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On higher-power moments of A(z)
by

WENGUANG ZHAI (Jinan)

1. Introduction and main results. In this paper we shall study the
higher-power moments of some error terms in analytic number theory, in-

cluding A(z), E(t), P(x), A(z) and A,(z).

1.1. Higher-power moments of A(x). We begin with the Dirichlet divisor
problem. Let d(n) denote the divisor function. Dirichlet first proved that the
error term

Az) = ZI din) —zlogz — (2v— 1)z, x>2,
n<x

satisfies A(x) = O(2'/?). The exponent 1/2 was improved by many authors.
The latest result is due to Huxley [10], who showed that

(1.1) Alz) < 22373 (log ) 315/146,
For a survey of the history of this problem, see Kritzel [19].
For the lower bounds, the best results read
(1.2)  A(x) = 24 (zY*(log z)*/*(loglog ) 3 Hlee /4
% exp(—cy/logloglogz)) (¢ > 0)
due to Hafner [6], and
(1.3)  A(z) = 2_(x* exp(c (loglog z)*/*(logloglog ) ~%/*)) (¢’ > 0)
due to Corradi and Katai [3]. It is conjectured that
A(z) = O(a'/**9),
which is supported by the classical mean-square result

T

2 _ (€(3/2)* 50
(1.4) § A%(z) dz = r=ro T%/% + O(Tlog® T)
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proved by Tong [24]. On the other hand, Voronoi [26] proved that
T
(1.5) | A@)dz = T/4+ O(T%*),
2
which in conjunction with (1.4) shows that A(z) has a lot of sign changes
and cancellations between the positive and negative portions.

Tsang [25] studied the third- and fourth-power moments of A(z). He
proved that

T
3
(1.6) S A3(z) dz = % T4 4 O(TT/4 =01+,
2
T 3c
(1.7) | AY(@)do = 64;4 T? + O(T? %t9),
2

where §; = 1/14, §, = 1/23,
ci= Y (aBla+ B) Y 2h Y u(h)ld(ePh)d(Fh)d((a + B)?h),

a,B3,heN
Cp = > (nmkl) =3/ *d(n)d(m)d(k)d(l),
n,m,k,l€EN
Vtyvm=VEk+V1
and p(h) is the Mobius function. (1.6) shows, just as Tsang [25] stated, that
“A3(z) is biased strongly towards the positive side and does not even out as
much as A(x)... this suggests that A(z) frequently attains exceptionally
large values. This is also consistent with the fact that the {24 result in (1.2)
is stronger than the 2_ result in (1.3) (here).”
In this paper we shall improve (1.6) and (1.7) further. We shall also study
the fifth-power moment of A(x).
For the third-power moment of A(x), we prove the following

THEOREM 1. We have

T

(1.8) | 2%(2) do = 2L

- T4 1 o(T3/%F).
3
5 28

For the fourth-power moment of A(x), we prove the following

THEOREM 2. Suppose (k,\) is any exponent pair. Then the asymptotic
formula

302

Py T2 + O(T2762(/£,)\)+5)

T
(1.9) SA4(33) dzx =
2
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holds, where

1—n(k, A 20+ 2K
da(k, A) == #, n(k,A) == o

Throughout this paper we shall use the definition n(x, A) = (2A + 2k)/
(24 2k), which is well known in the theory of exponent pairs. If (k, A) is an
exponent pair, then

K A 1
A(K,)\) = (m,m—f—i), B(K,)\) = ()\—1/2,/€+1/2)

are both exponent pairs. Now take

(5, \) = BA2(ABA)(AB)X(ABA)(AB)X(ABA)(ABAY) (% %)

(141841 193668
-~ \ 3680187 368018 /°

Then

141841 703527
(K/Q, )\0) = A(R, )\) = < >

10197187 1019718
is Rankin’s exponent pair [23] such that
n(k, A) = 2k + 210 — 1 = 0.65804.. ..

See also p. 58 of Kritzel [19].
The above exponent pair yields

COROLLARY 1. We have

302
644

(1.10) | A*(z) do = T? + O(T* /4,

If the exponent pair hypothesis is true, namely, if (¢,1/2 + ¢) is an ex-
ponent pair, then

T
362 _
4 _ 2 2-1/14+e
(1.11) §A () do = == T% + O(T ).
For the fifth-power moment of A(x), Heath-Brown [9] proved that
T
(1.12) | A%(z) dw = CT* (1 + o(1))

2

for some constant C'. But Heath-Brown did not give C explicitly. In this
paper we shall prove
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THEOREM 3. Suppose (k, ) is any exponent pair with 4\ +k < 3. Then

(1.13) | A%(z) do =

5(203 — 04)

28870 T + O(T9/4 % lnXFe),

where

a0 1= 15 (3 a0,

g = > (nmkir)=3/*d(n)d(m)d(k)d(1)d(r),
NIy oy T
4= > (nmkir)=3/*d(n)d(m)d(k)d(1)d(r).
n,m,k,l,reN

Vatvm+VE+Vi=/r

As shown in Section 5, both series above are convergent.
The above exponent pair again yields

COROLLARY 2. We have
T

(1.14) | A%(z) do =
2

5(263 — 64)

9/4 9/4—5/816
T T4 4 O(T/4=5/816),

If the exponent pair hypothesis is true, then

T
(1.15) | A%(z) do =

5(2¢3 — c4q)

9/4 9/4—1/60+¢
SRa T4 4 O(T/4=1/60+e),

REMARK 1. Numerical computation shows that c3 — ¢4 > 0 and hence
2c3 — ¢4 > c3. Thus Theorem 3 means that A%(x) also has the properties
similar to A3(x).

REMARK 2. For the third-power moment of A(x), it is the most impor-
tant thing to study the distribution of the values of /n + /m — vk for
(n,m, k) € N®. The points (n,m, k) with \/n + /m — vk = 0 provide the
main term. For other points, we need two things. First, we need a good
lower bound of |v/n + /m — Vk| if \/n + /m — Vk # 0, which was estab-
lished by Lemma 2 of Tsang [25]. Secondly, we need a good upper bound of
the number of solutions of the inequality |\/n + /m — Vk| < A for small
A > 0, which will be given in Lemma 2.5 below. Note that Lemma 2.5 is
best possible when A is very small. Maybe the exponent 3/2 in Theorem 1
is also best possible.

Lemma 2.5 also plays an important role in the proof of the fifth-power
moment of A(x).
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1.2. Higher-power moments of E(t). Let

t
(1.16)  E(t) == S 1C(1/2 +iu)|* du — tlog(t/2m) — (2y — 1)t, ¢ >2.

0
Many results for E(t) parallel to those for A(z) have been obtained (see,
for example, Heath-Brown [8, 9], Jutila [14, 15], Hafner and Ivié¢ [7], Meur-
man [21]). In particular, Meurman [21] proved that

T

2 _2¢°(3/2) a0 0"
(1.17) §E (t)dt = 3((3)\/%?’* + O(Tlog® T),

which is an analogue of (1.4). See Ivié [11] for a survey.
Tsang [25] studied the third- and fourth-power moment of E(t) by using
Atkinson’s formula (see [1]) and proved that

T
(1.18) E*(t)dt = g(zﬂ)—smcle L O(TT/A ey,

EY(t)dt = - yT? + O(Tv+<)

(1.19) <

N NN

with 64 > 0 and 05 > 0. On p. 83 of [25]|, T'sang mentioned that (1.18)
holds for d4 = 1/36, but did not specify the permissible value of 5 in (1.19).
Ivié [13] proved in a different way that (1.18) holds with 64 = 1/14 and
(1.19) holds with &5 = 1/23.

We prove the following

THEOREM 4. We have

T 6

(1.20) XE?’(t) dt = #2@*3/461717/4 + O(T7/4*1/12 log3/2 ),
2
A 3
(121) S E4(t) dt — 8_ C2T2 + O(T272/41)’
T
2
T 5(2¢3 — ¢4)
5 — 3~ C4) m9/a 9/4—5/816
(122)  [E()dt= WT /4 4 O(T9/4-5/816),
2

REMARK 4. The exponent 1/12 in (1.20) comes from Theorem 2 of
Ivié [13]. We believe that it could be replaced by 1/4 in view of the analogy
between E(t) and the Dirichlet divisor problem (Jutila [14, 15]). But we
have not been able to prove this.
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1.3. Higher-power moments of P(xz). The Gauss circle problem is to

estimate the error term defined by
!/

P(x) := Z r(n) — 7z,

n<x
where r(n) denotes the number of ways n can be written as n = z? 4 32 for
x,y € Z. It has been shown that P(x) resembles A(x) in many respects. See
Kratzel [19] for a survey of the circle problem.
Katai [17] proved that

T o)
(1.23) S P%(z)dx = (3—;2 Z rz(n)n3/2)T3/2 + O(Tlog? T).
2 n=1

Tsang [25] also studied the third- and the fourth-power moments of P(x).
He proved that

T
3cs
1.24 P3(x)dr = — T7/4 +0 T7/4 d6
(1.24) S (x) o ( )
A 3¢
(1.25) | P (2)dx = 16;4 T? + O(T?~%7),
2

where dg > 0 and é7 > 0 are unspecified constants, while ¢5 and ¢g are con-
stants defined respectively by the formulas for ¢; and co with d(-) replaced
by ().

Lemma 3 of Miiller [22] yields a truncated Voronoi formula similar to
that of A(z). So by Tsang’s arguments for A(z), we know that (1.24) is
true with dg = 1/14 — € and (1.25) is true with 07 = 1/23 —¢.

We prove the following

THEOREM 5. We have

3cs

1.26 = T7/4 +0 T3/2+5
(1.26) S SN (T%/3+°),

T 3¢
1.2 p4 6 72 T2-2/41
(1.27) g = 11 L°+0( ),

T 5(2c7 — cs)
1.28 P5(z _ _\8CT 7 88) o4 L O(T9/4-5/816
(1:2%) S 36v/2mo ( )

where ¢7 and cg are constants defined respectively by the formulas for cs and
cq with d(-) replaced by r(-).

1.4. Higher-power moments of A(x). Let a(n) be the Fourier coefficients
of a holomorphic cusp form of weight x = 2n > 12 for the full modular group
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and define ,
Ax) == Z a(n), x>2.

n<zx

It is well known that A(z) has no main term and A(z) < z"/271/6+e
Ivié¢ [12] proved that

T
(1.29) | A%(2) do = BoT"H/2 + O(T" 108" T),
1
where
_ 1 2 —k—1/2
Bg—4ﬂ+2;a (n)n .

Cai [2] studied the third- and fourth-power moments of A(z). He proved
that

T
(130) S Ag(x) dxr = BsT(6H+1)/4 + O(T(6H+1)/4—1/14+€)’
1
T
(1.31) SA4<1-) dx = B,T? + O<T2n71/23+5)7
1
where
3
Byi= g 2. (mmk) T la(mja(ma(k),
4(6K + 1)7T n,m,keEN
Jat=vE
3 /o
Bi=cr—s ) (nmkl) T2 a(n)a(m)a(k)a(l).
n,m,k,lEN

Vat+yvm=vVk+V1
We prove the following

THEOREM 6. We have

(1.32) S ) dx = BaTO+D/4 4 O(T3n/2+e),
1
T
(1.33) SA4 dz = B,T?" —}—O(Tz" 2/41)
1
T
(134) §A5 dxr = B T(lOK 1)/4 +O(T(1OH 1)/4— 5/816)
1
where

5(269 — ClO)

By = -9 A0
> 32(10k — 1)m8”
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cog = Z (nmkir) =2 4a(n)a(m)a(k)a(l)a(r),
n,m,k,l,reN
Vit ymAVE=Vi+ /T
c10 = > (nmklr) %2 4a(n)a(m)a(k)a(l)a(r).
n,m,k,l,r€N

ViVmVE+VI=T

1.5. Higher-power moments of A,(x). Let —1/2 < a < 0 be a fixed real
number and set
/ ((1+a a
Aua)i= Y oalm) (1 aye — LLED vy o)

n<x

where oq(n) := 3, d*. Kiuchi [18] proved that

(1.35) ?Ai(:c) dz = Cy(a)T3/?% 4 O(TP/4+a/24e)  (~1/2 < a < 0)
with 2 )

Ca(a) 1= e fﬁ;qs) C(3/2 - a)((3/2+a).
Meurman [20] refined (1.35) to
(1.36) ?Ag@c) dr = Cy(a)T3?** + O(T) (=1/2 < a <0).

2

For higher-power moments of A, (x), we have the following theorems:

THEOREM 7. Suppose 0 > a > (2 —+/13)/6 = —0.267... Then

T
(1.37> S A2<x) dr = C3<a)T(7+6a)/4 + O<T(7Jr6a)/4751(a)+5)7
2
where
3cy(a)
C =—
3(a) (28 + 24a)mw3’
a(a):= > (nmk)" e, (n)og(m)oa(k),
n,m,kEN
Vitym=vk

61(a) := (3 +8a — 12a%)/(12 — 24a) > 0.

THEOREM 8. Suppose 0 > a > (3 —+/17)/8 = —0.140... Then

T
(1.38) S Ai (x)dx = 04(a)T2+2‘1 + O(T2+2a*52(a)+s)’
2
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where
3ca(a)
C =
@)= G e
ca(a) 1= Z (nmkl)_(3+2a)/4aa(n)aa(m)aa(k)o-a(l)a
n,m,k,l€EN
Vatvm=vVEk+V1
. (1+6a—8a% 1/1
52(@) = mm(w, ? (§ =+ 2@)) > 0

THEOREM 9. Suppose 0 > a > —1/30. Then

T
(1.39> S AZ(J}) dr = CS(G)T(9+1Oa)/4 + O<T(9+10a)/4763(a)+e)7
2
where
5(2c3(a) — ca(a))
C =
5(9) = ~288 + 320a)75
cs(a) = > (nmklr)~G+20/ g, (n)o, (m)oa(k)oa(l)oa(r),
n,m,k,l,reN
Vitvm+VE=VI+\/r
ea(a) == > (nmklr) =20/ 46, (1) g, (m)ou(K)oa(D)oa(r),
n,m,k,l,reN

Vityvm+VE+Vi=/r
d3(a) := (14 30a)/180 > 0.

Both (1.35) and (1.36) are true for all —1/2 < a < 0. However for
higher-power moments, we can only get asymptotics in shorter intervals.
We propose the following conjecture, which is partly confirmed by the above
three theorems.

CONJECTURE. Suppose —1/2 < a <0,k =3,4,5. Then

(1.40) | Ab(2) de = Cr(a) THHFF2R0/4(1 4 o(1)).

Notations. N denotes the set of all natural numbers; n ~ N means
N < n < 2N; n < N means there exist two absolute positive constants
C4,Cy such that C1IN < n < (5N; #G denotes the number of elements of
a finite set G; [|t|| denotes the distance between ¢ and its nearest integer; €
always denotes a sufficiently small positive constant which may be different
at different places. We will use the inequality d(n) < n® freely. SC(>))
denotes the summation condition of the sum ), and Z:KI means that the
final term should be weighted with 1/2 if z is an integer.
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2. Some preliminary lemmas. The following lemmas will be needed
in our proof.

LEMMA 2.1 ([25, Lemma 2]). If n,m,k are natural numbers such that

Vi 4 vm —Vk #0, then
1 —3/2
IVn 4 vm — VE| > 2—7max(n,m,k) ..

LEMMA 2.2 ([25, Lemma 3]). If n,m,k,l € N such that /n + /m —
VE -1 #0 or /n+/m+ VE -1 # 0, then respectively,

Ivn+ vm — VEk = V1| > max(n,m, k,1)~7/?
or
v+ vm + VE — Vi > max(n,m, k,1)"/?. =
LEMMA 2.3. If n,m,k, 1,7 € N such that \/n+/m+Vk—1—/r #0
or vn+ vm—+ Vk+VI—\/r #0, then respectively,
IVn 4 vm + VE = V1 —/r| > max(n,m, k,1,r)"1%/?
or
IV + vm + VE+ VI — /| > max(n,m, k,1,r)"°/2,
Proof. The proof is the same as that of Lemma 2 of [25]. =

LEMMA 2.4. Suppose K > 10, a, € R, « # 0 and 0 < § < 1/2. Then
for any exponent pair (k,\), we have

#{k~ K : |8+ aVE| <8} < K6+ |af/(F0) A0/ 2428) 40| =1 g1/2,
The implied constant is absolute.

Proof. Suppose K~1/2 < |a| < K®+r=2X/25: otherwise the estimate is
trivial. We begin with the formula (3.9) of [25], namely,

#{k~K:||B+aVk| <6} <2Ks+KH '+ > h7'S(h),
1<h<H
where
S(h)y =" e(havk).
k~ K
This formula follows from the Erdés—Turdn inequality [4].
If 1 < h < VK /2|a|, by the Kuz'min-Landau inequality [5, Theorem 2.1]
we get
K1/2

S(h) < G
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For h > vK /2|a|, by the exponent pair (k,\) we get
S(h) < (hla|)cK*="/2,
Hence Lemma 2.4 follows by taking H = [|a| "%/ (1+r) K (2+r=20)/(2+2r)] g

LEMMA 2.5. Suppose that 1 < N < M =< K and 0 < A < KY2. Let
A1 (N, M, K; A) denote the number of solutions of the inequality

Wi+ vm— Vi < A
with n~ N, m~ M, k~ K. Then
AL(N,M,K; A) < AKY2(MN)Y e + (MN)Y?te,
In particular, if AKY/? >> 1, then
Ai1(N,M,K; A) < AKY2NM.

Proof. We suppose M < K; the case M > K is the same. Suppose
(n,m, k) satisfies |v/n + /m — VE| < A. Then /n + vm = Vk + A for
some |f| < 1. Thus n +m + 2y/nm = k + u with

lu| = [2KY20A + 02 A%| < 2kY/2A + A? < 10KY/2A.
So Ay (N, M, K; A) does not exceed the number of solutions of the inequality
(2.1) In+m + 2ynm — k| < 10K'/2A

withn~N, m~ M, k~ K.
If K'/2A > 1, then for fixed (n,m), the number of k for which (2.1)
holds is < 1 + K'/2A < K'/? A. Hence

Ai(N,M,K; A) < AKY?NM.

Now suppose K'/2A < 1/40. Then for fixed n, m, there is at most one
k such that (2.1) holds. If such a k exists, then ||2v/nm|| < 10K'/2A. Let

G ={(n,m) € N? : ||2¢/nm| < 10KY2A, n ~ N, m ~ M},
G ={neN:|2vn| <10KY2A, MN <n < 4MN}.
Then
A1(N,M,K; A) < #G < #G (MN)®.
By Lemma 2.4 with o = 2,5 =0 and (k,\) = (1/2,1/2) we get
#G' < AKY2MN + (MN)'Y/2,
Thus
A (N,M,K; A) < AKY2(MN)* 4 (MN)Y/?**< . u
LEMMA 2.6. Suppose 1 N<M 1<K<ILNC <K M x=x<IL,
0< A< LY2. Let Ay(N, M, K, L; A) denote the number of solutions of the
inequality

(2.2) WA+ Vi —VE— Vi < A

IA A
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with n ~ N, m ~ M, k~ K, | ~ L. Then for any exponent pair (k,\) we
have
Ay(N,M,K,L; A) < AL'?NMK + NL + NKM"#),
In particular, if ALY? > 1, then
Ay(N,M,K,L; A) < AL'2NMK.

REMARK. The term NL appears only when the equation n = k has
solutions with n ~ N, k ~ K.

Proof. If (n,m, k,1) satisfies |v/n + /m — Vk — V1| < A, then
l=m+2m2(Vn—VE)+ (n—-Vk)? +u

with |u| < CAL'Y? for some absolute constant C' > 0. Hence the quantity
Ao(N, M, K, L; A) does not exceed the number of solutions of

(2.3) 12m2(vn = VE) + (Vn — VE)? + m — 1| < CALY/?

withn ~ N, m~M, k~K, | ~ L.
If ALY? > 1, then for fixed (n,m, k), the number of [ for which (2.3)
holds is < 1+ ALY? < AL'/2. Hence

Ay(N,M,K,L; A) < AL'2NMK.

Now suppose ALY/? < 1/4C. Let S; denote the set of solutions of (2.3)
such that n = k, and Sy the set of solutions such that n # k, respectively.
Then

.AQ(N, M,K,L;A) < #8551 + #So.

Obviously, #S1 < NL. It remains to estimate #S,. For fixed (n,m,k),
there is at most one [ such that (2.3) holds. If such an [ exists, then

12m! 2 (v = VE) + (Vi = VE)?| < CALY2.
By Lemma 2.4 with o = 2(v/n — vk), 8 = (v/n — Vk)? we get
#8y < ALYVENMEK + Cy MR/ (+20) 4 o 1r1/2,
Cuim WA VRO, Cym 3 1AV

n#k n#k
Trivially, we have
Ol < NK1+H/(2+2I€) < NKMI{/(2+2K/).
Moreover,
Coy <K' Y 1/(k—n) < K'’Nlog K < NK.
N<n<k<2K

Now Lemma 2.6 follows from the above estimates. m
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LEMMA 2.7. Suppose 1 < N < M < K <L and 0 < A < LY2. Let
As(N, M, K, L; A) denote the number of solutions of the inequality

(2.4) Wi+ Vm+ V-V < A

withn ~ N, m~ M, k~ K, l ~ L. Then for any exponent pair (k,\) we
have
As(N,M,K,L; A) < AL'?NMK + NMEK"%),

In particular, if AL'/? > 1, then
A3(N,M,K,L; A) < ALY?NMK.
Proof. We omit the proof since it is similar to that of Lemma 2.6. m

LEMMA 2.8. Suppose 1 < N < M < K, 1< L < R, K < R and
0 <A< RY?. Let Ay(N,M, K, L,R; A) denote the number of solutions of
the inequality

(2.5) Wi+ vVm+VEk—Vi—r| < A

withn ~N, m~ M, k~K, l~ L, v~ R. Then for any exponent pair
(K, \) we have

Ay(N,M,K,L,R; A) < ARY2NMKL + R(MN)Y**¢ £ NMLK"",
In particular, if ARY? > 1, then
AyN,M,K,L,R; A) < ARV?NMKL.

REMARK. The term R(MN)Y?*¢ appears only when the equation
v+ /m = /1 has solutions with n ~ N,m ~ M,l ~ L.

Proof. If (n,m,k,l,r) satisfies (2.5), then
r=k+2kY2(Vn+vm - Vi) + (Vn+vVm - V1) +u

with |u| < C*AR'Y/? for some absolute constant C* > 0. Hence the quantity
Ay(N, M, K, L, R; A) does not exceed the number of solutions of

(2.6) |2Y2(Vn+vm — V1) + (Vn+vm— V) +k—r| < C*AR'?
withn~N, m~M, k~K, l~L, r~ R.
If AR'Y/2 > 1, then for fixed (n,m,k,[), the number of r for which (2.6)
holds is < 1+ ARY? < AR'Y/?. Hence
Ay(N,M,K,L,R; A) < ARY?NMKTL.

Now suppose AR'/2 < 1/4C*. Let T; denote the set of solutions of
(2.6) such that /n + v/m = VI, and 75 the set of solutions such that

Vn+ m # V1. Then
As(N,M, K, L, R; A) < #T, + #T.
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We estimate #7; first. Suppose that the equation \/n + /m = V/I has
solutions; otherwise #7; = 0. Since \/n + /m = V1, the inequality (2.6)
becomes k£ = r and hence

#{(k,r) : [Vk — 1| < A} < R.

The equation /n + /m = VI implies \/mn € N, that is, mn is a square.
Thus

#{(n,m,1) : Vn+v/m=V1} < #{(n,m) : nm is a square}
< (MN)#{n : n is a square} < (MN)/?+<,
The above two estimates imply
#T; < R(MN)'/2+e.

Now we estimate #75. For fixed (n,m,k,l), there is at most one r such
that (2.6) holds. If such an r exists, then

12K/ 4 Vi — VD) + (Vi + Vi — VI < CARY?.
By Lemma 2.4 with o = 2(y/n + vm — V1), 8 = (/i + vm — V1)? we get
4T, < ARVENMKL + CyK@A0/(2420) | 0 |1/2.
Corm Y Wi — VIO,

n,m,l

Vitym#EVI
Ci= Y IWa+vm—VIT

n,m,l

Vitym#EVI
Trivially we have

Cs < NML1+K/(2+2“) &< NMLKK//(2+2K)'
Write Cy = Cy1 + Cya, where

Cn = > lvn+vm— Vi,
|V —I|>L1/2 /50
Cuo = > Ivn+vm — Vi~

0<|v/n+vm—V1|<L1/2 /50

Trivially we have
Op < NMLY?.

If the inequality
(+) [V +v/m = Vi < L'/?/50

has no solutions, then Cyo = 0. So we suppose (x) has solutions, which
implies that M = L. By Lemma 2.1, |\/n +/m — /1| > L=3/2 for any such
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(n,m,l). By a splitting argument and Lemma 2.5 we find that for some
L3/ < § < LY2,

log 2L
Cp < 5 Z 1
§<|vn+vm—V1|<26
log2L

< =5 (SLYE(MN)TE + (MN)V2E)
< LY2(MN)Y 4+ D32 (MN)Y2e « NV2+eppitep,
From the above estimates we get
#Ty < ARV NMKL + NMLEK"),
Now Lemma 2.8 follows from the estimates of #77 and #75. =

LEMMA 2.9. Suppose 1l < N< M <K <Lx=R,0< A< RY2. Let
As(N, M, K, L, R; A) denote the number of solutions of the inequality

(2.7) Wi+ vVm+VEk+VIi—r] < A
withn ~N, m~M, k~K, I~ L, v~ R. Then for any exponent pair
(K, A) we have
As(N,M,K,L,R; A) < ARV?NMKL + NMKL"®N.
In particular, if ARY? > 1, then
As(N,M,K,L,R; A) < ARY?NMKL.

Proof. We omit the proof since it is similar to that of Lemma 2.8 and
much easier. m

3. The third-power moment of A(x). In this section we prove Theo-
rem 1. We begin with the following truncated form of Voronoi’s formula [11,
(2.25)]

(3.1) Aw) = (mv2) 1Y (2) + O /2Fey~12),

where

Z(m) = Z d(n)n=3/*2' 4 cos(4mv/nx — 7 /4)

n<y

and 1 <y < .
Suppose T' > 10 and take y = T in (3.1). From the elementary formula
(a+b)? —a® < |bla® + |b]? and (1.4) we get
27 2T

(3.2) | 2%(2)de = | (Z(m))gdx +O(T3/%+%),
T T
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We shall prove

2T 3 3¢, 2T ) )
3.3 de = —= \ «3/* dx + O(T3/?%9).
(3.3) é(Zm) =i ) (T9/2+)
Theorem 1 follows easily from (3.2), (3.3).

Let
g =g(n,m, k) := (nmk)~%*d(n)d(m)d(k) for n,m,k <T
and g = 0 otherwise. We can write (equation (2.7) of Tsang [25])

(3.4) (Y @) = So(@) + $1() + Sae).
where
So(z) == Z g4,
4\/_ Vity/m=vk
51(r) = Z S gt eos(m(yi+ Vi~ VR)VE - 7/4),
Vatym#EVk

ng cos(4m(v/n + m + V)V — 31 /4).
From (2.12) of [25] we get

(3.5) QXT So(z)dx = 3e QST 23/t de 4+ O(T3/4F#).
T W2 5
From (2.14) of [25] we get
2T
(3.6) | Sa(x) do < TP/4Feyt/t < T2,
T

Now we estimate S;T S1(z) dz. By the second mean-value theorem we get

2ST Z » T5/4
(3.7) Si(z)dr < g min (T , >
T n,m,k<T ’\/ﬁ + \/m - \/E‘
Vi+/m#EVE
< T°H(N,M,K),
where
T5/4
H(N,M,K) = gmin (T7/4, >
nNN,mgM,kwK ’\/ﬁ +v/m — \/E‘

Vitym#Vk
with 1 <N < M.
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If K < M/10, then |\/n 4 /m — Vk| > M'/? and trivially we have

T5/4+5NMK
(NMK)3/4M1/2

Similarly if K > 10M, we also have
H(N,M,K) < T3/?*,

H(N,M,K) < < T5/4+5y1/4 < T3/2+¢

Later we always suppose M = K. Write
(3.8) H(N,M,K)=H{(N,M,K)+ Hy(N,M,K) + H3(N, M, K),

where

Hy(N,M,K)=T"* > 9,

0<|vn+ym—Vk|<T—1/2

g

HZ(N’MaK):T5/4 Z )

T=1/2<| /it /m—E|<(40E1/2)-1 v+ vim = Vi

g
H3(N,M,K)=T5%" ,
2 v+ vm — VE|

|Vn+ym—Vk|>(40E1/2) =1
E=max(M,K)=< M < K.
By Lemma 2.5 we get
T7/4+5
(NMK)3/4
T7/4+e

(3.9) Hy(N,M,K) < AL(N,M,K;T~'/?)

< (NMR) (T7Y2KY2MN + (MN)Y?)

< T5/4+6y1/4 + T7/4+€(MN)71/4K73/4 < T3/2+E7
where we used the estimate E > T/3 which follows from Lemma 2.1.
By a splitting argument and Lemma 2.5 we get (notice § > K ~1/2)
T5/4+s

NIV CYIT 1
(NMK)3/4(5 Z
§<|Vntyvm—VE|<26

(3.10) Hs(N,M,K) <

T5/4+e

R 7 g V5 5/4+e, 1/4 3/2+
(NMK)3/4K MN <« T/ ey /% <« TP/5Te,

<

Finally we estimate Hy(N, M, K). We consider two cases: NMK?3 < T
and NMK?3 > T.1If NMK? < T, then by Lemma 2.1 and the estimate

Z 1< NM
[VA+y/m—VE|<(40E1/2) 1
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we get
T5/4+£K3/2MN
(3.11)  Hy(N,M,K) < (NME) < T4+ (MN)VAKS/M
< T3/%+e,

Now suppose NM K3 > T. By the splitting argument and Lemma 2.5
again we get

N M K T5/ :
( ) 2( 9 ) ) < (7\77‘[[{)3/4(5
§<|vn+vm—VE|<268
T5/4+e

< (NME) (K'2MN + (MN)Y/2571)

< T5/4+€y1/4 + T7/4+E(MN)71/4K73/4 < T3/2+6.
Thus from (3.7)-(3.12) we get
2T
(3.13) | Si(x) dw < T3/%F=,
T
Now (3.3) follows from (3.4)—(3.6) and (3.13).

4. The fourth-power moment of A(x). In this section we prove
Theorem 2. Suppose T > 10. From (3.1) and the inequality (a + b)* — a? <
bl al? + [b]*, we get

2T
(4.1) S A'(z) dx
T
T1/2+5

i s (20 oo { o )

2T 9/4+¢
B <7r;§>4 ) (X)) ar+ O(%)

for TV/? <« y < T. Take y = T3/*. We shall prove that
2T 2T

4 3o 255 (k\)
(4.2) i (Z(x)) de = =2 | wdz+O(T e)
T T
for any exponent pair (k, A). Theorem 2 follows easily from (4.1), (4.2).
Let
g1 = g1 (n7 m, ka l) = (nmkl)_3/4d(n)d(m)d(k)d(l) for n,m, k7l < Y,

and g; = 0 otherwise.
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Equation (3.4) of Tsang [25] reads

(4.3) S7@)) " = Sale) + Sae) + Sa(x) + ()
where
S3() :g 9z,
Vtvm=vVEk+V1
Sy =2 Y gwcostn(va+ vim - VE - ViVa),
ViHVmEEHVT

55(2) = 5 3 g sin(n(v + Vi + VE — VI)Va),

Su(w) == —5 3 gucos(n (v + vim + VE + V) V)

From (3.7) of [25] we get
2T a0y 2T
(4.4) S Ss(z)de = =2 S
T T

x dx 4 O(T?3/16%=),

By (3.8) of [25] we get
oT

(4.5) S Se(z) dr < T3/2+5y1/2 < T2-1/8+¢
T

Now let us consider the contribution of Ss(x). By the second mean-value
theorem we get

QST Z ) T3/2
(4.6) Sa(z)dr < g1 min (T ) )
T n,m,k, <y |\/ﬁ + \/ﬁ - \/E B \/Z|

ViHVm#EVEHVL
< T°G(N,M,K, L),
where
) T3/2
G(N,M,K,L)=> glmin<T , >,
! lvn+vm—Vk -V

SC(Y) v+ vm#VE+VILI<SN<M<yl<K<L<y,
no~N,m~Mk~K,€Il~L.
If M > 100L, then |v/n + /m — vk — V1| > M2, so the trivial estimate
yields
T3/ NMKL

(NMKL)3/4M1/2 K TPPHeyl/2 < T2/3Ee,

G(N,M,K,L) <
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If L > 100M, we get the same estimate. So later we always suppose that
M = L. Let n; = \/n+ /m — Vk — V1. Write

(4.7) G(N,M,K,L,R) = Gy + G2 + G3,
where

Gr=T" > g,

[ |<T—1/2

Gy:=T% > qilm|™,
T—1/2<|m <1
G3 = T3/2 Z g1|7]1’_1.
[m1>1
We estimate G first. From || < T-Y2 we get M < L > TY7 via
Lemma 2.2. By Lemma 2.6 (suppose N < K; the case N > K is the same)
we get
T2+8
(NMKL)3/A
T2+5

(4.8) G < Ay (N, M, K, L;T~/?)

< ( (T7YV2LYV2NMEK + NL + NKM"5A)

NMKL)3/*
< T3/2+E(NMK)1/4L—1/4 4 T2+5N1/4K—3/4L—1/2
4 T2te (NK)1/4M*(3/2*T)(H,/\))
< T3/2+6y1/2 + T2+EL71/2 + T2+5M*(177](I€,>\))
< T271/14+a + T2762(n,)\)+5 < T2762(N,>\)+€'
Now we estimate G5. Suppose also N < K. By a splitting argument and
Lemma 2.6 again we see for some T-1/2 « § < 1 that
T3/2+£
(NMKL)3/4§
T3/2+5
< (NMRLs
« T3/Feyl/2 L p3/2e [ 1/25=1 4 pB/24e pr—(1-n(kN) 51

We consider two cases: M < L < TY" and M < L > TY7. If M < TV/7,
from Lemma 2.2 we get 61 < M7/2. Thus (4.9) gives

(410) Gy < T3/2+5y1/2 + T3/2+5M3 + T3/2+5M5/2+77(/<c,)\)
< T2752(/<a,)\)+a.

SLYPNMEK + NL + NKM""V)

If M < L>TY7 using 6~ < T2 (4.9) yields
(411) G2 < T3/2+5y1/2T2+5L71/2 +T2+6M7(1777(/$,)\)) < T2762(;<;,>\)+5‘
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For Gi3, by a splitting argument and Lemma 2.6 again (notice |n1| > 1) we
get
T3/2+e

- 1
(NMK L)/ 2.
6< ‘7]1 ‘SQ(S, >1

(4.12) G3 <

T3/2+e
(NMKL)3/4

Combining (4.7)-(4.12), we get

(4.13) QST Sy(x) da < T* 02N +e,

In the same way we can Zhow that

(4.14) QXT S () dx < T?~02(mM+e

if we use Lemma 2.7 insfead of Lemma 2.6. Now (4.2) follows from (4.4),
(4.5), (4.13) and (4.14).

< LI/QNMK<<T3/2+€y1/2 <<T271/8+6‘

5. The fifth-power moment of A(z). In this section we prove The-
orem 3. Suppose T' > 10. From (3.1) and the inequality (a + b)® — a® <
blat + |b]?, we get

2T
(5.1) S A°(x) dx
T
2T 2T
1 5 T1/2+e 4 T7/2+e
= § (Z@)) dx+0<_y1/2 § <Z<x)) do+ = )
2T
1 5 T5/2+£
- dr+ 0 ——
iy | (E@) @+ o( T
for T'/? « y < T. Take y = T3/5. We shall prove
2T

(5.2) ﬁ S (Z(x)f dr = % T/ 4 O(TO/A=0a(mN)Hey

where (k, \) is any exponent pair with 4\ + x < 3. Theorem 2 follows easily
from (5.1), (5.2).
Let

g2 = g2(na m, ka l7 7’)
= (nmk‘lr)*3/4d(n)d(m)d(k)d(l)d(r) for n,m,k,l,r <,

and go = 0 otherwise.
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Similar to equation (2.7) of Tsang [25], we can write

653 (@) = 5(@) + Ss(@) + So(x) + Siofe) + S (2).

where

5cos(m/4
S7(x) = % Z g2/,
Vitvm+VE=Vi+/r
5
Sg(x) = ] Z 92905/4
Vit vmA+VEEVIH/T
x cos(4m(v/n +vm + Vk — VI — 1)z —1/4),
5cos(—37/4
So(x) == % Z 92$5/4,
Vitvm+VE+Vi=r
5
510(33) = E Z 92x5/4
VA TAVERVIET

xcos(4w(f+\/—+\/E+\ﬁ—\/F)f—3w/4)
Sii(x) = Zgza: cos(dm(vn + vm + Vk + Vi + Vr)Vz — 5 /4).

Let us consider the sum S7(x) first. The classical result of Besicovitch
says that the square roots of squarefree numbers are linearly independent

over the integers. From this result we know that \/n +vm+Vk = VI1+ /7
if and only if (n,m, k,[,r) satisfies one of the following cases:

Case 1.1: I =n, m =m2h, k= k2h, r = r2h, ms + ks« = 14, u(h) # 0;
Case 1.2: I =m, n=n2h, k=k?h, r = r2h, n, + k. = ., u(h) # 0;
Case 1.3: I =k, m =m?2h, n=n2h, r = r2h, m, + n, = ., u(h) #0;
Case 1.4: 7 =n, m =m2h, k = k2h, | = 12h, m, + ks« = L., u(h) #0;
Case 1.5: 7 =m, n =n2h, k = k2h, | = I?h, n, + k. = L., u(h) # 0;
Case 1.6: 7 =k, m = m2h, n = n2h, | = I?h, m. + n. = Ly, u(h) #0;
Case 2: n =n2h, m = m2h, k = k2h, | = 2h, r = r2h, n. + my + ks =
Lo + 7, (h) # 0, L # Ny Lo 7 My L 7 Ky T 7 Ny T 7 My T 7 K

So in the sum
Z 92
Vitym+Ve=Vi+/r
= > (nmklr)=3/*d(n)d(m)d(k)d(1)d(r),

n,m,k,l,r<y

VitVmAVE=Vi+/r
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if we let the variables n,m, k, [, r run over all natural numbers, the error is

< Zn—3/2d2(n)+] ST (k) Ad(n)d(m)d(k) — ¢
n>y n,m,k<y

Vntyvm=vk
+ Y R mklr) ¥ 2d(n?)d(m?)d(k?)d(1%)d(r?)d® ()
n2h>y, 12h>y
<y VPrEL YT )T RA(n?)d(1%)d  (h)
n2h>y, 12h>y

< 971/2+E-
Thus we get
2T 2T
5v2
(5.4) S S7(z)dx = 1_‘2_ cs S 254 dr + O(T9/4*3/10+5).
T T
Similarly, we get
2T 2T
2
(55) S Sg(:p) dr = _53_\2_ 4 S $5/4 dr + O(T9/4_3/10+5).
T T
The contribution of S1;(z) is
2T -
g2T
(5.6) Si1(z) de <
; n,m§rgyﬁ+\/m+\/g+\/z+\/7_“

< TT/4+e Z (nmklr)*3/4r*1/2

n<m<k<I<r<y
& TT/A+e 3/ /5

Now let us consider the contribution of Sg(x). By the second mean-value
theorem we get

6.7 | Ss(x)da

T

min 9/4 7
< 2 72 <T ’|\/ﬁ+\/ﬁ+\/E—\/i—\/F!>

n7m7k7l7’r§y

VA IAVEAVI T
< T°F(N,M,K,L,R),
where
- ' 0/ T7/4
F(N,M,K,L,R)_Z2gzmln<T ’!\/ﬁ+\/ﬁ+\/g—\/i—\/7"|)’
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SC(X,) s v+ vVm+VE#AVI+Vr, 1< N<M<K<y 1<L<R<y,
n~N m~Mk~K,I~L,r~R.
If R < K/100, then |\/n + vm + Vk — VI — /r| > K2, so the trivial
estimate yields
T7/**¢NMKLR
(NMKLR)3/4K1/?
If R > 100K, we get the same estimate. So later we always suppose that

R =K. Let ny = v/n+ vm+ Vk — I —\/r. Write
(58) F(N,M,K,L,R):F1+F2+F3,

where

F(N, M, K7L,R) << << T7/4+8y3/4 << T11/5+€,

F1 = T9/4 Z gz,

2| <T—1/2

F=T"" " golm| Y,

T=1/2<|n|<1

F3 2:T7/4 Z gg|7]2‘_1.
[n2|>1

We estimate Fj first. From |ns] < T-1/2 we get R > T'/15 via Lemma 2.3.

By Lemma 2.8 (suppose M < L; the case L < M is the same) we get
T9/4+s

(NMKLR)3/4
T9/4+5

(5.9) < Ay(N,M,K,L,R;T~'/?)

< ( (TY2RYV2NMKL + R(MN)/?

NMKLR)3/4
+ NM LK)

T9/4+e T9/4+e
(MN)ALAR2 | R3AatN
< TO/4=1/304e | 79/4—8s(x N\ +e o 79/4=3a(rN)+e

< TP

Now we estimate F5. Suppose also M < L. By a splitting argument and
Lemma 2.8 again we infer for some T-1/2 <« § < 1 that

T7/4+e

1 F
(5:10) < (NMKLR)3/45

As(N, M, K, L, R; 26)

T7/4+a T7/4+a
(MN)/AL3/AR1/25 + R3/4-n(r Vg’
We consider two cases: K < R < TV and K < R> TY5 If R < TV/15,

< T7/4+sy3/4 T
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from Lemma 2.3 we get 61 < M'/2. Thus (5.10) gives
(511) < T7/4+5y3/4 + T7/4+8R7 + T7/4+5R27/4+n(n,)\)
< T9/4—1/30+8 + T2—53(n,)\)+e < T9/4—53(K,>\)+6‘
If R> T/ using 6~ < T2 and (5.10) yields
T9/4+¢ T9/4+e
R1/2 + R3/4—mn(k,X)

For F3, by a splitting argument and Lemma 2.8 again (notice |nz]| > 1) we
get

< T9/4—53 (n,)\)—&-s‘

(5.12)  Fp < TT/4ey3/4 4

T7/4+a

1
(NMKLR)3/4§ Z
< |n]<28,6>1

(5.13) I3 <

T7/4+a

< ( RV2NMKL

NMEKLR)3/4
< T7/4+5y3/4 < T11/5+6.

Combining (5.7)—(5.13), we get
2T

(5.14) | Ss(x) do < T/ 0(mA)Fe,
T

In the same way we can show that
2T

(5.15) | Sio(z) do < T4 0w A Fe
T

if we use Lemma 2.9 instead of Lemma 2.8.
Now (5.2) follows from (5.4)—(5.6), (5.14) and (5.15).

6. Proofs of Theorems 4—-9. P(z) has the following truncated Voronoi

formula:
1
(6.1) P(z)=—=>Y r(n)n 3z cos(dmv/nz + w/4) + O(x'/>ey~1/2)

™
n<y

for 1 < y < x, which follows from Lemma 3 of Miiller [22]. A(x) has the
following truncated Voronoi formula:
1

(6.2)  A(z)= -7 2* PN a(n)n 27 cos(dmy/nx — 7 /4)

+ O($n/2+sy—1/2)
for 1 <y < z, which is a special case of Theorem 1.1 of Jutila [16]. A,(x)
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has the following truncated Voronoi formula [18]:

1
6.3) A.lz) = ——= oo(n)n~3/A=0/241/4 /2 cog(An/nx — 7 /4
(6:3)  Aa(w) = — 7 % (n) (4my/ /4)
+ O(x1/2+ay71/2)
for 1 <y < z. So by the same arguments of A(z), we get Theorems 5-9
immediately. Note that in the proofs of Theorems 8 and 9, only the exponent
pair (1/2,1/2) was used.
Now we prove Theorem 4. We shall follow Ivié [13]. Let
1
(6.4) At(z) = > (~1)rd(n) —z(logz +2y—1), z>1.

n<dx

Then for 1 < N < x, we have [13, (7)]

(6.5) A*(z) = %\/5 S (1) d(n)n3/ 15 4 cos(dmy/mT — 7/4)

n<N
+ O(x1/2+£N71/2).

Jutila [15] proved that
T

(6.6) i <E(t) —or A (;))2 dt < T*310g° T,

™
0

which means that E(t) is well approximated by 2w A*(¢/2m) at least in the
mean square sense.
Ivi¢ [13] proved that

T T/2m

(67) SEg(t)d — (271')4 S (A*(t))3 dt + O(T5/3 10g3/2 T),
0 0
T T/2m

(68)  [E'@dt=(2m) | (A*@®)"dt+O(T*/10g*? T).
0 0

Using Ivi¢’s argument we can get

T T/2m
69)  JE()di=(2m)° | (A%(1)di + 0T 1og* > T).
0 0

We need the estimates
T T
(6.10) [|E(@®)|*dt < T4 (A% @) at < T (0< A <),
0 0
.

which follow from Heath-Brown [9
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By (6.6), (6.10) and Cauchy’s inequality we get
T/27

o

0

s () o {0+ 2(2) ) )

< (T**10g” T)' /213 < T'3/%10g* T,
that is, (6.9) holds.

Now the problem is reduced to evaluating the integral SUT(A*(t))k dt (k =
3,4,5). By the same arguments as those for A(z), we get

T *
(6.11) §<A*(t))3dt _ QZ%TW +O(T8/2+),
(6.12) ?(A*(t))‘* dt = G o O(T?2/41)
' 0 644 ’
(6.13) ?(A*(t))5 dt — 5(2¢5 — c}) T9/4 4 O(T9/4—5/816)
' 0 2887 ’
where
= Y (=" mk) " d(n)d(m)d(k),
Vrtym=Vk
cy = > (=) R (kD) 3/ 4 d(n)d(m)d(k)d(1),
Vitym=vk+V1
= > (=) (o kelr) =34 d(n)d(m) d(k)d(1)d(r),
Vit+vm+VEk=Vi+/r
= > (= 1) R (k) =34 d(n) d(m)d (k) d(1)d(r).

Vitym+Ve+Vi=y/r

Ivié [13] proved that ¢f = ¢1, ¢5 = c2. Now we prove that ¢§ = cs.
Suppose (n,m,k,1,7) € N° is such that /n + /m + Vk = VI + 7. We
shall prove that n +m + k 4+ 1 + r € 2N. In Section 4 we concluded that
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(n,m, k,l,r) must satisfy one of Cases 1.1 to 1.6 or Case 2. We only consider
Case 1.1 and Case 2. Suppose n = . Then /m + vk = \/r. By the result
of Besicovitch again we get

m=ao’h, k=p*h, r=+°h, a+B=n.

Hence n+m+k+1+7r = 2n+h(2a® +23? +2af) € 2N. Now suppose that
(n,m, k,l,r) satisfies Case 2. Then

n:nih, m:mzh, k::kfh, l:lfh, r:rfh, Ny +my + ke =1, +7..
Using the simple congruence n? = n (mod 2), we get
n+m+k4+l4+r=mn2+m?+E2+02+r3)h
= (e +mu + ke + 1+ 700
= (20, + 2r,)h =0 (mod 2),

that is, n +m + k + 1+ r € 2N. Thus c¢5 = c3. Similarly we get ¢} = c4.
Now Theorem 4 follows from (6.7)-(6.9), (6.11)—(6.13).
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