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1. Introduction. The sum of multiplicative functions and the value dis-
tribution of multiplicative functions are two central and important problems
in analytic number theory. Two typical examples are

Zu(n) and Z 1,

n<wz p(n)<=z

where p(n) is the Mébius function and ¢(n) the Euler function. The first
one is equivalent to the prime number theorem and the second was studied
by Erdés & Turan [5], Bateman [3] and Balazard & Tenenbaum [2]. Another
interesting aspect is the study of the value distribution restricted to a certain
set of integers, for example, the set of squarefree integers [10] and the set of
integers free of large prime factors [11]. It then seems natural to investigate
a general sum

Fy(x):= Y f(n),

g(n)<z

where f(n) and g(n) are two multiplicative functions. Problems of similar
fashion have been considered by other authors ([1], [7], [9] and [10]). Gener-
alizing a result of Abbott & Subbarao, Balasubramanian & Ramachandra
[1] studied ), g(ny<z 1 Where g is multiplicative, g(p) equals a fixed positive

constant for all primes p and g(n) > n~'/16 for all integers n > 1. By using
tools of complex analysis, they established an asymptotic formula for this
sum and answered a question of Erdés whether

doo1~2 >,

n/7T(n)<2z n/T(n)<z

where 7(n) is the divisor function. Using elementary methods, Smati [9]
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showed that there is a positive constant ¢ such that

(1.1) Z 1= A(g9)x + O(x exp{—c/log x log, z}),

g(n)<z

where A(g) :=[[,(1-p~") 32020 g(p”) ™", g is a multiplicative function and
(i) g(p”) is a polynomlal of degree v in p with leading coefficient 1 and all
other coefficients in [—1, B]; (ii) g(n) > n/(logyn)H for all integers n > 3
(B> —1 and H > 0 are constants).

In this paper, we are concerned with the general sum Fj(x) where both
f and ¢ are multiplicative and satisfy some conditions given below. Based
on the Selberg-Delange method, we obtain an asymptotic formula for Fg(x)
with a very good error term. The error term is sharpest subject to the present
techniques. Any improvement will lead to a better error term in the prime
number theorem. In order to achieve this error term, we need to borrow the
method of Balazard & Tenenbaum [2]. Our result includes a wide class of
multiplicative functions. Moreover, we can derive some new results related
to local densities.

Let s, 0, 0, 0", 0, a, o, n, ¥, C1, Cy, C3 be given constants such that

(1.2) {!rs!<1/n, 0>0, 0>0>0>0", a>0, o #0,
n>0, ¥v>1, C; >0, Cy>0, C3>0.

Suppose that f : N — C and g : N — (0, 00) are two multiplicative functions
such that for all prime numbers p:

(1) 1£0) ~ 5] < Cu/p" |
(2) g(p) = ap’ or g(p) = ap’ + a'p” +1(p),
where [t (u)| < (Col + 1)'u? ~t (1=0,1,...);

(3) S22, £ )1/ 9) 7 < Cy/p¥.

As usual let 7,(n) be the Piltz function, defined by

= ZTﬁ(n)/ns,

where ((s) is the Riemann function. In particular 72(n) = 7(n) is the usual
divisor function. Define

1(n)=1, j(n):=n, on):= Zd, 2(n) = Z v, w(n):= Z 1.

d|n p¥||In p¥|n
It is easy to verify that the following function pairs:

(7). (L), () 14/1), Who), (rd), (%5), ()

satisfy our assumptions on (f, g) for suitable parameters.
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For the Selberg—Delange method, we introduce the associated Dirichlet
series

RN
"2 g T g

Under our assumptions (1)—(3), it is not difficult to show that there is a

positive constant gg such that F,(s) is uniformly convergent on any compact
set in the half-plane o > 1/6 — 10g¢ (see Theorem 4(i)). Thus we can write,
for |s —1/60] < 1000,

(1.3) s 1 F,(s)(C(0s)(0s — 1))/ Zals—w Z (s — 1)},

where the coefficient a; = a;(f, g) is given by

e L Fo(s)(S(s)(s — 1))/ 1
4 a= ils_1/§9|go s B

In particular

(1.5) ao =[]0 = 1/p)/"" 3" F(0") Ja ") e
v=0

p
Let

bon = > ! (m > 1),

nit...Fnm=n (ni+ D! (ny + 1)!

— 1 iftn=0,
0n =0 ifn>1.

As usual we use I'(s) to denote the Euler I'-function and define

F;a) a [jz (F(lz)ﬂ”'

Put £(z) := exp{(logx)®/®/(logy z)'/°}, where log,, is the k-fold iterated
logarithm. Let ¢; and p; be constants depending at most on 6, 6, 6”, 0, a,
oy, P, iy, P, Cr, Ca, C3, Cy (see Theorem 2 below). The p; are small
enough to satisfy the conditions made precise later. The constants implied
in < or O depend at most on these parameters. Finally we define 0° = 1.

THEOREM 1. Let f,g satisfy the assumptions (1)—(3). Then for any in-
teger J > 0, we have

1 J (0] X
16)  Fy() = —W{Z“g2 o<RJ,A<:c>>},

(log x)L—r/c = (log z)J
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where Pj(t) := Z{:o N it! and the coefficient Nj; = \ju(f,g) is given by
g—n/al/g

7 m
(1.7) Aj = I Z Z : )‘:n,k,z‘v

where
o (Floga)™(k/aM ) (—1og )" a b m—i
mokié (k—1—)lilTy(k/al/? — 5) '
The error term Rjx(z) is defined by

Alogs x + co T 1
1.8 R = J+1)———=
( ) J},\(%) <(Cl + ) log z > + £<$)C3
with X\ := oo™ /?|klog ale® el < 1. Moreover,
(1.9) N1 < A(eag + 1)1
REMARKS. (i) The dominating term in the sum (1.6) is given by
ao
g/’ (1 /al/9)

if ao/H“/al/e I(r/al/%) # 0. This is true when 3°°0  f(p¥)/g(p¥)*/? # 0 for
all prime numbers p (see (1.5)) and x/a'/? #0,-1,-2,...

(ii)fa =1,then A\ =0and \j; = 0for [/ =1,..., . Thus the asymptotic
formula (1.6) in Theorem 1 is simplified to

1/6 J
/ Aj0

(1L10)  Fy) = (lgx){z A+ Ol (0) .

where \j o =a;/0"I'(k — j) and

Ja1 )\ 1
1.11 R = .
(1.11) /(@) ( ng) b o
(i) fao=1and k = Jy € Z, then A =0, \;; =0for [ =1,...,j and
Ajo =0 for j > Jo. Taking J = (logz)3/°/(log, 2)%/5 in (1.10), we obtain
1/6

Jo—1 )
(112)  Fy(a)= (mgxxﬁ{ > (ljg’;)j +0(L(x)—06)}.

=0

In particular if Jo < 0, then
(1.13) Fy(z) < 2%/ L(x)e.
The next result comes from particular cases of (1.12) and (1.13). The first

assertion is due to Balazard & Tenenbaum ([2], théoréme 1), the second one
is equivalent to the prime number theorem and the third one is new.
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COROLLARY 1. There is a constant ¢ > 0 such that

() Xpmy<e 1 = {C(2)C3)/C(6) }2 + O(x/ L(2)°);
(i) Xopey wln) < a/L(2)%
(i) Dy <o 1) < z/L()°.

Clearly Theorem 1 also improves Smati’s (1.1), Corollaries 1-4 of Scour-
field in [7], contains Selberg’s asymptotic formula for ) _ 7.(n) [8] and
generalizes the main result of Balasubramanian & Ramachandra [1].

From Theorem 1, we can derive some local density results.

THEOREM 2. Let f and g satisfy the assumptions (1), (2) and further-
more assume

(3) |f(p”n < C’4g(p”)1/5(1[)1/p)¢2” for all primes p and all integers
v > 2, where 0 > 0, 11 > 1/2 and 15 > 1/2 are given constants.

Let A\ and Rj(x) be defined as in Theorem 1. Then for any integer
J > 0 and any € > 0, we have, uniformly for x > 3 and 1 < k <

((2—¢€)/v1)¥* log, ,

z'/? Qjk(logy ) log2 x
Z fn logx Z (log )7
g(n)<z
2(n)=k

O<<10g2 $>k eklrla™/? R )> }
+ I AT )
k V0]olk+1
where Q; 1 (t) = ZHk D) Ajnkt" and the coefficient \; ., . is given by
o (ka~1/o)m Xia(f29,9)
Aok = Z 2mim)! § Zk+1-m dz

l+m=n |z]=1
0<1<4,0<m<k

and Xj(fz,g) is defined by (1.7).

THEOREM 3. Let f,g,\ and Rjx(z) be defined as in Theorem 1. Then
for any A > 0 and any integer J > 0, we have, uniformly for x > 3 and
1<k < Alog, x,

z'/? QJ K log2 T
Z fn logm Z (log x)J
g(n)<z
w(n)=k

o (<log2x>k chlrla="/° ol ))}
+ x ,
A i FVH‘ : JA
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where @j’k( t) = Zﬁk D\ Ajnkt" and the coefficient X]nk is given by

1/
Now =Y (a” /%) i Aia(f=9)
7 . 2mim)! e zhtl-—m
m=n zZ|l=
0<I<j,0<m<k

and X\ (fz*,g) is defined by (1.7).
Clearly Theorems 2 and 3 contain Selberg’s classical results [8] on
Ni(z) :={n<z:02(n)=k} and mg(x):=|{n<z:w(n)=~k}.
Here we state some consequences, which are new.

COROLLARY 2. For any é > 0, we have, uniformly for J > 0, x > 3 and
1<k<(2-96)log,,

ST I N . {iwj’k<log§$)+05((10i%x)kRJ(x)>},
r !

1
pm<e 087 (log z)
2(n)=k
where
k— (k 1-n)
Z I A U o(2) = (%, ¢)
—nl(k—1-n)l" "~ ¥ 2I(z —j)
and a;(2%,p) is defined by (1.4). Moreover, under the same conditions,
ol ( ogy z)F~ k—1 k
1.15 1= O
(1.15) (nz);m logz  (k—1)! {go <log2 L) T8 (log,2)2 ) [’
fl(n);k
where

w0 = e (1 p==5) (1-5)

COROLLARY 3. For any A > 0, we have, uniformly for J > 0, x > 3
and 1 < k < Alog, z,

x J Wj log, log, z)*
(1.16) Z 1= log:c{;)i(vlko(g:cg)j )+OA(7( gk! ) RJ(.T}))},

p(n)<=z
w(n)=k
where
oSt O ()
Wy a(t) = " G() = .
’ nl(k—1—n)! 2I'(z — )
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and a;(2*,p) is defined by (1.4). Moreover, under the same conditions,

(1) > 1= 10;5 ' (1(()/?_2;)1];:1{%(&_2;) +OA<®>}’

p(n)<wx
w(n)=k

“0= e (525 (1)

In what follows the letter s always denotes a complex number and we
implicitly define the real numbers o and 7 by the relation s = o + i7. We
let B(t) := (logt)~2/3(log, t)~1/3 for t > 3 and T := |7| + 3. The next result
is a generalization of Theorem 2 in [2], which plays a key role in the proof
of Theorem 1.

where

THEOREM 4. Under the above conditions, there is a positive constant gg
such that

(i) .7?9(3) is uniformly convergent on any compact set in the half-plane
oz 1/0 - ]'OQO?
(ii) |F,(s)] < (log® T'logy T)3!519™7 for o > 1/6 — 10003(T).

Acknowledgements. The authors take pleasure in thanking G. Tenen-
baum for his help during the preparation of this paper. The first named
author is supported by a postdoctoral fellowship of the French Ministry of
Education, Research and Technology. As well, he would express his gratitude
for the hospitality at Institut Elie Cartan.

2. Some preparations. This section is devoted to proving some pre-
liminary lemmas. The following result is a variant of Lemma 1 of [2].

LEMMA 1. Let 0<by <1 <by, § >0 be fizred and 5 :=min{~/5/4,1/10}.
Let P€Z,Q €N and D > Q°. Suppose that h € C°([P,P + Q], R) and
forall P<u<P+Qand1<1<logD/(8%1ogQ) + 1,

(2.1) D/(1:1Q)" < |V (w)|/1! < D/ (boQ)"-
Then there exist three positive constants A = A(d), ¢ = ¢(d) and Qo =
max{bal/‘so,b}/do} such that

max | Y e(h(m)| < AQexp{~c(log@)*/(log D)*}  (Q = Qu),

<
Q15Q P<n<b+Q

where e(t) = e*™ (t € R).



372 Y. K. Lau and J. Wu

Proof. For QQ > g, we choose K € N such that Qség(K—l) <D<
Q853K. Then

2 <log D/(85510g Q) < K <logD/(855log Q) + 1,
D/(bOQ)K < Q—(1—95§)K/(b0Q53)K < Q—(l—gag)x_
Similarly for 0o K <1 < 2§9K, we have
D/(boQ)" < Q%K /(@) < Q71 /(bpQ™)! < Q1
D/(1:1Q)' = Q¥ /(11Q)" > Q) (11Q)'
> Q~(1=0)(Qd0 /p, )l > @~ (-0l
Our result follows immediately by Lemma 0 in [2]. =

Let A(n) be the von Mangoldt function and go(u) := au® + o/u® + t(u).
Define

Su(r)i= sup | D" A(n)go(n)”""|.

M<N<2M Ly T

The next two lemmas are generalizations of Lemmas 2 and 3 in [2], which
play a key role in the proof of Theorem 4.

LEMMA 2. There exists a positive constant g1 such that
Sy (r) < MY=eBT) Lyt 4 ML(M) ™
for T :=|7| +3 < MO O+aBM) ywhere ) := 0 — 6.
Proof. Define

n ZiGT
Vo(z) =) Aln) wr(z) ==

i go(z)7 log 2"

It is easy to see that
dw,(z) 21T +1
< .
dz zlog 2z
Thus we can deduce that for M < N < 2M,

Y wm = Y wmiWon

M<p<N M<n<N

N

1 27T 41

< sup |V97(z)|< + dz> +1
M<z<N log M M

< sup |Vor(2)|[(M~T +1) 4 1.
M<z<N
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According to (12) in [2], we have V;(z) < 21 7T) 4 2T=1 4 2£(2)~¢ for
z >3 and log T < (log 2)%/?/(log, 2)?, where ¢ > 0 is an absolute constant.
Hence we deduce that for some suitable constant cg > 0,

Y 90) T < (MTOT + )M 4 MYT + M/L(M))

M<p<N
< Ml—csﬂ(T)-i'elQlﬁ(M) + M/T + M1+91915(M)/£(M)Cs’

which implies the desired result provided g; > 0 is suitably small. m
LEMMA 3. There exist two positive constants oo and o3 such that
Sai(r) < M{eealos M)?/(log T)* (M% /T)Y/2(log M)/}
for 3 < M% < T :=|7|+3 < exp{os(log M)?}, where 6y := 60 —0'.

Proof. Clearly the assertion is trivial if 7' < 10. Thus we can suppose
that 7" > 10 and 7" < |7|. We define 05 := 0 — 0", 6y := min{36, /2, 6>} and

. 0o — 0, 1
. J = .
(2.2) mm{z(3+90+91)’ 12(1+91)}>0

Applying Vaughan’s identity ([4], (24.6)) with U =V = MY279 for M <
N < 2M we have

(23) Y Am)go(n) "

n<N
< MU0 4 iy (7) log M+ {S7 (1) M}/? (log M)?,
where
Sy(1) = Z muz}x’ Z go(nr)™"7|,
n<M1-26 w<r<N/n
k‘m) 1T
SHA(T) = max ‘ (%) )
N( ) M1/2*5§Q§N/M1/2*5 Z Z QU(Jm)

eSS M1/2=5<k<N/Q ' Q<m=<2Q
M2 <<N/Q =N/ m<N/max{j,k}

In order to bound the sum S} (7), we first observe that
(24) Sh(r)<M'?

_p> M“gvang/nZ‘ > go(nr)~"7|.

n<M1-26 v>0 max{w,N/(2¥+t1n)}<r<N/(2¥n)

Thus it is sufficient to bound the sum >, .1 e(h(r)), where h(u) :=

—(7/(27))log go(nu), M® < U < min{N/n, M} and U + M° < U’ < 2U.

This will be done by applying Lemma 1. Let v(u) := a'u?’ +t(u). We expand
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h(u) in a series form

(25) h@:_%{@m+m%mw_§ﬂ;fG$QY}

v=1

By the assumption (2), we easily show that [v® (u)| < (col + 1) L. Note
that
d' . - ! &
i - @ - 4 — = (L)
gt ) = et (nu), - S H@(“) = 2 zll...zV!H¢i ()
=1 l1+...+l,=1 =1
Then for [ > 1 we have

oo | (Y

o (‘1)1”““(9’/) (v + 141 — 1) (1)
=n ll+m+zl:+1l ll .l vit! (TLU 9V+ll,+1 HU TL’LL
! (Ov)...(0v + l,,H —1) ¥
< — (col; + 1)
(nu)@wul l1+“_<‘rzlu+1:l l1| .. y+1 ZE[I
< [ Z (Clol)l1+"'+l”(91/ + l)l’”'l
= (nu)frvul bt T Il lyyq!

< (epvl)!(nu) =0l
Hence if 1 <1 < c¢pplogU and U < u < 2U, we deduce that
d' XK (—1)Y (v(nu)\” AN i
2.7 — — —
2.7) du! ; vay <(nu)9 “\u z:: (a(nu)fr)v

| oo

(%) % Gmrr

v=

l
Cl4l 1
(%) G

Inserting this into (2.5) and using the Stirling formula yield, for 1 < 1 <
ciologlU and U < u < 2U,

T 0|7| a5\ 7] T
130 — L o= < -

(bU) — l'| ()l ol w ) u%/2 ) = (boU)V’

where b; = b;(a,,0,6',0”,C) are constants satisfying 0 < by < 1 < by.

Under our assumptions on M, T, U, U’, it is easy to see that the condition
of Lemma 1 is satisfied with § =601, D =T, P=U, Q =U' — U, by = b

A

IN
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and by = by. Thus Lemma 1 implies
Z e(h(r)) < Uecisllos M)?/(log T)?
U<r<u’
Inserting this estimate into (2.4), we obtain

(2.8) Siv(r) < M=% 4 Memerllos MDY/ (oe T o0 pf
<< M€*CI7(1Og M)S/(logT)Z.

In view of S} (1), it suffices to deal with the sum

. g k:m 1T
Sri@= > | Y ()
M1/2-8<k<N/Q Q<m=<2Q golJ
m<N/max{j,k}
where M1/2790 < Q < N/M'Y?7% and M'/?7% < j < N/Q.
The contribution of the sum over k such that [j — k| < MY272% ig
<« MY?=2Q « M'~9 and the sum over k with N/max{j, k} < Q + Q'/?
is < NQ71/2 < M3/4+%/2 <« M=% Therefore we have, for N/max{j,k} >
Q+Q2,

R RS VI D Sl -

MY 0cp<N/Q W Q<m=2Q 900
k- j\>M1/2 25 m<N/max{j,k}

Define hji(u) := (7/(2m))log(go(ku)/go(ju)). Similarly to (2.5), we

write

J
-2 () - () I}
Recall thaflv(u) = o/u? + t(u). By (2.6) with t(nu) in place of v(nu) and
v =1, we have

d_l v(ku)  v(ju)
du! ((k ) (J'U)9>

: . g, d [ t(ku t(ju
Lt ()

_ B _ c llu—eg—l
a0t o R,
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Similarly to (2.7), we can deduce that for 1 <1 < ¢15log @,

LW r [ d (u(k) o(u)
T 2wal!{W<(kU)9 - (jU)9>

+ O((c190)’ min{k, j}—391/2u—301/2—z)}

l
R | R I b T

= 27ral! P
+ O((Clgl)l min{k, j}*391/2u7391/2,l
+ (Clll)l min{k‘,j}—@zu—%—l)}

. o't l 1-— 91 1 k_gl .01\, —601—1
- 27 H i ( —

=1
+ Ol min{h ) o) |

Since MY/279 < j k < M'/?%9 we have, in view of (2.2),
‘kfel _j*@ll Z M(1/2+6)(*0171)‘k _.7’ 2 M(1/2+5)(79171)+1/2725
— N (3+61)6—61/2 > M —(1/2=8)0 > min{k‘,j}*eo.
Thus for 1 <1 < c13log @, we have
RS @] Jarr (k= — =) 16,
il I
)

[! 2T

- 1‘ + O(céou(eogl))}.

i=1
Since 0y > 01, there exists b = b(a,a’,0,6,0",C) with 0 < b < 1 < b)
such that we have, for 1 <[ < c15log@ and @ < u < 2Q),
TIk=0 — j=01|Q 0 _ |h§f}€(u)| . T|k—0 — j=01|Q—

(01Q)" -7 (bo@)*
We then consider the following two cases according to the size of T'. Let

O = (1 + 26)6; + 4.

CASE 1: M® < T < exp{os(log M)?}. We appeal to Lemma 1. In view
of (2.10), we take

(2.10)

D=Tk™" —j=0Q".
Since max{j, k, Q} < M'/?*% and |j — k| > M/?72% we have
D> M(1+25)91+46—(1/2+5)(1+91)+1/2—25Q—91 — M5+91/2+016Q—91
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and
log D/(85210og Q) + 1 < log T/(462 1og Q)
< 03(log M)? /(455 log Q) < c1510g Q.
Lemma 1 yields

(2.11) 3 (gO(km))iT <<Qexp{—c2()@}.

: 2
O<m<2Q go(jm) log®T
m<N/max{j,k}

CASE 2: M9 < T < M®. We apply van der Corput’s classical result
([6], Theorem 2.9): if h € C%[Q, 2Q)] satisfies h") (u) < H/Q' for [ = 1,2 and
Q <u <2Q, then

s |30 e(hln)| < HY2QU2 + HQ.
QSQISzQ Q<n§Q1

The relation (2.10) shows that this result is applicable to h = h;j with
H = T|k=% — j79Q~%. Since min{j, k,Q} > M'/?7% and max{j, k} <
N/Q < 2M/Q, we have

H > Tmax{j, k} =" 7j — k|Q™" > TQlk — j|/ M+,
H< 2M(1+25)91+457261(1/275) — M4(1+91)5 < Ml/3.
Thus we obtain
k’ T M1+91
(2.12) > (90( m)> < MVSQU2 4 2T

0tne \golim) TTe =]
m<N/max{j.k}

Now combining (2.11) and (2.12) with (2.9), we find
(213)  SR(7.4,Q) < M'™* 4 Memenloa M)/ (os )7
+ M23/24 + T71M1+91 IOgM
< Me—c21(log M)3/(log T)? ey VARl log M.
Finally inserting (2.8) and (2.13) into (2.3), we get
D Aln)go(n) ™ < M{eesCos IV - (M /)12 (10g M)/},
n<N

which implies the desired result. Our proof is complete. m

The fourth lemma is an asymptotic formula on page 248 of [2]. Since the
proof given there is quite sketchy, we present a detailed proof for convenience
of the reader. The proof was provided by Balazard & Tenenbaum and we
reproduce it here with their permission.
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LEMMA 4. For any positive constants, given ¢1 and ¢, there exists a
positive constant of, = 0((¢1, p2) such that

A / '
> n1(+n)7 = _%(1 +i7) + Oz~ 0 TH3) Jog 2)

n<z

for e¢1/(6(|7‘+3)) S z S (|7-| + 3)¢2

Proof. Let F(s) := —('(s)/¢(s). By the Perron formula ([12], Theo-
rem 11.2.3), we can write
E4ioco
A(n) z 1 , z%
(2.14)  U(z) = nz;z irir log (E) =57 5Sioo F(1+i4r + w)m dw,

where £ := 1/log z. According to Vinogradov—Korobov’s well known bound,
we have

(2.15)  F(l+ir+w) < 1/(8(|t+Imw|+3)), Rew > —g) B(|7+Imw|+3),

where g > 0 is a constant. We truncate the integral in (2.14) to |[Imw| = /2

with an error
. z% log 2z

Rew=¢ \/E

[Tm w|>+/Z
where we have used (2.15) in the form
F(1+im+w) < max{1/(8(|7| + 3)), 1/(B(|Imw| + 3))}
< max{log z, log(|Imw| 4+ 3)}

for Rew = & and e®/(BU71+3)) < > We move the segment of integration
from [§ —iv/z, £ + iy/z] to Rew = —20,3(|7| + 3), where of, < 0 /10 is a
suitable positive constant depending on ¢; and ¢5. The contribution of the
vertical segment is

L—20,8(7|+3) VZ dt ,—204B(|7|+3)

NGRS T e (=

and the contribution of the horizontal segments is

1 1 1
< 2B+ ) <1ogz +B(7] +3>> <

where we have used e?/(BUI+3)) < > < (7| 4+ 3)?2. Hence the residue
theorem gives

U(z) = F(1+ir)logz + F'(1 +i7) + O(2~200PU7143) 1062 7).
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From this, we deduce that for \/z <y < 22,

Ui -UE) = log (14 L) S A 50 A g (210)

n<z z<n<z+y
= log(1 + y/2)F(1 +i7) + O(z2208U7143) 1962 7).
Thus for \/z <y < 22 we obtain
A(n) ) 22000(71+3) 10g? ~ A(n)
2.1 = = F'(1 — .
(2.16) Z ltir ( +”)+O< log(1 + y/2) T Z n

n<z

z<n<z+y
It remains to estimate the last sum in (2.16). Defining
Y(t) =) An)
n<t

and using the Brun-Titchmarsh inequality ([12], Theorem 1.4.9), we can
deduce that for \/z <y < 22,

24y

An) Ty Z 4 2 t
;+ Afn) S t(>:w<z+yy>_w<z>+ S %dt
_ ety —v() b=y §@ o
z2+y (z+y)z 2

<<L+log<1+y> <<10g<1+y>.
zZ4+y z z

Take y such that log(1 +y/z) = z~2P1T+3) Jog 2 iLe.
y— Z(zz—ggza(lrwa) _ 1)
It is easy to see that /2 < 21 =eoB(I7I+3) log z < y < 22. This completes the
proof. m

The last lemma is a variant of Hankel’s formula ([12], Theorem I1.5.2).

For a € R and » > 0, we use H(a,r) to denote the Hankel contour
surrounding the point s = a with radius r, which is defined as the path
formed from the circle |s — a] = r excluding the point s = a — r, together
with the half-line (—oo,a — r| traced twice, with respective arguments +m
and —7. For each X > |a — r| 4+ 1, let Hx(a,r) be the part of the Hankel
contour H(a,r) situated in the half-plane o > —X.

LEMMA 5. For X > 1, 2€ C and k € Z™, we have

1 dF 1
— ~Ze5(1 kFds = (—=1)F —- Er (X
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where

7|Im z| ©°
(2.17) |Ek..(X)| < ¢ 5 S o Reze=(logo + )" do.
7r

Proof. According to the Hankel formula ([12], Theorem II.5.2), we have
1 1
271 I'z)

X s Fe’ds =
H(0,r)
Since the integral on the left-hand side is absolutely and uniformly con-

vergent on any compact set in the z-plane, we can differentiate under the
integral sign to obtain

L | seogs) ds = (-1 (-
271 5 eoes)as = dzk\T'(z) )
H(0,r)

For ¢ > 1 and s = ge™", we have

k| <o~ Rezeﬂlmz\fa(

|s~*e®(log s) log o + m)*.

This implies the desired estimate for Ej, ,(X). m

3. Proof of Theorem 4. From the assumptions (1)—(3), we deduce
that for 0 > 1/60 — min{n/(20), 1/60 — 1/6, 1/(46)},

Fols) = H{HﬁW(ﬁ*ﬁ)}{“ﬁw(ﬁ)}

p
1 11
(o + 3+ )}

=T+ )+

which implies, for o > 1/ — min{n/(26), 1/6 —1/6, 1/(46)},
(3.1) Fols) =exp {1 D" (9(0) " = (ap”) ™) + O(1) }.

P
Noticing that g(p) = ap?{1 + O(p~%)}, we have
9(p)™" = (ap”) ™ < [slp™0 < JsfpT 12,

This proves the assertion (i) provided go < 5 min{n/(26), 1/6—1/6, 1/(46)}.
In view of (3.1), in order to prove (ii), it suffices to show that for o >
1/6 — 10008(T),

(32) [ em) " - (@) )

4 2
< a“’{gloggT—F gloggT—FO(l)}.

We only need to consider the case of g(p) = ap? + oa'p? + t(p) = go(p).
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Let Tjy := et/(100203(1)) and T := T(142000; " 00B(T))/01  Then we have

> lgo(p) = (ap”) o < |s] Y pm 7T

p>T1 p>Th

- Z p~ (140110000 B(1)) 1
p>T1

provided go < 61/(2003(3)). Noticing that

190(p)~* — (ap”) %] < 2(ap® {1+ O(p~)})°
< 207 7p 0D+ O(pm M)},

we deduce
|3 (o) (e < 2000 { 3 LEOPDIID) o))
p<To p<To

4 2
< a‘”{glog2T+ §10g3T+O(1)}.

By using Lemma 4, we have

1 A(n)
Z (ape)s =a Z nfs logn +0(1)

To<p<Ty To<n<Ty
Ti _1-9o
LR An)
=« S log 2 d(Z n1+i97> +0(1)
To n<z
Ti 1-9o
_ s —2¢238(T)
=a | o3 dO(z 2281 Jog 2) + O(1)
To
T
e 1 dz
<a {1 + <|1 — o] + logTO> JS Zl+6236(T)} <1,
0

provided oo < c23/(100).
Our remaining task is to show

(3:3) Y e <L

To<p<Th

We divide this sum into two parts according as To <p < T" or T < p < T7,
where T" := T(1=¢18(T)/01 and 01 is the constant determined by Lemma 2.
We use W7 and W5 to denote the corresponding contribution and apply
Lemmas 3 and 2 to treat them.
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Let M; := min{2/T", T} } and J € N such that 277" < T} < 27H1T". We
have

J Mjiq
W= 30V g (| X A7) o0
j=0 M;j M;<n<z
J

<> M8y (r) + 1.
=0

The choice of T’ and the fact that TY/(%) < 77 < M; < Ty < T?/%
guarantee that Lemma 2 is applicable. Thus we deduce that, provided gg <

Ql/(200)7

J
Wy < ZM;OQQOB(T)(MJQIB(T) —|—T_1 +E(Mj)_gl)+1
j=0

J
< Y @T)efME L1« 1
§=0
Let Nj := min{2*T,, T’} and K € N such that 25T, < T’ < 2K+,
As before we have
K
W, < ZN;;GUSNk(T) + 1.
k=0
Assume that g9 < 93/ 3 /(100), where p3 is given in Lemma 3. Since
Nb <7 <T
< exp{(1000¢ long)?’/Q}
< exp{os(log To)*} < exp{os(log Ny,)*},

Lemma 3 is applicable. Thus

K
W, < ZN;OGQOQ(T)(e—gg(IogNk)3/(logT)2 + (N]fl/T)l/2(10gNk)4)
k=0
K
< (log T)4 Z 2109905(T)k(6792(10g Ni)?/(log T)* + T*Q?ﬁ(T)/Q)‘

k=0
Noticing that
(log Ni)?/(log T)? = &%/ (4(log T)?) + log, T/ (100.09)°

for 0 < k < K, we deduce
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Wy < (log T)5{(log T)*Qz/(lOGQO)S sup 910000 3(T)k ,—02k*/(4(log T)?)
E>0

+ T(10990/91—Qf/2)ﬁ(T)}
< (logT)5—gg/(1oego)3 +T(10990/61—g§/2)ﬁ(T)(IOgT)s <1,
provided gy < min{(g2/10)'/3/(106), 6107/(400)}. This completes the

proof. m

4. Proof of Theorem 1. For simplicity, we introduce the notations:

2= wfat? = M(x) = 2"/ (loga)™/=" Y,

Fia) . [07; <F2Z)>L:a'

Let £ =1/6 + 1/log x. By Theorem I1.2.3 in [12], we can write

T E+ico .’IJS+1
4.1 Fy (t)dt = — —ds.
(4.1) VRt = g | Folo) oy o
0 £—ioco
Let 04 < go be a positive number small enough that

{ |(0s — 1)log(fs — 1)| < Bpp/2

(42) [log(fs —1)| > 1

(Is — 1/6] < 1004).
Let U > 1 be a parameter to be chosen later. The residue theorem allows
us to deform the segment of integration [{ — iU, ¢ + U] into the following
path symmetrically with respect to the real axis. Its upper part is made up
of: the upper portion (above the real axis) of the truncated Hankel contour
Hi = Hapup3)—1/6(1/0, 04/logx), the curve o = 1/0 — 4p48(7 + 3) for
0 <7 < U; and the horizontal segment [1/0 — 40,6(U + 3) + iU, & + iU].
From Theorem 4(ii) and the classic bound for ((s) ([12], Note of Chapter
I1.3), we have

(4.3) Fy(s) < (log(|r| +3))** (0 >1/0 —10005(|7| + 3)).

Using this estimate, we easily see that the contribution from the vertical
half-lines [§ £ iU, § & ioo] and from the horizontal segments

[1/6 — 404B(U + 3) £ iU, € £ U]
is < 219 /U,
Finally the integral over the arcs o = 1/0 —4046(|7|+3) (0< |7| < U) is

U C
< 1 H1/0-401B(U+3) S (log(7 + 3))°= dr < £\ T1/0-101B(U+3)

5 (T+1)2
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Inserting these estimates into (4.1) and taking U = L(z), we can ob-
tain

(4.4) §Fg(t) dt = W(z) + Oz TY9 /) L(x)°2),
0
where
l,s—f—l
V) = g B

Next we need to study the function ¥(z). Clearly it is an infinitely dif-
ferentiable function of z on R, and we have
1
— S Fy(s)—ds, ¥"(z)=-— S Fy(s)z*tds.
s

' =
(m) 2T
Ha Ha

Now for s & (—00,1/6], we can write

(0s — 1)/ 20 = exp{z(1 — o @ D/0)10g(0s — 1)}
_ i (z0(0s — 1) log(fs — 1))™ <1 _ a(@sl)/@)’m

m! s —1

m=0

Note that for m > 0 we have

1—a (Os=1)/0 log o log o "
(o) = (550) S (150 0w

where by, ,, is defined as in Section 1. Obviously

| | |
T, nil...ny,! n!

It follows that

(08 _ 1)—n/a5+zo

[e%e] 1 _ 1 [e3] 1 m—+n
= Z (20 log( 95 Z < O%Ch) (0s — 1)m+n

m=0
_ mz(){(“g‘l) é —)™ kjb’“m k(zolog(ﬂs—l))k}(ﬂs—l)m

Noticing that s~ F,(s) = s~/ ,(s){¢(6s)(Bs — 1)}*/*" (Bs — 1)=/*" and
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using (1.3) and (1.4), we deduce that, for s & (—o0,1/6] and |s—1/6| < 10,

Fy(s)
4, 9
1) Lo
[e3e) 7 m .
@5 -m(10g @)™ =~ (=)™ "bgm .
j=0 “m=0 =0 !
o J i
= ZZ 3_3(98 — 1)*23' (log(Os _ 1))k’
j=0 k=0
where
ko J
(4 7) €k ‘= k_o Z( m k(]oga) a; mbkm k
m=k
|ZO|k ZJ: ]loga‘m gm—Fk
m=k QO (m k‘)

<

i—k
(eolzolog al)* $~ (evklloga)”
jk' n!
! vt
(QO’ZO 10g a’@QOHOg a|)

< Q Tl

)\k
< 0o’ R

For any integer J > 0, we split the double sum in (4.6) into two parts to
obtain

(4.8) W’(Z’) = MJ(J:) + EJ(Z'),
where
P
Mj(z) = ZZ 6]—;“ : % X 5(0s — 1) (log(fs — 1))* ds,
=0 k=0 H
Z)(@) = % ot 32 3 (05 — 1) (og(fs — 1))" ds.

Observing that H; is contained in the disc |s —1/6| < 104, the inequal-
ities (4.2) and (4.7) allow us to deduce that the double sum in = ;(x) is, for
s € Hy,

_ Alog(fs — 1)k |0s — 1}/
NZES DY . |
Yoy k! (000)
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fs — 1)
< |@s — 1| Re=o Z(l + |Alog(fs — 1)| )M
i>J (000)?
< [0 — 1|~ Re=o 0s — 1|7t |\(0s — 1) log(fs — 1)|7+!
(000)7*1 (000)7 1 :

Noticing that |log(fs — 1)| < log, x + c27 (s € H1), we find that for s € H,

> 29—’“ (6s — 1)~ (log(6s — 1))"*

j=J+1 k=0

)\1 J+1
< ,es_mezo<%+%ws_u) |
0

From this we deduce that
Zy(x) < (MNogy z + CQS)JHE:}(:E),
where
1/0—r 1/64r
~—k o — Z x
1/0—4048(3)
4043(3) logz

|M(z)| ’

rRe zo—J—2

S A N t/HI-Rezop=tgp 4
J+1 X
(oo log x) o }
|M ()|
1\ /+1
< |M(z)] (M) .
log x
Thus
Al J+1
(4.9) E5(z) < [M(z)] <(029J + 1)%{?028) .

Using the change of variable w = (s —1/60)log z and Lemma 5, we have,
with the notation Hy := Hx (0, 04) and X := 4040(3) log z,

J 20 Iies e“{logw + lo ogx

= (log x)J = 2mi " w?
J —_ J k k—i
6o k 0
=0 Gy 250 2 (1) (i)
5=0 k=0 =0
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The contribution of (—1)¢/I(z;) to M(z) is

1 7 k k-1 L
sy S ()
gz kZ:o ’ Z;i:o L i)
1 KL L k\ [k — i\ (log 0)F—i~
A Een ) ()
0= =0 ; J P 7 l Fi(Zj)

k=1
J k—l—i
—log0)
X Z —loga)™ aj—m bk m— kz l—z)'z'F(zJ)
0 n/al/g J m k-l .
D 3)3) e
m=l k=l i=0
where
. (—loga)m(kcafl/e)k(—logQ)k l—i @j—mbim—k

mok,i T (k—1—)l(k/a/? — j)
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The contribution of Ej . (X) to M;(x) is, via (2.17),
J g e 4] L g\ ki
]7
< [M(@) ZZ (log z)7 Z <Z> <10g logaz)

X X ol#il(logo + n)'e™7 do

=

(2log, z 4 2log o)Fol#ile= do

=
Il
o

—_
MQ,
x| >
w3

J
jZZ:O (00 log )
4 1
< ‘M(ZL’)‘Z e2)\log2 x+2)\logUO_|Zj|e—a do
7=0
>

(00 logx)7

1 2\
< (M) S LB s g-e g

(00 logx)7
Since -

S O_\zj\+2>\efa do < efX/2 S U|2j|+2)\€70'/2 do

X X
o)

< e X/29 S ozl e g
X/2
< e X290 + [|20| + 27\ + 2)
< e X2(1220| + 4N+ 4)7 ( 4+ 1)),
the contribution of Ej, ., (X) to My(z) is

" oologz

< yM(x)|eX/4]:0 (%)ju +1)

< |M(z)] X“(%Yi(%Y Jgt;;:

< IM@) X“(%)JEJ F)l< |M<x>\(@ijj;1)M

2)). Combining these estimates yields

+
(4.10)  M;y(z) :M(x){im +o<<029‘]—+1>J+1)}.

(log )7 log x
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Inserting (4.9) and (4.10) into (4.8), we obtain
(4.11) ¥ (z)

_ M(:r){ ZJ: P;(log, 2) +O<((029J+ 1)M>M)}.

= (log x)7 log x
Obviously, we have

1
W// - -
@) =55

1/0

S Fy(s)z*tds < /97 log z)!Fl/e ™,
Assume that f(n) > 0 for all integers n. Then, with (4.4), we have
z+h
(412)  hFy(x)< | F,(t)dt
= W(x+h)—¥(z) + O 0L(z) ")
1
= h'(z) + b\ (1 — )& (z + th) dt
0
+ Oz 0 L(x) 7o)
= W' (x) + O(h%zY 9~ (log z)IF1/@
Taking h = xL(x)~°°, we obtain
Fy(x) <¥'(z) + O/  L(z) ).

Similarly, we can prove

1/6

+ x1+1/9£(x>*026).

Fy(z) > % g§ E,(t)dt > W' (x) + O(z/9 L(x) ).
z—h

This proves the desired asymptotic formula in the case of f(n) > 0.
For the general case, write |Fy[(z) = 32 )<, | f(n)|. We first check that

the conditions in Theorem 1 are satisfied by |F|. Since

1 x+h
<7 VIR0 d - |F|)

x

1 x+h
R -3 | F(0d

x

the desired asymptotic formula then follows from (4.11) and (4.12).
Finally we prove (1.9). Noticing that for 0 < a < g,
X e 70" (logo)®do < (log(a + 2))® X e 7268 do
1 1
< (log(a +2))*(ez18 +1)7,
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we deduce

1
3 S s %ie(logs)™ ds
T

i
H(0,1)

< S ol#*tie=o(log o + )" do + 7"
1

< (log(n +2))"(c325 + 1).

Now from this and (4.7), we have

J k— .
Pl < ZQ A—.Z (k) (kl_) (log 6)~" ¥ (log(i + 2))"(csaj + 1)/

k-1

(k 2_ l> (log 0)*~"~" (log(i + 2))’

; J k—1

(esg +1 Z A (log 0+ log(k — 1 +2))"
k= l
I(G+2

P Mg +1)
u D TR
This completes the proof. m

5. Proofs of Theorems 2 and 3. We only prove Theorem 2. The
other one can be treated completely in the same way.

It is easy to show that the assumption (3) and |z| < ((2—¢)/41)%2 imply
that f(n)z?™, g(n) satisfy the assumption (3) with 1) = 2ty > 1. Thus
Theorem 1 allows us to deduce that, uniformly for |z| < ((2 — &) /11)¥?

1/6 J p.
g(n)<z j=

(log x)

where Pj(t) := Z{:o Aji(2)t! and the coefficient \;;(2) = X\ (f2%,g) is
given by
H—Hz/al/g

j m
Aji(z) = T > ' A, (2),

where

. o (—log a)™(kza =)k (—log )~ ~ta;_,, (f2% 2 9) bk m— 3
mki(2) 1= Iy(kz/al/? _])(k_l_l)lzl
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Obviously A;;(z) is analytic in the disc |2| < ((2 — €)/t1)¥? and we can
write, in this disc and for any 0 < r < ((2 — &) /11)¥2,

o n 1 )\‘71 z
2) =Y xun)z",  xgun) = Gy | ;nJEl) dz.
n=0

|z|=r

Thus
RrRZ 061/6
(log z)"*/*"" X 1(2)(log, x)’

2. (ka0 log x)™ Jmn
= (logy ) > Z X5 (n)="*
m=0
ke X ><m-1/9>m
_ Z zk Z B (10g2 x)l+m'
k=0 m=0
Notice that
1 Q(n) dZ
Z f(n):% S Z f(n)z k1’
g(n)<wz |z|=r g(n)<=z
2(n)=k
hence the contribution of the main term in (5.1) is
z1/0 J 4 X, l ( 1/0)m l
+m
=0 m=0

It remains to estimate the error term. Taking r = k/log, z and writing
Kk = |k|e’® show that this is

$1/9]{]’)\(33) § (logx)Re("‘Z/Oél/e)

<4 |2 [FH1

d
log z Tl 2]

1/6 k 2w
<,z /'Ry (x) <10g2 96) S oklrla™/ cos(é+9) gg

log k 5
Denote the last integral by I. Then
/2 1 klkla=1%

r<4 | eklﬁla’”ewsﬁdﬁzqidt
] Y vi-e

—k|r|la" 1% (1—1)
< geklrla™? dt € ——.
[S) v1—t |klk+1

This completes the proof. m
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6. Proofs of Corollaries 2 and 3. As before, we only prove Corollary
2 and the other one will follow by the same argument.

We choose € = £(8) > 0 so small that {(2—¢)/(1/24+10¢)}/2T¢ > 2-4. Tt
is easy to verify that f(n) = 1 and ¢(n) satisfy the assumptions (1)—(3)’ with
11 = 1/2+410e and 12 = 1/2+¢. Thus Theorem 2 is applicable. Next we show
that the main term can take the simple form as stated. In view of Remarks
(ii), we have Aj;(2) = 0 for I = 1,...,j and X;o(2) = a;(2%,¢)/(z — j).
Observing that A;(0) = 0, we see that ¢;(2) := a;(2?,¢)/(2I'(z — 7)) is
analytic in the disc |z| < 2 — ¢. Thus Theorem 2 implies (1.14).

Now we prove (1.15). If £ = 1, the formula (1.15) can be obtained directly
from Theorem 2 with J = 0. Next suppose k& > 2. Similarly to (5.1) with
J = 0, we have, uniformly for |z| <2 — 4,

= ook}

p(n)<z

Dividing both sides by 2miz¥*! and integrating over |z| = r yields, for any
r<2-—4,

x 1 co(z)(log z)*
(6.1) (Z); logx 2mi ‘ IS— 2k 2+ Os(R),
)=k Bl
where
' x (log r)Re=
R:= Tog )2 | S_ B |dz|.

To evaluate the principal term in (6.1), we write

1

s0(2) = so(r) + (2 = )5y (r) + (2 — 1)? S (1 —=t)sy (r+t(z —r))dt.
0

Taking r := (k — 1) /log, x, the Cauchy formula gives

)k—2 )k—l

1 (z —71)(logx)* B (logy x (logy x B
omi |S Iz =g -

Therefore it follows that

(6.2) L | Mdz:i i MquLO(;(R’)




Sums of multiplicative functions 393

where
1

R= | ‘(z—r)QS(l—t)gé’(r—kt(z—r))dt (log )R % || ~*|dz].
j2]=r 0
Since [r+t(z—7r) < 1 —t)r+tr =7 (0 <t < 1,]z| = r), we have
(r+t(z—r)) <51 and

2m
(63) R, <<6 S |e“9 — 1|27«37ke"'10g2$60819 d'ﬂ
0
27
<s 3=k S e(k—l) COS’19(1 N COSI9) do
0

1
<5 7“3716(86(]“71)7&\/1 —tdt + 27‘(‘) <5 3R (k — 1)73/2
0

(k=1 (logy z)*"
Similarly, we have

1 =1
<5 (ngx)l

r  (logyz)*t k-1

x
(log )2 logz  (k—1)!  (logyz)?
The estimate (1.15) now follows from (6.2)—(6.4). This completes the proof. m

(6.4) R <5 TRk —1)7Y2 <5
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