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To Andrzej Rotkiewicz on his 70th birthday

The first paper of this series [4] has concerned the supremum A(r, s, K)
of the number of non-zero coefficients of (f,g), where f, g run through all
univariate polynomials over a field K with exactly r and s non-zero co-
efficients, respectively. The only case where A(r, s, K) has remained to be
evaluated is r = s = 3, p = char K = 0. This case is studied in the present
paper. Let us denote by (, a primitive complex root of unity of order ¢, set

Pan(Z) — (1 o zm)m/(mm) (Zm _ Zn)(nfm)/(mm) (Zn - 1)7n/(n7m)
and for a trinomial
T(x) =2" +az™ +be Clz], wheren>m >0,ab#0,

put

We shall prove the following results:

THEOREM 1. Let T; = z™ + a;2™ + b; € Clz], a;b; # 0, n; > m; > 0,
and d; = (n;,m;) (i =1,2). If (d1,d2) = 1, then

(1) deg(Ty,Tz)

na/ds if invTy # Py om, (C),) for allr,
< ¢ no/ds +min{2,d; } if m1/dy # 4 or dy # 0 mod 10,
ny/ds + min{3,ns/do}  always.

THEOREM 2. For every quadruple {ni,my,na,ms) € N* where ny >
my, ng > ma, (n1,m1) # (n2,ms) and (ny1,my,ne, me) = 1 there exists an

effectively computable finite subset S of @4 with the following property. If
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96 A. Schinzel
T; = a2 +a;x™ +b; € Clz], a;b; #0 (i = 1,2), and deg(T1,T>) > 2, then
(2) T, =u™T; <£>, where u € C*, T} = 2™ 4+ a;x™ + b

u

and (ai,bj,a5,b3) € S.
COROLLARY 1. If invT; & Q for at least one i < 2, or
T1(0)” Ty (0)°¢ ™ ¢ Q
then (T1,T>) has at most three non-zero coefficients.
COROLLARY 2. We have

sup A(3,3,K) = A(3,3,Q) = sup A(3,3,K).
KccC [K:Q]<o0

THEOREM 3. For every finite extension K of Q and every pair (n,m) €
N2, where n > m, there exists a finite set E, m(K) such that if T; = ™ +
a;z™ +b; € K|z],

(3) invT; € Ep, m,(K) (i=1,2)
and (ny,mi,n2,ma) = 1 then either Ty = Ty, or deg(T1,T>) < 9.

COROLLARY 3. If (3) holds, then (T1,T>) has at most 10 non-zero co-
efficients.

At the end of the paper we give three examples of some interest.

R. Dvornicich has kindly looked through the paper and corrected several
mistakes. The proofs of Theorems 1 and 3 use a recent result of his [2] on
the so-called cyclotomic numbers, which we formulate below as

LEMMA 1. Let z1, 22 be two complex roots of unity and let Q) be the least
common multiple of their orders. If m,n are integers such that (m,n,Q) =1
and

O e e e e L e e e | B S L £ S A R

where none of the siz absolute values is 0, then either z; = zgd, or @ =10,
{m,n—m,—n} = {x, 3z, -4z} with (x,10) = 1 and 21, 22 are two primitive
tenth roots of unity.

Proof. See [2], Theorem 1.

REMARK 1. Lemma 1 can be extended to fields of arbitrary character-
istic as follows. Let K be a field of characteristic p, p = 0 or a prime, let z;
(i = 1,2) be roots of unity in K, z? = 1 and let m,n be positive integers
such that m < n, (m,n,Q) =1 and

1#£2"#2'#1,  Ppm(21) = Pym(22).
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If either p = 0 or p > 2@/ (nm)+D)e(Q) then either zo = 2 = zfcl, or
n/(n,m) =4 and z1, 2o are primitive tenth roots of unity.
LEMMA 2. If (n,m,q) =1 and
LA AGEL £,
then Py, m(Cq) is an algebraic number of degree %gp(q).

Proof. We have Pmm(C;l) = P, m({y). On the other hand, if ¢ > 2,
0<r<s<gq/2,(r,sq) =1 we have by Lemma 1,

[P (S )| 7 [P, ()
hence P, ,,({,) has 1¢(q) distinct conjugates.

LEMMA 3. Let n,m,q be positive integers with (n,m,q) =1, n > m and
T =za"+ax™+beClz], ab #0. Set

C(T,q) = {c"™" : c € C, deg(T,z? — ¢) > 2}.
We have
(5) cardC(T,q) <1
unless n/(n,m) =4 and ¢ = 0 mod 10, in which case
(6) card C(T, q) < 2.
Moreover, if C(T,q) # 0, then T is separable and
(7) invT = Pp.n((;)  for anr satisfying 1 # (™ # (" # 1.

Proof. By Theorem 1 of [4] we have deg(T,z? — ¢) < 2. Assume that
deg(T,z% — ¢) = 2. Since the binomial x? — ¢ is separable we have

(T 2% —¢) = (2 = &)(x = &2),

where £ = ¢ (i = 1,2), & = &6¢], (f # 1
By the formulae (13) and (14) of [4] we have

(G (GG
o e-en(igm) ()

where 1 # (;™ # (;" # 1 and
invT = P, m(¢;),

which proves (7). Also, if for another value ¢’ we have
(T, 27 = ) = (z = &) (z = &)
where & = ¢ (i =1,2), & = &Cg/, it follows that

invT = P, (), hence Ppmn(CE) = Pom(C).
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Applying Lemma 1 with 21 = (g, 22 = Cg/ we infer that either ' = +r or
ny/dy =4 and ¢ = 0 mod 10, ' = £3r mod ¢. In the former case, by (8),

m— — /
C?’L m:C’VL m’ Cn:Cn’

hence ¢(m™) = (™) which proves (5). In the latter case for any value ¢’
with deg(T, 29—c") > 2 we have ¢”/("™) = () or /(%) which proves (6).

It remains to prove that if ¢(T,q) # 0, then T is separable. Now, by
formula (11) of [4],

’

disc, T = (—1)"=D/2¢mpm = (0" iny T+ (—1)™ =L (n —m)™ =™ m™ ) (mm),

where n’ =n/(n,m), m" =m/(n,m).
Thus, if T' has double zeros we have

’

invT = (=) m™ (0 —m')" /"

Hence, by (7),

’

=@M G G -
Now, since (n/,m/(n’ —m’)) = 1 it follows that in the ring of integers of
Q(¢,) we have
(o (A

On taking norms from Q(¢;") to Q we infer that n’ = 2, (;" = —1, hence
m' =1, (;™ = £(4 and (9) gives 1/4 = 1/2. The contradiction obtained
shows our contention.

Proof of Theorem 1. Let
Ty (z/%2) = H(x — ), Z e(c) = na/ds.
ceC ceC
We have

(10)  deg(T1,Tp) <Y deg(T, (x% — )*) <> " e(c) deg(T1, 2" — o).
ceC ceC

If deg(Ty, 2% — ¢) < 1 for all ¢ € C with e(c) > 1 the inequalities (1) follow.

If for at least one ¢, say ci, we have e(c;) > 1 and deg(Ty,z% — ¢;)
> 2 then, by Lemma 3, T} is separable and invTy = Py, 1, ((},) for an r
satisfying

1AM AN AL
This shows the first inequality of (1). Moreover, by (10),
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(11) deg(Ty,T2) < ~min{e(c), 1} deg(Ty, 2% — ¢)
ceC
<Y ele)+ Y (deg(Th,z™ —c) = 1)
ceC e(c)>1
<2y 3 1
— d2 .
e(c)>1

deg(Ty,x%2 —c)=2

If ny/dy # 4 or dy # 0 mod 10, then by Lemma 3, deg(Ty,z% —¢) = 2
implies ¢ = cill, hence by Theorem 1 of [4],

S 1< deg(Ta(aV/ )2t — ') < minf2,di},
e(c)>1
deg(T1,x%2 —c1)=2
which together with (11) proves the second inequality of (1) and a fortiori,
the third.

If ny/dy = 4 and dy = 0 mod 10, then by Lemma 3 there ex1sts a ca,
possibly equal to c1, such that deg(Tl,:U —¢) = 2 implies ¢t = c ¢ for an
i < 2.1f ¢ = ¢ we are in the previous case, otherwise

2
(12) Z 1< Zdeg(Tg(xl/dZ),xdl —ch).
e(c)>1 =1
deg(T1,z%2 —c)=2

However, since d2 = 0 mod 10 we have d; # 0 mod 10, hence, by Lemma 3,
C(Ty(x/?2), dy) < 1 and the right hand side of (12) does not exceed 3. Since
it also does not exceed deg Ty(2'/92) = ny/dy the third of the inequalities
(1) follows.

LEMMA 4. Letn>m >0,d= (n,m), F = (1—-t")a2" + (t" — 1)z™ +
t™ —t™. All zeros of F in C((t)) are given by the Puiseuz expansions
3, (Gt 0<5<¢
pn
S C“t”*mﬂ—i—...: 0§,u<m,,u;7é0modm;
m d
v zﬁm -1 v n—m
<n*m+WCn7mtm+ 0<v<n-—

¢ht+

Proof. One applies the usual procedure (Newton polygons) for finding
Puiseux expansions.

LEMMA 5. Let n; > m; > 0, d; = (n;,my;), and F; = (1 — t™i)z™ +
(t" — D)™ ™ — ™ (i = 1,2). If (d1,d2) = 1 then either Fy = Fy, or

(F1, ) = (t = 1)(z — 1)(z — ).



100 A. Schinzel

Proof. The content C(F;) of F; viewed as a polynomial in x is t% — 1,
hence (C(F1), C(Fy)) =t — 1. On the other hand, by Lemma 4, F; and F;
have two common zeros in C((¢)), namely 1 and ¢, each with multiplicity 1;
if there are any other common zeros we have either

M1n1 —1 Mznz _

(13) CNI t 4+ CMI i mi1+1 __ CM2 t 4+ CM2 e m2+1

where p; # 0 mod 767? (1=1,2), or

Cljlnl _ CVQTLQ _ 1
1% n1—Mmi v mq 14 N2 —1M32 1% m
(14) Cni,ml + m(niimlt 1 = anfwﬂ + m(nifmzt 2

where v; #Z 0 mod ™7™ (i = 1,2).
If (13) holds, we have

=G, mi—mi+1=ny—ma+1,
15 nimni __ H2T2
(15) pan ] gpene ]
mi ma

Dividing the last equality by its complex conjugate we obtain

M1n1 — (Mznz
7

hence my = ma, which together with (15) gives F} = F5.
If (14) holds, we have

C'rl:i—ml = CZi—mZ’ myp = may,
(16) G, =1 G =1
ny —m; no — My '

Dividing the last equality by its complex conjugate we obtain
—C Yy = G, # L
hence n; —my = ng — ma, which together with (16) gives F; = Fb.
Proof of Theorem 2. Let n; > m; >0, (n;,m;) =d; (i =1,2), (d1,d2) =
1 and (n1,m1) # (na,ms). In the notation of Lemma 5 and by virtue of

that lemma the polynomials F;/(t — 1)(x — 1)(z —t) (i = 1,2) are coprime,
hence their resultant R with respect to x is non-zero. We set

S — —Ni1 N1 —mp —N2 N2 —1M2
mi  mi Mg Mo
Crznl o 1 Cr2m1 Crzn1 <-7"1n2 1 Cﬁmz Crlnz
oA )

Crzm1 ? CT2m1 ’ Chmz ) Crlmz

romy Z 0 mod da, r1ms Z 0 mod dl}
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G T R L LI I I,
U{<1—tm1’ 1—tmi "] —¢ma2’ | —¢me > HR(t) =0, ¢ 7&1#tm2}'
We proceed to show that the set S has the property asserted in the

theorem. Since R € Q[t] we have S C @4. Assume that deg(Ty,T3) > 3. If
(Th,T») has a double zero &, we set

Ti(x) = & "' Ti(Sow)  (i=1,2)

and from the equations 77*(1) =0 = di;'* (1) (¢ =1,2) we find that
ap = —— =TT (),
my; m;

hence (af, b}, a3, b5) € S and (2) holds with u = &.
If (T1,T2) has three distinct zeros o, &1, &2 we set
T (z) = & " Ti(ow)  (i=1,2).
Changing, if necessary, the role of 71 and 75 we have one of the three cases:
(i) (&1/€)™ =1 and (&2/&)*% =1,

(ii) (&1/&)% =1 and (&2/&0)® # 1,
(iii) (&1/€0)" # 1 and (&1/60)* # 1.

In case (i) we have §; /& = Z (7 = 1,2) and the equations T;*(&; /&) = 0
(1 =1,2) give

T3_in; T3_iMm; T3_in;
« _ odz—q T 1 b — CdS—i B CdS—i
a; = 1— <T3—imi7 i 1— C""S—imi ’
d3—; d3—;

r3_i;m; 3_'5 0 mod d3_i (’L = 1, 2)

Hence (aj,b},a3,b3) € S and (2) holds with u = &. In case (ii) we have
(£2/€0)™ # 1, since otherwise Th would have three common zeros with
zh — ¢ contrary to Theorem 1 of [4].

Hence (£2/&0)% # 1 (i = 1,2) and the equations T; (&2/&) = 0 (i = 1,2)
give

(§2/80)™ # 1 # (§2/60)™?

and

. (&/&)™ —1 o _ (82/&)™ — (&/&0)™

af = 2 = ,
1 —(&/&)™ 1 — (&2/80)™
The polynomials T /(z —1)(x — &2 /&) (i = 1,2) have a common zero & /&,
hence R(&2/&0) = 0. It follows that (af, b}, a3,b3) € S and (2) holds with
u = fo.
In case (iii) we have (£/&)% # 1 (i = 1,2) and we reach the desired
conclusion replacing in the above argument &, by &;.
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Proof of Corollary 1. Since f and f(z?) have for every f € C[x] and
every d € N the same number of non-zero coefficients we may assume that
(n1,mi,n9,mg) = 1. If Ty = Ty then (T1,72) = 7131 has three non-zero
coefficients. If T} # Tb, but (n1,m1) = (n2, ma), then by Theorem 2 of [4],

(Tl,TQ) = ((a1 — ag)xml + bl — bg, (a1 — ag)xm + a1b2 — agbl)

has at most two non-zero coefficients. If (ny,m1) # (ny, ms) then by Theo-
rem 2 either deg(71,7%) < 2, or (2) holds. However in the latter case

T, =invI; €Q (i=1,2)

and
T1 (0)_ deg T2T2 (O)deg T: — Tl* (0)— deg T T2* (O)deg T: c @
Proof of Corollary 2. The second equality is clear. In order to prove the

first, note that A(3,3,Q) > 3. On the other hand, if (7%, T%) has more than
three non-zero coefficients, then by Corollary 1,

invTl; €Q (i=1,2),

hence

deo T X
= et (2
Uy

>, where u; € C*, T/ € Q[x].
Moreover, also by Corollary 1,

deg T deg T>
<%> Tl** (0)—degT2T2**(0)degT1 c @7

Uy

hence v = ug/u; € @ and (71, T») has the same number of non-zero coeffi-

cients as (17*,T5*(x/v)), where both terms belong to Q[z].

LEMMA 6. Let n,m be positive integers, n > m and a,b € K*, where K
is a finite extension of Q. If F is a monic factor of ™/ ("™ 4 ggm/(mm) 4
in K[z] of mazimal possible degree d < 2 and n/(n,m) > max{6,9 — 3d},
then

" +ax™ +b
F(z(mm)

is reducible over K if and only if there exists a positive integer 1| (n, m) such
that

a=u™qy, b=u"'by, F=u'F, <§),
u
where u € K*, {(ag, by, Fo) € Fg/l7m/l(K) and Frczl/l,m/l(K) is a certain finite
set, possibly empty.
Proof. See [3], Theorem 3.

LEMMA 7. Leta,be K*,n>m >0,d= (n,m). Let f(x) be a factor of
x4 4 ax™/ £ b of degree at most 2. If n > 2d, then (n,m) is the greatest
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common divisor of the exponents of powers of x occurring with non-zero
coefficients in (x™ + ax™ + b)/ f(x(™"™) =: Q(x).

Proof. We may assume that f is monic and d = 1. If f(z) = 1 the
assertion is obvious. If f(z) = 2 — ¢, then Q(x) contains terms x”~! and
cx™ 2 unless m = n—1 and a = —c. But in the latter case z — ¢ | b, which is
impossible. If f(z) = 2% — pz — q, we first observe that p # 0. Otherwise, we
should have ¢"/? + aq™/? +b = 0 and also (—1)"¢"/? +a(-1)"¢™/?> +b =0,
which, since at least one of the numbers n,m is odd, gives ab = 0. Now
(z™ + az™ + b)/(2? — pr — q) contains the terms "2 and pz™ 3, unless
m =n—1and a = —p. It also contains the terms —b/q and (b/q?)px, unless
m =1, a = (b/q)p. However m = n — 1 and m = 1 give n = 2, contrary to
the assumption.

LEMMA 8. Ifn>m >0, n > 3, abc # 0, then (" +az™ +b)(x —¢) has
siz mon-zero coefficients, unless either m = n — 1 or m = 1, when there are
at least four non-zero coefficients. Only in the former case does x™~ ' occur

with a non-zero coefficient.
Proof. We have
(2" + az™ + b)(x — ¢) = 2" — ca™ + ax™ ! — ax™ + bx — cb.
The cancellation can occur only between the second and the third term (if

m =n — 1), or between the fourth and the fifth term (if m = 1).

LEMMA 9. Ifn >m > 0,n > 6, abpq # 0, then (x"+az™+b) (x> —pr+q)
has nine non-zero coefficients, unless m > n—2 orm < 2, when there are at
most eight. If m = n—1 there are at least five non-zero coefficients, including
that of ™~ if m = n — 2 there are at least seven non-zero coefficients,
including that of 2. If m < 2 the coefficients of "' and ™2 are zero.

Proof. We have

(" + az™ +b)(w —pr+q)
+2

=2"2 —pa" 4 g2 4 ax™ 2 — apz™ Tt + agz™ + bx? — bpx + by.

The cancellation can occur only if m > n—2 or m < 2 and all the assertions
are easily checked.
LEMMA 10. Let d; = (ng,m;) (i = 1,2) and let f;(x) be a monic factor
of degree < 2 of x™/% 4 a;a™i/% 4 b;. If ng/d; > 6 and
™ +arz™ + by 2™ + asx™2 + by

(17) Fi(z®) = 7>(2%) ;

then
(18) ™+ a1 ™ + b = 2™ + asx™? + ba.
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Proof. By Lemma 7, di = d3, hence we may assume without loss of
generality that d; = do = 1. Then the equality (17) gives

(19) (l’nl + CL1(L‘m1 + bl)fg(l') = ($n2 + CLQJJmZ + bQ)fl (1‘)

and we may assume without loss of generality that deg f; > deg fo. More-
over, since (19) is equivalent to

a8 2 fo (z1)

f2(0)

= (2"2 4 agby 'z T2 4 by 1)

(.’L'nl _i_albl—lxnlfml +b1_1)

rdeg f1 fl(x_l)

fi(0) 7

we may assume that
(20) 2m2 > ng.

If deg fo = 0, then the left hand side of (19) has only three non-zero
coefficients, thus by Lemmas 8 and 9 applied to the right hand side deg f1 =
0 and (18) follows.

If deg fo = 1 < 2 = deg fi1, then the left hand side of (19) has at
most six non-zero coefficients, which by Lemma 9 and condition (20) gives
mo = ny — 1. Since ny > 6 taking the residues mod x# of both sides of (19)
we obtain
(21) (a12™ + by) fo(x) = bof1(x) mod z*,
hence m; = 1 and subtracting (21) from (19) gives

™ fo(x) = (2™ + aga™ V) fi (),
a contradiction mod f;.

If deg fo = 1 = deg f1, then n; = no. If my # ny — 1, then by Lemma
8 and (20) the right hand side of (19) has six non-zero coefficients, thus
also on the left hand side no terms coalesce and we have by fo = by f1, hence
fo = f1 and (18) follows. If mg = ng — 1, then on the right hand side of (19)
we have five or four non-zero coefficients, including that of z™2~!, hence by
Lemma 8, m; = n; — 1. Taking the residues of both sides of (19) mod 3
we find by fo = by f1, hence fo = f1 and (18) follows. If deg fi = deg fo = 2,
then again n; = ny. If my < my — 2, then on the right hand side of (19)
we have nine non-zero coefficients, hence also on the left hand side no two
terms coalesce and taking residues mod x> we obtain by fo = bsf1, hence
fo = f1 and (18) follows. If ms > ny — 2, then by Lemma 9 the number of
non-zero coefficients on the right hand side of (19) is at most eight and x™2
occurs with a non-zero coefficient, hence also on the left hand side we have
at most eight non-zero coefficients and either 2™ ~! or ™ =2 occurs with a
non-zero coefficient. Again by Lemma 9, m; > n; — 2. Taking the residues
of both sides of (19) mod x® we find by fo = baof1, hence fo = f; and (18)
follows.
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Proof of Theorem 3. Put

Fom(K) = KN {Pym((;):0<r<q, 1#™#"#1}.
The set Fy, m(K) is finite since by Lemma 2 the condition P, .. (¢;) € K
implies

either (CI?W =10 or %¢<(q?r)> < [K:Q]

and this leaves only finitely many possibilities for (7. We set
Epm(K)=F,m(K)
U U U U {a(;n/(n,rn)b(()n—'m)/(n,rn)}7
d<2 l|(n,m) <a0,b0,Fo>ng/l’m/l(K)

where F;l,u(K) are as in Lemma 6.

Now, let d; = (n;,m;) and let f; be a monic polynomial over K of
maximal possible degree §; < 2 dividing T;(x'/%) (i = 1,2). We may assume
without loss of generality that ns/dy < nq/d;.

If no/dy <9, then, since invTs & F,, m,(K), by Theorem 1 we have

(22) deg(Tl,Tg) S ’I’Lg/dg S 9.

If ny/de > 9, then by Lemma 6 either T;/f;(x%) is irreducible over K
or there exists an integer l|d;, an element uw of K* and (ag,bo, Fy) €
Fo (K) such that

ng Jlym /1
Ti(z) = ™ +ui—mdlgggms 4ynillpy fi = udiFy (%)
These conditions give
invT; = a()_ni/dib(()ni_mi)/di € Epm; (K),

contrary to the assumption. Therefore T;/ fi(x%) is irreducible over K for
1= 1,2 and we have

either  T1/f1(x™) = To/fo(x®) or (T1/fi(z™),Ta/f2(x%)) = 1.

In the former case we have T7 = T5 by Lemma 10; in the latter case

(Th, f2(x®)) (T, f1(zM))

(fr(adr), fo(zdz))
However, by Lemma 3 if deg fs_; = 1, or if deg fs_; = 2 and f5_,(0) =0
and by Theorem 1 otherwise, we have

deg(T;, f—i(x™%)) < deg fs—; <2,
which by (23) gives
(24) deg(Th, Ty) < 2+2 = 4.
The alternative (22) or (24) gives the theorem.

(23) (T1,12) =
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We shall now give the promised examples.

EXAMPLE 1. Let n; > m; > 0, d; = (ni,mi), 0 5_'5 m; 3_'5 n; 3_'5 0 mod dg_i
fori=1,2, (dy,d3) =1, and
U WS G

TZ(x) =z + Ta_imi L T3— M
1- Cd;i L- <d:ﬂ'

where r3_; is chosen so that
LG G AL =12)
Here (T1,T%) has the following distinct zeros: 1, (3!, (32, ¢3¢y, hence
deg(Ty,T3) > 4.
If ny/do = 2 this shows that the second and the third inequality of (1) are

exact in infinitely many essentially different cases and the condition for the
first inequality is not superfluous.

EXAMPLE 2. Let T} = z* — 52z 4+ 5 and Tb = 220 + 5219 4+ 55, Here
(Ty,T3) = Ty, hence
deg(Tl,Tg) =4> 7’L2/d2 + min{?, dl}
This shows that the condition for the second inequality of (1) is not super-
fluous.

EXAMPLE 3 (due to S. Chatadus [1]). Let T3 = z7 + 922 + 27 and
Ty = 215 — 2726 + 729. Here
(Th,T) = z° + 32* + 62% 4+ 922 + 92 + 9.

Since inv Ty = 3, d2 = 3, and P, m, ( ;Ll) = 1, in this case the first inequal-
ity of (1) is exact. Moreover (T7,7T%) has six non-zero coefficients, which is
the present record.

References
[1] S. Chaladus, Letter to the author of July 7, 1994.
[2] R. Dvornicich, On an equation in cyclotomic numbers, this issue, 71-94.
[3] A. Schinzel, On reducible trinomials, III, Period. Math. Hungar. 43 (2001), 43-69.
[4] —, On the greatest common divisor of two univariate polynomials, I, in: A Tribute

to Alan Baker, to appear.

Institute of Mathematics
Polish Academy of Sciences
P.O. Box 137

00-950 Warszawa, Poland
E-mail: schinzel@impan.gov.pl

Received on 25.9.2000 (3882)



