(tF(x)) do < NP romwdjy =,
NB
Hence Lemma 3.1 implies, for |[t| > N~¢ (uniformly in w1, ..., uy, € T),
J
| gD @) g ugr)de =Y | (2rit) Py (x)e(tF(z)) dz

NB I=1 NB

J
<<Ns—j—wd|t’—w Z(|t|Nd)l<<Ns+j(d_1)_wd|t’j_w.

I=1

For 0 < j < d this together with (5) yields

| G dt<<NS+j(d—1)—°’d( | tetaet |2 dt) < N*7¥.
[t|>N1-d (N1=4 1] (1,00)

Since w > d this implies (16).

Finally, we prove

LEMMA 3.2. H; =0 for j > 1.
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Proof. By Lemma 3.1 and the definition of H; we obtain, for j > 1,
H; = [ G(0)x(t) dt

R
= > e | | dV@Ws . ugrIR() ded(uy . . ) dt
la|=3 RT™ NB

- Z}c(a) | ST 1 Put) [ etF@)xO() dt da dius ... un,)

o= Tm l=1 NB R
J
= > @) | Y | Pu@)xV(F@) ded(us ... um)
loo|=5 T™ =1 NB

J
= Z'c(a) VDV PP (@) ded(ur .. u).

Here we used ;(l\)(t) = (2mit)'x(t) and the fact that x(F(z)) = 0 if = ¢
NB. In the case j = 1 Lemma 3.1 yields

H = — S S Pr1(z)xW(F(x)) dz du;

T RS
°\ OF .
= — | > o @V (F @) de [ui” dur = 0.
RS i=1 ' T
Remember that T = (—1/2,1/2]°. For j > 1 we prove that
J+1
(19) Z S Pj+1,z(x)x(l)(F(:c)) dr = 0.
=1 R®
This implies H; = 0 for 7 > 2. To prove (19) set
Hir = S Z (9m P §J)rlx()(F($))d$-
Rs =1

Using partial integration one obtains, for 2 <[ < j + 1,

N OF , |
| i) 5ﬁm£MWﬂwm

]R.S

- Zuﬁ-l S a—1( )8(?(}1 (X(l_l)(F(fE))) dx

=—Z%Hy—jzﬂm%Wmmm:—ﬂ%
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This together with the representation of P;j,1; in Lemma 3.1 implies

| Piaa(@)xV(F(2) doe = Hjy,

RS
\ Pia(@xV(F(2))do = Hjy — Hjpoy (2<1< ),
RS
| Prorjar (@)U (F(2) de = —Hj ;.

RS
Adding these j + 1 equations yields (19). This completes the proof of Lem-
ma 3.2 and the proof of the Proposition.

4. Proof of Theorem 3. We have to prove that 2(F) > d implies
(A)—(D) of the Proposition. We start with (D). It is only here that we use,
for inhomogeneous F', the more sophisticated definition (10) instead of (9).

LEMMA 4.1. If 0 <w < £2(F) then
| e(tF(u)) du < N*min(1, (|t{N) ™)
NB
uniformly for all boxes B' C B with sides parallel to the coordinate azes.

Proof. The estimate is trivial for [t| < N=% If |t| > N~ the substitution
u=Q 'z with QN > 1 yields

(20) | e(tF(w)du=Q* | e(tF(Q 'x))dx

NB' QNB
=@ (X etF@Q ')+ O(HNYQN)T)).
neQNB'NZs
To prove (20) cover QN B’ by cubes of the form n+ T, T = [-1/2,1/2)%.
There are at most O((QN)*~1) cubes which intersect the boundary of QN B’.
Furthermore, for x € n + T with n € QN B’, one finds
e(tF(Q™'x)) = e(tF(Q'n)) + O(tlQ™'N™™)
since 8%i(tF(Q_lav)) < |t\Q_lg—£(Q_1LL‘) < [t|Q7IN?=1. This proves (20).
The exponential sum in (20) has the form
Y e(tQ P9 (n) + P(n))
neQNB'NZS

with a polynomial P € R[X7,..., X;] of degree strictly smaller than d. For
0 < A < 1 choose @ such that [t|Q™¢ = (QN)?~% Then QN > 1 and
[t|Q~? lies on the boundary of 9MA(1,1). By the definition (10) of 2(F)
the exponential sum is < (QN)*~“4. If F is homogeneous the same follows
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from the alternative definition (9). Now (20) implies

| e(tF(u) du < Q= (QN)*=4 4 [tjQ~ N+
NB’
< Ns—wd|t|—w —|—N8(|t‘Nd)1_1/A.

Both terms on the right hand side are equal if we set A = (1+w)~! € (0,1].

LEMMA 4.2. 2(F) > d implies that condition (C) of the Proposition is
satisfied.

Proof. Condition (C) is trivially satisfied if [t| < N~9. If N=9 < |¢| <
N'=? choose A(t) such that |t| = N4®~4 ie. A(t) = d+log|t|/log N. The
condition N~% < |t| < N1=% ensures A(t) € (0, 1]. With this choice ¢ lies on
the boundary of 9 4(;)(1,1). Hence ¢ € m () and the definition (10) or (9)
implies, for every 2(F) > w > d,

> e(tF(n+u)) < N9 « Nomwdjy =
neN B'NZ*
uniformly for all v € B and all boxes B’ C B with sides parallel to the
coordinate axes. This proves (C).
To verify conditions (A) and (B) of the Proposition, we split the domain
of integration into a part covered by minor arcs and a second part covered
by major arcs.

LEMMA 4.3 (minor arcs). If 2(F) >d and 0 < A <1 then
(21) | 1Sn ()] dt < N*79,

ma

dt
(22) | ENOIEES N+,
(N4 1]m A

Proof. We prove (22). The proof of (21) is analogous; see [6, p. 24,
Lemma 4.B], for an even sharper estimate. Choose w such that 2(F) >
w > d. If A =1 the definition of 2(F) implies Sy (t) < N*~¢ for all t € m;.
Hence

dt dt
S |Sn ()] n <K N*¢ S " < N* “log N <« N*~%

(N1=2,1]Nmy (N1=d1]
If 0 < A <1 we split (4A,1] into subintervals (A;_1, 4A;], where A = Ay <
A1 <...< A, =1. Then

ma = (R/Z)\ D) U WA, \ DMa,_, =my U Jr,

=1 i=1
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where v; = Ma, \ Mo, , C M4, Since M has Lebesgue measure
ADMA) < Y ¢ NI NPA
1<a<g<N4
it follows that \(t;) < N24i=¢. Furthermore, the definition of £2(F) yields
for t € t; C mu, , the estimate Sy (t) < N*~“4i-1, Hence we obtain

n

dt dt dt
| ool < § IsvolT+Y 1 Isvel S
(N4=11Nmp (N4=11]Nmy =1 (Nd=11]N¢;
= dt
s—d s—wA;_1 -
< N4 Z N | B
=1 (N4=11]Ny;
Since v; € M A, we consider (for (a,q) # (1,1))
E_;'_lNA*d
a dt 1+ inya=d 4
M A(g,a)N(0,1] %_%NAfd a

It follows that

dt 1
| — < Y NI N YT Jogg < N2 log N,
(N1=d1]NM 5 1<a<g<NA “ 1<g<NA

Altogether we obtain

dt -
| [Sn(t)] — < N+t 43 N em A2 dinAio) og N
(N4 1)m A i=1

< Ns—d+Ns—d—(w—2)A+2e < Ns—d’

if we choose A; — A;_1 < e sufficiently small. This proves (22) for every
A e (0,1].

LEMMA 4.4 (major arcs). If 2(F) >2 and 0 < A <1/4 then

(24) | [Sv(t)]dt < N*74,
MA
dt
(25) | Syl < N~
(N1=d 1]nM A

Proof. If F is a polynomial with integer coefficients and ¢ is close to
a rational number with small denominator, then Sy(¢) can be evaluated
asymptotically. It is well known (cf. [6, p. 26, Lemma 5.A]) that for every
t € Ma(q,a), we have

(26) Sn(t) = S(g) Go (t - g) + O(gN*~1+4),
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where
S(ﬁ) =q¢° ) e(ﬂp(n)>, Go(t) = | e(tF(u))du.
1 n€q(0,1]°NZs q NB
Since a/q with (a,q) = 1 lies in M1 (g, a) with N = ¢, the definition of 2(F)

implies

(27) S<g> <q”

for every w < £2(F). Additionally, by Lemma 4.1, Go(t) < N*® min(1, [t N9|~)
for w < 2(F). Since 2(F) > 2 we can choose w > 2. Using these estimates
it is easy to prove (24) and (25). We demonstrate (25). Since

1
t— g < 5NA_d for t € Ma(q,a),
it follows that ¢t > a/(2q). Hence
dt
[ Isvol T
M a(g,2)N(0,1]
dt
< s(f) ‘ g | [Go)|dutqna f =
1 lul[<iNA-d M a(q,a)N(0,1]
The substitution © = N~% yields
| IGow)|du=N"" | |Go(N")|dv
lul<3NA-d lo|<iNA
< N5 S min(1, [v| ™) dv < N4,
o] <gNA
Together with (23) and (27) we obtain
dt
S ‘SN(t)‘ 7 < N4 Z (aflqlfw + afqu2A71)

(N1=d 1]N9M A 1<a<g<NA
< N*41 4+ N*3 Ylog N « N*~¢,

5. Proof of Theorem 2. Let [p(X) = Y0 | \; X? with integer co-
efficients \; > 0. It is known that 2(Fp) > s2'7¢ (see [6, p. 24] and the
remarks following (11)). Hence Theorem 3 implies Pr,(R) < R¥/471 if
s > d2%1. For large d this can be substantially improved by Vinogradov’s
mean value theorem. We prove that (A)—(D) of the Proposition are satisfied

if s > po(d), where po(d) is an explicitly computable function which satisfies
00(d) ~ 2d®logd for d — oo.
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First we prove that (C) and (D) are satisfied if s > d?, d > 2. To do
this we establish (7) and (8) with w = s/d. By [2, Theorem 2.2] (the second
derivative test), it follows that

7 e(tn+u)?) < (M2 72 4 M ([ M)
M<n<M'
uniformly for v € [-1,1] and 1 < M < M’ < 2M. Splitting [0, N] into
dyadic intervals of the form (271U, 27U] with U = |t|~"/? we obtain
Y oettn+w)h) <1+U+ Y (t72U) Y2 4 2 270)12)
0<n<N J
L 14U+ |t|~2Ut=4/2 4 1| /2 N9/2
< ’t|_1/d + ’t|1/2Nd/2.
It follows that
> e(tFo(n+u)) < (|t 4 [t]/ANY2) < |74
neNB’

if [t| < N'~9. This proves (7) with w = s/d. To prove (D) observe that for
t>0,

N tN?
S e(tz?) dx = t~1/4q~! S ¢Vi=te(¢) de < ¢t~/
0 0
(the last integral is bounded by an absolute constant). This proves (8) with

w=s/d.
Next we prove (A) and (B). Let
f&y="Y_ eltn?),
1<n<N
then Sy (t) = [[;_;(1 + 2f(A\it)). By Holder’s inequality it is sufficient to
prove

28 [ @Pd<N and | foPF %L <ot

t
(0,1] (A N1=d 1]

To estimate the special function f(¢) one can work with larger major arcs.
a
‘t g

Let N = [(R+ 1)) +1/2 and set
P N
< — P=_.
ql — qR}’ 2d

Write 91 for the union of the M(q,a) with 1 < a < ¢ < P and (a,q) = 1,
and set m = (R/Z) \ M.

LEMMA 5.1 (major arcs). If s > 2d and ¢ > 0 then

M(q,a) = {t €eR/Z

dt
VIf@)) dt < N and | FOF — < N~
m (eNt=d 1]nm
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Proof. By [9, Theorem 4.1], for t € M(q,a) and any € > 0,

s =2s(2)o(t-2) + o)

q q
where, by [9, Theorem 4.2 and Lemma 2.8],

1
ES(S> < ¢ Y and w(t) < min(N, |t]7V9).
This yields

dt p
b oorer— < <q‘5/d | yv(u)ySqus/WT%)?.
(eN?=4,1)nom 1<a<q<P lu|<P/(qR) qir/ja

Since
| @) du< N+ | w/fdu< N,
lul<P/(gR) (N=4,P/(qR)]

we obtain, for s > 2d,

dt
Vo r@F— <N g ogg + N Y g < N
(eN1=d 1]nom q<N q<N

This proves the second assertion of the lemma. The first one follows in the
same way.
Finally, we estimate the contribution of the minor arcs to (28). Since

dt ) .
| oI <N NIt
()\iNd_l,l}ﬂm m

(28) is a consequence of Lemma 5.1 and the following lemma.

LEMMA 5.2 (minor arcs). There is an explicitly computable function
00(d), which satisfies oo(d) ~ 2d®logd for d — oo, such that for s > oo(d),

VIF@))° dt < No724H L

m
Proof. We use Wooley’s refinement of Vinogradov’s mean value theorem.
The original form of the mean value theorem yields Lemma 5.2 with go(d) ~
4d3logd. By [9, Theorem 5.6], there is an explicitly computable function
o(d) such that for t € m,
f(t) <« N'77@ g N,

We have o(d) ~ (2d*logd)~! for d — oo. Furthermore, by [9, Theorem 5.5
and (5.37)], for every integer [ > 1,

| 17" a < N2A=dem(d)
0,1]
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where

-1
n(d) = %d(d _ ) <1 - 4%) |

These estimates imply, for every [ > 1,

VIS @) dt < (sup | F@)1 ) | 1 f()*" dt
m tem 0,1]

< N(s—2dl)(1—cr(d))+2dl—d+77l(d) (lOg N)s—2dl.

There is an [ such that the right hand side is < Ns724+1 if

. m(d) d—1
s > Hllln{m +2dl} + m = Q()(d),

say. By [9, Theorem 5.7], the minimum is < d?log d, thus go(d) ~ 2d*log d
for d — oo.

We remark that for small d Theorem 2 can be further sharpened. For

instance, Hua’s lemma ([9, Lemma 2.5]) can be used to prove Pg,(R) <
Rs/4=1 for g > 2441 _ 9,

(1]

[10]
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