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1. Introduction. In [5] we observed that, apart from sixteen (1)
exceptions, the product of two level one eigenforms is not an eigenform.
This observation was also made independently by W. Duke [4]. The purpose
of this note is to investigate whether the product of eigenforms can be an
eigenform when the level is square-free.

Let My (I'1(N)) denote the space of modular forms of weight k£ > 1 and
level N > 1. Let Sg(I1(N)) denote the subspace of cusp forms, and let
Er(I'(NV)) denote the subspace of those modular forms that are orthogonal
to Sk(I1(N)) with respect to the Petersson inner product. Thus we have

My (I'(N)) = Si(I11(N)) & & (I (N)).

These spaces may be decomposed according to nebentypus:

X
(1) ST (N)) = @D Sk(IV, ),
X

Ex(T1(N)) = P E(N, x),

as x varies through all Dirichlet characters mod N.

Each of the spaces in (1) has an explicit basis consisting of modular
forms that are eigenvectors of all the Hecke operators T, with n coprime
to N.

For Si (N, x) this basis is constructed from newforms of lower level in
the usual manner. Let M be a positive integer divisible by the conductor
c(x) of x. We say that f € Sp(M, x) is primitive if it is a newform, it is an
eigenvector of all the Hecke operators of level M, and it is normalized so
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should have been included in equation (1) of [5].
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that the g-term in its g-expansion is 1. Then the set of cusp forms

U U {f(Qz) | f is a primitive element of Si(M, x)},

M Q
where M varies through all positive integers satisfying M | N and ¢(x) | M,
and @ varies through all positive integers dividing N/M, forms a basis of
Sk (N, x) consisting of common eigenforms of all the Hecke operators T,
with n coprime to N.

A similar explicit basis consisting of modular forms that are eigenvectors
of all the Hecke operators T}, for n coprime to N exists for E(N, x) as well.
We refer the reader to Theorem 2 in the text for its description.

Let B denote the explicit basis of My (I1(IV)) obtained as above. We
shall say that an element of My (I7(N)) is an almost everywhere eigenform
(or a.e. eigenform for short) if, up to a scalar multiple, it is an element of B.

The purpose of this note is to shed some light on the following question
which was asked by D. Prasad:

QUESTION 1. Let k> 1> 1 and N > 1 be integers. Say g € M;(I1(N))
and h € My_i(I''(N)) are a.e. eigenforms. When is gh € Mp(I1(N)) an
a.e. eigenform?

There are three cases to consider:

A g € Si(I1(N)) and h € Sp_i(I'1(N)),
B.ge Sl(Fl(N)) and h € 5k,l(F1(N)),
C.ge 51(F1(N)) and h € 5k_l(F1(N)).

Since the property of being an a.e. eigenform imposes stringent condi-
tions on the g-expansion of a modular form and since the convolution prod-
uct of g-expansions is unlikely to preserve these conditions one expects that
the answer to Question 1 is “rarely”. This is corroborated by the following
theorem, which may be considered a summary of the results proved in the
main body of the paper (see Proposition 2 and Theorems 3 and 4).

THEOREM 1. Say N is square-free. Let g and h be a.e. eigenforms of
weight | > 3 and k — 1 > 3, and nebentypus 1 and x respectively. Then:

1. In Case A, gh is never an a.e. eigenform.

2. In Case B, assume that g is a newform and dim SP¥(N,vx) > 2.
Then gh is not an a.e. eigenform.

3. In Case C, assume that | # k/2 and that 1 and x are primitive
characters. Assume that

e 1 when gh € EL(N,x),
dim SV (N, ¢x) > {2 when gh € Sp(N,¥x).

Then gh is not an a.e. eigenform.
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The proof of Theorem 1 uses the Rankin—Selberg method and the fact
that when N is square-free the Atkin—Lehner involutions act transitively on
the set of Eisenstein series.

We now make some comments on the hypotheses of Theorem 1.

The restriction that the weights of g and h be larger than 3 arises because
of technical reasons (Eisenstein series of weight 1 and 2 behave slightly dif-
ferently than Eisenstein series of weight larger than 3) as well as conceptual
ones (the Rankin-Selberg L-function may vanish at the point of interest
when the weight is 1 or 2).

In Case B the theorem is false if g is not a newform. For example if Fy is
the unique normalized Eisenstein series of level one, Aq9 is the Ramanujan
Delta function and Ajg is the unique cusp form of level one and weight 16,

then the identity
Alg(z) . E4(Z) = Alﬁ(z)

of eigenforms will propagate to S16(I0(V)) for arbitrary N by simply sub-
stituting Nz for z. Thus it makes sense to require g to be a newform.

In Case C we remind the reader that even though g and h are Eisenstein
series it is possible that gh is a cusp form. For instance if

9= f3(z,x-3,1) €&(3,x-3) and h= f5(z,1,x-3) € &E(3,x-3)

(here x_3 is the quadratic character of conductor 3; see Theorem 2 for
the other notation) then g vanishes exactly at the cusp oo whereas h van-
ishes exactly at the cusp 0. Since there are only two cusps for I'1(3) we see
that gh € Sg(I5(3)) must be a cusp form. (It is in fact an eigenform since
Ss(I5(3)) has dimension 1.)

In Case C the assumption that ¢ and x are primitive is made, as in
Case B, to exclude from consideration identities in level N which have
propagated from smaller levels (example: if Ej is the unique normalized
Eisenstein series of level one and weight k then Ey(Nz)Eg(Nz) = E19(Nz)
in £10(LH(N)) for all N).

The assumption that [ # k/2 in Case C is more serious and interesting.
It arises since the (twisted) L-function of a cusp form of weight £ may vanish
at the center of the critical strip. In this case the method of proof of this
paper fails. However one can work around this in special cases by a direct
comparison of Fourier coefficients. When N = 1 this was done in [5]. When
N is arbitrary we only sketch the strategy for doing this in general. As an
application of this circle of ideas we prove a result which gives a criterion for
the non-vanishing of certain (twisted) standard L-functions at the center of
the critical strip (see Theorem 5 and its corollaries).

We end this paper with some examples of a.e. eigenforms which can be
written as products of a.e. eigenforms of smaller weight.
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2. Rankin—Selberg method. In this section we briefly review the
Rankin—Selberg method since it is at the heart of the proof of Theorem 1.
A reference is Shimura [9)].

Let N > 1and k > [ > 1 be integers. Let x and v be Dirichlet characters
mod N. Say that f = > anq¢™ € Sp(N,x) and g € M;(N,v). Let f.(z) =
f(=%) = >_, @nq™. Then some standard integration shows

ool

I(s, f,9) == | | fe(2)g(2)y* " dwdy = (4m)"*T'(s)D(s, f @ g),
00
where
. anbn
s,f®@g) = nZ::l pr

is the Rankin product L-function of f and g. Now let D = I'h(N)\H. Then
another standard unwinding argument shows that
, dx dy

2 b

I(s, f,9) = \\ fe(2)9(2) Bty (s + 1 =k, 2)y
5 y

where

w(d)
(2) Br (s, 2) = E : % 25
oV ST () (cz+ d)F|cz + d|

]

is the Eisenstein series with parameter s. If f; € Sp(I(N)) and fo2 €
Mk(FI(N)) let

(i, f2) = || i) fole) o 2228

2
D Y
be the usual Petersson inner product of f; and fy. Specializing the two
expressions above for I(s, f,g) at s = k — 1 yields the important identity

(3) (4m)" (k= 1)D(k — 1, f ® g) = (fe, 9Br—t.x0),

where Ey_; ., € E—1(N,©) is a modular form (except in the case when both
k —1 =2 and w = 1) which is described in more detail in Section 3.

3. Eisenstein series on I7(N). In this section we recall some facts
about Eisenstein series on I'1(N) for an arbitrary integer N > 1. Further
details can be found in Chapters 2, 4, and 7 of Miyake’s book [§].

Let ¢t be the number of inequivalent cusps for I7(N). If N > 3, then
—1 ¢ I(N), and so we may further classify the cusps as regular or irregular
(see page 19 of [8]). Let u denote the number of regular cusps and v the
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number of irregular cusps (for N > 3). We have (cf. [8], Theorem 4.2.9):

1 N =1,
P itN =2,
‘= 2 if N =3 (0 and oo are both regular),
3 if N =4 (0, oo are regular, 1/2 is irregular),
2 Y ¢(d)p(N/d) if N >5 (all cusps are regular).
0<d|N

The number of cusps is closely connected to the dimension of the space of
Eisenstein series. In fact we have (cf. [8], Theorems 2.5.2 and 2.5.3):
t if £ > 4 is even,
t—1 ifk=2,
(4) dimE(I1(N)) =< u if k>3 isodd and N > 3,
u/2 ifk=1and N > 3,
0 ifk>1isodd and N =1, 2.
Note that in the generic case, namely k>3 and N > 5, the dimension is

§:¢ H(N/d).

O<d\N

In fact it is easy to explicitly write down a basis of a.e. eigenforms of
E(I(N)) (see [8], Theorems 4.7.1 and 4.7.2):

THEOREM 2. Let x1 and x2 be Dirichlet characters mod My, respectively
My, such that x1x2(—1) = (—=1)* with k > 1. Assume that

e if k=2 and x1 = x2 =1, then My =1 and M> is a prime number,
e otherwise, x1 and X2 are primitive characters.

Then there is an element [ = fi(2, X1, X2) = Dopepang™ € E(M, x), with
M = MiMs and x = x1Xx2, characterized by the properties
i L(Sa f) = L(S7X1)L(S —k+ ]-7 X2)7 and
e the constant term of f is
0 ifk>2and x1 # 1, or
B if k=1 and both x1 # 1 and x2 # 1,
W=y (M -1)/24 ifk=2andx1 =1, xo =1,
—Bi/(2k)  otherwise.
The modular form fr(z,x1,x2) € E(M,x) is an eigenvector for all the

Hecke operators of level M. Modulo the relation fi(z,x1,x2) = f1(z, x2,X1)
when k =1, the set of elements

fk(sz X1, XQ)

with QM1 My | N, and x1, x2, M1, My satisfying the conditions above, form a
basis of Ex (N, x) consisting of common eigenforms of all the Hecke operators
T, of level N, with n coprime to N.
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We leave it to the reader to check (cf. pages 179-181 of [8]) that, by an
explicit counting argument, one recovers (?) the formula (4).

Not all the Eisenstein series fi(Qz,x1,Xx2) € Ek(N,x) of Theorem 2
appear in the Rankin—Selberg method. In fact those that do are essentially
those coming from the cusp at oco. Let us make this more precise. Fix an
integer £ > 1 and a Dirichlet character w mod N. Then the Eisenstein series
that appear in the Rankin—Selberg method are of the form

wd) 1 w(d)
(5) Bruw(z)= Y, =5 Y,
V() G HAT 2 =0 () (cz+d)
c,d)=1

Except for the case k = 2 and w = 1, E} (%) is a holomorphic function
of z, and so defines an element

Ey € Mi(N,).

Actually, when £ = 1 or 2 (and w is arbitrary) the series (5) may not
converge absolutely. It is defined instead by a well known trick of Hecke:
one considers the Eisenstein series in (2),

w(d)
Ek,w(s’z) = § : 2 25’
Lo (V) oY) (cz + d)F|ez + d|

shows that it has an analytic continuation to a right half plane containing
s = 0, and then one sets

Eyw(2) = By w(0, 2).

When k£ = 2 and w = 1, the specialization E5;(z) so obtained is non-
holomorphic in z. However one knows that for each prime p,

EP)(2) = Es1(2) — pEa (p2)

is a holomorphic function of z, and so defines an element of Ma(N,1) for
each p| N. Further details can be found in Chapter 7 of [8].

We now identify the Eisenstein series that appear in the Rankin—Selberg
method in terms of the basis of a.e. eigenforms given in Theorem 2:

(?) There are some minor typos in the formula for the dimension of & (I (N)) on
page 181 of [8]. The second entry should read k = 2, rather than k > 2. Moreover the first
two entries of the formula do not make sense when N = 4, and should be replaced by

3 if k> 4 is even,
dim &, (I1(4)) =< 2 if k>3 is odd,
2 ifk=2,

as predicted by the formula (4).
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LEMMA 1. 1. Assume that k > 3. We have

2k _
Ek,w(z) = _B : fk(Qz7XUaX2)7
k,w
where xo 18 the principal character of level My = 1, xo is the primitive

character of conductor My associated to w, and Q = N/Mj.
2. When k =2 and w =1, we have

Eép)(z) = _8772 : f2(za X0, 117)
where 1, is the trivial character of level My = p.
Proof. Assume momentarily that w is primitive of level N. By (7.1.13)

and (7.1.30) of [8], we see that

2k

Bz
as desired. The constant of proportionality was computed using Theorem
3.3.4(1) of [8]. More generally, if w is associated to the primitive character
X2 of level My, then substituting ¢ = ¢/Q with @ = N/Ms in (5) above, we
have

Eyw(z) = - fr(2, X0, W),

1 ald) % _
Ekaw(z) - 2 /OZ(ZM) (C/Q2+d)k - EkvXQ(Qz) - Bk’YQ fk(Qz7X07X2)
c= 2
(c,d)=1

since (@,d) # 1 = (N,d) # 1 = w(d) = 0. This proves the first statement.
Actually the proof given here should work for all k£ > 1 except the case when
k =2 and w = 1 but we do not pursue this point here.

For the second statement we simply refer the reader to Lemma 7.2.19
of [8]. m

Let us close this section with the following corollary to Theorem 2:

COROLLARY 1. The tuples (k, N, x) for which dimE&,(N,x) = 1, along
with an explicit generator, are as follows (here p denotes a prime):

Table 1. Tuples (k, N, x) with dim (N, x) =1

Weight Level Nebentypus Generator
k=1 N =p™, N #2 | x is primitive, odd E1
k=2 N=p x=1 Eép)

k > 4 is even N=1 x=1 Eg o

4. Atkin—Lehner involutions. Let NV be an arbitrary integer, and let
Q| N be such that

(6) (Q.N/Q) = 1.
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Then there is an Atkin-Lehner involution wg defined by

@) o= (%5 o)

where x,y,v,w € Z satisfy x =1 mod N/Q, y=1mod @ and det(wg) =Q.
wq acts on the space My (N, x) in the usual way: if f € My (N, x) then

Flug (2) = det(wg)*j(wg, 2) 7 f (wgz).

Decompose x = xq - Xn/q into its Q and N/Q parts. It is well known (see
Proposition 1.1 of [1]) that the Atkin-Lehner involution wg maps

wq : Mp(N,xq - Xn/Q) — Mp(N,Xg - Xn/Q)

and that it takes cusp forms to cusp forms. Moreover, since wg commutes,
up to a constant, with 7,, for all n with (n, N) = 1, it takes a.e. eigenforms
to a.e. eigenforms (see Proposition 1.2 of [1]). In fact wg takes primitive
cusp forms (of level V) to primitive cusp forms (up to multiplication by a
constant). On the other hand the following proposition describes how the
a.e. eigenforms of Theorem 1 are permuted under the wg.

PROPOSITION 1. Let k > 3. Let fi(z,x1,Xx2) € E(N,x) be an a.e.
eigenform as in Theorem 2. Let wg be the Atkin-Lehner involution defined
in (7). Write Q1 = (Q, M1) and Q2 = (Q, Ms) and decompose

X1 = XQiXM1/Q1  and X2 = XQaXMa/Q>
into their @ and prime-to-Q parts. Set
X2 (=M2/Q2)X01,/0,(Q2)
XQ1 (M2/Q2) X, /¢, (Q2)

Then
_ Qz _ _
fe (2 x15 X2) lwg :Qk/zsz‘a‘fk(mJ(QQXMl/QNXQlXMg/QQ -

Proof. For the primitive characters y; and y2 as above consider the
FEisenstein series
x1(c)xz(c)

Ek(Z7X17X2) = (CZ+d)k P

(&

where the sum is over all non-zero integers ¢ and d. By (7.1.13) of [8] we
have

(8) fe(z,x1, x2) = (const) - Ex(Maz, X1, Xa)-

We compute
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fk(Z7X17Y2)|wQ
= Qk/Q_](U)Q, Z)ikf(sz@ X1, XQ)
— Q"2(const) - (Nvz + Qw)—kEk(Mngz X1, X2)

— O"2(const) - (N —k 1(¢)x2(d)
Q" *(const) - (Nvz + Qu) ; en wagw N d)k
x1(c)xa(d)

= Q"?(const) - -
2 Gh((cwn ) )+ (o 0

Make the change of variables
()= (% )0
1] M- Q :

d Q—22y @w d
Then the change of variables matrix has determinant Qxzw — %vy = 1.
Moreover
¢ =cQy mod My /Q since My1/Q1 | (NQ2)/(QMs) and x =1 mod M;/Q1,
d = —dQy/Ms mod Qs since — Nv/Q = 1 mod Qo,
d' = cMs/Q2 mod Q1 since Q1| Q/Q2 and y = 1 mod @1, and
d' = d/Qs mod Ms/Qs since Qw = 1 mod My/Qs.

The above congruences imply that

x1(e) = xqi (€) - Xan /g, (¢)
= xQ: (d)x0, (M2/Q2) ™" - Xan 01 ()Xo yr (Q2) 71,

(d
x2(d) = X2 () - X1/, (d)
= XQ2 ()X (—M2/Q2) - Xat5/Qs (d)X Mz /05 (Q2)-

Thus we have

fk(za X17Y2)‘1UQ

_ Qk/2Q2_koz

(const) - Z XQl(d/)XM1/Q1(C/)XQ2 (C,)XMQ/Q2 (d)

o d (C/ —Méégz + d/)k

_ QMQZ
— Qk/2Q2 ka(const) . Ek <Q—%, XQQXM1/Q1 R XQIXMQ/QQ

_ Qz Xo N0
= Q"?Q a - fi (Ql—Qz’ XQ2XM:1/Qu» XQ1XM2/Qs |

where the last line follows from (8). Replacing y2 with X, yields the propo-
sition. m
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5. Case A. In this section we observe that when the level is square-free
the product of two cuspidal a.e. eigenforms is never an a.e. eigenform. We
have:

PROPOSITION 2. Say that k > | > 1 are integers and that N > 1 is

a square-free integer. Say g € S;(I''(N)) and h € Sip_i(I'(N)) are a.e.
eigenforms. Then gh is NOT an a.e. eigenform.

Proof. Say that

(9) gh=f

is an a.e. eigenform. Write f(z) = fo(Qz) where M |N, Q|(N/M) and
fo € Sk(M, x) is a primitive element. Since N is square-free, condition (6) is
automatically satisfied for any divisor @ of N. Let wg be the Atkin-Lehner
involution defined in (7). We compute

f’wQ :Qk/2(sz—|—Qw)_kf< Q:EZ‘i’y >

Nvz + Quw
Qrz+vy )

_ A—k/2 —k
= QP W/Q 4 ) o g

= Q7 x(w) fo(2),

since

<N%7Q 3)) € Iy(M).

Thus, applying wq to (9) we get glwohlwg, = fo up to a constant. Clearly
this is impossible: both g|,, and hl,, are cusp forms so that the g-expansion
of their product begins with ¢?; on the other hand since fy is primitive its
g-expansion begins with ¢. =

6. Case B. Fix integers Kk > [ > 1 and N > 1, and mod N characters
1 and w. Suppose that g € S;(N, ) and h € E_;(N, x) are a.e. eigenforms.
We wish to know whether gh is an a.e. eigenform. We first investigate the
case where h = Ej,_;, is the Eisenstein series in (5).

PROPOSITION 3. Suppose thatl > 1 and k—1 > 3. Say that g € S;(N, )
is an a.e. eigenform and that h = Ej_;,, € &, (N, ). If g is a newform
and dim S}V (N,yw) > 2, then gh is NOT an a.e. eigenform.

Proof. First note that the map

(10) f(Z) = Zanqn = fc(Z) = f(—?) = Zanqn

n
induces a bijection between the primitive forms in Si(NV,%w) and those

in S(N,9w). Now suppose, towards a contradiction, that gh is an a.e.
eigenform. Then, by the hypothesis on the dimension of Sk (N, ¥w), we may
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pick a primitive form f. € Sk(N,yw) distinct from gh. The Rankin—Selberg
method (see (3)) yields
I(k=1)(4m) " "Dk = 1, f ® 9) = (fe: 9Er-1.)

where D(s, f ® g) is the Rankin product L-function of f and g. The right
hand side vanishes, by choice of f.. On the other hand the left hand side
does not. Indeed, since f and g are primitive, D(s, f, g) has an Euler product
decomposition which converges absolutely in the region R(s) > (k +1)/2 and
k — 1 is in this region since k — [ > 3. =

THEOREM 3. Suppose that | > 3 and k —1 > 3. Let g € Si(N,v) and
h € &_i1(N,x) be a.e. eigenforms. Assume that N is square-free and that g
is a newform. If dim Sp°V(N,1x) > 2 then gh is NOT an a.e. eigenform.

Proof. In the notation of Theorem 2 we may write h = fr_;(Qz, x1, X2),
where Q| N/M;M,. Since N is square-free, condition (6) is automatically
satisfied for any divisor of N. In particular let w = wy/qar, be the Atkin—
Lehner involution defined in Section 4. By Proposition 1 and Lemma 1 we
have

Nz _
(11)  hlw = fr(Qz, X1, X2) lwygur, = Jr (mmo»@m) = Ek—l.x1%5

where xg is the principal character and all equalities hold up to a constant.

The formula (11) allows us to reduce the proof of the theorem to Propo-
sition 3. Indeed, suppose, towards a contradiction, that gh is an a.e. eigen-
form. Since the Atkin—Lehner involutions take a.e. eigenforms to a.e. eigen-
forms, g|whly is an a.e. eigenform. Admittedly, it lies in the twisted space
Se(N, o N/QM, - X1X2), which nonetheless still satisfies

dim SP (N, Yoaa¥n/on, - X1X2) = 2.

Applying Proposition 3 (with g replaced by glw, ¥ by Yo, - ¥y JQM,»> and
w = x1X2) shows that this is impossible since g|,, is a newform. This com-
pletes the proof of the theorem. =

7. Case C. Fix integers k£ > [ > 1, and mod N Dirichlet character v
and w. Suppose that g € &(N,) and h € E_ (N, x) are a.e. eigenforms.
We wish to know whether gh is an a.e. eigenform.

As in Case B, we begin our discussion with the case when h = Ej,_;, is
the Eisenstein series in (5).

PROPOSITION 4. Suppose that k>1>1. Let g = fi(z,v1,12) € E(N, )
be an a.e. eigenform as in Theorem 2 with ¥ = 1o primitive. Let h =
Ex_1y € E—1(N, @) with w # 1 when k — 1 = 2. Assume that

(12) dim 5Y(N, ) > {2 if gh € Sk(N,yw).
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Assume additionally that one of the following conditions hold:

1LLk=1>1+1,

2. k > 3 and there is a primitive form f € Si(N,yw) such that L(k/2,
f &) #0, _

3. k = 2 and there is a primitive form f € So(N,vw) such that both
L(1, f®11) #0 and L(1, f @ 12) # 0.

Then gh € My(N,vyw) is NOT an a.e. eigenform.

Proof. Suppose, towards a contradiction, that gh € My (N,4w) is an a.e.
eigenform. Then it would have to lie in either & (N, y@) or in Sk(N, yw). In
either case, the hypothesis (12) on the dimension of SV (N, ¢w) allows us
to pick a primitive eigenform f. € Si(V,¢w) distinct from gh, which is the
complex conjugate of a primitive eigenform f € Sj(N,vw). As usual (see
(3)) we have the identity

(13) L(k—1)(4m) " D(k = 1,f.9) = (fe. g Br-10)-
Since we have assumed that ¢ is primitive, g is a common eigenform of all
the Hecke operators. Thus D(s, f, g) has an Euler product expansion which

yields
L(k—1, Lk —1,
(14) D(k—1,fg) = ( f ?(@élz l(w) f® wz)’

where the equality is up to some bad Euler factors.

For reasons of parity k—1 =1 = w # 1. So the denominator of the right
hand side of (14) is a non-zero finite number.

An Euler product argument shows that L(s, f ® ) # 0 in the region
R(s) > (k+1)/2 for any mod N Dirichlet character 6. By Proposition 2 of
[9] one can actually extend this slightly: one has L((k+1)/2, f ® 0) # 0 as
well.

Using this we see that if any of the hypothesis 1, 2 or 3 of Proposition 4
hold, then the numerator on the right hand side of (14) is non-zero as well, for
a suitable choice of f. For instance k—1 > [+1 implies that k—1 > (k +1)/2
and that k — 1 > (k4 1)/2 so that both the L-values in the numerator do
not vanish. This yields the desired contradiction since the right hand side
of (13) vanishes. =

THEOREM 4. Suppose that | > 3 and k — 1 > 3. Let g = fi(z,91,12) €
E(N,Y) and h = fr_1(2, x1,Xx2) € Ex—1(N, x) be a.e. eigenforms as in Theo-
rem 2 with v and x primitive. Assume that N is square-free and thatl # k/2.

If

e 1 when gh € E(N,¥x),
dim S (N, ¥x) > {2 when gh € Si(N,¢¥x),

then gh is NOT an a.e. eigenform.
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Proof. As in the proof of Theorem 3 we may twist h by the Atkin—Lehner
involution w = wyy/pz, (note that now @ = 1) to assume that h = Ej_j v,
If k—1 > 141, then since g|,, would continue to have primitive nebentypus,
the theorem would follow from Proposition 4. If &k — [ 2 | + 1, switch the
roles of g and h (note we are assuming that both x and 1 are primitive) so
that we would be done in the case [ > k — [+ 1 as well. This leaves only the
case k — [ = [ which we have excluded by the hypothesis | # k/2. m

Note that Theorem 4 gives no information when [ = k/2. However, as was
done in [5] when N = 1, one could attempt to give a direct ad hoc argument
when | = k/2. We sketch the strategy now assuming for simplicity that
[ > 3. The question is whether, in the notation of Theorem 2, one can have
a relation of the form (up to a constant)

(15) Fry2(Q' 2,91, 92) fir2(Q2, x1, x2) = f,

with f an a.e. eigenform. There are two cases to consider now. Either both
the Eisenstein series on the left hand side of (15) do not vanish at a common
cusp (in which case f is an Eisenstein series) or not (in which case f is a
cusp form).

In the former case, we may always twist by an Atkin—Lehner involution
(at least if N is square-free) to assume that the two Eisenstein series above
do not vanish at co. Thus we may assume that ¢, = x1 = 1. If we normalize
all the g-expansions so that the constant terms of each of the eigenforms in
(15) is 1, an inspection of the ¢ term yields

LS SR
Brj2w  Brjz Brux

Presumably, this relation does not hold very often, in which case neither can
the relation (15). For instance when N = 1 the relation (16) becomes

(17) By, = By2

with £ = 0 mod 4, which only holds for k = 8 (Bg = By), explaining why
EZ = FEjy is the unique identity of the form Eg 12 = FE). where E}, is the
unique normalized Eisenstein series of weight k.

In the latter case (1)1 # 1 or x1 # 1) a similar argument might be carried
out by looking at, say, the ¢® term of (15).

(16)

8. Non-vanishing of L-functions. As an application of some of the
arguments presented in the previous sections we give a criterion for the
non-vanishing of twists of standard L-functions at the center of the critical
strip. More precisely we prove:

THEOREM 5. Let N > 1 be an arbitrary integer and let k > 6 be an even
integer. Assume that v and x are mod N Dirichlet characters such that
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and Yx are primitive. If

(18) Ey o5 Erjax & Eu(N,¥x),

then there is a primitive form f € Sp(N,v¥x) such that
L(k/2, f @) #0.

Proof. This follows immediately from the proof of Proposition 4. Set
g=E, ;= frs2(2,1,9). Then the hypothesis (18) and the fact that 1y
is primitive implies that dim SP°¥(N,x®) > 1. Further (18) implies that
there exists a primitive form f. € Sp°V(N, xv) (for some primitive form
f € SpeV(N,xv)) such that (fe,gEj/25) # 0. Then (13) and (14) imply
that L(k/2, f ®¢) # 0, as desired. m

In special cases, (18) is easy to check. For instance, various authors have
already observed that the level one version of Theorem 5 can be used to
prove:

COROLLARY 2 ([7], [3]). If k = 0mod 4 and k > 8 then there exists a
primitive cusp form of level N =1 and weight k such that L(k/2, f) # 0.

Proof. As already noted, (17) fails for such k& implying that (18) holds. =

Explicit versions of Theorem 5 may be deduced for arbitrary level. The
following corollary gives an example when N is prime.

COROLLARY 3. Say that N = p is prime and that k > 6 is an even
integer. Let 1 and « be distinct primitive characters of level p. Suppose that
the system of equations

(19) _Bk’oi/(%) ? [ﬂ

14+ (2281 a(2)+2k-1| LY

i Brjoy By /2 5a i
k k
_ By Bipga
k k
By, — _ By 13 5 _
1= 221+ a(2)2"/2) - T//;’ (1+(2)2"271)

is inconsistent. Then there exists a primitive cusp form f € Sk(p,a) such

that L(k/2, f @) # 0.

Proof. We apply Theorem 5 with y replaced by ¥a. The Eisenstein series
fr(z,1,a) and fr(z, o, 1) give a basis of (N, ). An inspection of the first
three terms in the g-expansion of the relation



Products of eigenforms 41

Eyjoi Brjpwa =7 fu(z1,0) +y- fr(z,a,1)

gives the system of equations (19) for unknowns x and y. Thus if the system
(19) is inconsistent, (18) holds, and the corollary follows. =

9. Examples. In this section we give examples of a.e. eigenforms that
are products of a.e. eigenforms of smaller weight. We do not impose any
restriction on the weights of the eigenforms or on their level since we expect
that the results proven in this paper should generalize. In particular we do
not expect any such relations in Case A, even for arbitrary level.

So we start with Case B. Let us assume that ¢ is a newform. Recall that
Theorem 3 does not apply when the dimension of the space S of cusp forms
in which the product lies has new part of dimension one. In particular it
does not apply if S has dimension one. Table 2 lists all the spaces Si (N, x)
of dimension one, for k£ > 1, along with a decomposition, if possible, of a
generator Ag(N,x) of Sk(N,x) into a product of an a.e. eigen-cusp form
and an a.e. eigen-Eisenstein series of smaller weight.

Here are some remarks on reading Table 2:

e We have written Ag(N) for the generator Ag (N, x) when y = 1. When
possible we have identified it in terms of the Ramanujan Delta function A(z).
e All the identities hold only up to a constant (for which see Theorem 2).

e The notation used for the nebentypus x is the same as that used in
the modular forms calculator HECKE (more about HECKE below) and is self
explanatory. Warning: this notation only identifies x up to Galois conjugacy,
but this suffices for our purposes since dim Sk(N,x) = dim Si (N, x?) for
o € Gal(Q/Q).

e Even when the Galois conjugacy class of y is larger than one, we have
listed only the identity for x; the identities for the conjugate characters are
obtained in an obvious manner.

e Since there are no general formulas for the dimensions of the weight
1 spaces (and we are not aware of any tables in the literature) we have
omitted these spaces from the table. For this reason, we have also not listed
the weight 2 spaces of dimension one (there are twenty-nine such spaces up
to Galois conjugacy whose levels range between N = 11 and N = 49).

Table 2 was compiled, in part, manually, using well known formulas for
the dimensions of spaces of cusp forms. It was completed using the modular
forms calculator HECKE designed by W. Stein which computes dimensions
using the trace formula in Hijikata [6]. Stein has also tabulated the dimen-
sions of the spaces Sk (N, x) for N < 400 using the alternative formula given
in Cohen—Oesterlé [2]. The package HECKE as well as various tables can be
found at Stein’s home page [10].
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Table 2. Tuples (k, N, x) with dim Si(N,x) =1
Weight Level Nebentypus | Product of cusp form and Eisenstein series?
k=1 N=177
k=2 | Twenty-nine Cases
k=3 N=7 X = X2
k=3 N =28 X = X2,2
k=3 N=9 X = X6
k=3 N =10 X = X4
k=3 N=11 X = X2 Az(11, x2) = A2(11)E1 y,
k=3 N=11 X = X10 A3(11, x10) = A2(11) E1 x4,
k=3 N =12 X = X1,2
k=3 N =13 X = X12 A3(13,x12) = A2(13,x6) E1,x4
k=3 N =16 X=x21 | A3(16,x21) = A2(16,x1,4)E1 5, ,

= A2(16,X1,4)E1,x2.4

k=4 N=5 x=1 A4(5) = (A(2)A(52)) /6
k=4 N=6 x=1 A4(6) = (A(2)A(22) A(32) A(62)) /12
k=4 N=1 x=1 Ay(7) = A3(7,x2) E1,x»
k=4 N=1 X = X3 Ay(7,x3) = A3(7, x2) E1,x6
k=4 N=38 x=1 A4(8) = A3(8,x2,2) E1,xs,
k=4 N=9 x=1 A4(9) = A3(9,x6) E1 %,
k=5 N =14 X = X2
k=5 N =5 X = X4
k=5 | N=7 X=Xz | A5(T,x2) = Ag(7,x2) ES”
k=6 N=3 x=1 Ag(3) = (A(2)A(32)) /4
k=6 N =14 x =1 Ap(4) = As(4, x2) E1,x0
k=6 N=5 x=1 A6(5) = Ay (5)ESY
k=7 N=3 X = X2 A7(3,x2) = A6(3)E1,x.
k=8 N=2 x=1 Ag(2) = (A(2)A(22))Y/3
k=8 N=3 x=1 Ag(3) = A7(3,X2) E1ys = As(3)ESY
k=10 | N=2 x=1 A1(2) = Ag(2)ESY
k>12 N=1 x=1 Twelve identities: see display (5) of [5]

Let us now turn our attention to Case C. We impose the restriction that
both ¢g and h have primitive nebentypus (but allow the case | = k/2). Recall

that Theorem 4 does not treat the following exceptional cases:

(i) gh € Sk(N,yw) and dim SV (N, yw) < 1,
(ii) gh € & (N, yw) and dim SV (N, ¢w) = 0.
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Let us discuss each of these cases in turn.

In case (i) let us suppose that dim S (N, @) = 1. With this restriction
clearly gh is an a.e. eigenform. Many of the entries in Table 2 can be written
as a product of Eisenstein series. It would be too time consuming to give an
exhaustive list of these relations. We content ourselves with an example: the
cusp form Ag(3), which could not be written as a product of an a.e. eigen-
cusp form and an a.e. eigen-Eisenstein series within the limits of Table 2,
can be written as the product of two a.e. eigen-Eisenstein series. Namely,
we have

Ag(3) = f3(2,x2,1) f3(2, 1, x2)-

As for case (ii), one would have to go through the (finite) list of tuples
(k, N, x) for which there are no primitive cusp forms, identifying by inspec-
tion which elements of £ (NN, x) can be written as products of Eisenstein
series of lower weight. Again it would be too time consuming to tabulate all
such relations completely. We merely point out that Table 1 gives an exam-
ple of such a relation when the level is larger than one. Indeed, if p = 3 mod 4
and Sy(Ip(p)) = 0, that is, when p = 3 or 7, we have

E%7X—P = Eép)7

up to a constant. Here x_, is the odd quadratic character of conductor p.
In the case p = 3, this was already reflected in the entry (8,3,1) of Table 2
(there x_3 was called x2).
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