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On the mean square weighted L5 discrepancy
of randomized digital (¢,m, s)-nets over Zs

by

JOSEF Dick (Sydney) and FRIEDRICH PILLICHSHAMMER (Linz)

1. Introduction. We study distribution properties of point sets in the
s-dimensional unit cube [0, 1)®. There are various measures for the equidistri-
bution of such point sets (see for example [7, 10, 11, 16, 19]). The one we con-
sider here is based on the following function. For a set Py = {x¢,...,ZNn_1}
of points in the s-dimensional unit cube [0,1)® the discrepancy function is
defined as

Aty, ... ts) = An((0,1) XN x [0,25)) byt
where 0 < t; <1and An([0,t1) x---x[0,%,)) denotes the number of indices
n with @, € [0,%1) x -+ x [0,1s).

The discrepancy function measures the difference of the portion of points
in an axis parallel box containing the origin and the volume of this box.
Hence it is a measure of the irregularity of distribution of a point set in
[0,1)°. There are of course other functions which serve a comparable pur-
pose, though this function has drawn a great deal of attention as various
connections with applications have been pointed out, notably in numeri-
cal integration of functions (see for example [19, 29]). Further, we can use
different norms of the discrepancy function, again yielding different quality
measures. Amongst those norms especially the £ norm and the £, norm
are of considerable interest and have been studied extensively (see for ex-
ample [19, 29]). In the following we introduce some notation and define the
weighted Lo discrepancy of a point set, which will be the focus of this paper.

Let D ={1,...,s}. For u C D let v, be a non-negative real number, |u|
the cardinality of u and for a vector x € [0,1)*® let @, denote the vector from
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[0, 1)‘ul containing all components of & whose indices are in u. Further let
dzy = [[,¢, dz; and let (zy, 1) be the vector from [0, 1)* with all components
whose indices are not in u replaced by 1. Then the weighted Lo discrepancy
of Py is defined as (see [29])

(1) Lona P = (X % | Al 1)2da,)
A

This is a generalization of the classical Lo discrepancy. By choosing vp =1
and v, = 0 for all u C D we obtain the classical L5 discrepancy and if
we choose v, = 1 for all u C D we obtain the unweighted £, discrepancy.
Note that in this definition we also include the lower dimensional projections
(see [9]). In [17] it has been pointed out that the classical £y discrepancy
of N copies of the point (1,...,1) can almost yield the best value if the
dimension is high compared to N. (Note that the Lo discrepancy does not
change by considering point sets in [0, 1]® rather than [0,1)%.) Such a point
set is obviously not well distributed in an intuitive sense. Including the
lower dimensional projections much reduces this effect. The weights v, are
then introduced to modify the importance of the discrepancy of the projec-
tions, with the intention to adjust the measure to the usage of the point set
(see [6, 29]). For example it has been observed that in many applications
the higher dimensional projections are considerably less important than the
lower dimensional ones.

There is a well known formula for the classical Lo discrepancy of a point
set by Warnock (see for example [16]), which can easily be generalized to
a formula for the weighted Lo discrepancy. This formula is given in the
following proposition (for a hint on how to prove this formula see for example
[15] or [16]).

PROPOSITION 1. Let Py = {xo,...,xn_1} be a point set in [0,1)*.
Then
‘C%,N,'y(PN)
1 N—
= [3__ ZH ’]+— Z [[min(t =0, 1= zm;) |,
uCD n=0 jcu n,m=0jeu
u#p

where x,, j is the jth component of x,,.

As the choice of weights is determined by the task (for example, approx-
imating the integral of a function) and therefore not known a priori, we wish
to find point sets which “work well” for many (if not all) choices of weights.

Several construction methods for point sets in the unit cube with good
distribution properties are known. The method considered here builds on
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the concept of (t,m, s)-nets. A detailed theory of such nets was developed
in Niederreiter [18] (see also [19, Chapter 4] for a survey). The (¢, m, s)-nets
in base b provide sets of b points in the half-open s-dimensional unit cube
which are extremely well distributed if the quality parameter ¢ is “small”.
The details are given in the following definition.

DEFINITION 1. Let b > 2, s > 1 and 0 <t < m be integers. Then a set
P of b™ points in [0,1)* forms a (t,m,s)-net in base b if every subinterval
J = szl[ajb_df, (a; +1)b~%) of [0,1)® with integers d; > 0 and 0 < a; <
b% for 1 < j < s and of volume b*~™ contains exactly b points of P.

We wish to have a small value of the quality parameter ¢. Unfortunately
the optimal value ¢ = 0 is not possible for all parameters s > 1 and b > 2.
Niederreiter [18] proved that if a (0,m, s)-net in base b exists, then s —1 < b.
Faure [8] provided a construction of (0, m, s)-nets in prime base p > s — 1
and Niederreiter [18] extended Faure’s construction to prime power bases
p" > s — 1. So for example a (0,m, s)-net in base 2 only exists if s = 2 or
s =3.

In practice all concrete constructions of (¢, m, s)-nets in a base b are based
on a general construction scheme which is based on the concept of digital
point sets. In this paper we only deal with the case b = 2, i.e., we only con-
sider (¢, m, s)-nets in base 2 and hence we introduce the digital construction
only for this special case. For a general definition see for example [12, 13] or
[19]. (It has been observed that a small base b and higher ¢-value yield better
point sets than choosing a high base b such that we can achieve ¢ = 0. It
appears therefore that the case b = 2 might actually be the most important
one.) In the following let Zo denote the finite field with two elements.

DEFINITION 2. Let s > 1, m > 1 and 0 < t < m be integers. Choose
s m X m matrices C1i,...,Cs over Zo with the following property: for any
integers dy,...,ds > 0 with di1 + - -+ + ds = m — t the system of

the first dy rows of C, together with

the first ds_1 rows of Cs_1, together with
the first dg rows of C

is linearly independent over Zs.

Consider the following construction principle for sets of 2™ points in
[0,1)%: represent n, 0 < n < 2™, in base 2, n. = ng +n12+ -+ ny_12771
and multiply the matrix Cj, 1 < j < s, with the vector 7@ = (ng, ..., nm-1)"
of digits of n in Zs,

Cyit = (g, ...y )T
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N
ow we set ) )

xg) ::%—l-“--}-%ﬂm
and
T, = (%(11)7 . ,ng)).
The point set {xg,...,xom_1} is called a digital (t,m, s)-net over Zs and
the matrices C1, ...,y are called the generating matrices of the digital net.

Note that any digital (¢,m,s)-net over Zg is a (t,m,s)-net in base 2
as shown by Niederreiter [19]. Further it follows from Definition 2 that any
d-dimensional projection of a digital (¢, m, s)-net over Zs is a digital (¢, m, d)-
net over Zs.

For practical applications it is often useful to have a random element in
the point set used (see [16]). On the other hand, we wish to preserve the
structure which a point set already has. That is in this case, we wish to
randomize a (t,m, s)-net so that the resulting point set is again a (t,m, s)-
net with the same quality parameter ¢t. Several randomization methods for
(t, m, s)-nets have been introduced (see [16, 22, 32]). The method considered
in this paper is a digital shift of depth m (see also [16]). The aim of the
paper is then to analyze the expected value of the weighted Lo discrepancy
of digitally shifted digital (¢, m, s)-nets.

In the following we introduce the digital shift of depth m for the one-
dimensional case. For higher dimensions each coordinate is randomized in-
dependently and therefore one just needs to apply the one-dimensional ran-
domization method to each coordinate independently.

Let Pym = {xg,...,xam_1} be a digital (¢, m,1)-net over Zy generated

by the matrix C. Let
Tn,1 Tn,2

Tn = 5" + BN + e
be the dyadic digit expansion of z,. In [5] a randomization method was
considered which uses a digital shift ¢ = o1/2+09/2%+- - -, where o € [0, 1)
was chosen randomly. Here we modify this method in the following way:
first we choose the digits o1, ...,0y, € {0,1} i.i.d. Then we define

Zni = Tpi+ 05 (mod2) fori=1,...,m
with z,; € {0,1}. Further, for n = 0,...,2™ — 1, we choose d,, € [0,1/2™)
i.i.d. Then the randomized point set Pom = {zq,...,29m_1} is given by
Zn,1 Zn,m
zn:7+...+ om + O,.

This means we apply the same digital shift to the first m digits, whereas
the following digits are shifted independently for each x,,. Therefore we call
it a digital shift of depth m (see again [16]).
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Sometimes we will write “digital shift” or simply “shift” instead of “digi-
tal shift of depth m”. When we use a digital shift of depth m’ in conjunction
with digital (¢, m, s)-nets we always assume that m’ = m.

For arbitrary s > 1 it can be shown that a (¢, m, s)-net in base 2 ran-
domized by a digital shift of depth m independently in each coordinate is
again a (t,m, s)-net in base 2 with the same quality parameter ¢t. As this
result is not essential for the following we omit the proof. Similar results
have been shown before (see for example [5, 22]).

We conclude this section with an outline of the paper. In the subsequent
section we introduce Walsh functions, which will be the main tool for the
analysis of the Lo discrepancy. Several useful properties of these functions
will be recalled.

In Section 3 we prove three main results. The first one is a formula
for the mean square weighted Lo discrepancy of randomized digital nets.
The formula is exact and involves a function of the generating matrices of
the digital net. We then use this result to derive an exact formula for the
mean square weighted Lo discrepancy of randomized digital (0, m, s)-nets
in dimensions 2 and 3, which is in this case independent of the generating
matrices. The convergence order is best possible and we compare the con-
stant of the leading term with the lower bound given by Roth [27]. The third
result is an upper bound on the mean square weighted Lo discrepancy of
randomized digital nets in dimension s > 3. The difference between s > 3
and s = 2,3 is that s > 3 implies that ¢ > 0. Therefore the exact value of the
mean square weighted Lo discrepancy depends on the generating matrices.
Still we can obtain an upper bound for this case which is independent of
the generating matrices and only depends on the weights, the ¢-value, the
number of points and the dimension s. This bound is of a simple form and
easily computable. Again, the convergence order is best possible.

In Section 4 we deal with the classical £y discrepancy. In 1954 Roth [27]
proved that the Lo discrepancy of any point set in [0,1)® consisting of
N elements is at least ¢1(s)(log N)~D/2N=1 with a constant ¢i(s) =
2725-4((s—1)!)~1/2. In 1980 Roth [26] also showed that there exists a set of
N elements in [0, 1)® with £y discrepancy of at most ¢o(s)(log N)s=D/2N—1
with a constant ca(s) depending only on the dimension s. (See also [1] for
variations of Roth’s result. For dimension s = 2 this was proven by Daven-
port [4] already in 1956. Quite recently, Chen and Skriganov [2] gave concrete
examples—not only existence results as Roth did—of point sets in arbitrary
dimensions which achieve the minimal order of the Lo discrepancy.) There-
fore the exact dependence on N is known. Here we are interested in the
constant c;(s) of the lower bound of Roth. In a first result we extract the
constant of the leading term from the previous calculations in Section 3. By
a construction of Niederreiter—Xing [21] we know that for any m and s there
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always exists a digital (5s,m, s)-net over Zo. With an appropriate shift we
find that such point sets have an L9 discrepancy of at most

(log N)(s=1)/2 228 o (log N)(s=2)/2
N (log 2)(s=1)/2((s — 1)1)1/2 N '

The constant 22°(log2)~(=1/2((s — 1)1)~1/2 improves a result by Hicker-
nell [9] considerably and seems to be the best known constant of this kind.

Secondly, we prove an upper bound on the classical Lo discrepancy of
shifted Niederreiter-Xing nets (see [20]). We consider a sequence of shifted
digital nets, where the number N of points is relatively small compared to
the dimension. For this sequence of shifted digital nets we obtain an upper
bound which shows that Roth’s [27] lower bound is also best possible in the
dimension s.

2. Walsh functions. In this section we introduce Walsh functions,
which will be the main tool in our analysis of the mean square weighted
Lo discrepancy. Again we confine ourselves to base 2 (for more information
see [3, 24, 25, 30]). In the following let Ny denote the set of non-negative
integers.

DEFINITION 3. For a non-negative integer k with base 2 representation

k= /ia_12a71 +---+ /€12 + Ko,
with k; € {0,1}, we define the Walsh function waly, : [0,1) — {—1,1} by
Walk(x) — (_1)331/€0+"'+33a/€a—1

)

for x € [0,1) with base 2 representation x = x1/2 + z2/2% + - - - (unique in
the sense that infinitely many of the x; must be zero).

DEFINITION 4. For dimension s>2, z1,...,25€[0,1) and kq,..., ks €Ny
we define waly, 5. :[0,1)° — {—1,1} by
S
Walk17...7ks (l’l, Ce ,xs) = H Walkj (l’])
j=1
For vectors k = (ki,...,ks) € N} and « = (x1,...,x5) € [0,1)® we write
walg(x) := walg, g (21,...,25).

We introduce some notation. By & we denote the digitwise addition
modulo 2, i.e., for x = > 00 x;/2" and y = > 0 v;/2" we have
o0
TDy = Z %, where z; :=x; + y; (mod2).
=w
In the following proposition we summarize some basic properties of
Walsh functions.
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PROPOSITION 2. (a) For all k,l € Ny and all z,y € [0,1) we have

walg(x) - walj(z) = walgg(z), walg(z) - walg(y) = walg(z @ y).

(b) We have
1 1
Swalo(m)dx: 1, Swalk(a:) de =0 if k>0.
0 0

(c) For all k,1 € N§ we have the following orthogonality properties:
{ 1 ifk=1,

walg (x) wal; () de =
S k(@) (@) 0 otherwise.

[0,1]¢
(d) For any f € L2(]0,1)%) and any o € [0,1)° we have
S flx)dx = S f(x®o)de.
[0,1)° [0,1)®

(e) For any integer s > 1 the system {waly, . :ki,...,ks > 0} is a
complete orthonormal system in L2([0,1)%).

Proof. The proofs of (a)—(c) are straightforward ([24]). For (d) see [3,
Lemma 1] or [24, Corollary 4] and for (e) see [3] or [24, Satz 1]. u

Let {xg,...,xom_1} be a digital net over Zy generated by the m x m
matrices C1,...,Cs over Zy. For @, = (xy1,...,%n,) and @y, j = Tp1/2 +
et Ty /2™, 1 < j < 5,0 <n < 2™, we identify x,, with

(xn,l,la s Tplmy -y n,sly - 7xn,s,m) € Zgns
and we define
(2) Tn O Tp = (xn,l,l + Th115- -5 Tn,sm xh,s,m) € ng

The subsequent lemma follows easily from the construction of digital nets.

LEMMA 1. Any digital net {xg,...,xom_1} over Zo is a subgroup of
(Z3*,®).

The following lemma will be very useful for our investigation. It was
already shown in [5], but for completeness we include a proof.

LEMMA 2. Let {xq,...,xam_1} be a digital (t,m,s)-net over Zy gen-
erated by the m x m matrices C1,...,Cs over Zy. Then for all integers
0<ky,...,ks < 2™ we have

21 m ) T Nt P T _' e 0
Z Walk17---7ks (an) = {2 Zf Cl kl + + Cs ks - 07
ne0 0 otherwise,

where for 0 < k < 2™ with k = kg + k12 + - + Km—12""1 we write
k= (Koy. .. km—1)T € Z5 and O denotes the zero vector in Z5'.
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Proof. By (2) we have

waly, g (Tn ® xp) = waly, i () walg, g (xh)

and hence waly, . is a character on (Z5",®). From Lemma 1 we know
that the digital net {xo,...,xam_1} is a subgroup of (Z5*, @) and so

om_1
2m lfWal X :1Vn20’72m_1’
> waly, g, (20) = { k1.7..-71€s( n)
n=0 0 otherwise.

Now waly, . (€n) =1foralln=0,...,2™ — 1 iff
S

> (kjlin;) =0 Yn=0,...,2"—1
=

(here (:|-) denotes the usual inner product in Z3"). This means by the defi-
nition of the net that

> (kjlCi) =0 ¥n=0,...,2"—1
j=1

and this is satisfied iff ka; +---+ Cgk_; =0, as claimed. =

3. On the mean square weighted Lo discrepancy of randomized
nets. In the following subsection we prove a formula for the mean square
weighted L9 discrepancy of randomized digital nets. This formula depends
on the generating matrices of the digital net. Subsequently we use this for-
mula to derive the exact value of the mean square weighted Lo discrepancy
for digital (0,m, s)-nets over Zs for s = 2, 3. Next we obtain a bound for the
general case, that is, for the mean square weighted Lo discrepancy of digital
(t,m, s)-nets over Zs.

3.1. A formula for the mean square weighted Lo discrepancy of random-
ized nets. The aim of this subsection is to prove the following theorem.

THEOREM 1. Let Pym be a digital (t,m,s)-net over Zg with generating
matrices C1,...,Cs. Let ﬁgm be the point set obtained after applying an
i.i.d. random digital shift of depth m independently to each coordinate of
each point of Pom. Then the mean square weighted Lo discrepancy of Pom is
given by

E[£3 3 o (Pom)]

B e O

vCu

u#£0 )
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where for v = {vy,...,ve.} we have

B(o) = Z H Wk

k:l, Hke=1

C},Fl ki+-+CT ke_o

with Y(k) = 1/(6 - 4"®)) and r(k) such that 27 < |k < 27+

The proof of this theorem is based on the Walsh series representation of
the formula for the Lo discrepancy given in Proposition 1. As we will see
later, the function % in the theorem above is related to the Walsh coefficients
of a certain function appearing in the formula for the Lo discrepancy. We
need several lemmas.

LEMMA 3. Let z1,22 € [0,1) and let z1, 2o € [0,1) be the points obtained
after applying an i.i.d. random digital shift of depth m to x1 and xs. Then

)]_ {walk(xl@:cg) if0§k=l<2m,

E[walk (21) Wall (22
otherwise.

Proof. Let z,, = xn71/2+:1:n,2/22+- -« forn = 1,2. Further let o1, ...,0m
€ {0,1} be i.i.d. and for n = 1,2 let 0, = Spmt1/2™ L + Spmp2/2m 2 + -
€ [0,1/2™) be ii.d. Then define z,; = xp; + 0; (mod2) for i = 1,...,m
and z, = 2p,1/2+ -+ 2pm /2™ + 6, for n =1,2.

First let k,1 € N, more precisely, let £k = k2" + --- + k12 + kg and
[ =1,2"4---+112+ 1y be the dyadic expansions of k and [ with k, =1, = 1.
Further set ky4+1 = kyqyo =--- =0 and also ly,41 =ly42 =--- = 0. Then

(3)  Elwalg(z1) walj(z2)]
— (_1)k0m1,1+"'+km71ml,m (_1)l012,1+"'+lm71w2,m

1

(— 1)(k0+lo) o 1 Z (_1)(k’m—1+lm—1)am
2
0 om=0

X
N | =
M~

o1
1

(_1)km§l,m+l% Z (_1)km+151,m+2 .

X
N | =
(]~

01,m+1=0 01,m+2=0
- -
lm527 1 l 162, 2
x 3 (—1)lmd2,m~+ 5 Z (—1)lm+102mtz
02,m+1=0 02,m+2=0

(The product above consists only of finitely many factors as ky+1 = kyy2 =
- =0 and for £ > max(m, u+1) we have 1 Z};l n+1:0(_1)k’%51”€+1 = 1. The
same argument holds for the last line in the equation above.)
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First we consider the case where u > m. We have
1

1
3 > (DR =0

01,u+1=0

and therefore E[waly(z1)wal;(z2)] = 0. The same holds if v > m. Now
assume that there is an w € {0,...,m—1} such that k,, # l,,. Then k,+[, =

1 (mod2) and
1

E kw+lw Uu+1 — 0

Ow+1=

Therefore in this case E[Walk(21)wall(22)] = 0. Now let £k = [ and k €
{0,...,2™ — 1}. It follows from (3) that

NN

E[Walk(zl) Walk(ZQ)] _ (_1)k0(xl,l+$2,l)+"'+km71(-’El,m“!‘xQ,m)

and the result follows. =

In the following lemma we calculate the Walsh coefficients of the function
|21 —22|. This function appears in the formula for the L9 discrepancy through
the equation min(z1, 20) = (21 + 22 — |21 — 22|).

LEMMA 4. Let z1,29 € [0,1). Then
21— 2 = ) 7k, 1) walg(z1) waly(22),
k,l=0
where 7(0) := 7(0,0) = 1/3 and 7(k) := 7(k, k) = —=1/(6 - 4"®)) for k > 0.
For k > 0, r(k) denotes the unique integer v such that 2" < k < 2"+1,

Proof. As |z1 — 23| € £2([0,1)?) it follows from Proposition 2 that the
function |z; — 22| can be represented by Walsh functions. We have

11
T(k,l) = SS |21 — zo| walg(21) wal;(22) dz1 dzs.
00
As walp(z) =1 for all z € [0,1), we have
11
7(0,0) = H |21 — 29| dz1 dzp = <
00
Let now k=1 >0 and k = k2" +--- + k12 + kg, where r is such that
k=1L u=u2"+---4+u2+uyand v =v,2" + - - - + v12 + vg. Then
11
T(k,k) = SS |21 — zo| walg (21 @ 22) dz1 dzs
00
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27‘+1 127‘+1 1
E E kO UT+vT)+ +kr(uo+v0)

(u-H)/T+1 (v+1)/27H
X S S |21 —22|d21 dZQ.
w/2rtl  p/ort
We have the following equalities: if 0 < u < 2"*!, then

(u+1)/27FH1 (u+1)/27+1

1
S S |Zl—22|d21d22: W’
u/2r+1 u/2rt+1
and for 0 < u,v < 2", u # v, we have
(ut1)/27 1 (v41) /271 ’ ’
u—7v
S S |21—22’d21 dZQZ m
u/2r+1 v/27+1
Thus
2r+l 1 2r+l 1 2r+1 1 ‘ ‘
— k (wr=vr )+ Ak (wo+vo) ¥ —
T(k’ k) - ZO 3. 23(7‘+1) + Z Z ’ ) 23(r+1)
v u;v
1 A |
_ k(r+r)++k(+)
T 3.92(r+1) 23r+2 Z Z o v — ).
u=0 ov=u+l
We define

O(u,v) = (_1)k0(ur+vr)+"'+kr(UO+UO)(v —u).

In order to find the value of the double sum in the expression for 7(k, k) let
u=u2"+--+u2 and v = v,.2" +- - - +v12, where v > u. We now consider
the sum of O(u,v),0(u+ 1,v),0(u,v+ 1) and (u + 1,v 4+ 1). Observe that
u and v are even, that is, ug =v9 =0, and k = k2" + - - - + k12 + ko, where
r is such that k. = 1. We obtain
10(u,v) +0(u+1,v) +0(u,v+1)+0(u+1,v+1)]
=w-u)—((v+1)—u)—(w=(u+1)+((v+1) = (u+1))
=0.
After applying this procedure we are left with the following terms:
0(0,1),6(2,3),...,0(2" 1 —2 271 1),
Observe that in all cases we have v — u = 1, hence u; = v; fort =1,...,r
and ug = 0 and vg = 1. Therefore
(_1)ko(ur+ur)+~~+kr_1(u1+v1)+kr(uo+vo) = 1.
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Thus we obtain
2rtl_g

.
T(k’k) - 3. 221(r+1) + 23r+2 Z (_1) - 3. 221(r+1) o 2321"+2 - _6 ,1221"’ -
i
LEMMA 5. Let z1,22 € [0,1) and let 21,22 € [0,1) be the points obtained
after applying an i.i.d. random digital shift of depth m to x1 and xs.

(a) We have

1 1
E[Zl] = 5, }E[Z%] = g
(b) We have
2m—1
Ellz1 — 2l = > 7(k) walp(z1 © 22),
k=0

where 7(0) = 1/3 and 7(k) = —1/(6 -4"®)) for k > 0. For k > 0,
r(k) denotes the unique integer r such that 2" < k < 2"+1,
(c) We have
1 2m_1
Efmin(l - 21,1 - 2)] = 5 (1 - kz_o (k) waly (21 ® m)).
Proof. (a) The proof of these two formulae is straightforward.
(b) In Lemma 4 it was shown that

(e 9]

21— 2 = Y 7(k, 1) walg(21) waly(22),
k=0
where 7(k) = 7(k, k) = —1/(6-4"®)) for k > 0 and 7(0,0) = 1/3. (We do
not need to know 7(k,l) for k # [ for our purposes here.) The result now
follows from the linearity of the expectation value and Lemma 3.
(c¢) This result follows from (a) and (b) together with the formula

i 1
mln(zl,ZQ) = 5(21 + 29 — ‘Zl — 22‘) [ ]

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let f’gm ={z0,...,zom_1}and z,, = (21, ..., Zns)-
From Proposition 1, Lemma 5 and the linearity of expectation we get

2m—1 2
) ~ 1 2 1—-E[z; )]
Bl (Pl = 3 g1~ 0 2 ]

uCD n=0 j€u
u#D

om_1
1 .
+ 2om Z HE[mln(l — Znjs 1 — 215)]
n,h=0 jEu
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- Z%[ 3] 22m Z [TE0 =20

uCD n=0 j€u
)]
2m—1
22m Z HEmlnl—sz,l—th)] -
n,h=0 jcu
n;éh

Now we use Lemma 5 again to obtain

=~ 1 1 1
2 _
E[£2,2m,fy(P2m)] - Z e |:_W + 2_m W
uCD
u#p
2m_1
22m Z H < Z 7(k) walg (2, ; @ mhyj))}
n,h=0 j€u =0
n;éh
We have
om_1
H (1 - Z 7(k) walg(zn,; ® xhyj)> =1+ Z (—1)lm]
JEu k=0 rCu

A0

m:{wl,...,wd}

X Z . Z T(kl) .. -T(kd) Walkl,...,kd(xn,w1 D Thawrs- - s Tnwy P wh,wd)-

Thus
Y TORL W0 ) U S S S B o
2,2m 4\ L2m )| = Yu 3[u] om 9|y 22m 9u]
uCD n,h=0
uZp n#h
om_1
d
2|u\ 22m Z Z (=1)
n,h=0 toCu
n;éh £
m_{w17 Y d}
m_j]  ogm_1 ¢

X Z Z HT ) waly, (nw; S Thow,) |-

k1=0 kqg=0 i=1

We have

2m—1 m—12rt1-1

-2 2 64’“:3 2m’

k=0 r=0 k=27

M
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and therefore

2m—1 || 1 |ro|
St Y I = X (<5 )

mgu k‘l,...,k‘|m|:0i:1 mgu
£ w#D

|l

£

By adding and subtracting this in the above expression we obtain

- 1 1 1o\ 11
2 _ - o - -
E[LS om (Pom)] = D 7 [2u| gl <1 <1 3 2m> >2m ol

uCD
uZp
=
d
tomge 2. 2. (D)
n,h=0 wCu
m#@
m*{wl d}
X Z HT ) wal, xnwl@xhwl)]
k1,...,kq=01=1
Since 7(0) = 1/3 we have
om_1
1 1 1 1
__ZZ \ml Iml____.
am 2 n,h=0 wCu 3|u\ 2|u\
o)
Hence
E[L3 ym . (Pam)]
Z[ ( (1 1)“')1 N N
_ - _ e T
= 2lul 3|u\ 3.2m om ol 3lul 9y
uF#0
11 .
gwam 2 (D
o Cu
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From the group structure of digital nets (see Lemma 1) and from Lem-
ma 2 it follows that for any digital net {xg,...,xam_1} generated by the
m X m matrices C1,...,Cs, we have

3 L o m) Z wal, ., (@)

n,h=0
:{1 ifclTk1+-~-+CsTl§S:6,
0 otherwise.

Since the d-dimensional projection of a digital (¢, m, s)-net is again a digital
(t,m,d)-net (see Introduction) we get (with w = {wy,...,ws})

2m—1 d

Z Z HT walk :Uan@mhw])

i, kg=0  n,h=0j=1

(klr"vkd)#(ov'“vo)
R 2
k1,...,kq=0 =1
(k17 7kd);é(07 70)
Ch kit+CL kq=0

2m—1 e
1
_ 92m .
=2 > 3[wl—o] > H 7(k;)-
vCro k1yeoke=1 Jj=1
070 CF Bt + CL R0
v={v1,...,ve } 1 e
As [[5-1 7(kj) = (=1)° 5=, ¥(k;) we have
2m—1 d
PONED S8 | I NEIE PR E e
k1, ,k‘d 0 nh O_] 1 qu
(kl"“)kd)7£(0"")0) U¢®

Thus we obtain

E[C3 om o (Por)] = ) [ﬁ (1 - (1 _ 3%) ”'>

uCD
u#Q
1 1\ ™! o]
+ﬁ Z (-g) Z (—3) B(U):|
wCu vCro
w#) 0D

Let now u, v, with ) # v C u C D, be fixed. Then v C v C u is equivalent
to (to\ v) C (u\v), provided that v C to. Therefore, for |v| < w < |u], there
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are (I;‘)\_—‘l;"l) sets w such that || = w and v C to C u. Hence
1\ ™! o = ey 1\ o
S (-3) Tearse =33 (B2 0 (-3) oise)
wCu vCr oCu w=|o|
rw#( o)

E ()

and the result follows. =

3.2. The mean square weighted Lo discrepancy of randomized digital
(0,m, s)-nets over Zg for s = 2,3. In this subsection we calculate the exact
value of the mean square weighted Lo discrepancy of randomized digital
(0,m, s)-nets for s = 2, 3. We have the following theorem.

THEOREM 2. For s = 2,3 let Psom be a digital (0, m, s)-net over Zsy. Let

]5572m be the point set obtained after applying an i.i.d. random digital shift
of depth m independently to each coordinate of each point of Psom. Then

the mean square weighted Lo discrepancy of ]Ssgm for s =2 is given by

P 7 L (7 8! 5y
E[L3 om (Pa2m)] = A2y oy _< M2 {1,2})

24 22m - 22m\ 6 6 36
and for s = 3 the mean square weighted Lo discrepancy is given by

1 m?2 23 m 191)

2 D —_—
E[[’2,2m,’7(P3,2m)] = 7{1,2,3} (@ 22—m + % 22—m + % 22_m

1 m 5 1
(v, + {13y V2,31 <ﬂ >m T 36 22—m)
1 1
6 22m’
Proof. Let C7 and C5 denote the generating matrices of the digital
(0,m, 2)-net over Zs. For s = 2 we obtain from Theorem 1

(4)  E[£35m (Popm)]

3 el (o)) )]

uz#0 v#£0

+(vqy g2y sy
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where for v = {v1,...,v.} we have

2m_1 e
B(v) = > 1T ¢(k)),
kiyoke=1  j=1
CT ki+-+CL k=0

with (k) = 1/(6 - 47®)) and 7(k) such that 27F) < k < 2r(k)+1,

First we note that, as C; and Cy generate a (0, m, 2)-net, they are regular.
Therefore B(v) = 0 for |v| = 1. Thus for |u| = 1 the addend in (4) is 32 2.

Now let u = {1,2}. We have

v ({1 "N vpy vy
om-t|u| 3.2m © 622 36-23m°

In the following we calculate B({1,2}). Since the generating matrices
Cy and Cy of a digital (0,m,2)-net over Zs must be regular, and since
multiplying C and Cs by a regular matrix A does not change the point

set (only its order) we may assume in the following that C; is the m x m
identity matrix. Hence

ClTl;l + CgEQ = 6 iff El = CgEQ =: El(kg).
Now we use the definition of ¥ to get

2m—1 122t g 1
. vl)vlke) =56 Y ey 7o)
ot k=1 k2=l

CTEl—‘ngEQ:G

utl_q 1 m—1 1 qutl_q
Y(u) == Z 1 (k) 1w Z L.
ko=2u w=0 ko=2"

From [14, proof of Theorem 1] we find that

2u+171 0 1fu+’u)§m_2’
ko=2" utw—m .
r(ky (k) =w 2 if w4+ w > m.
Thus
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and therefore

= 1R~ 1 (6.4 2.2
Z 1/1(7411)1/1(/@) = % Z 4_u< 4m - 4m >

k1,k2=1 u=0

ClTE1+C2TE2:6
m 1 2 1
G- 4m 4m36< Qm)

m 1 n 4
©6-4m  9.4m " 36.23m’
Now we insert this result in equation (4) to get
~ I /vy ey a2 Y{1,2}
2 _ ’ )
E[L22m (Popm)] = 22_m< 6 "6 "6 ) 3G.23m
Y{1,2} m._ 1 4
7y <6-4m 9-am 36 09m
_ Yy omo 1 WH+W%+5%M}
24 22m  22m\ g 6 36 )’

which is the desired result for s = 2.

We turn to the case where s = 3. Let C, C'y and C5 denote the generating
matrices of the digital (0,m,3)-net over Zs. As the quality parameter ¢ is
zero it is clear that Cp,Cy and C3 are regular. Hence B(v) = 0 for |p| = 1.
Further, for v C {1,2,3} with |b| = 2 we obtain from the first part of the

proof
m 1 1

TG6.4m 9.am 9o
So it remains to calculate B({1,2,3}). As above we may assume in the
following that C is the m x m identity matrix. Hence

Cf];i’l +Cgl;;2 -I-Cg];:g =0 iff El = CgEQ —f—CgEg =: El(kg,kig).

Now we get

B(v)

2m—1

B({1,2,3}) = > ()t () (ks)
k1,ko,k3=1
C’ITI%—&-CQTEQ-&-CSTEE;:G
2m—1

1 1 1
~ 9216 Z 4r (ki (k2,ks)) 4r(ka)+r(ks)
ko,ks=1
k1 (k2,k3)7£0

m—1 gutl_qvil_g

1 1 1
- m 4utv Z Z 47"(k‘1 (k2,k3)) "

u,v=0 ko=2% k3=2v
—_——

k1 (k2,k3)7#0
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The innermost double sum in the above expression equals
2u+1 1 2'U+1_1 2u+1 1 2'U+1 1
- Y e Z > Xt
ko=2% k3=2v w= 0 ko=2% k3=2v
N——r N—r—
k‘l(k:g,k‘3)7£0 T’(k:l(k‘z,k‘3)):w
From [23, proof of Theorem 1] we find that
0 ifut+ov+w<m-—3,
gutl_p2vtl_g .
Z Z 1_ 1 lfu—l—’U—l—w:m—Q,
Pt 0JrJr fut+tv+w=m-—1,
N———— utv+w—m >
~Crn (o)) 2 ifu+ov+w>m.
Therefore we get
1 ] 1 11 1
({1 2 3}) 216 Z 4m—2 ﬁ 2—m Z 2u+v+w'
u,v,w=0 u,v,w=0
utv+w=m—2 ut+v+w>m
For the first sum we have
= 1 1 (m
Z 4m—2 - gm—21\ 9 |°
u,v,w=0
ut+v+w=m—2
The second sum can be written as
m—1 3Im—3
Z 2u+v+w Z 21 Z L.
u,v,w=0 u,v,w=0
ut+v+w>m u+v+w l
Define
m—1
fk):== ) 1.
u,v=0
utv=~k
Then we have
k+1 fo<k<m-—1,
flB)=<2m—k—1 ifm<k<2m-—2,
0 if k> 2m — 1.
Now we obtain
m—1 2m—2 m—1 2m—2 min(l,2m—2)
S oi=Srm Y 1= Y = Y .
u,v,w=0 k=0 w=0 k=0 k=max(0,l—m+1)
utv+w=l k+w=l 0<l—k<m-1
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Therefore
3m—3 3m—3 1 min(l,2m—2)
Z Z 1= 5 2 f®
u,v,w=0 I=m k=max(0,l—m+1)
u+v+w l

3m—3 min(l,2m—2)

- Z 2l Z f(k)

k=l—m+1
2m—2 3m—3 2m—2
-y 5 Z ICESD SEE D DRI
l=m k=l—m+1 1=2m— 1 k l—m+1

After some straightforward but tedious calculations we obtain the formula
for B({1,2,3}). The result then follows by inserting the above results in the
formula from Theorem 1. =

Note that the generating matrices C1,...,Cs do not appear in our for-
mula and therefore the mean square weighted £, discrepancy is the same for
any digital (0, m, s)-net over Zy, for s = 2,3. This is also true for scrambled
(0,m, s)-nets in a base b (see [9, 16]). Furthermore, the expected value of the
L4 discrepancy of scrambled (0, m, 2)-nets is the same as for (0, m,2)-nets
which are randomized using a digital shift of depth m (see [16]).

In the following we consider the classical Lo discrepancy, that is, we
choose yp =1 and v, = 0 for u C D. We denote this choice of weights by
~.. Roth [27] proved that for any dimension s > 2 there exists a constant
¢(s) > 0 such that for any set Py of N points in the s-dimensional unit cube
we have

(5) | A@)?da > c(s)
[0,1]*

(log N)*~!
N2 '

Therefore we obtain
1/2 (log N)(e=D/2

(6) Lo N, (PN) > c(s) N

(See Section 4 for more details.) Thus Theorem 2 shows that the mean
square Lo discrepancy of randomized digital (0, m, s)-nets over Zsg achieves
the best possible rate of convergence for s = 2 and 3.

In the following we compare the constants. For NV = 2" the constant of
[27] can be improved to (see also the subsequent inequality (17))

c(2)!/? = % =0.01407..., ¢(3)'/? = ; = 0.00298.......

log 2 2104/2 log 2 2 log2
In the following, for s = 2 and 3 and each m € N the set Psom,,, , is a
digital (0, m, s)-net over Zy shifted by the digital shift o, s of depth m. We
obtain the following corollary.
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COROLLARY 1. For s = 2,3 there exist sequences (0, s)m>1 of digital
shifts of depth m and digital (0,m, s)-nets (Psom)m>1 over Zy such that the
sequences (Psam o, )m>1 of shifted nets satisfy

2" Lo gm 5 (P22m 5, 5) - 1

li — 0.24518.....
i Jlog 27 = 2dlog 2
and
VML om -~ (Pyom o 1
lim sup ——22 (P27 1.) < = 0.10411. . ..
M—s00 log 2™ v192log 2

We remark that it might be possible to improve the constant in Corol-
lary 1 by finding the best shift for each digital (0, m, s)-net over Zs.

Note that one can also obtain the constants for the weighted Lo dis-
crepancy: the constant of a weighted lower bound can be obtained from the
definition of weighted Lo discrepancy (1) and (5), and the constant for the
upper bound can be obtained from Theorem 2.

3.3. An upper bound on the mean square weighted Lo discrepancy of
randomized digital (t,m,s)-nets over Zy. In this subsection we derive an
upper bound on the formula of Theorem 1. We have

THEOREM 3. Let Pym be a digital (t,m,s)-net over Zs with t < m. Let
]ng be the point set obtained after applying an i.i.d. random digital shift of
depth m independently to each coordinate of each point of Pom. Then the
mean square weighted Lo discrepancy of Pom is bounded as follows:

B3y (Pye)] < ﬁ S - 1)1,
uCD
u#p

As for the exact value of the mean square weighted Lo discrepancy for
(0, m, s)-nets with s = 2, 3, the generating matrices C1, .. ., Cs do not appear
in the upper bound, which now depends on the quality parameter ¢ only. For
t > 0 the exact value of B(v) (see Theorem 1) depends on the generating
matrices and therefore we prove a bound.

For fixed s > 1 there is a ¢ > 0 such that for every m > t there is a
digital (¢,m, s)-net over Zy (see for example [19]). Thus Theorem 3 shows
that the convergence order of the mean square weighted Lo discrepancy is
best possible by the lower bound by Roth [27] (see (6)).

We need two lemmas for the proof of the above theorem.

LEMMA 6. For b > 1 and integers k,tqg > 0, we have

X (t+k—1\,_, ., (to+k—1 1\ "
< pto —— .
> (e () 0)

t=to
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Proof. For completeness we give a short proof of the lemma which is
taken from Matousek [16]. By the binomial theorem we have

N (t—to+k—1\ _, 1\ *
= 1— - :

S (R e (i

t=to

Now use the inequality

t+k—1 t—to+k—1\ (t+k—1D(t+k—2)---(t—to+k)
(k:—l )/( 12—1 >_ t(t—1)~--(t—t0+1)0

< to+k—1 .
- kE—1
LEMMA 7. Let C1,...,Cs be the generating matrices of a digital (t,m, s)-
net over Zo. Further define B as in Theorem 1. Then for any v C D we have

92t 8 o] 1 lo]—1
< —|( = — - .
o< 2 (3) ()

Proof. To simplify the notation we prove the result only for v={1,..., s}.
The other cases follow by the same arguments. We have

1 m—1 ouitl_q oustl_q
B({L....s}) = 6 > 4v1+ =D DN Z 1.
V1,y..,0s=0 k1=2v1 ks=2vs

CT k1 +-4CTks=0

Now we write
2uitl_1  gustl_g

(7) Z(vy, .. = > - Z 1.

k1=2"1 =2Vs

CTE1+~~-+CTESZQ

Forl1 <j<sand1l <17 < mlet c ; denote the ith row vector of the
matrix Cj.
For 2”]' < kj < 2%t — 1, the binary digit expansion of k; is of the form

kj=kjo+kja24 -+ kjy, 129" +2%.
Hence the condition in our sum (7) can be written as
(8) Ciik10 4+ + Clu ko —1 + Clu+1

+ Cok20 +  F Cowpk2.0y—1 + C2p+1

+ 5s,lks,0 +---+ gs,v,s ks,vs—l + 58,1)3—4-1 = 6
Since by the digital (¢, m, s)-net property (see Definition 2) the vectors

Clly-+ - Clug+1y-++5Cs15+ -5 Csvs+1
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are linearly independent as long as (v +1)+--- 4 (vs+1) < m —t, we must
have

9) vi+--+vs>m—t—s+1.
Let now A denote the m x (v + --+ + vg) matrix with column vectors
Cl1y-+sClugs-++yCs1s -5 Cspy, 1€,

A = (51’1, .. .,5171,1, .. '758,15 e 753,115)-

Further let

[ =Cum+1 @ D41 €LY,

E = (kL(), - 7k1,U1—17 ceey k&o, ey ksﬂ,s_l)T S Z;H_'“-H}S.
Then the linear system (8) can be written as
(10) Ak =f
and hence
S(ur,..v) = Y 1=#{kezyt Ak = f}.
Eezgljwj—vs
Ak=f

By the definition of the matrix A and since C4,...,Cs are the generating
matrices of a digital (¢, m, s)-net over Zy we have
rank(A) =vi+---+vs fvy+---+vs<m-—t, and
rank(A) > m —t else.
Let L denote the linear space of solutions of the homogeneous system Ak =10
and let dim(L) denote the dimension of L. Then
dim(L)=0 ifvy+---+vs<m—t, and
dim(L) <vi+---4+vs—m+t else.
Hence if v; + -+ -+ vs < m —t we find that the system (10) has at most one
solution and if v1+- - -+vs > m—t the system (10) has at most 2Vt Tvs =+t

solutions, i.e.,
1 ifog+---4+vs <m—t,

(v, ...,0s) <
( 1 S) { 21}1+~--+'L}s—m+t if 1 + . + ,US >m — t‘
Together with condition (9) we obtain

m—1

1 1
V1 ,...,05=0
m—t—s+1<vi+--+vs<m—t
1 e 1
v+ tvs—m+t
e 2

V1,y...,0s=0
v1+--Fvs>m—t
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=21+ 2.
Now we have to estimate the sums »'; and Y5. First we have
(m—1) m—1 0
1 2t ° 1 1 2t I+s—1\1
Bega Xy 2 t=gm ¥ ()
l=m—t+1 V1., 05=0 l=m—t+1
vivs=1

where we used the fact that for fixed I the number of non-negative integer

solutions of v; + -+ +vs =1 is (lifi_ll) Now we apply Lemma 6 to obtain

1 2t 1 m—t+s 1 4 1 /m—t+s
12) Yp<— - —— 2= — — _ .
(12) 2—e:382m2m—t+1< s—1 > 3s4m2< s—1
Finally, since

(m—t+s> _ (m—t+2)(m—t+3)---(m—t+s) g(m—t+2)3_l,

s—1 1-2---(s—1)
we obtain .
1 41 1

Now we estimate X1. If m —t > s — 1 we proceed similarly to the above
to obtain

m—t —s
w ek et (o))
l=m—t—s+1
8 4t 1 (m—t)s!
S 9sam 4 (s—1)!
For this case we obtain

8 4t 1 (m—t)s1 1 481
B({1,... < - — -~ 7 - - - —t 28—1

EA(Lmopt 3108, 6)T
=9 gm\4 (s—1)! ' 82\8 8 '
As 3(m —t)+  <m —t+ £ provided that m — ¢t > 0 we have

B({l,...,s}) < f—;<§>5<m—t+ %)S_l,

which is the desired bound.
Now we consider the case where m —t < s — 1. We have

120 /4 s—1\1 1 & /l+s—1\1
14 o= — S 1
(14) ! 68§<s—1)4l—68;(5—1>4l

2\° 1 8% 4
—(2) <« =
9) T 16 95 4m
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Thus we obtain
1 85 4t 1 4t 1

s S = ——+——-(m— sl
B{{L....sh) S qggsgm T3 gmgm—t+2)

A1 31 3 t)+65_1
=9sam\16 " 82\8"" 8 '
The result now follows by using the same arguments as above. =

We are now ready to prove Theorem 3.

Proof of Theorem 8. We use the formula of Theorem 1 together with
Lemma 7 to obtain

E[C3 o (B)] < Y [# <1 - <1 B 3%>|>

uCD
u#£0
1 92t 4 o] 1 lo]—1
tqwam 2 (1) (ms) |
vCu
vA£D

We have

s E(5) (ord) s (i)

Cu
00
5 |ul
< <6> (m — )=t

provided that m —t > 0. Since for z < y we have y* — 2° = s¢*~!(y — z) for

ar<(<y, we have
1 [u] |l
1—(1—— < :
< 3~2m> - 3-2m

As |u|/2/ < 1/2 for Ju| > 1, we obtain

1 1 [y 1 22t 4 o] 1 [o]—1
(15) m<1—<l—m> )*;;ng—mz@ <m_t+§>

<[5+ 2(5) 0] < g om0

and the result follows. =

In the following corollary we refine the bound of Theorem 3 by including
the t-values of the lower dimensional projections. Observe that it follows
easily from Definition 2 that any projection of a digital (¢,m, s)-net on the
coordinates of ) # u C D is again a digital (¢,,m, |u|)-net with some ¢, < ¢t.
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In the following we write “digital ((ty),m,s)-net” for a digital (t,m, s)-
net where the projections on () # u C D have quality parameter t,. The
subsequent corollary can be obtained by using (15).

COROLLARY 2. Let Pym be a digital ((ty), m,s)-net over Zg with

max t, < m.

0#£uCD
Let f’gm be the point set obtained after applying an i.i.d. random digital shift
of depth m independently to each coordinate of each point of Pom. Then the
mean square weighted Lo discrepancy of Pom is bounded as follows:

E[L3 ym (Pam)] _22 D 2 (m — )M
uCD
u#D

4. Asymptotics. In this section we investigate the asymptotic be-
haviour of the Lo discrepancy. We consider the classical Lo discrepancy,
that is, yp = 1 and v, = 0 for u C D. As before we denote these weights
with .. (We remark that the results in this section, except Subsection 4.2,
can be generalized to arbitrary weights.)

Let log, denote the logarithm to base 2. By an extension of the result
of Roth [27] to dimension s we find that for any set Py of N points in the
s-dimensional unit cube,

1 logo N +s+1\ 1
LoNy.(PN) > N\/( e—1 92514

For sets of N = 2™ points the result can be slightly improved:

(16) Loom y, (Pom) = 2% (m :_SIF 1) %
From )
1 m®~
<m:_—sf— )Z(s—l)!
and m = log N/log 2 it follows that
(log N)(s=1)/2 3

(17)  Logmy (Pom) =

N 22s+4(log 2)(s=1/2, /(s — 1)’

In the following subsection we consider the asymptotic behaviour of the
classical L9 discrepancy of certain shifted (¢, m, s)-nets. In Subsection 4.2 we
consider shifted Niederreiter—Xing nets and show that Roth’s lower bound
is essentially best possible in N and s.
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4.1. Asymptotics of the classical Lo discrepancy of shifted digital (t,m, s)-
nets over Zs. In the following, for s € N and m € N the set Py som o, . is a
digital (t,m, s)-net over Zy shifted by the digital shift o, s of depth m. We
obtain

THEOREM 4. Let s > 3,0<t<m and m —t > s be such that a digital
(t,m,s)-net over Zy exists. Then there exists a digital shift oy, s of depth m
such that for the shifted net Py s om we have

yOm,s

2t m—t+s\/2\° m(s=2)/2
m P m g ) < — — _ .
Logmay (Prs2mon.) < o ( .1 ><3> +0< 5 )

Proof. From Theorem 1 we obtain

(18)  E[L3 o, (Pom)]

1 1 \° 1 3\ vl
= Smts <1— <1— m) ) +35 D (5) B(v).
vCD
v#£0

Lemma 7 shows that, in order to find the constant of the leading term, we
only need to consider B({1,...,s}). From (11)—(13) we obtain

226 (11 fm—t+s\ 18 (m—t
B({1,... < === - — .
({1, ’5})—2%(2 38( s—1 >+493<3—1>>
As the bound in Theorem 1 was obtained by averaging over all shifts it

follows that there exists a shift which yields an Lo discrepancy smaller than
or equal to this bound. The result follows. =

Observe that for large m, apart from the ¢, the bound in Theorem 4
is similar to (16). We now consider (t,s)-sequences. A (¢, s)-sequence in
base 2 is a sequence of points (x,),>0 such that for all m > ¢ and [ > 0
the set {@x, : 2™ < n < (I +1)2™} is a (t,m,s)-net in base 2. A digital
(t, s)-sequence over Zso is obtained by using oo X oo generating matrices
Cq,...,Cs over Zs.

From [21] it follows that for every dimension s there exists a digital (¢, s)-
sequence over Zo such that ¢ < 5s. Thus for all s > 1 and m > 5s there is
a digital (5s,m, s)-net over Zs. (Note that if there is a digital (¢,m, s)-net
then also a digital (¢ 4 1,m, s)-net exists.) Let Ps552m o, , denote a digital
(5s,m, s)-net over Zy shifted by the digital shift o, s of depth m. We are
interested in the asymptotic behaviour of the Lo discrepancy. For m much
larger than s and ¢ = 5s, we have

(ms_—t1+8> = <5T1> = (jj_11)!‘




398 J. Dick and F. Pillichshammer

Further, if N = 2™, then m = log N/log2. The following corollary now
follows from Theorem 4.

COROLLARY 3. For every s > 1 and m > 5s there exists a shifted digital
(5s,m, s)-net Psssom o, , over Ly shifted by the digital shift o, s of depth
m such that

Loom , (Pss,s,2m 0 )

(s—1)/2 s (s—2)/2
< (log N) 22 +O((log]\f) >’
N (log2)(s=1/2, /(s —1)! N
where N = 2™,
We note that the convergence of O((log N)®~1/2N=1) is best possible
(see (17)).

In the remaining part of this subsection we discuss the constant depend-
ing on s. Note that

225
)= G
(log2)(s—1)/2, /(s — 1)!
tends to zero faster than exponentially. The best constant of the leading
term of an upper bound known to the authors was derived by Hickernell [9].

He showed that for scrambled (0, m, s)-nets in base b > s — 1, where b is a
prime power, the constant of the leading term is

PYETNCEY s Gl
65/2,/(s — 1)!(log s)(s—1)/2 V675 6%(log s
The right hand side is obtained by Stirling’s formula. It can easily be checked
that C(s) tends to zero much faster than A(s). Thus our result improves
Hickernell’s considerably.
Compared to (17) our constant C(s) is not quite as good. It is known
that for digital (¢, s)-sequences over Zy we always have

S

1/2
as s — OQ.
)sl)

t > slog, g —4logy(s —2) —23 forall s > 3,

by a result of Schmid [28]. Hence for digital (¢,m, s)-nets obtained from
digital (t, s)-sequences Theorem 4 cannot yield a constant of the form
a=*2((s — 1)!)~1/2 for some a > 1. On the other hand, for special choices
of m and s the t-value of a digital (¢, m, s)-net may be considerably lower
than the ¢-value of the best (¢, s)-sequence. This will be investigated in the
next subsection.

4.2. On the Ly discrepancy of shifted Niederreiter—Xing nets. In this
subsection we derive an upper bound on the classical Lo discrepancy of
shifted Niederreiter—Xing nets (see [20]; see also [31] for a recent survey
article). This enables us to show that (16) is essentially best possible.
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Niederreiter and Xing [20, Corollary 3] showed that for every integer
d > 2 there exists a sequence of digital ({g,tx + d, si)-nets over Zs with
s — o0 as k — oo such that

S

k—oo logy Sk

and that this is best possible. (We remark that the sequence of digital nets
from the result of Niederreiter and Xing can be constructed explicitly.)
Therefore for any d > 1 there exists a sequence of digital (tx, t; + d, si)-nets
over Zs and a k4 such that

123
2
(20) [108;2 Sk

(Note that if a digital (tg,tr + d, sg)-net exists, then there also exists a
digital (tx + 1,tx + d + 1, sg)-net. Further, for d = 1 there exists a digital
(t,t 4 1,s)-net for all t,s > 1.) For a set P of 2™ points in [0, 1)* let

2™ Lo gm ~ (P)

(")

-‘:d and s >2d+2 forall k> k.

(21) Dy s(P) =

The bound in Theorem 3 was obtained by averaging over all shifts. Hence
for any digital (¢,m,s)-net there is always a shift o* which yields an £,
discrepancy smaller than or equal to this bound. Let Px(d) denote a shifted
digital (t,tr + d, sg)-net over Zs satisfying (20), which is shifted by such a
shift o*. We prove an upper bound on Dy, 14, (Pr(d)) for fixed d.

In the following let k > kq. Let v C {1,...,s;} and [ := |v|. First we
consider the case where [ > d+2. Note that m—t¢ = d for the nets considered
here. Then (12) and (14) yield

1 11/d+1 2!
<ads —
B(o) 3! d2<d+1>+91

For 0 <1 < d+ 1 we deduce from (12) and (13) that

1 11/d+1 +8’11 d
d+1) "9ladg\1-1)
Therefore
1 3“" 152 111d+l+8111d
35k =3 304d o9\ qg+1) "9l 4d a\1 -1
vCD =1
v#£0
N ! 111 /d+1 +2l
35k 3l4d2\d+1) "9 )
ld+2

<
B(U)_314d2
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Now we have

NN (BY (Y L L1l 111 fds\ SR
3 = \2) \ 1) 3442 \d+1) ~23% 49 \d+1 ) &2\
_ 111 (A
225 4d \ 5, — 1
and
LY () 8L ) 1 8 ) 2
33kl 2 l Lgd 4\l -1 35k 2 l !

=1
1/7\%1 [ s 4\ *
< =) = +(=) ,
=3\12) 3% \d+1 9

as max;—1, q41 () = (d‘l’cl) for s, > 2d + 2. Thus we obtain

1 3\ /°! 11 1 /d 1/7\%1 4\ %
LR s 0 ) )
3o £\ 2 2925k 4d \ s, —1) " 3\12) 3% \d+1 9

v#£0
S
R PR
3.9m 3. 9m

Further we have
Hence it follows from the definition of Py(d) and (18) that

11 1 fd+sy\ 17\ 1 [ s
2
Pu(d) < = — = 25
2,2tk+d,'yc( a ))_223k4 (sk—1>+3<12> 35k <d+1
4\ %F Sk
o) Ty

In order to get a bound on D?k Sdisy (Pr(d)) we need to multiply the inequality

above with 4/++d [(t”iffﬂ)] ~!. For the first term in the bound of (22) we
get

lii d+8k 4tk+d tk—f—d‘f‘sk-}-l -1
2 25k 44 \ 5, — 1 sp—1
(d+sp)---(d+2)
22% (tg+d+sg+1) (kg +d+3)

Let r > 1 be an integer to be chosen later. From (19) it follows that for large

22) L
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enough k we have rtp < s;. Further, t; > 0. We get

(tk+d+sp+1)--(tx +d+3) ( tk+1> ._(1 tk+1>
(d+sg)---(d+2) d+ sy d+2
Now we have

tk—i-l b
pate jtk—i-d—i-l ’
r

te + 1 - 1
H 14 —rF 1= Bt —>H 1+=)=r+1 ast,— co.
L jte+d+1 L J
7j=1 7j=1
Therefore, for large enough k, we obtain
(ty +d+sp+ 1) (tg +d+3)
(d+sp)---(d+2)

111 (At e (tetd s+ 1] _1 1 ét’“
2 25k 44\ g — 1 sp—1 < 59w

for all k > K;(r,d), for some well chosen K (7, d). Further one can show that
the other terms on the right hand side of (22) decay faster than 275k (4/r)%.
From (20) it follows that t; > (d — 1) logy sy for all k > Ks(d). Let r = 8;
then we have (4/r)% < s,l;d. Therefore there exists a K such that for all
k > K4 we have

rte <

and

1 1
Dt2k+d,sk<Pk(d)) < Pon A1
k

We summarize the result in the following theorem.

THEOREM 5. For any d > 1 there exists an integer Kq > 0 and a se-
quence of shifted digital (ty,tr+d, si)-nets (Py(d))k>1 over Zs with s — 0o
as k — oo and

[ bk w =d foralk>K,,
logy s,

such that for all k > Ky we have

11 1 tk+d+sp+1
£2 2tetd 5 (Pk(d)) — otkt+d 9s1/2 (61*1)/2 \/< sp—1 )
Sk

We use (21) again. Then by using (16) and the result above we conclude
that for any d > 0 and for all £ > K; we have

3 1 ! !
1_6 22—5k < Dtk.;.d,sk(Pk(d)) < W W

(23)

This shows that Roth’s lower bound is also in s of the best possible form.
The small remaining gap in the constant is not surprising as the result
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in Theorem 5 was obtained by averaging over well distributed point sets.
Some attempts have been made to improve the lower bound of Roth, but
no considerable progress has been achieved (see [17]). For small point sets
there exist other lower bounds which yield numerically better results than
the bound of Roth, but do not show a higher convergence rate (see [17]).

We note that the results in this section are, apart from the digital shift,

constructive as they are based on Niederreiter—Xing constructions of digital
nets and sequences. It would also be desirable to have fully deterministic
point sets with a small Lo discrepancy (like the constructions in [2]). In
our context this amounts to finding an appropriate digital shift for a given
digital (¢, m, s)-net. This work remains to be done.
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