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The moduli space of totally marked
degree two rational maps
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1. Introduction. A rational map ¢ : P — P! of degree two over a field
k is given by a pair of homogeneous polynomials

¢ = [po, $1] = [aX? +bXY + V2 dX? + eXY + fY?]

such that ¢g, 1 have no common roots. In non-homogeneous form, ¢ may
be expressed as

B az’ +bz+c

9(z) = dz2 +ez+ f

Let ¢o(z) = az? + bz + c and ¢1(z) = dz? + ez + f. We define Res(¢), the
resultant of ¢, as the product

11 (= B).

(,8): ¢o(a)=¢1(8)=0
The condition that ¢g, ¢1 have no common roots is equivalent to Res(¢) # 0.

Let Raty denote the space of degree two rational maps P! — P!. The
special linear group SLy acts via conjugation on Rats: for f € SLo and
¢ € Raty, f-¢ = fopo f~L. The moduli space Raty /SLa, denoted My,
arises naturally in the study of dynamical systems on P!. Over the complex
numbers Milnor [2] proved that Rats(C)/SL2(C) is biholomorphic to C2.
This fact was generalized by Silverman [6], who showed that My is an affine
integral scheme over Z and is isomorphic to A%.

Inspired by Milnor [3] we consider a rational map along with an ordered
list of its fixed and critical points. Since a rational map of degree two is
completely determined by its fixed and critical points, we dispose of the
map and focus on the ordered lists of fixed and critical points. We refer to
this as the space of totally marked degree two rational maps, Rati™. It can
be viewed as an affine open subvariety of (P')®.
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Let p1,p2,Pp3,q1,q2 be an ordered list of fixed points and critical points
of some degree two rational map. The natural action of the special linear
group SLz on (P!)5 induces an action on Rat{™. In this article we analyze
the quotient Rat§™/SLy and prove:

THEOREM 1.1. Let Rati™ denote the space of totally marked degree two
rational maps. Consider the following action of SLa on Raty™:

[ (P1,02,p3,q1,02) = (f(p1), f(p2), f(P3), f(qn), flaz2))-

Then the moduli space Rats™/SLsy is isomorphic to a Del Pezzo surface and
the isomorphism is defined over Z[1/2].

Recall that a cubic in P? is a Del Pezzo surface. We give the explicit
equation of the surface in §5. The above theorem generalizes a similar result
by Milnor [3] over C. The two most significant facts which allow us to prove
the theorem above are:

(a) The fixed points and critical points of a degree two rational map
determine the map completely.

(b) The three cross ratios formed by selecting both critical points and
selecting two out of the three fixed points at a time (see Defini-
tion are SLo-invariant functions on Rat{™.

Observe that for ¢ : P! — P!, 2 — 22, each point of P! is a critical point
in characteristic two. Thus the notion of a totally marked rational map is
not well defined in characteristic two, so the isomorphism in the theorem
above cannot be defined over Z.

The moduli space of totally marked degree two rational maps, M, is a
12-to-1 cover of My. Indeed, the map MY™ — My factors through the moduli
space of fixed point marked degree two rational maps, Mgm. The latter is a
6-to-1 cover of My, and MY™ is a double cover of ME™®.

It is natural to ask about the structure of the quotient M{™ :=Rat!™ /SLo.
To answer this, we need analogs of (a) and (b) for d > 2. As in the degree
two case, MJ™ will be a finite cover of My, and studying MY is useful for
finding equations defining M.

In §2 we prove some basic facts about degree two rational maps. In §3 we
decribe the moduli scheme MY™ of totally marked degree two rational maps,
followed by the moduli functor for totally marked degree two rational maps,
ME™ in §4. We prove that the moduli scheme MY™ is a coarse moduli scheme
for the functor M§™. Finally in §5 we prove our main result.

Notation/Conventions. Throughout this article we fix k to be a field
of characteristic different from two. We denote the fixed points by p1, p2, p3
and critical points by ¢, g2.
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2. Preliminaries

LEMMA 2.1. Let ¢ : P — P! be a rational map of degree two defined over
Z[1/2] such that the resultant Res(¢p) is nonzero. Then ¢ has two distinct
critical points.

Proof. Let

2
az® +bz+c
9(z) = dz?2 +ez+ f’
and denote the fixed points of ¢ by p1,p2, p3. We split the proof into two
cases.

CASE 1. Suppose there is a fixed point of multiplicity three. Without
loss of generality we may assume p; has multplicity three. Then
az? +bz — p}

Z) =
4() 22+ (a—3p1)z + (b+ 3p?)
with an appropriate change of coordinates if p; = co.

CASE 2. Suppose there is no fixed point with multiplicity three. With-
out loss of generality we may assume that po # p3. Applying a change of
coordinates we let ps = 0, ps = co. Then

2
az® + bz
z)= ——7r.
9(2) ez + f
In both cases it can be easily verified that the critical points are distinct. m
LEMMA 2.2. Let ¢ : P' — P! be a rational map of degree two defined

over Z[1/2]. Then ¢ is uniquely determined by its fized points and critical
points.
Proof. Let
2
az*+bz+c
o(2) =515

dz?+ez+ f
and denote its fixed and critical points by p1, p2, p3 and g1, g2 respectively.
By the previous lemma we know that q; # ¢2, so we may assume ¢; = 0 and
g2 = 0o. Observe that

g1=0and gg =00 < ae—bd=0and bf —ce =0

& ¢(2) = ¢(—=2) for all z € P!

S b=e=0.

Therefore,
az’ +c
o) = Ty

There is a fixed point at infinity if and only if d = 0. The fixed points of
¢ are the roots of the equation dz® — az? + fz — ¢ = 0, and they uniquely
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determine the point (d : a : f : ¢) in P3. Thus the coefficients a,c, d, f and
hence the rational map ¢ are uniquely determined by its fixed points and
critical points. =

3. The moduli scheme My". For any vector v = (v1,...,v,) € Z" we
define a line bundle on (P!)” by

L, = @7 (0p (1))
=1

where ; : (P1)" — P! is the projection on the ith factor.

DEFINITION 3.1. Let (w1, wo,ws, &1, &2) be nonhomogeneous coordinates
on (P')°. Fix the linearization m = (1,1,1,2,2) on (P!) and denote it by
(PYHY5(Lyy,). Let

C = {(w1,wa,w3,&1,&) € (P1)°(Lm) | &1 = &2}

and

R; = {(w1,w27w3,§17§2) € (PY° (L) |1 =

(wj = &) (wr — &) _ _1}
(wj — &2)(we — &1)

where (i, 7, k) is any permutation of (1,2,3). We define the space of totally
marked degree two rational maps as

Rati™ := (P')°(L,,) \ {C U R; U Ry U R3}.

A generic element of Rat{™ is an ordered set of fixed points and critical
points of a degree two rational map. Observe that if £ = 0 and & = oo,
then w; # —wj for i # j. The automorphism group of P!, PGLy, acts on
each coordinate of Raty™. For technical reasons we consider the action of
SLs instead of PGLs.

DEFINITION 3.2. Two elements {p1, p2,p3,q1,¢2} and {p}, p5, v%, 4}, ¢}
of Ratgm are said to be SLs-equivalent if there exists f € SLo such that
f(pi) = pl and f(q;) = ¢.. The quotient Rat{™/SLy is called the moduli
space of totally marked degree two rational maps and is denoted by ME™.

A priori, for an algebraically closed field k& the quotient MY (k) exists
as a set. We shall show that this set is isomorphic to a Del Pezzo surface
whenever char(k) # 2. We now describe the sets of stable and of semistable
points of projective space. This is well known; we recall it here for the reader’s
convenience. The sets of stable and of semistable points of a scheme (say V')
are denoted by V*® and V*® respectively.

THEOREM 3.3. Let P = (x1,...,2m) € (P")™ and let v = (v1,...,0m)
€ Z™. Then

Pe ((B7)™)*(Ly)  (resp. P e (F")™)*(Lv))
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if and only if for every proper linear subspace W of P",

dim W +1
Z v; < 1r2+1 Z'Uz

i, x;€EW
(resp. the strict inequality holds).
Proof. See [1, p. 172]. =

COROLLARY 3.4.

(B)™S(Ly) #0 & Vi=1,....m, (r+ v <> v,
1=1

()™ (Ly) #0 & Vi=1,...,m, (r+Dv; < v
=1

Proof. See [1,, p. 172|. =

Using Corollary with the linearization m = (1,1, 1,2,2) we have
(1) Rats™ C (P1)°)*(Lin) = ((P")°)**(Lim)-
The equality in (1) follows from Corollary [3.4] and the (strict) inclusion fol-
lows by observing that (1,—1,2,0,00) € ((P')%)3(L,,) but (1,-1,2,0,00) ¢
Rati™ since w; = —wy. The choice of linearization (1,1,1,2,2) is not arbi-
trary. If we use (1,1,1,1,1), then by Corollary it can be verified that
(1,1,1,0,00) ¢ ((P1)®)%(L,,). The rational map (322 + 1)/(2% + 3) has a
triple fixed point at 1 and critical points at 0 and oc.

THEOREM 3.5. Using the notation above and the linearization m =
(1,1,1,2,2) we have:

(a) The space Rati™ of totally marked degree two rational maps is an SLa-
invariant open subset of the stable locus (PY)%)3(Ly,) in (P1)?(Ly,).
Hence, the geometric quotient MY™ = Raty™/SLy exists as a scheme
over Z[1/2].

(b) The geometric quotient (M5™)S = ((PY)®)5(L,,)/SLa and the cate-
gorical quotient (M§™)sS = ((PY)*)%S(L,,)/ SLa exist as schemes over
Z[1/2] and are the same for the linearization (1,1,1,2,2).

(c) The schemes MY™, (MY™)S and (MY™)*S are connected, integral, nor-
mal and of finite type over Z[1/2]. Moreover, M{™ is affine over
Z[1/2].

Proof. The assertions follow from standard invariant-theoretic results in

[4] and [5].
(a) The inclusion Raty™ C ((P1)%)(Ly,) follows from (). The action of
SLs on (PY)?(L,,) fixes the sets R; and C defined in Definition Hence,

Rati™ is an SLg-stable and SLo-invariant scheme, so the geometric quotient
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ME™ = Raty™ /SLy exists. Over a field this a consequence of Mumford’s con-
struction of quotients [4, Chapter 1], and over Z[1/2] it follows by essentially
the same methods, using Seshadri’s theorem that a reductive group scheme
is geometrically reductive (see [4] and [5]).

(b) The existence of quotients follows from Mumford [4] and Seshadri [5],
and the equality (M§™)® = (M5™)s follows from Corollary

(c) The schemes Ratf™, ((P1)®)s and ((P!)%)%s are open subschemes of
(P1)5, so they are connected, integral and normal. By [4, Section 2, Re-
mark 2|, we conclude that the respective quotients M§™, (M§™)S and (M&5™)ss
are connected, integral and normal. The fact that M{™ is affine over Z[1/2]
follows from [4, Theorem 1.1]. m

4. The moduli functor M

DEFINITION 4.1. The functor Rati™ of totally marked degree two ratio-
nal maps is the functor

Rati™ : (Sch/Z[1/2]) — (Sets)
defined by
separable S-morphisms ¢ : Pk — PL with ¢*O(1) = 0(2),
Rat™(S) = ¢ sections r; of PL — S,i=1,2,3, with gor; =r;, and
sections s; of Py, — S, j=1,2, with div(s1) + div(s2) = Rg,
where Ry is the ramification divisor of ¢.
Observe that the sections r; correspond to the fixed points and the sec-

tions s; correspond to the critical points. An S-point of Rati™ consists of a
degree two rational map and five sections satisfying the above conditions.

DEFINITION 4.2. We say two S-points of Rat™, say (¢, 71, 72,73, 51, 52)
and (¢, 7, 75,14, 8], 8b), are equivalent if there exists f € Aut(P}) such that
pof=fod, f(ri)=r;and f(s;) = s;». We define the moduli functor M{™
to be the quotient of Rat{™ under the above equivalence relation:

MU : (Sch /Z[1/2]) — (Sets), S+ Rati™(S)/~.

We now prove that the functor Rat{™ is representable.

THEOREM 4.3. The scheme Rats™ defined in Definition represents
the functor Raty™. In particular, Rati™ is a fine moduli space for Rati™.

Proof. Let S be an arbitary scheme and (p1,p2,p3,q1,q2) € Rati™(S).
By Lemma there exists a unique rational map ¢ : IP’}.; — P}q with fixed
points p1, p2, p3 and critical points ¢1, g2. Let r;, s; be the sections of ]P}g — 5
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corresponding to the fixed and critical points. This gives a well defined map
(2) Raty™(S) — Raty™(S),
(p1,p2,P3,q1,G2) = (@, 71,7273, 51, 52).
The inverse
(3) Rat3™(S) — Raty™(S),
(¢,71,72,73, 81, 52) = (P1,D2,P3,q1,42),

maps the sections r;,s; to the corresponding fixed and critical points and
forgets ¢. Thus the scheme Raty™ represents the functor Rat{™. =

We now show that MY™ is a coarse moduli scheme for the functor Mi™.
THEOREM 4.4. There is a natural map of functors
ME™ — Hom(—, ME™)
with the property that MY (k) = MY (k) for every algebraically closed field
k of characteristic # 2.

Proof. Let S be an arbitrary scheme over Z[1/2], let [n] € M§*(S) and
let (¢,71,72,73,81,82) € Raty™(S) be a representative of [n]. Let
(p1,p2,p3, 41, ¢2) € Raty™ be the image of (¢, 71,72,73, 51, s2) along the map
defined in (3). Taking the quotient of (p1,p2,p3,q1,q2) by SLy we get the
image of [n] in Hom(—, M§™). The image is independent of the choice of the
lifting of [n] since we are quotienting by SLo.

For any algebraically closed field k of characteristic different than two,

M3™ (k) = Raty™ (k) /PGL2(k),  M3"(k) = Raty" (k)/SLa(k).

The map SLo — PGLy is surjective, hence so are the quotients. =

5. Main theorem. Recall that Rat{™ := (P')%(L,,)\{CUR{URyUR3}
where

C = {(w1,w2,ws, &1,&) € (PY°(Lm) | & = &},

and

R; = {(W17w2,W3,§1,§2) € (PY’(Ly) |7 =

(wj —&)(wr — &) _ _1}
(wj — &) (wr — &1)

where (1, j, k) is any permutation of (1,2,3). We shall show that the cross
ratios 7; are SLo-invariant functions on the quotient space MY™, and they
uniquely determine the conjugacy class.

PROPOSITION 5.1. The cross ratios r; are rational functions on Raty™.
Moreover, they are invariant under the action of SLa on Rati™. Thus they
descend to give rational functions on ME™.
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Proof. Two elements (p1,pa,p3, q1,q2), (P, Ph, 15, 41, ¢5) € Raty™ are
SLg-equivalent if there exists f € SLy such that f(p;) = p; and f(q;) = 4},
where p; denote the fixed points and ¢; denote the critical points. Note that
each cross ratio is determined by selecting two of the three fixed points and
both critical points. If

= )

(P2 — q1)(p3 — q2)
(P2 — q2)(p3 — q1)
then the cross ratio determined by f(p2), f(p3), f(q1), f(g2) is
(4) . (f(p2) — fl@))(f(p3) — fla2)) _ (po—a)(p

(f(p2) = fa2))(f(p3) = far)) — (ph — d5)(

/
CLAIM. 71 =11.

Proof of Claim. By Lemma [2.I] we may assume ¢; = 0, g2 = 0o, hence
r1 = p2/p3. Write p; = [p; : 1], co =[1:0] and 0 = [0 : 1]. For
a b
= € SLo,
=1 ") e
itb . _ . _ . iy
we have f(p;) = [% : 1], f(o0) = [a/c : 1] and f(0) = [b/d : 1]. Writing
these in nonhomogeneous form and substituting in (4)), we get | = pa/ps.
Similarly for 79, 3. Since the cross ratios are invariant under the SLo action,
they descend to give rational functions on M. =

Let V = Spec(Z[1/2][x1, x2, z3] /(@1 + 2 + 23 + T12273)).
PROPOSITION 5.2. The cross ratios form a complete conjugacy invariant,

i.e. they determine the conjugacy class in M5™ uniquely.

Proof. We begin by defining a map from the scheme V to the fixed point
marked moduli space ME™ and then extending it to MY™. The fixed point
marked moduli space is determined by the multipliers at the three fixed
points which we denote by i1, pig, f13. Define a map from V to MI™ by setting

i =1+ Ty

Observe that g + po + p3 = papips + 2. If wj # wy, then we can put w; =0
and wp = 0o, and write the map as

2
Z°+ iz
o) = T4,
prz +1
The critical points of ¢ are
—1+uz; -1 —x;
f=—-", fo=——7,
223 Mk
and the cross ratio r; is given by
& 1—ua

Ti:& ol
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Conversely, given r; we can solve for x;, obtaining z; = (1 — r;)/(1 4+ r;).
This shows that the cross ratios and hence the conjugacy class in M{™ are
completely determined by the coordinates x1, x2, x3, yielding a smooth map
from M§™ to V. m

Let 71,72, 73 be nonhomogeneous coordinates on (P'\ {—1})3, and let W
be the subvariety cut out by the equation rirors — 1. We now prove that
MY™ is isomorphic to W, where the isomorphism is defined over Z[1/2].

REMARK 5.3. The schemes V and W are isomorphic to each other. Using
x1,22,x3 and ri,79,7r3 as coordinates on V and W respectively define o :
V =W,z r; = (1—2;)/(1+ ;). It can be easily verified that o = o,

THEOREM 5.4. The map MY™ — W is an isomorphism of schemes de-
fined over Z[1/2].

Proof. Let (w1, ws,ws, &1, &) be any element of MY™. The map MY™ — W

is given by

_— (wj — &) (wr — &)

(- &) — &)’

where (i, 7, k) is any permutation of (1,2,3). We now construct the inverse.
Without loss of generality we may assume that one of w1, ws,ws is finite and
nonzero, and wy; = 1, we = 1/r3, wg = 19, & = 0, & = o00. Since & = 0,
& = oo, we have ¢(z) = gjjjg We shall determine the coefficients of ¢
explicitly. The image for these values of wy,ws,ws, &1, & in (P {—1})3 is
the complement of the curves (ro = oo,r3 = 0) and (re = 0,73 = 00). We
denote the image in (P! \ {—1})2 by U. For wy,ws,ws, 1, & as above,

afc=—1+ro+1/r3), blc=rofrs, d/c=1ro+1/r3+1r2/T3.

We now break U into four subsets based on values of r9 and r3.

CASE 1: If ry # 00, r3 # 0, then let ¢ = 1 and we are done.

CASE 2: Ifrg # 00, r3 # 00, then let ¢ = r3,s0 b = —r9, a = —(141r3+71973),
d=1+1ry+rors.

CASE 3: If rg #£0, r3 # 0, then let b= —1/r3, s0 a = —(1 4+ 1/ro + 1/rar3),
c=1/ro,d=141/r3+ 1/rors.

CASE 4: If g # 0, r3 # o0, then let b = —1, so a = —(r3 + 1/ra + r3/12),
c=r3/ra,d=1+1r3+1/ro.

In each of the four cases ¢(z) € M{™. On the intersections the maps agree

not only in MY but also in Rat{™. So we can glue the four affine pieces

together to obtain a map U — MY™. By symmetry we can assume that

wo,ws are finite and nonzero as well. We get morphisms from three affine

open pieces to M§™. The union of these three affine pieces is W, so we have

three morphisms from W to M§™. It remains to show that the morphisms

agree on the intersections.
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On the first affine piece (i.e. w1 # 0,00) we have w; = 1, we = 1/r3,
w3 =79, 80 afc=—(1+ry+1/r3), b/c = —ra/r3, d/c = 1o+ 1/r3 + ro/rs.
On the second affine piece (i.e. wy # 0,00) we have wo = 1, wy = 1/r3,
wg = 1913, 50 afc = —(1 + 13 +rar3), b/c = —ror?, d/c = r3(1 + ro + rar3).
Applying the transformation z +— 73 - z to the equation ¢(z) = z we see that
the expressions for a/c, b/c, d/c are the same. On the third affine piece (i.e.
wsg # 0,00) if r9 # oo, then let ¢ = 1, and if r9 # 0, then let ¢ = 1/r9. In
either case 71, 79, r3 determine the same quadruple (a,b, ¢, d) defining the
same point in M{™, though not the same point in Raty™. m

A cubic in P? is a Del Pezzo surface. In homogeneous coordinates the
surface W is cut out by the equation r1rer3 — r3. Thus the moduli space of
totally marked degree two rational maps is isomorphic to a Del Pezzo surface
and the isomorphism is defined over Z[1/2].
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