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1. Introduction. Let k be a number field. For a finite extension k’/k
let A(K’/k) be the discriminant idele first defined by Frohlich in [4], where it
is also shown that k" has a relative integral basis over k if and only if A(k'/k)
is principal. If the class number of k is odd, this condition is equivalent to
the discriminant ideal (A(k’/k)) being principal. In this paper we determine
how often this happens for extensions with a fixed abelian group G. More
generally, let ¢ be an element of the ideal class group Cl; of k and let
N(k,G,c; X) be the number of normal extensions k'/k with Galois group
isomorphic to G, (A(k’/k)) € ¢ and the norm of (A(k’/k)) less than or equal
to X. We want to determine the behavior of N(k,G,¢; X) as X — oco. We
prove the following theorem:

THEOREM 1. Let k be a number field and G be a finite abelian group.
Let ¢ be an element of the ideal class group of k. If there exists an extension
k' /k such that Gal(k'/k) = G and (A(K'/k)) € ¢ then there exists a positive
number c1(k, G, ¢) such that

N(k,G,¢; X) ~ c1(k, G, ¢)X%log X )°
as X — oo, where a and b are constants depending on G and k.

The question of whether there exists an extension k’/k such that
Gal(k'/k) = G and (A(K'/k)) € ¢ is settled completely for G abelian by
McCulloh in [5]. The counting of extensions of a global field & with a given
Galois group G was done by Wright in [9], where it is proven that

> ek, Gye) > 0.
¢

The method used to prove the above statement in [9] is to study the associ-
ated Dirichlet series. In fact the author proves results about a more general
series of quasicharacters which he later specializes for his own purposes. In
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28 E. Bekyel

order to prove our theorem, we are going to use this more general series
so we start by summarizing in Section 2 some of the results from [9]. Then
in Section 3 we prove our main theorem. In the final section we calculate
c1(k,G,¢) in the case of cyclic extensions of prime order as an example.

2. Results on discriminant series. The results of this section are
due to Wright. We summarize the necessary definitions and constructions,
in particular those necessary for the statement of Proposition 5.5 of [9]. Let
k be a number field. We denote by A* the idele group of k and by C}, the
idele class group A* /k*. Let M}, be the set of primes of k and let M, be
the set of infinite primes. For any prime v, k, is the completion of k£ at v.
For a finite prime v the valuation ring and the unit group of k, are denoted
by O, and O respectively. In this case, a basis for the topology of k) is

given by the sets U5”’ = 1+ 7O, where 7, is a generator of the unique

v
prime ideal p, of O, and n > 1. We let ng) = O.. For an open subgroup
U C k; the conductor of U denoted by ¢(U) is w;', where n is the smallest
integer such that Ué”) C U. If v is infinite and complex, then k) = C*,
which has no open subgroups but itself whose conductor is defined to be 1.
In the case k, = R, #(R*) =1 and #(R™) = —1. For an open subgroup U of
A* the conductor is the idele whose local components are the conductors of
the open subgroups U, = U Nk} of k. For a continuous character y of A*
or of k¢ for any prime v, the conductor ®(x) is defined to be the conductor
of the kernel of x.

Let w be a quasicharacter on the ideles A* of k which is trivial on k™,
i.e. a continuous C*-valued homomorphism on Cy. For a fixed finite abelian

group G the generating series of discriminants is defined by

(1) Dow)= Y,  w(AWK/k),

Gal(k /k)2G

where the sum is over all extensions k’/k with Galois group isomorphic to G.
We will see below that this series can be written as a finite sum of series
which converge for Re(w) large enough. The first step in that direction is
to write this series as a combination of conductor series. Since G is a finite
abelian group, it has a unique representation of the form

GgZ/’I’MZ X oo X Z/TLIZ,

where n; are integers greater than 1 such that njiq|n; for j=1,...,1—1.
For a locally compact abelian group X let C,(X) be the group of all con-
tinuous characters x of X such that x" = 1. Define

Ca(X) = Cpy(X) % -+ x Cp, (X).
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Now for any character x = (x1,...,x1) € Ca(Ck) let

da(x)= [ - ] o8- x-

0<ai<ny 0<a;<ny

The relation between the generating series for conductors defined by

Fow) = Y w(@a(x)

X€Cq(Cy)

and the discriminant series given by (1) is

(2) lkﬂw):-—z?-E:;AG/HjFHQJGmHU,

where ¢(G) is the cardinality of the group of automorphism of G, the sum
is over all subgroups H of GG, and p is the M6bius function on finite abelian
groups defined in [3] with the property that

3) S o/ = Y WGl =

{ 1 ifG=H,
HcCJCG HcCJCG

0 otherwise.

The equality (2) is a result of the conductor-discriminant formula and inver-
sion given by (3). Before we carry on, we should remark that since the local
discriminants are defined up to multiplication by squares of units and the
local conductors are defined up to multiplication by units, we require the
quasicharacter w to be trivial on Ag = [[,¢)., Oy - This is the reason why
we can only count extensions with (A(k’/k)) € c. Ideally, one would like
to single out those extensions where A(k’/k) is principal which guarantees
that k'/k has an integral basis.

Next we give an expression of the conductor series as a combination of
Euler products. Let S be a set of primes containing the infinite ones such
that

O ={x k™ :v(x)>0forallv¢gS}

is a principal ideal domain and let O% be the subgroup of nth powers in OF.
Define

Ea(S)=05/08 x---x 05 /0
and let e(S) be the order of £¢(S). Then

= Z Fgs(w;e),

(4) FG(w) = GG(S) o

where each F g(w;¢) is an Euler product

(5) Fgs(wse) = H Fgp(wse).
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The individual Euler factors of the Euler products are given by

Y xEw(@a(x) ifves,
xeCa(ky)

Yo xEwi(@e(x) ifvgs.
x€Ca(05)

The convergence properties of F g(w;e) are described through compar-
ison to certain L-series. Let T be a finite set of places of k£ containing all the
infinite places and places where w,, is ramified. Let

Lyr(w) = H(1 — wy(my))

vgT

(6) Fao(wse) =

and for an arbitrary finite Galois extension K/k let
Ly r(w) = L (wo Ng/p),

where T” is the set of primes of K above T' and N K/k 18 the relative idele
norm. The set T does not affect convergence and is omitted from the no-
tation for simplicity. It is well known that (see for example [8]), for any
extension K/k, the series L (w) converges absolutely and locally uniformly
in Re(w) > 1 and it may be continued to a holomorphic function except for
simple poles when w o N, is trivial on ideles of norm 1 and s(w) = 1.

Now let @ be the smallest prime dividing the order of the group G, 3 be
the largest integer such that (Z/QZ)° C G, and let a(G) = |G|(1 — Q~1).
Also define ky = k((g) with (g a primitive Qth root of unity and let d be
the degree of the extension ky/k. We are ready to state the main proposition
regarding the convergence of Fg g(w;e).

PROPOSITION 2 ([9, Proposition 5.5]). The Euler product Fg g(w;e)
converges absolutely and uniformly for Re(w) > 1/a(G). Also, Fg g(w;e)
has an analytic continuation to Re(w) > 1/(a(G) + 1), which is equal to a
holomorphic function ¢(w) multiplied by

—m_ L (wa(G)) l/d
7 L (w™GW@QP~™=1)/d ] ke

where ke = ko(ei/Q,...,all/Q) and Q™ = [k: : ko|. In addition, all zeros
of ¢(w) occur at solutions to the factors Fg(w;e) of the Euler product
Fa s(w;e) for finitely many places v.

3. Density of extensions. Let ¢ be an ideal class in the class group
Cly of k. For an idele x = (x,) € A* let () be the corresponding ideal and

let
|z| = | | [T |
v
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be the idele norm. We want to calculate the Dirichlet series

D e(s) = > |A(K'/K)|*
Gal(k /k)2G, (A(K' [k))ec
summed over extensions with Galois group isomorphic to G and the dis-
criminant ideal belonging to ¢. Note that the idele norm |A(kK'/k)| is the
reciprocal of the norm of the corresponding ideal (A(k'/k)) so the above
series is a Dirichlet series. Define the quasicharacters

wy,s(x) = P((x))|z[*
on A*, where 9 is a character of the ideal class group of k. We write w; in

place of wy . Then by orthogonality of characters on the ideal class group
Cly we can write

®) Dg.(s) = Zw YD (wy.s),

where the sum is over all characters 1/1 of Clj, and Dg(w) is the discriminant
series given by (1). We will see below that Dg(w) converges for Re(w) > 1/«
with a possible pole at s = 1/a. Since our aim is to find a density result,
we will be content with finding an analytic continuation of Dg(w) to some
open set containing Re(w) > 1/« so that we can apply the Ikehara-Delange
Tauberian theorem to the series D¢ (). For w = ws, Dg(w) has an analytic
continuation to Re(w) > 1/(a + 1) as shown in [9].

PROPOSITION 3. Let o = |G|(1 — Q™ 1), where Q is the smallest prime
diwisor of |G|. Let d = [k((q) : k], ¢q(G) be the number of elements of
G of order Q and v = ¢g(G)/d. For any quasicharacter w = wy s the
discriminant series Dg(w) can be written in the form

go(s) N~ 9i(9)
(9) Dg(w) = (S_OW + ; G 1ja)s +9(s)

for Re(s) > 1/a, where g(s),go(s),...,gn(s) are analytic in the half-plane
Re(s) > 1/a and a; are non-negative rational numbers less than v.

Proof. Combining (2) and (4) we see that the discriminant series Dg(w)
can be written as a combination of Euler products FH,S(w‘GV'H‘; e), where H
is a subgroup of G and ¢ € £x(S), which converge uniformly for Re(w!Cl/1H1)
> 1/a(H) or equivalently for Re(w) > 1/|G|(1 — Q}'), where Qp is the
largest prime divisor of the order of H. Therefore the Euler products com-
ing from subgroups H whose order is not divisible by ) are analytic for
Re(w) > 1/ and thus contribute to g(s). Now assume @ divides the order
of H so that a(H)|G|/|H| = « and let By be the largest integer such
that (Z/QZ)°" C H. Note that Ly, (w®) and Ly (w®) are non-zero for
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Re(w) > 1/a. Therefore if Lj_(w®) does not have a pole at s = 1/a then
the dth root of the quotient in (7) can be defined as a single-valued analytic
function for Re(w) > 1/a. In that case Fiy g(w!Cl/fll; £) has an analytic con-
tinuation to Re(w) > 1/ and so it contributes to the analytic part g(s) of
Dg(w).

Now assume Lj_(w®) has a simple pole at s = 1/a which is possible
if and only if w* o Ny_ is trivial on ideéles of k. of norm one. In this
case we have two different situations. If w* o Ny, is trivial on ideles of
ko of norm one then Ly, (w®) has also a simple pole at s = 1/a. Then
the poles cancel and the quotient Lj_(w®)/Lg,(w®) is a non-zero analytic
function for Re(w) > 1/a. Once again a single-valued dth root can be de-
fined. Hence Fprg(w!Gl/1H];¢) has a pole of order at most (Q°#~™ —1)/d
at s = 1/a. The maximum possible order of the pole is v = (Q” —1)/d.
Therefore FH7S(w|G‘/|H|;€) with By = [ and ky = k. contribute to
go(s)/(s — 1/a)” and the rest to g;j(s)/(s — 1/a)% with a; = (Q7~t —1)/d
for1 <j<p.

The only case left is when Lj_(w®) has apole at s = 1/a but Ly, (w®) does
not. In this case since k. # ko we have m>1. Since (s—1/a) Ly, (w®) Ly, (w®) !
is analytic and non-zero for Re(w) > 1/« it is possible to define a single-
valued analytic branch of the dth root. Then we can write FH75(w|G|/‘H| €)=
(s — 1/a)~ @ "/d5(s) for Re(w) > 1/a for some function §(s) analytic
for Re(s) > 1/a, where 1 < m < Bg. So Fy s(wl/Hl; &) contributes to
g(s) if m = By and to one of the g;(s)/(s — 1/a)% with a; = Q~"/d for
B+1<j <28 —1 otherwise. Note that the maximum of such a; is less
than v. m

Since Dg ((s) is a linear combination of Dg(w)’s we see that

c(k,G,c) = lirlr} (s —1/a)"Dg,c(s)

exists. First we will show that the above limit is non-negative. Then we will
determine the ideal classes for which it is positive.

We will follow the same line of thought as in [9] except that we will have
twists by characters ¢ of Cly. Let L(s) = (i, (s) and ro = ress=1 (x,(s). We
can rewrite c(k, G, ¢) as

c(k,G,¢) = (@)V i DGx(s)

a ) s—ija L(as)”’

Then, putting (8), (2) and (4) together we get

S ey MO S,

e (S
veCly, HCG 1(S) e€€m(S)

(roa~ 1)

(b G0 = S e
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where
|G|/|H]
FH’U(WT/JJ/OC ;6)
(10) TS(Hv 1/% 5) = 1:[ Lv<1/04)

with Fp(w;e) and Ly(s) being the individual factors in the Euler prod-
uct decompositions of Fy g(w;e) and (j,(s) respectively and the product is
over all primes v of k. We know that the product in (10) converges by the
argument above. Now let

Zw 1) z“G/f ST rs(H 0.

HCG c€€p(S)

We know that ZCR(C) is positive by the proof of Theorem 6.1 in [9]. We
will show below that each R(c) > 0. The question is then to determine the
classes ¢ for which we get a positive value for R(c). Let T be a set of primes
containing S and look at a combination of partial products given by

(1) thw Y HED S e,

HCG eeEy(S)

where the definition of r% (H;1;e) is similar to the definition of rg(H;1p;¢)
given by (10) with the product being restricted to the primes of T'. We start
by simplifying the factors in the product of r%(H;1;e). From (6) we have

G G
Fi (@l 11 ) Zx Wi (@ (X)),

where the sum is over characters in Cy (k) if v € S and over characters in
Cu(0O)) otherwise. Then the local conductor-discriminant formula implies

that
G HJ, G H

where K is the extension correspondlng to Uy =)< i<l ker x; provided by

local class field theory and J is the Galois group of K, /k,. After simplifica-
tion we get

IGI/|H].,

Y,1/a &
L,(1/a) ZX

FH (w

where
D(X, ) = Lo(1/a) Pl AK /1)) A(K Ry [}/7107@7,
Note that D(x, 1) depends only on ¢ and U,. Now let

k=% > I o

veS veT\S
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and for x = (xv) € Cr(k}) let D(x, %) = [ er P(Xov, ¥y). Similarly define
x(€) = [Loer xo(e) for any € € Og. We have

rs(Higse) = Y x(€)D(x, ).
x€CH (k})
Substituting this expression into (11), using orthogonality of characters x
and interchanging the order of summation we get

R = Y w(C/H) Y (hikal)D(x,w)).
P

HCG XECH (k)
UyD03%

This time we use the orthogonality of the characters . For an open subgroup
U C k7 let

(12) ¢(U) = class of ( H A(KUv/kv)|GV|J|>

veT
in the ideal class group, where U, = kS N U, Ky, is the extension corre-
sponding to U, and J is the Galois group of Ky, /k,. Then

Rr()= S w@/H) S D).
HCG XECH (k7)
UxDO0Z ,¢(Uy)=c¢
Since D(x, 1) depends only on U, we write D(x, 1) = D(U, ) and then Ry (c)
becomes
Rr(e)= Y wG/H)Y ¢(J) > D)
HCG JCH k3 /u=J
UD0Z, (U)=c

and finally applying Mobius inversion we get

(13) Rr()=6(G) >, D)
kY /UG
UD0Z,¢(U)=c¢
Clearly, this expression is non-negative. Whether or not it is positive depends
on the existence of subgroups U with the desired properties. We will come
back to this question shortly. First, we exhibit the relation between the
positivity of Ry (c) and that of R(c¢) = limp_,a7, Ry (c).

PROPOSITION 4. Let T be a set of primes containing S, and let Rp(c)
and R(c) be defined as above. Then R(c¢) > 0 if and only if Rg,(c) > 0 for
some Tp.

Proof. Since R(c) = limp_ s, Rr(c) one way is clear. For the converse,
assume there exists a Ty with Rz (c) > 0. Then there exists a Uy C ki,
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such that k7, /Uy = G, Up D Og and ¢(Up) = ¢. Let T' be any set of primes
containing Ty and let n = ny be the exponent of G. For a complete set of
representatives {a1,...,a,} of Og /0% and (, a primitive nth root of unity,
define k = k(Cn, /a1, ..., ¥/a,). Let Hy be the Hilbert class field of k. Let
T be the set of primes of k which split completely in the compositum kH k-
Then for any prime v in T, ¢, = 1 (mod n) and agq”_l)/n = 1 (mod v).
Also since v splits in Hy, it is principal. Now for any U C k7 such that
U Nk}, = Up we have k7 /U = G. Moreover, if U, = O} for any v ¢ Ty UT
then ¢(U) = ¢(Up) = ¢ and O C U. Restricting the sum in (13) to such
open U we have

Rr(c) > &(G) Y _D(U).
U
Taking the limit as T"— M}, we have

R =o@G)pwy) I (X 1#al)

veT\To x€C(0)
and the right hand side is positive. n

Now we return to the question of determining the classes ¢ which have
R(c) > 0 and prove our main theorem.

THEOREM 5. Let k be a number field, G be an abelian group and ¢ an
element of the ideal class group of k. Let N(k,g,¢;X) be the number of
normal extensions k' /k with Galois group isomorphic to G, (A(k'/k)) € ¢
and the norm of (A(k'/k)) be less than or equal to X. If there exists an
extension k' /k such that Gal(k'/k) = G and (A(K'/k)) € ¢ then there exists
a constant c¢(k,G,¢) > 0 such that

c(k,G,c)a

(v—1)!
as X — oo, where a and v are the constants depending on G and k defined
above.

Proof. Let k' /k be an extension such that Gal(k'/k) = G and (A(k'/k))
€ ¢. Let U C A[ be the corresponding open subgroup containing k* pro-
vided by class field theory. Let S be a set of primes containing the infinite
primes and the primes dividing (A(k/k)) such that OF is a principal ideal
domain. For T' = S let k) = [[,er ks and let Up = U N kJ. Then the
components of the discriminant idele A(k’/k) are given by

A(K' [k)y = A(Ky, ko)A,

where U, = k;NU = k; NUr, Ky, is the extension corresponding to U, by
class field theory and J is the Galois group of Ky, /k,. Since T contains all

N(k,G,c; X) ~ X (log X )1
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the primes for which A(k’/k), might be a non-unit, from (12) we see that
<(Ur) = ¢. The map

Al>c< - k%/UTv (‘T’U)’UEMk = (CUU)UeT mod Urp,

is surjective and has kernel U by construction so G = Gal(k'/k) = A* /U =
k7 /Ur. Finally, since k* C U we have Oy C Ur. Now by Proposition 4
above, R(c¢) > 0, which implies that ¢(k,G,c¢) > 0. Now by a standard
Tauberian argument (see for example [7, Appendix I]) we get the desired
result. m

4. Cyclic extensions of prime degree. In general c(k, G, ¢) is a com-

plicated expression. Even
c(k,G) = lim (s —1/a)"Dg(s),
s—1/a

which gives the density of extensions with a given abelian Galois group, is
very hard to compute in general. See [2] for the case of cyclic extensions
of prime order and [1] for a survey of discriminant counting in general. In
the simplest case G = Z/QZ, where @ is a prime number. In this case
a = @ — 1. Since G has only two subgroups, the trivial subgroup and it-
self, we only need two terms for the sum in (4). For the trivial subgroup,
Fi(w) = 1 for any w which does not contribute to the singularity. In or-
der to calculate Fg(w) let S be a set of primes of k containing the in-
finite ones and the ones above the prime @ such that O is a principal
ideal. Let € € OF/ O?. From the discussion in the proof of Proposition 3
in calculating c¢(k, G, c) we can restrict the sum in (8) to the characters 1
with the property $@~!o Niy/e = 1 and the sum in (4) to ¢ such that
ke = ko, where kg = k((g) and k. = ko(¢e). We make these assump-
tions when we calculate the terms of the Euler products below. Also for
any x € Cg(OX) we have Sg(x) = D(x)9~ ! because ker x* = kery for
1<i<@Q -1

For v ¢ S the Euler factor of F(w;e) corresponding to v is given by

S Xwn(@aly)

x€Ca(05)

in (6). Since v does not divide @) there will be a non-trivial character in
Cq(0O)) if and only if Q| (g, — 1) and its conductor will be m,. If x is one
such character all the others will be given by o o x, where o runs through
automorphisms of the Qth roots of unity. When Q| (¢, — 1) the prime v
splits in k. But we are assuming that k. = ko so € is a Qth power in O
and therefore x(g) = 1 for all . Since we are also assuming 1)@ 1o N, kol = 1
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we have

FG,U(Ww,s;E) = { 1+(Q— 1)%(117@)5 if v splits in ko,
1 otherwise,
independently of ¥ and e.

For the infinite primes we have two cases. If k, = C then Fg,(w;e) =1
for any G, w and €. If k, = R and Q is odd then Fg ,(wys;e) = 1 for
any w and €. If k, = R and @ = 2 then Fg,(wys;€) = 1 + sign(oy(e)) for
any of the wy, where o, is the embedding of £ into R defining v. Therefore
Fao(wysi1) =2 if G = Z/27 since in this case k = kg = k. implies € is a
square.

For the finite primes in S not dividing @) a character of Cg (k) is given
by a character of C(O;f) multiplied by a character of order dividing @ on
the infinite cyclic group generated by m,. The former are constructed as in
the case of v € S above. If v does not split in kg then Cg(O,’) = 1. The
latter are given by 7)) — (gf where (g is a primitive Qth root of unity and
0<i<@-—1. We have

(1-Q)sy . ..

1 - 1 v f lt k ,

Fop(wy,si€) = {Q( +(@—1)g ) if v splits in ko
Q otherwise.

Now let
Fo(wse) = [[ Faw(w; o).
v|Q
Also define
Hy = {1 € Cliy : 9 o Ny jp = 1},

L={cec 002 : k. = ko}.
Since Fgo(wy s;€) = Fau(ws; 1) independently of ¢ and e, when v { Q we
get

1 B P
DG,C(S) = ¢<G)hngG,v( Sal)weHzo;EEL €G(S) FQ( w,sa5)+gl( )

for some g1 (s) with lim,_,; /(s —1/@)?g1(s) = 0. Similarly

LS o)+t
eel

for some go(s) with lim,_,; /(s — 1/a)?ga(s) = 0. Therefore we have

De(s) = @ g Foro(wsi 1)

he et cer V(€ FQ(wy1/Q-1):€)
>eer Fowiyg-1):¢)

c(k,G,¢) =c(k,G)
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Although this is a messy expression, it is a finite calculation which gives a
positive result if ¢ is a realizable class by Theorem 5. In the simpler case
when k contains a primitive @th root of unity, we have k = kg so k. = k
means ¢ € OF and hence we can take L = {1}. In that case we get

Cly/CLE |

c(k,G,c) = c(k,G) - ,
k

where Cly, is the ideal class group of k and C’le_l is its subgroup consisting
of (Q — 1)st powers.

Since we have most of the ingredients we will finish by calculating c(k, G)
in this simple case where k contains the Qth roots of unity. We only need to
determine Fi ,(ws; 1) for v | Q since the other factors are already determined
above. We know

Faolws) =Q Y [#(0l# V"

x€Cs(0:)

Since @ is prime to ¢, —1, if a character x of O, has conductor 7]’ then n > 2.
Let ¢, be the number of open subgroups U of O such that U O 1+ n})O.f
and O /U = Z/QZ. Then ¢, is equal to the number of surjective maps
O) /(1 +mO)) — Z/QZ, which by duality is the number of subgroups of
O /(1 + w0y of order Q. Therefore (Q — 1)¢;, is the number of elements
of O /(1+7]O)) of order Q. The structure of the group O, /(1+7]O)) is
completely determined in [6]. In particular the Q-rank r,, of Of /(1 +7]O.f)

is given by
O ) e

eQ
Q-1
where | -] denotes the greatest integer function, e is the absolute ramification

of the prime v over the rational prime @) and f is its degree. Note that since
ko = k we have (Q — 1) | e. Therefore,

eQ/(Q-1) . —
FG,U(WSal = ( Z Q Q >,

which after simplification gives

) — Q-1
FGJ,(wS, 1) = Q(l + W)

Tn =
ef +1 ifn >

Finally, putting all the terms together and substituting a = v = Q — 1 we
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have
ek, G) = Erlr}a(s — 1/@)"Dg(s)
_ ai m Jim (as 1) ]:[Fa,vws; 1)
_ $ % lim (s — 1)”1)5{];4[00(1 +(Q—1)gf~9?)

We have proven

PROPOSITION 6. Let Q be a prime number, G = Z/7Q and let k be a
number field containing the Qth roots of unity. Let N(k,G; X) be the number
of Galois extensions k' /k with Galois group isomorphic to G and norm of
the discriminant less than or equal to X. Then

N(k,G; X) ~ ot )T 11 ((1 + %) (1 — i>a>X1/°‘(logX)o‘_1

a®lal - q8 Tv

as X — oo, where ro is the number of pairs of complex places of k, o = Q—1,
Kk = ress—1 (x(s) and the product is over the finite primes of k.

The above proposition appears as a corollary to the main theorem in [2]
where the general case of prime cyclic extensions without the restriction
that k£ contains the Qth roots of unity is solved.
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