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1. Introduction. Fix a finite field F, of odd cardinality, and let C' be

a nonsingular projective curve defined over F,. For each extension field of

degree n of I, denote by N, (C') the number of points of C' in Fyn. The zeta
function associated to C' is defined as

> u” 1

Zet) = exp - Na(C) o lul <

and is known to be a rational function of w of the form

(1) 2ol = it

where Po(u) is a polynomial of degree 2g with integer coefficients, satisfying
a functional equation

1
Po(u) = (qu?)Po — ).
o(w) = (a2 re )
The Riemann Hypothesis, proved by Weil [19], is that the zeros of P(u) all
lie on the circle |u| = 1/,/q. Thus one may give a spectral interpretation of

Pc(u) as the characteristic polynomial of a 2g x 2¢g unitary matrix O¢:

Po(u) = det(I —uy/qOc¢)

so that the eigenvalues e of O¢ correspond to zeros ¢ 1/2e~ i of Zo(u).
The matrix (or rather the conjugacy class) ¢ is called the unitarized Frobe-
nius class of C.

We would like to study how the Frobenius classes @¢ change as we vary
the curve over a family of hyperelliptic curves of genus g, in the limit of
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large genus and fixed constant field. The particular family Hz441 we choose
is the family of all curves given in affine form by an equation

Co:y° =Q(x)
where
Q(z) = &+ + agga™ + -+ ag € Fylz]

is a square-free, monic polynomial of degree 2g + 1. The curve Cg is thus
nonsingular and of genus g.

We consider Hag41 as a probability space (ensemble) with the uniform
probability measure, so that the expected value of any function F' on Hagq1

is defined as
1

<F> = #H2g+1

F(Q).

Q€H2g+l

Katz and Sarnak [I1] showed that as ¢ — oo, the Frobenius classes O¢
become equidistributed in the unitary symplectic group USp(2¢g) (in genus
one this is due to Birch [2] for ¢ prime, and to Deligne [3]). That is, for any
continuous function on the space of conjugacy classes of USp(2g),

lm (FO) = | FW)dv.
USp(29)

This implies that various statistics of the eigenvalues can, in this limit, be
computed by integrating the corresponding quantities over USp(2g).

Our goal is to explore the opposite limit, that of fixed constant field and
large genus (g fixed, g — oo; cf. [13] 6]). Since the matrices ©¢g now inhabit
different spaces as g grows, it is not clear how to formulate an equidistribu-
tion problem. However, one can still meaningfully discuss various statistics,
the most fundamental being various products of traces of powers of O,
that is, ([[;_, tr @gj ). Here we study the basic case of the expected values
(tr ©F), where n is of order of the genus g.

The mean value of traces of powers when averaged over the unitary
symplectic group USp(2g) is easily seen [5] to be

2g, n=0,
(1.2) | trUmdU = ¢ =, 1< 0| <2,
USp(29) 0, In| > 2g,

where

{ 1, n even,
M =
0, n odd.
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We will show:

THEOREM 1. For all n > 0 we have

—Mn, 0<n<2g,
(tref) = —1—1/(g—1), n=2g, T D) |(1137g+P1
0 .y g
+O4g(ng"*7%9 + gq79),
the sum over all irreducible monic polynomials P, and where |P| := qi8 ",

In particular, we have

COROLLARY 2. If 3log, g <n < 4g —5log, g but n # 2g then

1
(rog)= | tU" dU—|—0<g>.
USp(29)

We do however get deviations from the Random Matrix Theory results
(1.2)) for small values of n, for instance

1
<tr@é>~ S trUQdU—I—il,
USp(29) it

and for n = 2g where we have

(troy) ~ | U U —

1
USp(20) a

Analogous results can be derived for mean values of products, e.g. for
(tr oy tr @5}, when m + n < 4g; see

To prove these results, we cannot use the powerful equidistribution the-
orem of Deligne [3], as was done for the fixed genus case in [11]. Rather, we
use a variant of the analytic methods developed to deal with such problems
in the number field setting [15] [10, 18]. Extending the range of our results
to cover n > 4g is a challenge.

1.1. Application: The one-level density. The traces of powers de-
termine all linear statistics, such as the number of angles ¢; lying in a subin-
terval of R/27Z, or the one-level density, a smooth linear statistic. To de-
fine the one-level density, we start with an even test function f, say in the
Schwartz space S(R), and for any N > 1 set

F(9) := Zf<N<297T —k)>

keZ
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which has period 27 and is localized in an interval of size ~ 1/N in R/277Z.
For a unitary N x N matrix U with eigenvalues €%, j = 1,..., N, define

N
U) :ZF<9J)

which counts the number of “low-lying” eigenphases 6; in the smooth inter-
val of length ~ 1/N around the origin defined by f.

Katz and Sarnak [9] conjectured that for fixed ¢, the expected value of
Zy over Hagy1 will converge to SUSp@g) Zi(U)dU as g — oo for any such
test function f. Theorem [I] implies:

COROLLARY 3. If f € S(R) is even, with Fourier transform f supported
n (—2,2), then

B dev(f) 1
(Zp)= | ZpU)dU + J +0<>

USp(29) g

where dow P )
= o (1) ——
dev($)=FO) 3 rpey — F)
P prime
the sum over all irreducible monic polynomials P.

To show Corollary [3] one uses a Fourier expansion to see that

(1.3) Z;U) = | flo)do+ < Zf( > tr U".

—oo n;éO
Averaging Z;(U) over the symplectic group USp(2g), using (1.2), and as-
suming f is even, gives

| zv)du = o) - - Z f( >

USp(2g) 1<m<g

and then we use Theorem [I] to deduce Corollary [3]

Corollary [3] is completely analogous to what is known in the number
field setting for the corresponding case of zeta functions of quadratic fields,
except for the lower order term which is different: While the coefficient of
f (0) is as in the number field setting [14], the coefficient of f ( ) is special
to our function field setting.

2. Quadratic L-functions. In this section we give some known back-
ground on the zeta function of hyperelliptic curves. The theory was initiated
by E. Artin [I]. We use Rosen [16] as a general reference.

(1) Note that as g — oo, S (U) AU ~ S Oo f(x) (1 _ sinz@) de.

2mx

USp(29)
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2.1. For a nonzero polynomial f € F,[z], we define the norm |f| :=
g f A “prime” polynomial is a monic irreducible polynomial. For a monic
polynomial f, the von Mangoldt function A(f) is defined to be zero unless
f = P* is a prime power in which case A(P*) = deg P.

The analogue of Riemann’s zeta function is

Gl = 1] a-1p,
P prime

which is shown to equal

(2.1) Cq(s)

Let m4(n) be the number of prime polynomials of degree n. The Prime
Polynomial Theorem in F,[x] asserts that

B 1
- 1_q1—s'

q" n
mg(n) = - + 0(¢"?),
which follows from the identity (equivalent to (2.1))
(2.2) > A =4q",
deg f=n

the sum over all monic polynomials of degree n.

2.2. For a monic polynomial D € F,[z] of positive degree which is
not a perfect square, we define the quadratic character xp in terms of the
quadratic residue symbol for F,[z] by

wn=(7)

and the corresponding L-function

1
L(u,xp) == [[(1 = xp(P)ue”) ™, Ju| < 7
P

the product over all monic irreducible (prime) polynomials P. Expanding
in additive form using unique factorization, we write

L(u,xp) = ZAD(ﬂ)uﬁ
B=0
with
Ap(B) ==Y xn(B).

deg B=3
B monic

If D is nonsquare of positive degree, then Ap(f) = 0 for § > deg D and
hence the L-function is in fact a polynomial of degree at most deg D — 1.
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2.3. To proceed further, assume that D is square-free (and monic of
positive degree). Then L(u, xp) has a “trivial” zero at u = 1 if and only if
deg D is even. Thus

1, degD even,

L(u,xp) = (1 —w) L (u,xp), A=
(u, xp) = ( u) (u, XD) {(), deg D odd,

where £*(u, xp) is a polynomial of even degree
20 =degD —1— X

satisfying the functional equation
1
cr = (qu*)’L*( —.,xp |-
(u, xp) = (qu°) (qu XD>

In fact, £*(u, xp) is the Artin L-function associated to the unique nontrivial
quadratic character of Fy(x)(y/D(z)) (see [16, Propositions 17.7 and 14.6]).

We write
(u, xD) ZAD

where A7,(0) = 1, and the coefficients A}B(ﬁ) satisfy

(2.3) A5 (B) = ¢"° A (26 — 9).
In particular, the leading coefficient is A},(20) = Q.

2.4. For D monic, square-free, and of positive degree, the zeta function
(T.1)) of the hyperelliptic curve y? = D(z) is

L*(u, xp)
ZD u) = .
= - )
The Riemann Hypothesis, proved by Weil [19], asserts that all zeros of
Zc(u), hence of L*(u, xp), lie on the circle |[u| = 1/,/q. Thus we may write

E*(U,XD) = det(I — u\/aéD)

for a unitary 20 x 20 matrix @p.

2.5. By taking a logarithmic derivative of the identity
det(/ —u\/qOp) = (1 —u) )‘H (1 — xp(P)udsr)=1
which comes from writing E*(u XD) = (1 —u)"*L(u, xp), we find

(2.4) —trop = n/2 Z A(f)xp(f
deg f=n
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2.6. Assume now that B is monic, of positive degree and not a perfect
square. Then we have a bound for the character sum over primes:

B degB 9
= (8) < o20er

deg P=n
P prime

(2.5)

This is deduced by writing B = DC? with D square-free, of positive degree,
and then using the explicit formula (2.4)) and the unitarity of ©p (which is
the Riemann Hypothesis).

3. The hyperelliptic ensemble Hy,

3.1. Averaging over Hy,1. We denote by Hy the set of square-free
monic polynomials of degree d in F,[z]. The cardinality of H, is

1—1/¢)¢%, d>2,
#Hd:{( /0)¢?, d>
q; d=1,

as is seen by writing

#d - Gq(s)
“ods f17° =
g) qd fmonic%are—free Cq(25)

and using (2.1). In particular, for g > 1,
#MHogr1 = (g — 1)g*.

We consider Hag41 as a probability space (ensemble) with the uniform
probability measure, so that the expected value of any function F' on Hagq1
is defined as

1

= FHogns F(Q).

(3.1) (F):
QEH2g+41

We can pick out square-free polynomials by using the Mobius function p
of Fy[z] (as is done over the integers) via

1, @ square-free,
> u(A) = {

A0 0, otherwise.

Thus we may write expected values as
1
B2 (F@)=r—pa 2 X ). WAHFAB),
q q 2a+0=2g+1 deg B=0 deg A=«

the sums over all monic A, B.
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3.2. Averaging quadratic characters. Suppose now that we are
given a polynomial f € Fy[z] and apply (3.2) to the quadratic character

xo(f) = (%) Then

() = () (A>2 - (£). sed(4 f)=1,

f f 0, otherwise.
Hence
(xo(f) = ﬁ Yoo afia) Y <B>
(q_ )q 20+68=2g+1 deg B=p3 f
where

o(f;a):= > wA).
deg A=«
ged(4,f)=1

3.3. A sum of Mobius values. Suppose P is a prime of degree n, and
k>1and o > 0. Set

on(@) =o(Pa)= S u(A),
deg A=«
ged(A,PF)=1

Since the conditions ged(A, P¥) = 1 and ged(A, P) = 1 are equivalent for
a prime P and any k > 1, this quantity is independent of k; the notation
anticipates that it depends only on the degree n of P, as is shown in:

LEMMA 4.
(i) Forn =1,

01(0)=1, oi(a)=1—¢q foralla>1.
(ii) If n > 2 then

1, a = 0 mod n,
on(a) =< —q, a=1mod n,
0, otherwise.

Proof. Since P is prime,

on(a)= D p(A)— D opA)= D wA) - D u(PA).

deg A=« deg A=« deg A=« deg Aj=a—n
P|A

Now p(PA;) # 0 only when A; is coprime to P, in which case u(PA;) =
u(P)p(Ar) = —p(Ar). Hence

on(a) =Y pA)+ D A,
deg A=« deg Aj=a—n
: (PAD1
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that is,
1, a =0,
on(a) —op(a—n) = Z w(A) =< —¢q, a=1,
deg A= 0, a>2,
on using

:u(A) _ 1 _ 1 _ -5
2 UF T awm =l

A monic

and (2.1)). For n > 2 we get (ii), while for n = 1 we find that ¢1(0) = 1 and
for a > 1,

oi(a) =o1(a—1)=-=01(1) = —q,
giving (i). m
3.4. The probability that P1{Q

LEMMA 5. Let P be a prime. Then

1P|

e

(xq(P?))

Proof. Since P is prime, XQ(P2) = 1 unless P divides @), that is, setting

_JL Pt
et ={y o7
we have xo(P?) = 1p(Q) and thus, by (3.2),
1
(x@(P%) = (tp) = [T Z w(A)p(A%B).

deg A2B=2g+1
Since P is prime, P { A2B if and only if P{ A and P { B. Hence
1
(xq(P?) = = 1)q% DR DEICY > L.
q q 0<a<g deg A=a, PtA deg B=2g+1—2a, PtB
Writing m := deg P, we get

1 if m > (3,

‘ _ — P
#{B:degB =0, P{B} =¢ X{l_l/py if m <,

and

Y. uA)=onla)

deg A=a, PYA
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is computed in Lemma [4 Hence

<XQ(P2)> _ (q_ll)qu OQZ“;Q O.m(a)q2g+1f2a
1-1/|P], 0<a<g—(m-1)/2,
x{l, g—(m-1)/2<a<g

() (S o)

a=0

Moreover, inserting the values of o,,(a) given by Lemma [4| gives

2. o) 1-1/q
D S VI

a=0

(this is valid for both m =1 and m > 2!) and hence

1 1 1-1
__|P
P41

+0(¢%)

as claimed. =

4. Double character sums. We consider the double character sum

s = ¥ 2 ()

deg P=n deg B=0
P prime B monic

We may express S(3;n) in terms of the coefficients Ap(3) = Zdeg B=p xp(B)
of the L-function L(u,xp) =>4 Ap(B)u’:

S(Bim) = (~1)(@D/2 5 49,
deg P=n

which follows from the law of quadratic reciprocity [16]: If A, B are monic
then

B A
<A> _ (_1)((q—1)/2)degAdegB<B) = (—1)((a-D)/2)deg Adeg B, | (B,

Since Ap(B) = 0 for § > deg P, we find:

LEMMA 6. For n < (8 we have

S(B;n) =0.
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4.1. Duality
PROPOSITION 7.
(i) If n is odd and 0 < 3 <n —1 then

(4.1) S(B;n) = ¢~ VP2S(n—1 - B;n),
(4.2) S(n—1;n) = ﬂq(n)q(n—l)/z.
(ii) If n is even and 1 < 3 < n — 2 then
n—_F3-—2
(4.3) S(ﬂ;n):qﬁ‘”/z<—5( —1-Bn)+(g—-1) > S@ )
7=0

(4.4)  S(n—1;n) = —my(n)g™=2/2,

Proof. Assume that n = deg P is odd. Then L(u,xp) = L*(u, xp), and
so the coefficients Ap(3) = A} (5) coincide. Therefore the functional equa-

tion in the form implies
Ap(B) = Ap(n—1— ﬁ)qﬁf(”*l)m, nodd, 0 <8 <n—1.
Consequently, for n odd,
S(ﬁ;n):qﬂf("fl)/QS(n—l—ﬂ;n), nodd, 0 <fB<n-—1.
In particular,
S(n—1;n) = ¢™V/25(0,n) = q(”_l)/Qﬁq(n), n odd.

Next, assume that n = deg P is even. Then L(u, xp) = (1 —u)L*(u, xp),
which implies that the coefficients of L(u, xp) and L£*(u, xp) satisfy

Ap(B) = Ap(B) = Ap(B-1), B=>1,
and
(4.5) Ap(B) = Ap(B)+ Ap(B—1) + -+ Ap(0) .

Moreover,
Ap(0) = Ap(0), Ap(n—1)=—-Ap(n—2).

In particular, since
Ap0) =1, Ap(n—2) = "2
(see (2.3))), we get
Ap(n—1) = —Ab(n—2) = —¢" 22 n even,

so that
S(n—1;n) = —Trq(n)q("*Q)/Q, n even.

The functional equation ([2.3)) implies
Ap(B) = Ap(n—2—B)¢" 22 0<p<n-2
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and hence, for 1 < g <n — 2,
Ap(B) = Ap(B) — Ap(B—1)
= Ap(n— 2= F)g" "I — Ap(n — 1 - §)g" "2
and inserting (4.5)) gives

Ap(8) = ¢ (~Ap(n—1-B)+(a=1) 3 Ar(7)).
7=0
Summing over all primes P of degree n gives
n—0F3—2
S@Bn) =" "2 (=S(-1-Fn)+(a—1) Y S(Gin)
j=0

as claimed. =

4.2. An estimate for S(5;n)
LEMMA 8. Suppose 3 < n. Then

(4.6) S(8:n) = n5mg(n)g”"* + O (i qnmﬂ),
where ng = 1 for 3 even, and ng = 0 for 3 odd.
Proof. We write
B B
>y ) 25

B=[ degP=n B#[ deg P=n
deg B=43 deg B=§

where the squares only occur when [ is even.
For B not a perfect square, we use the Riemann Hypothesis for curves

in the form ([2.5)):
B deg B, /9
E (P) <K o q-.

deg P=n

Hence summing over all nonsquare B of degree (3, of which there are at

B#0 deg P=n
deg B=43

Assume now that 3 is even. For B = C?, we find that ]23 and B are
coprime since deg C' = 3/2 < n = deg P, and hence (%) = (C ) +1 and

so the squares, of which there are ¢%/2, contribute ﬂq(n)qﬂ/ 2. This proves

(Z5). »
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By using duality, (4.6) can be bootstrapped into an improved estimate
when (3 is odd:

PROPOSITION 9. If B is odd and 3 < n then
(4.7) S(B;n) = —namg(n)g” ™ + O(q").
Proof. Assume n odd with 8 < n. Then by for odd n,
S(Bin) = ¢" VS (n —1 - Bin)

and inserting (4.6 with 8 replaced by n — 1 — § (which is odd in this case)
we get
S(n—1—in) < ¢"/>Hn=10,

hence
S(B;n) <« q ("—1)/2qn/2+n_1_ﬁ <
as claimed.
Assume n even, with 5 < n. Using (4.3]) and the bound (4.6|) gives

S(Bin) = " (=S =1 Bim) + (4= 1) Z S(jim))

n—pB—2
= "2 (< gmg()a" R 4 (g = 1) Y e (n)e?)

7=0
n—1-06 .
O<qﬂ—n/2 3 iqn/%ﬂ).
§=0

The remainder term is O(¢"). For the main term, we note that n—1—8 = 2L
is even since ( is odd and n is even, and then we can write the sum as

L-1

q,B—n/Qﬂ_q(n) (_qL + (q . 1) Z ql> — _qﬁ—n/27rq(n)a

=0

which is our claim. =
5. Proof of Theorem The explicit formula (2.4) says that for n > 0,
tr Oy = 7 /2 Z A(f)xo(f

deg f=n

the sum over all monic prime powers. We will separately treat the contribu-
tions P, of primes, [J,, of squares and H,, of higher odd powers of primes:

(5.1) tr 0 = P, + O, + H,
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5.1. The contribution of squares. When n is even, we have a contri-
bution to tr @5 coming from squares of prime powers (for odd n this term

does not appear), which give
— > A(h)xe(h?).

degh n/2
Since xq(h?) =0 or 1, we clearly have [J,, < 0 and

1
deg h=n/2

by (2.2)). Hence the contribution of squares is certainly bounded.
Now for h = P* a prime power,

5:2) (xalh) = (xo(P) = 1= 5

by Lemma/5l Thus, recalling that > ., —,, A(h) = ¢ from (2.2)), we deduce
that the contribution of squares to the average is

_ 1 1 —2g
53 Oh=-ttos Y (P g+ 06)
deg P|(n/2)
1 deg P
=1t > SE 4 0Y).

n/2 Pl+1
q degP|(n/2)‘ |+

+0(¢%)

In particular, we find that the contribution of squares to the average is

(On) = 1+O( /2> +0(¢7)

and thus if n > 3log, g we get

cu-on(ise(2)

5.2. The contributions of primes. The contribution to tr (922 of
primes is

n
Pn:—T/Q Z xQ(P).

q deg P=n
ProrosiTION 10.
n
(5.4) (Pn) = *W Z on(a)S(B;n).
B+20=2g+1
a,3>0

Moreover, if n > g then
(55) (P =-

n

T E (S(2g + 1;n) — ¢S(2g9 — 1;n)).
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Proof. Using l) we have

B
P = S X e S (F)
(¢—1)q
deg P=n +2a=2g+1 deg B=4
a,3>0
n
=~ a2 on(@S(Bin),
(q=D)grrn | =
,8>0
which gives ((5.4)).

Now assume that n > g. Then o,(a) # 0 forces a = 0,1 mod n by
Lemma [4{ii) and together with a < g < n we must have a = 0, 1. Hence in
(5.4) the only nonzero terms are those with o = 0,1, which gives (5.5)). m

5.3. Bounding the contribution of primes. Assume first that n < g.
In (5.4)), if S(B;n) # 0 then 5 <n biLemma@ For those, we use the bound

1S(B;n)| < (8/n)¢?+™/? of Lemma |8 and hence
B _ _
>0 o) < W > L <ng" T < gq7"
B<n

(since n < g), which vanishes as g — oo.

For g < n < 2g, use (5.5)), and note that S(2¢g + 1;7) = 0 by Lemma @
Hence

(Pn) =0, g<mn<2g.
5.3.1. The case n = 2g. We have S(2g + 1;2g) = 0 by Lemma [6] and
S(2g — 1;2g) = —74(29)¢'?972/2 by ([@4). Hence

(Pn) = — (S(29 +1,29) — ¢S(29 — 1,29))

49
(g —1)g%t9
g

1
- (29-2)/2 _ __ = -9
(q — 1)q29+9 qmq(29)q q—1 +O(g9q77).

5.3.2. The case 2g < n. Here we use (4.7)) to find

(Pn) = _(q—l)% (5(29 +1;n) — ¢S(29 — 1;n))

n _ .
= Do e iy (n)g* )

n n
+O(q29+”/2 ! )

= nma(n) | O(ng™?729) = (1 + O0(g9q79)) + O(ng"/*~%9).

qn
The main term is asymptotic to 7, and the remainder is o(1/g) provided

29 <n <4g—5log,g.
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5.4. The contribution of higher prime powers. The contribution
of odd powers of primes P?, d > 1 odd, deg P% = n, is

Ho=——p 2 Y GxelPh

dln  deg P=n/d
3<dodd

Since xq(P?) = XQ(P) for d odd, the average is

B
)= 5 X % o X (F)
dln degP n/d 2a+B=2g+1 deg B=43
3<dodd
n
CES 2g+n/z > oy n/d(a)S(ﬂ, d)-
dln 20&+5 29+1
3<dodd

In order that S(8;n/d) # 0 we need § < n/d. Thus using the bound
S(B;n/d) < ¢?t7/%4 of ([L.6)) (recall that 3 < 2g + 1 is odd here) gives

1 n n/2d+3
(H,) < T > >

din B<min(n/d,2g+1)
3<dodd
n/2d+min(2g, n/d)
< q29+n/2 Z q
dln
3<dodd

Treating separately the cases n/3 < 2g and n/3 > 2g we see that we have
in either case

(5.7) (H,) < gq~%9.

5.5. Conclusion of the proof. We saw that

with the individual terms giving

O(gq™9), 0<n<2g,
(Pn) = q —1/(¢g—1)+O(g9q79), n=2g,
M + O(ng™/?=%9), 29 < m,
1 deg P _
q"/ |P|+1
deg P|(n/2)

(Hn) = O(g9q~2).
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Putting these together gives Theorem |1} In particular,

—Nns 3log, g <n < 2g, )
(trOg) =4 —-1-1/(¢—1), n=2g, +0<g).
0, 29 <n<4g—38log,g

6. The product of two traces. Using the methods of this paper, one
can also compute mean values of products of traces. For the product of two
traces, the results can be stated as follows:

Assume min(m, n) > logg and m 4+ n < 4g — 100 log, g. Then

(i) If m = n then

n—+ 0, n<g,
(6.1) (trOB2y ~{ ntma+ 5, n=g,
n—14n,, g <n<2g—50log,g.

(ii) If m < n then for “generic” values of (m,n) we have

NmTn, m+n < 2g,
— , n<2g, m+n>2g,

(62)  (roptrop) ~{ T i g g

—Mm+n, n>2g, n—m < 2g,

0, n—m > 2g,
while on “exceptional” lines we have

Mln + 5575 m+n = 2g,
(6.3) (tr OF trOB) ~ < Ml — Mt + Mgy, 7= 29,

The expected values for the symplectic group are (cf. [5 4] &, [12]):
(i) If m = n then

N+ T, 1<n<yg,

(6.4) | JrU"PdUu={ n—1+n, g+1<n<2g,

Usp(a) 29, n>2g.
(i) If 1 <m < n then

NmTn, m+n < 2g,

(6.5) S UM e U U = & T e I <n<2g, m+n>2g,

USp(2g) “Thm+n, n > 2g, n—m < 2g,

0, n—m > 2g.

Comparing (6.4]), (6.5)) with (6.2), (6.3) we find that if m = min(m,n) >

log, g and m +n < 4g — 1001log, g then for “generic” values of (m,n), that
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is, if n,m # 2¢g and |n & m| # 2¢g, we have

(6.6) (trogtwoy) ~ | wUmeUmdy,
USp(29)
while on the lines n,m = 2¢g, |n £ m| = 2g the difference between the

averages over Hag+1 and USp(2g) is bounded by

1
(rOFwep) — | wUmaUdU| < o), g— oo
USp(29) !

These results can be used to study the two-level density (cf. [I7, [7]).
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