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Some asymptotics for cranks
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1. INTRODUCTION

In 1944 F. J. Dyson [8] defined the rank of a partition to be the largest
part minus the number of parts. If we let N(r,m,n) be the number of par-
titions of n with rank congruent to 7 modulo m, then it was conjectured by
Dyson, and proved in 1954 by A. O. L. Atkin and H. P. F. Swinnerton-Dyer
[5], that for all k,
p(bn + 4) p(Tn +5)

5 ’ 7 '
These immediately imply two of the famous congruences of Ramanujan for
the partition function, p(5n +4) = 0 (mod5) and p(7n + 5) = 0 (mod 7).
However, the corresponding statement for the prime 11, namely, 11N (k, 11,
11n + 6) = p(11ln + 6), is false. Dyson therefore conjectured the existence
of the crank of a partition, a new statistic for which the corresponding for-
mula would exist and hold for the prime 11. This crank was discovered by
G. E. Andrews and F. G. Garvan in 1987, and is defined as follows.

DEFINITION 1.1. For a partition 7 of a positive integer n, let A(7) be
the largest part of m, let u(m) be the number of ones in 7, and let v(7) be
the number of parts of 7 larger than u(m). Then the crank c(r) is defined as

{ A7) if pu(m) =0,
c(m) = .
v(m) — p(r) if p(m) > 0.

If we define, for n > 1, M(m,n) to be the number of partitions of n
with crank m, and for n < 1, define M(0,1) = —1,M(0,0) = M(1,1) =
M(-1,1) =1, and M(m,0) = M(m, 1) = 0 otherwise, then it can be shown
[2] that the generating function for M (m,n) is given by

(1.1> i iM<m7n)amqn _ (Q§Q)oo

(aq; @)oo (/a5 @)oo’

N(k,5,5n + 4) = N(k,7,Tn+5) =

m=—00n=0
2000 Mathematics Subject Classification: Primary 11P55; Secondary 11P82, 11P83.
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where, as usual,
o0

(1.2) (@; @)oo == [ J (1 — ag™),
n=0

and |g| < 1.

Although Ramanujan probably had no knowledge of the cranks discov-
ered by Andrews and Garvan, on page 179 of his Lost Notebook [11], he
defines a function F'(q) and coefficients \,, by

13 Pl Rl = R0 ZAnq

Comparing (1.3) with (1.1) we immediately see that
oo
An = Z M(m,n)a™
m=—o00

On pages 179 and 180 of his Lost Notebook, Ramanujan lists ten tables
of values of n for which A, satisfies certain congruence properties. In [7],
Berndt et al. showed that these congruences are equivalent to having the
coefficients of certain theta functions take on specific values. To understand
these equivalent formulations, let us first define Ramanujan’s general theta
function.

DEFINITION 1.2. For |ab| < 1, let

(1.4) f(a,b) Z an(n=D/2pn(n+1)/2.

n=—oo

and let the function f(—gq) be the case where a = —¢ and b = —¢?. That is,
(1.5) f(=q) = f(=a,—¢").

The equivalent formulations of Ramanujan’s tables are now summarized
in Table 1.
One should note that Ramanujan missed the value n = 214 in table 3.
Berndt et al., in [7], also made the following conjecture regarding the
functions
JCOI () [EON) [0 =4 F =g ()
fi=a*) 7 f(=d%) 7 (—ahat)e T (matiat)e T f(—4P)
CONJECTURE 1.1. For each of the functions in (1.6), there exists a mod-
ulus a such that for each 0 < b < a, the coefficients of ¢***° of that function

are monotonic and strictly monotonic for sufficiently large n, according to
Table 2

(1.6)
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Table 1

Values of n for which the coefficient

Table no. Function N of ¢ is equal to N
6 _ 10 2 14
1 1 L ) 4o 4 o ) 0 28 9 10, 11, 15, 19, 21, 22, 25, 26,
(=¢% 4o (=4 4o 27, 28, 30, 31, 34, 40, 42, 45, 46, 47, 50
55, 57, 58, 59, 62, 66, 70, 74, 75, 78, 79,
86, 94, 98, 106, 110, 122, 126, 130, 142,
154, 158, 170, 174, 206
f(=4¢®,—4")
2 St d 1 14, 16, 18, 24, 32, 48, 56, 72, 82, 88, 90,
(=a* 0% 104, 114, 138, 146, 162, 178, 186, 194,
202, 210, 218, 226, 234, 242, 250, 266
6 _ 10
3 A . ) —1 4,6, 12, 20, 36, 38, 44, 52, 54, 60, 68,
(=a%a*)eo 76,92, 102, 118, 134, 150, 166, 182, 190,
214, 222, 238, 254, 270, 286, 302
4 f(=¢*,—a") 41, 4
e 1 1,7, 17, 23, 33, 39, 41, 49, 63, 71, 73,
(=¢%q") 81, 87, 89, 95, 105, 111, 119, 121, 127,
143, 159
2 14
5 qf( S ) —1 3,5, 13, 29, 35, 37, 43, 51, 53, 61, 67,
(=g a0 69, 77, 83, 85, 91, 93, 99, 107, 115, 123
139, 155
_ 2
6 Ilgfﬁllzill 0 11, 15,21
f(=q*)
2 _ .3
7 (=g )fg 7) 0 1,6,8,13,14,17, 19,22, 23, 25, 33, 34
f(=4%) 37, 44, 46, 55, 58, 61, 82
_2\p(_ .3
8 f(=q )fg ) 1 5,7 10, 11, 12, 18, 24, 29, 30, 31, 35,
f(=4°) 41, 42, 43, 47, 49, 53, 54, 59, 67, 71, 73,
85, 91, 97, 109
2 _ 3
9 (=g )fg ) 1 2,3,4,9, 15, 16, 20, 21, 26, 27, 28, 32
f(=4°) 38, 39, 40, 52, 56, 62, 64, 68, 70, 76, 94
106, 118, 130
2 (=)
10 0 14,17
f(=43)

Also in [7], Garvan made the following stronger conjecture for the func-
tions f(—4¢% —¢'%)/(=¢" ¢")eo and ¢f (=4, —¢"")/(=¢*; ¢")oo:

CONJECTURE 1.2. Define b, by

0% oo

ib 7= f(=d%—q"")  f(=¢* —¢"")
(=g '
n=0
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Table 2
Functi Monotonic for an +b  Strictly monotonic for an + b
netion @ at least strictly greater than
fa)f(=d*)
—_— = 4 149 169
f(=a*)
f(=a*)f(=d*)
—_——— 6 550 580
f(=4d°)
f(=d° —4")
—_— 8 1262 1374
(—a*9")
f(=¢*,—¢")
8 719 759
T
(=)
3 95 95
f(=a%)
Then
(=1)"b4y, >0 for alln >0,
(1.7) (—=1)"bgn+1 >0 for alln >0,

(=1)"bgp42 >0 forallm >0, n# 3,
(—=1)" by 43 >0 for all n > 0.
Furthermore, each of these subsequences is eventually monotonic.

Andrews and Lewis [3] made several conjectures regarding the signs of
the coefficients of f2(—q)/f(—¢*) and f(—q)f(—¢?)/f(—q*). They showed

that, if M (r, m,n) is the number of partitions of n with crank congruent to
r (modm), then

3

ZOO B Ne™ — A(—q)
(18) nZO(M(O??’?n) M(1737 ))q - f(_q3)7

N B W _TC0f(-)
(1.9) nEO:(M(O,AL,n) M(2,4,n))q" = T

They went on to make the following conjectures:
CONJECTURE 1.3. For all n, we have
M(0,3,3n) > M(1,3,3n),
M(0,3,3n+1) < M(1,3,3n+ 1),
M(0,3,3n+2) < M(1,3,3n+2) ifn#1.
CONJECTURE 1.4. For n # 5, we have
M(0,4,n) > M(2,4,n) ifn=0,3 (mod4),
M(0,4,n) < M(2,4,n) ifn=1,2 (mod4).
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By (1.8) and (1.9), we easily see that Conjectures 1.3 and 1.4 are equiv-
alent to the following.

CONJECTURE 1.5. Let aj(n) and as(n) be the coefficients of ¢" in
F(=a)f(=a*)/f(—q") and f*(=q)/f(~4¢°) respectively. Then for n # 5, we

have

ai(n) >0 ifn=0,3 (mod4),
ai(n) <0 ifn=12 (mod4),
as(n) >0 ifn=0 (mod3),
as(n) <0 ifn=1 (mod3),

as(n) < if n =2 (mod 3).

D. M. Kane [10] recently found Conjecture 1.3 to be true by finding the
following asymptotic formula for the coefficients of f2(—q)/f(—q?).

AN
o

THEOREM 1.1. For alln > 1, we have
™ /2(n—1/24)/3

(1.10) as(n) = c5(n) i/sénﬁ + B5(n),
where
1.87... if n =0 (mod 3),
(1.11) cs(n)=4¢ —1.53... ifn=1 (mod3),
—0.347... ifn =2 (mod3),
and

(1.12)  |E5(n)| < 200(n — 1/24)V4 4 2(n — 1/24) Y45V 2n=1/2/3,

The estimate (1.12) is given in the proof of Corollary 2 in [10]. We have
corrected a misprint in the exponent of n — 1/24 in the second term, and
also made a trivial improvement in the first term, replacing the original n'/4
by (n — 1/24)Y/%. In this paper, we show that Conjectures 1.1, 1.2, and 1.5
are true.

2. MAIN RESULTS

We prove Conjectures 1.1, 1.2, and 1.5 by finding asymptotic formulas
for the first four functions in (1.6). These formulas are summarized in the
following theorem.

THEOREM 2.1. Let aj(n),az(n),as(n),as(n) be the coefficients of q" in
the expansions of
[CQf ) JERACE) 1) T —d)

fl=¢*) f(=d% 7 (a7 T (mahat)s
respectively. Then

(2.1)
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o E\2(n—1/24)/3

2.2 = + Ei(n),
(2.2) a1(n) = c1(n) 220 = 172) 1(n)
) o51/2(n—1/24)/3 .
. = + ,
(2.3) az(n) = cz(n) NECESYED) 2(n)
o 51/2(2n—1/24)/3
2.4 2n) = (—1)"c3(2 + E3(2n),
( ) a3( 77,) ( ) C3( n) 4\/m 3( n)
> cEV2(2n+1-1/24)/3
2.5 on +1) = (=1)"Mez(2n 4+ 1 + E3(2n + 1),
( ) CL4( n ) ( ) 03( n ) 4\/m 3( n )
(2.6) a3(2n+1) =asa(2n) =0,
where c1(n), ca2(n), and c3(n) are approzimately
@n {( 1)"/2(1.847759.. ) ifn=0 (mod?2),
1 (- 1)<n+1 /2(0.765366...)  ifn=1 (mod?2),
[( 1)"/3(1.9696155.. . .) if n=0 (mod3),
(2.8)  ca(n) =% (=1)»=D/3(0.6840402...)  ifn=1 (mod3),
(=1)("=2/3(-1.2855752...) ifn =2 (mod3),
(—1)n/4 (2 77407969 . . .) ifn =0 (mod4),
(29)  es(n) = (—1)(n= ) 4(2 3517512...) z.fn_ 1 (mod4),
(=1)(»=2)/4(—0.5517987...) if n =2 (mod4),
[ (=1)=3)/4(1.5713899...)  ifn =3 (mod4),
and

(2.10) |E1(n)| < 150(n — 1/24)Y4 4+ 0.71(n — 1/24)/ s V2(n=1/20)/3

(2.11) |Ex(n)| < 1879(n — 1/24)Y/* 4 0.468(n — 1/24)/4eizV2n=1/20)/3

(2.12) |Es(n)| < 68793(n — 1/24) /4 4 0.1754(n — 1/24)/ 416 V2(n=1/24)/3,
We can now easily derive the following corollary.

COROLLARY 2.1.1. Conjectures 1.1 and 1.2 are true. In particular, the
subsequences {(—1)"ban } 5>y and {(—1)"ban42}22 are strictly monotonic for
n > 362, and the subsequences {(—1)"ban+1}5ey and {(—1)"ban43}0>, are
strictly monotonic for n > 246.

Proof. 1t is easy to see, from (1.12) and (2.10)-(2.12), that

300(n — 1/24)1/4 if n < 278,

E < E? = at
’ 1(”)‘ = l(n) { ]_42(71 _ 1/24)1/4e§ 2(n—1/24)/3 if n > 2787
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. 3758(n — 1/24)/4 if n < 1506,
E < E = s
[E2(m)] < E5(n) {0.936(n —1/24) /4t V2=124/3 ity > 1506,
. 137586(n — 1/24)/4 if n < 6454,
E3(n)| < E3(n T
’ 3( )‘ = 3( ) {03508(n—1/24)1/4 16V 2(n—1/24)/3 if n > 6454,
400(n — 1/24)1/4 if n < 117,
E < E, .
’ 5( )| 5( ) { (n_1/24)1/4€g 2(n—1/24)/3 if n > 117.

Let us first consider Conjecture 1.1 for ai(n). Write a1(n) = fi(n) +
Ei(n). It is clear from (2.2) and (2.7) that fi(n) and fi(n + 4) have the
same sign. Consider

/ B e V/2(n=1/24)/3 w\/§ 1
fl(n)—a(n)m<§ §_m>'

Note that the expression in brackets is positive for n > 3 and strictly in-
creasing. Also, the fraction in front of the brackets is strictly increasing for
n > 10. Therefore, |fi1(n)/c1(n)| is concave up for n > 10 and so we have

(=DLHD2) (g1 (0 + 4) — ay(n)) > 0

whenever
(2.13) [4f1(n)] > BT (n +4)] + |Ef (n)].
Since Z1/2 — ——-— > 0.2 when n > 20, and \/z + a < \Z + \/a, we

2¢/n—1/24
have, from (2.7),
=\/2(n—1/24)/3

n—1/24

4f!(n)] > 0.2259

and

5.7(n — 1/24)Y4es V212073 > 5 393(n 4 4 — 1/24)1/4e5 V2AN=1/24)/3

> 2\E1(n+4)| > |E1( +4)| + [Ef(n))|

whenever n > 278. If v = (7/8)/2(n — 1/24)/3, then (2.13)
plied by the condition
(2.14) e > 433.44u°/2.
Note that if ug > 5/2, then e"0 > Cu8/2 implies e* > Cu®/? for all u > ug.
Thus it is easily verified that (2.14) is true for all w > 12.5. This corresponds

to n > 1520.
Similarly, we let az(n) = fa(n) + E2(n) and see that

(=D (g (n + 6) — ag(n)) > 0

would be im-

whenever

(2.15) 16f5(n)] > [E5(n +6)| + [E5(n)].
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Using (2.3) and (2.8), and the fact that /2% — > 0.2137 when

1
3 2y/n—1/24
n > 200, we find that

=\ /2(n—1/24)/3
/ 211366 &
16£,(n)| > 0.211366 Yo

We also find that, for n > 1506,

3.6(n — 1/24) Y412 V21203 > 9| X (n + 6)| > |E5(n + 6)| + |E5(n)|.
If v=(n/12)\/2(n — 1/24)/3, then (2.15) is true whenever n > 1506 and
(2.16) eV > 806.2320%/2.

This holds for v > 13.2, corresponding to n > 3814.
Now we let as(n) = f5(n) + Es(n), and since [(2n +1)/3] is even if and
only if n is divisible by 3, we find that

(=)L D3] (5 (n + 3) — as(n)) > 0
whenever
(2.17) 3f5(n)| > |E5(n + 3)[ + |E5(n)].

We apply (1.10) and (1.11), and because T,/2 — > 0.315 when

n > 20, we deduce that

1
2¢/n—1/24

T/2(n—1/24)/3

! 1 416—

We also find that, for n > 117,

17.2(n — 1/24)Y4e5V20=129/3 5 9| g (5 4 3)| > | B2 (n + 3)| + | EX(n)).
If w = (7/6)y/2(n — 1/24)/3, then (2.17) is true whenever n > 117 and
(2.18) e’ > 1073.3w”2.

This holds whenever w > 13.5, corresponding to n > 998.

To prove Conjecture 1.1 for ag(n) and a4(n), we will prove Conjecture 1.2
with an explicit bound for monotonicity. Let, as in Conjecture 1.2, by, :=
a3(2n) = f3(2n) + E3(2n), bop+1 := a4(2n + 1) = f3(2n+ 1) + E3(2n + 1).
By (2.4), (2.5), and (2.9) we see the f3(n) has the appropriate signs for Con-
jecture 1.2 to hold. Thus, we see that the subsequences (1.7) are increasing
whenever

(2.19) |[4f5(n)] > [E5(n +4)| + |E3(n)].
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Since = /2

1
16V 3~ 2/ > 0.1445 when n > 1000, we find that

o EV/2(n—1/24)/3
0.092 T if n is even,
n —
4f5(n)| >
o EV2(n—1/24)/3
2622 ————  if n is odd.
0.26 — 1/24 ifniso

Also, since (4/n)'/* < 0.1582 when n > 6400, we have, for n > 6454,

i

1.125(n — 1/24)Y4eic V212073 > op%(n 4 4) > Ej(n +4) + E3(n).

If y = (7w/16)/2(n —1/24)/3, then (2.19) is true whenever n > 6454 and

y { 1188.24y%/2 if n is even,
e’ >

416.93y%/2  if n is odd.

We easily check that (2.20) holds for y > 13.7 for n even, corresponding to
n > 7303, and y > 12.5 for n odd, corresponding to n > 6080. It is now
a simple matter to verify Conjectures 1.1 and 1.2 up to the values of n we
have computed here. We have carried out the computations in the computer

algebra system PARI-GP version 2.0.20(beta) and found both conjectures
to be true. =

(2.20)

The following corollaries are now easily shown.
COROLLARY 2.1.2. Ramanujan’s 10 tables are complete.

Proof. By Corollary 2.1.1, we need to check Ramanujan’s tables up to the
values of n where the coefficients are strictly monotonic; after that, mono-
tonicity ensures the coeflicients are bounded away from 0,1, and —1. We

have verified the tables in PARI-GP 2.0.20(beta) and found them to be
complete. m

COROLLARY 2.1.3. Conjecture 1.5 is true.

Proof. We have verified the conjecture up to n = 169 using PARI-GP
2.0.20(beta). The monotonicity condition of Conjecture 1.1 guarantees the
coefficients of f(—q)f(—q*)/f(—q*) have the correct sign for n > 169. =

3. THE METHOD OF PROOF

We apply the circle method to prove Theorem 2.1. The approach will
follow the method used by Rademacher (see Andrews [1, Chapter 5]) and
the modification by Kane [10]. To obtain an estimate for the coefficient a(n)
of s™ in the series expansion of a function g(s) =Y ° a(n)s", we apply the
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residue theorem to find that

_ 1 9(s)
(3.1) a(n) = %‘ ! pom ds,

where we have integrated along the positively oriented circle of radius r. We
then apply a transformation formula to the integrand and evaluate a main
term and estimate an error term. The details now follow.

3.1. Farey arcs and changes of variables. We integrate (3.1) over
a circle of radius r = e~ 27/N* = ¢727¢ for some N > 0 to be determined.
We let s = re?™0 = ¢=2m+2m0 Make the substitution § = h/k 4 ¢ on each
Farey arc centred at e2™"/k where h/k is a Farey fraction of order N, and
the endpoints of each arc are the mediants of consecutive Farey fractions of

order N. That is, if h/k and h'/k’ are a pair of consecutive Farey fractions
of order N, then their mediant is defined to be the fraction (h+h')/(k+ k).

Let &, = [0, 1, 0} 1] represent the interval that ¢ passes through on that
arc, where 0} ., 6 , are the positive distances from h/k to its neighbouring

mediants. Then we have

ds = 27m~e—27rge27rih/k62m'gpd(p’

so that
a(n) — Z 672m'nh/k S g(eQﬂi(h/k+ig+<p))62ngef2m'mp dep.
0<h<k<N &,k
(hk)=1

If we set z = k(0 — ip) and 7 = (h + iz)/k, then our integral becomes
(32) CL(’Il) — Z 672m'nh/k S g(e2ﬂi(h+iz)/k)627rn96727rimp ng

0<h<k<N &Eh.k
(h,k)=1
_ Z e—27rinh/k S g(e2m’r)e27rnge—27rimp d@
0<h<k<N Eh,k
(h,k)=1

3.2. The Dedekind eta-function and its transformation formula.
It is useful to work with the theta function f(a,b), defined in (1.4), in its
product form, given by the famous Jacobi Triple Product Identity [6, Chapter
16, Entry 19],

(3-3) f(a,b) = (=a; ab)oc (—b; ab)oo (ab; ab) oo
From (3.3) it easily follows that

(3.4) F(=0) = (4:6°) s (0% 6*) 0 (6*; 8°) o0 = (43 @) o-
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We set ¢ = ™", with Im(7) > 0, and define the Dedekind eta-function
by
(3.5) 0(r) = ¢"*(¢; 4)e.
We use the following transformation formula of n(7) to transform the quo-

tients (2.1) on each of the Farey arcs. For a proof of the transformation
formula, see [4, pp. 52-61].

LEMMA 3.1. Let I' = SLy(Z). Then for v = (Z Z) €I, ¢> 0, we have

(3.6) 77(77_) _ e—wis(d,c)em(a—‘rd)/(mc) —i(CT + d) ,’7(7_)’
where s(d, c) is the Dedekind sum given by

o s T (#)(E)

n (mod c)

with
(3.8) ((2)) := {:(1)3_ lz] —1/2 Z:i i ;,

and the square root is taken on the principal branch, with z'/%2 > 0 for z > 0.

Setting o
) 1 1 671"7/7'
F 6271'17' = — —_ 7
= e~ T~ A

we use (3.6) to obtain the transformation formula
(39) F(e27ri‘r) _ eﬂi(‘rf'yr)/12677ris(d,c)eTri(a+d)/(120) —i(CT + d) F(eQﬂ‘i’yT)'

Since we use (3.9) on the Farey arcs, the v € I we choose on each arc
depends on the pair (h, k), where ged(h, k) = 1. Suppose we are given such
a pair. Then for (n, k) =1, let h,, = nh and choose an integer h} such that
k! h, = —1 (mod k), with h,h!, — b,k = —1. Note that hy = h, and define

hi = h'. Setting
W —b,
Y(n,k) = ko _h el

_h—l—iz
=

and recalling that

(3.10) T
we obtain
o () Rl tndinz b bl b, —bok +inhl 2
(n,k) = hn+inz = ;
k;JFT — h, k(inz)
Rl +i(nz)"?
i —
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In particular, we have

(3.11) Im(Y(p k) (n7)) = %Re<i>.

nz

Further, we also have, for k = ml,

1 1 1
(3.12) Im(7(p,1)(mn7)) = 7 Re<—> = % Re(—).
Thus (3.9) yields, for (n,k) =1,

. . /o —1
(3.13)  F(e2minT) = f (Mg = M) omis(—hn k) (s, —hn) /(12K)

« \/—Z<k W _ hn> F(e%i’ﬂn,k)(n‘r))

_ eﬁ(%_”z)ems(h"’k)\/EF(e%”("vk)(’”)).

3.3. Bounds on z, ¢, and other quantities. We use the following
estimates in the course of the proof of Theorem 2.1. We begin with upper and
lower bounds for the distance between a Farey fraction and its neighbouring
mediants. For a proof, see a standard text in number theory, for example,
Hardy and Wright [9, pp. 23-31].

In all that follows, we assume that 0 < h < k < N and (h,k) = 1. So we
have

1 1

(314) L1 = m S 9;1,/%9;;,]6 S W = L2.
This implies that
1
3.15 < —.
(3.15) ol <

Therefore we have

27 1 27 1 27 0
—Rel — | = Re — | =
k mz mk?2 0 —ip mk? % + p?
L1 2r N2
~ mk2 N-4 4+ k2N-2
1 27 1 2n T
= — > = >
mkN24+1"ml+1 " m

since k < N. That is,

2 1 7r
3.16 —Re|l — ) > —.
(3.16) k e(mz) - m

We also have

(3.17) Im(7) = —-Re(z) =0p=—— >0
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and
1 1 1
1/2 _ < _ .1/2
(3.18) |2~ K172 (0% + o2) V2 = Ki2g1/2 kTN
Finally, we note that, for x real, 0 < x < 1, we have
o
log(F(x)) = Z log(1 — 2"
n=1 n=1m=1
= x" - < Z nz" = ——.
= n d =~ (1—2x)
So, we find that for any y with Im(y) >
o0
‘ (&) H @ =)l H(l +1e*))
n=1
_ 27 _ —27 1
sHTf@E@—mem—F@”m@>
n=1
6—27rlm(y)
< eXp((l _ 6—27r1m(y))2> ’
That is,
3.19 LI < pgermin)) < R
(3.19) Flezmy| = Flle) < exp (1= czrmm)e )
We also use the following trivial bound repeatedly:
N .
Nl if n >0,
(3.20) el hn=
; nHN”Jrl if-1<n<0.

3.4. Evaluating an integral. We need the following key lemma.

LEMMA 3.2. Let (h,k) =1 and define

= S elg—k(%—z)z—l/2€27rnge—27rigod(P.

Eh,k
Then

2 T |2

21 I=,/———cosh| —4/=(n—1/24 E(I
(3.21) o (T3 (- 120) + B,
where
2m(n—1/24)0 p\y1/2

(3.22) |E(I)] < 1.2828

n—1/24

119
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Proof. First, we make a change of variable w = z/k = ¢ — ip. So idw =
dp and —2ming = 27n(w — ). Then we have

0=}
7 S e%m —Zw (kw) 1/2627rn9627rn(1l)*9)idw
o+i0},
. o+1i0), o i
= — S 2me iz iu e 2% (kw) 12X duw.
2mi iy

Since the absolute value of the integrand tends to 0 exponentially as
Re(w) tends to —oo, we may write I as

(O0+) =iy, o+if},

1 LL
—00 —oo—zt9hJC —oo—}—thJC
> (kw)—1/2€27r(n—1/24)w dw
= J1 — o+ Js,

where J; is integrated around the contour starting from —oo — 6} ,, and
looping around the origin, oriented in the positive direction.

To bound .J, and J3, we note that on the lines w = z + i, —oco < x < p,
0 € {0, 1, =0}, 1.}, we have

1 1 2m(n—1/24)w| — 2m(n—1/24)a
—<le < — <
2kN — |0| — k ) |6 | — € )
R ™ _ T xr < X
12w ) ~ 12(k2) 22 + 02 = 12(k2)02

mTo < woN? o

< =
= 12(k2)(2kN)2 — 3 3’

and
’w‘—l/Q < ’x2 +92‘—1/4 < ’0’—1/2 < /QkN.

So, for j = 2,3, we find that

1 ¢ or
924 | < 7T/3 2kN 27T(n—1/24)xd
(3.24) w_%iﬂ kN e x

e™/3/2N

2m(n—1/24 1/2
_ Ve am(n-1/24)e < ) 6414 e2r(n=1/24)e N1/
2(n —1/24) - n—1/24
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To evaluate Ji, we expand eXp( in a power series about the origin,

so that

%)

1 0 or < (& L™
J = — S AN 22 (n—1/24)w Z 12k2w) g

) |
2mi ) VEk m!
Now we make a change of variable x = 27 (n — 1/24)w, and interchange

the order of summation and integration (say, by the dominated convergence
theorem). Thus,

m=0

o r \™ / 1 (o) eTqp—m—1/2
_ E m—+1/2—1
Vk = (12k2> (2m(n —1/24)) 2mi S m! d.

To evaluate each integral, we use Hankel’s loop integral formula [12,
p. 245], which states that for s ¢ Z,

(0+)
L _ 1 S ez %dz
I(s) T ’

Therefore,

o 72(n —1/24) 1 1
N1 = Vk Z ( 6k2 ) V2m(n —1/24) m!I'(m +1/2)

m=0
Applying the functional equation I'(n + 1) = nI'(n), and I'(1/2) = /7, we
find that

n— 1/24) 1 22m
(3.25) Ji = Z < > om(n — 1/24) (2m)!I(1/2)

\/mz( [472( n—1/24)) (27171)!

2 T |2
= mcosh<g g(n—1/24)>.

The lemma now follows from (3.23)-(3.25). =

4. PROOF OF THEOREM 2.1
We now prove (2.2) in detail. The proofs of (2.3)—(2.5) are similar.
4.1. The quotient %f%q%. We apply (3.2) with

7'1'7/7' (_Q)f(_qz) _ F(€27ri(4T))
¢’ Za F(=qh  ~ F(erminyF(e2min)y
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Here 7 is as in (3.10). We consider the three cases where ged(k,4) is 1, 2,
or 4, and transform g accordingly.

CASE 1: k is odd. Then we have, by (3.13),

2mi(4T
(41> F(e ( )) _ ﬂ'i(s(h4,k)—s(hg,k)—s(h,k))eﬁ(i—i—%—4z+2z+z)
F(GQWiT)F(GQﬂ’i(QT))
/4~ F(627ri'y(4’k) (47’))

X . .
V2z/z F(GQWW(M)(T))F(QQWW(M)(?T))
_ il k)= s(ha k) =) | /5 o Thr (72 —2) ,—1/2

F(e27”'Y(4,k)(4T))

x F(e2ﬂi’Y(1,k)(T))F(eQWi’Y(z,k)(QT)) )

CASE 2: k =2 (mod4). We write k = 2k’ with k¥’ odd. Then we have
47 = 4}32_1_%7 so that 27 = h—li{;—,zz.
Thus, applying (3.13), we find that
F(62m‘(47-))
F(e2miT) F(e2mi(20))
mi(s(ha k) —s(h,k')—s(h,2k") , 137 (32— 2 =22+2) ~ 1y (3 —2)

VE  R(@ento)
X \/E\/E F( 27""7(1,%’)(7))}7‘( 27Ti’y(1,k/)(2‘r))

— mi(s(ha,k")=s(h,k")—=s(h,2K") \/_612k’ =3 ,—1/2

(4.2)

=€

F(627ri'y(2’k/) (47) )

F( 02 D) F (2 @)
CASE 3: k =0 (mod4). We write k = 4. We similarly obtain from (3.13):
F(e2mit4n)
F(eQTFiT)F(eQFi(QT))
_ orils(h)=s(h,20)=s(hAD) , 137 (£ —2) = T2z (2 =)~ 120y (3 —2)

(4.3)

\/Z F(GQWW(U) (47'))
X \/E\/Z F(ezm“y(l»‘”)(ﬂ)F(e2ﬂ7(1’2”(27))

_ em'(s(h,l)—s(h,?l)—s(h,4l))e12(41)( z) —1/2

F(e2ﬂ'i"}/(17l) (47) )

X F(627Ti'7(1,4l)(T))F(GQTri'Y(LQl)(27’)) :



Some asymptotics for cranks 123

We now subdivide our integral for a;(n) into 3 pieces, namely,

() am=( X+ Y o+ Y)Y e

1<k<N 1<k<N 1<k<N = 0<h<k
k odd k=2(mod4) k=0(mod4) (hk)=1

F( 27ri(47'))

2mnp ,—2mine
X S (627717') (6271'1 (271) ) € € ng

Ehk
=: 51(4) + 52(A) + 53(A),
with
— F(62ﬂ1(4T)) 2mne e—27ring0‘
F(e27T'LT)F(e27TZ(2T))

For the values of k in S7, we apply the transformation formula (4.1) to
A so that

A = emils(hak)=s(ho k) =s(hk)) /5 o135 (32 2) ,—1/2

21y, 4T
F(e @l )) 27rn9672m'n90.

F(627ri’7(1,k)(T))F(627ri'7(2,k)(27'))

Using (3.11), (3.16), (3.18), and (3.19), we find that
’A’ < \/§F(6—27r(1/k)Re(l/(4z))) (6—277(1/143)Re(l/(?z)))F(e—27r(1/k)Re(l/z))

= 5(i7r) Re(%)e 24k Re( ‘2‘71/2627rng
e_ﬂ-/4 6—71'/2 e T
<
~ \/§exp<(1 — 6_77/4)2 + (1 — 6_71-/2)2 + (1 . eTI')2>

> e—57r/966—27'rg/24k—1/2N627mg
< (1756 2m(n—1/24)0,.~1/2 p\p

By (3.14), the length of the interval &, j, is at most 2/kN. So we have

(45) |S1| < Z Z S 1756 2m(n— 1/24)gk 1/2ng0
Iijc{V 1<h<k & i

Z Z o176, 2m(n— 1/24)9]{;3/2

1<k<N 1<h<k
kodd

§2€1.756627r(n—1/24)g Z k‘_l/2
1<k<N

< 461.7566271'(11—1/24)@]\[1/27

where we have used (3.20) in the last inequality.
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Similarly, for values of k in Sy, we apply (4.2) to obtain

A = emi(s(ha k) =s(hk)=s(h,2k")) | /5 o137 (5 —5) ,—1/2
F(62ﬂi7(2,k/)(47'))

27rnge—27rimp
F(627ri7(172k/)(T))F(B%Fi’y(lvk/)(%—)) .

By (3.11), we have

Ty (207)) = %m(i) _2 Re<i>.

nz k nz

Therefore, by (3.16), (3.18), and (3.19), we find that
‘A| < \/§F(6727r(2/k) Re(l/(2z)))F(6727r(2/k) Re(l/z))F(efQﬂ(l/k) Re(l/z))
« 6—27" Re(ﬁ)@_i_ﬂk Re(z) |Z|—1/2627rng

g\/iexp<

e 2m/2 e e

—27 -7
(1— e—2n/2)2 t (1— e2m)2 + 1- e—7r)2>
> €—7r/12 1 e27r(n—|—1/24)g

Vko
< 670.1655627r(n71/24)gk71/2N

so that we have

(4.6) |S,| < Z Z 9p—01655 27 (n—1/24)0}.—3/2
1<k<N 1<h<k
k=2 (mod 4)

< 4670.1655627r(n71/24)QN1/2'

To estimate S3, we rewrite it in the form

S3 - Z Z 6727”:”‘]1/4[ S F(627Ti(4T)) 627rn967271‘in§0 dQO
1<4I<N 0<h<4l F(e2mit) F(e2mi(27)) ,
T (hAD=1

Eh,at

where 7 = (h 4 iz)/4l, z = (4l)(0 — ip), and recall that k = 4[. Define

(47) W = em'(s(h,l)—s(h,2l)—s(h,4l))7
B +iz1
(4.8) 7= 7(1,41)(7) =T
Note that, for n =1, 2,4,
B izt ,
’)’(1,4l/n)(n7') = —— =nT.

l
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Apply the transformation formula (4.3) to S3 so that

(4.9) Sy = Z Z o—2minh/4l S wh,leﬁ(%_z)z—m

1<4I<N 0<h<4l Eh,al
(h,al)=1

F(e%”(l’l)(‘”))

2mno ,—2ming
. . e e d
F(e27”'7(1,4l)(7—))F(€27”'7(1,2l)(27')) v

. s 1
_ Z Z e—?mnh/4l S Whylem(;_z)z_l/Q

1<4I<N 0<h<4l Ehal
(h,al)=1

F(e27ri(47"))
X — -
F(e2m7’ )F(e27rz(27- ))

Z Z e—27rinh/4l

1<4I<N 0<h<4l
(hAl)=1

e27rnge—2mngo d(p

« S whl612(4l)( z) —1/2 27rnge—27rzmpds0

Eh,al
i Z Z o~ 2minh/4l S whlel2<4l>( —z) 5172
1<4I<N 0<h<4l &h,al

(hAl)=1
F(627ri(47—/)) 2mne —2min
_ - ®
X (F(e%w)p(e%i(%')) 1)e™ % dy
=T+ 1.

125

The main term arises from 77, and we give a bound for T5. Note that

.y _2r
’6271'17' ’ — e W Re(l/z)7

and
F(q")  (4:9)00(d% ¢*)o 42
F@F(®)  (¢5dY (@0)ec H

Thus a;(n) represents the number of partitions of n into an even number
of parts minus the number of partitions of n into an odd number of parts,
where each part is chosen from a restricted set (namely, the parts are distinct
except possibly for those congruent to 2 (mod4), which may be repeated at
most once). Thus, we have |a;(n)| < p(n), the total number of partitions of

n, and so

_ F(’€27rir") _1.

F(€2m(47—/)) 1 < ‘ i a eQm’m” o 1‘ < i (n)|627rm7"| 1
F(eQﬂ'iT,)F(e27Ti(2T/)) - ~ n - nzop
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Therefore
i (L) F(e*mitm) ™ Re(1/2)/24( p( o— 25 Re(1/2)
(40) % 2 —
e (F(e27ri‘r’)F(627ri(2~r')) )| <e® (F(e”a )—1).
_ F(z) -1
sl/24

where z = e~ 4 R°(1/2)_ Note that 2~ 1/?4(F(z) — 1) is an increasing function
in z. Now, by (3.16), x < e ™, so by (3.19) we see that

Fla) < exp ——— ) < 1.odo.
(x) < exp((1 — e—”)2> <1.049
Thus,
2mi(4r’
o2y (3) E(e ( )? 1 cFl@)-1
F(eQWZT’)F(e27rz(2T’)) - pl/24

< (1.049 — 1)e™?* < 0.0551.
So we have

410) 1l< Y > | 0.0551e R m1/2e2me gy

1<4I<N 0<h<4l & 4
(h,4l)=1

= Z Z S 0.0551e~27¢/24(41)~1/2 N 2™ g p

1<4AI<N 0<h<4l &4
(h,dl)=1

<Y Y oo 2
1<4i<N 0<h<4l ( Z)
(hAl)=1
< > 0.055127(n—1/24)¢ 21 75 < 0.2204¢2m(n—1/24)e \1/2,
1<4I<N (4)

We now turn our attention to calculating 7. Applying (3.21) and (3.22)
with k& = 41, we find that

(4.11) Ty = Z Z 6—2m‘nh/4lwh7l

1<4I<N 0<h<dl
(hAl)=1

x ( mmh(z %(n— 1/24)> +E(I)>

27rmh/4l
Wh,l

T 2
= Dy + = (n—1/24)
1§£N0£4z‘/2l”_1/24 < >

(h,4l)=1
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with
2m(n—1/24)0 p\y1/2
e
(4.12) Dol < > ) 1.2828
1<4I<N 0<h<4l n—1/24
(h,Al)=1
627r(n71/24)gN5/2
< 1.2828
n—1/24

By (4.4) and (4.9), and the estimates in (4.5), (4.6), (4.10), (4.11), and (4.12),
we find that

ai(n) =851+ S+ S3=51+ S+ 11+ T

—2minh/4l 5
= Z Z Mcosh<£ —(n—1/24)> + G,
AN o5 VA —1/24) 4V3
(hAl)=1
with
G| < 4e17562m(n=1/20)e\1/2 | 401655 2m(n—1/24)g \r1/2
N5/2
+1.2828¢27(n—1/20e _ "1 4 () 290427 (n—1/2)eN1/2,
n—1/24

Setting N = /27 (n — 1/24), we find that ¢ = 5 = m Thus,
for n > 1,

1G] < e(2m(n — 1/24))/4(4e1 76 4 4701655 4 1 9828(21) + 0.2204)
< 150(n — 1/24)Y4,

In other words, for n > 1,

6727rinh/4lwh7l

' 1<§<N , ;41 J20(n —1/24)

(h,al)=1

2

m
h{ =1/=-(n—1/24 n-
X €Os <4l 3(n / ))—l-G

We estimate the main term with [ = 1, and find an upper bound for the
remaining terms. So, for n > 1,
6727rin/4

(4.14) ai(n) = Wil %\/2(n=1/24)/3
24/2(n — 1/24)
e—2mi3n/4

T w31 e%*/Q(”*1/24)/3+Hn
24/2(n —1/24)
e3V/2(n—1/24)/3

= w11+ (=) "ws 1) + H
23—tz et () A
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with
—2min/4
2¢/2(n — 1/24)
e_ngn/ZlWS,l 6_% 2(n—1/24)/3

+
2./2(n — 1/24)
e—271'inh/4l

Wh,1
2 2/2l(n — 1/24)

2<I<N/4 0<h<4l
(hA)=1

« (e%./z(n—lm)/g n e—%,/z(n—1/24)/3).

The terms with negative exponents are all < 1, and we bound the terms
with positive exponents at [ = 2 to find that

1
(4.15) |Hyp| < |Gn| + —=

V2
LNZMJ 3 1 V2(n—1/20)]
+ (6% 2(n—1/24 3+1)
S )Lz 22— 1/24)
(h,al)=1

V2 — Vn—1/24
— 3/2
< |Gl + 1 n V2(y/2m(n —1/24)/4) (eg 2(n—1/24)/3 | 1)
V2 Vn—1/24

< 150(n — 1/24)Y4 4 0.71(n — 1/24) /45 V2A=1/24)/3,

(egy/Q(n—1/24)/3 + 1)

Here we have used (3.20) several times.
Finally, we use (3.7) and (3.8) to determine i"wy 1 + (—7)"ws3,1 explicitly.
Recall

Wy = TINS5 AD) (g o) — Z ((d_n)) <<E>>’
7 C C

n (mod c)

and
Jrx—|x|-1/2 fx¢Z,
(=) = {0 if z € Z.

Thus, with a short computation, we find that

Wi = 67”/8, —71'1/8.

)

w31 =¢€
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So
2++v2 ifn=0(
. . —V2-v2 ifn=1(
4.16 i"win + (=) w31 =
(4.16) L (=) s —V2+V2 ifn=2 (mod4
2-+2 ifn=3(
Equality (2.2) now follows from (4.14)-(4.16), with H,, = E(n).

4.2. The quotient %. The proof of (2.3) is very similar to
that of (2.2). In this case, we apply (3.2) with

TIT\ — n __ f(_qg)f(_q?’) _ F(627ri(67—))
9(62 ) - nz::OaQ(n)q - f(_q6) - F(@Qﬂ-i(QT))F(e%Ti(ST))?

and we consider the cases where ged(k, 6) is 1,2, 3, or 6. The transformation
formulas we obtain from (3.13) are listed below.
CASE 1: k£ =1,5 (mod6). We find that
F(e2mi07) (o) —s(ha, ) —s(hs ) o B (52 -2) ,—1/2
(4.17) F(e2miB)) F(e2mi2) ertT R e T

F(eQﬂ'Z”‘/(G,k) (67‘))

% F(e%iws,k)(i’ﬁ))F(eQWi“f(z,k)(QT)) '

CASE 2: k = 2,4 (mod6), so that k = 2k’, (k',3) = 1. Then we have

3h + 3iz 3h + 3iz h+iz
GTZT, T:T, 21 = T
Applying (3.13) we deduce that
2mi(67
(4.18) F(e*mi(67) _ orils(ha k)= (k) —s(ha 2K) o 1 (52— 5) ,—1/2

F(62m'(37') ) F(627ri(27') )
F(e2ﬂ’y(3’k/) (67))

F(627r7:'7(3,2k’) (37) ) F(€27ri,y(1’k/) (27) ) ’

CASE 3: k = 3 (mod 6), so that & = 3k”, k" odd. Then

2h + 2iz h+iz 2h + 2iz
67 = T, 3T = o y 2T = T
Therefore, we find that
2mi(6
(4.19) F(e2m(67)) _ oris(ha k") =s(h k") =s(h2,3k")) , 1357 (52— 5) ,—1/2

F(627ri(3‘r) )F(eQWi(ZT))
F(627Ti’y(2’k//) (67) )

X F(e%”(lvk”)(37))F(e%”(?»?’k”)(%)) ’
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CASE 4: k=0 (mod6), so k = 6l. We have

h+iz h+iz h+iz
67 T 37 5 T 3
Thus,
2mi(67T
(4.20) F(e2m(07) _ gmi(s(h)—s(h.21)~s(h,30) , Ty (2=2) ,-1/2

F(€27ri(37'))F(627ri(27))
F(e27ri'y(1’l)(6’r))
F(eQm‘W(L?l)(37))F(€2WW(1’3Z)(27)) )

We subdivide our integral for as(n) into four pieces, corresponding to
each of these four cases, to obtain

(4.21) ag(n):( )RS DR S DS 3 )

1<k<N 1<k<N 1<k<N 1<k<N
k=41 (mod6) k=£2(mod6) k=3(mod6) k=0 (mod 6)

« Z e~ 2minh/k
0<h<k, (h.k)=1
F(62m‘(67))
S F(62m'(37—) )F(62m'(27—))

h,k

=:51(A1) + S2(A2) + S3(A3) + Sa(Ag),

2mnp ,—2ming
e dy

where

F(627ri(6'r) )
F<627ri(3'r) ) F(627ri(2'r))

Ay = Ay = Ay = Ay =

2mnp 6727ring0

Transform A; with (4.17), Ay with (4.18), and Az with (4.19), and apply
(3.11), (3.12), (3.16), (3.18), and (3.19) to each to find that

F(e 7 Re(g))

F(em % Gy F (e T Rela2))
< 64.6424627r(n71/24)gk71/2N7

e27rng

(4.22)  |Ay| < eor Re(5Z—2) || ~1/2

F<e—27r% Re(i))
F(e_% Re(iﬂ%))F(e_QW% Re(%))
< 60.776806627r(n71/24)9]{;71/2]\7

(4.23)  |Ag| < emaw Re(2 —5) || ~1/2 Q2o

F<e—27r% Re(i))
F(672ﬂ‘% Re(%))F(ef%" Re(é))
< 00T8T3A3 2m(n—1/24) 0 —1/2

(4.24)  |As| < ez Re(52=5)|5|-1/2 Q2o
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By (3.14), the interval &, ;, has length at most 2/kN. Therefore,
(4.25)  [Si] + [S2| + |S5]

< Z Z 946424 ,2m(n—1/24)0}.—3/2
1<k<N  0<h<k, (h,k)=1
k==1 (mod 6)
+ Z Z 260.776806627r(n—1/24)gk—3/2
1<k<N  0<h<k, (h,k)=1
k=%£2 (mod 6)
n Z Z 900787343 27(n—1/24)0}.~3/2
1<k<N  0<h<k, (h,k)=1
k=3 (mod 6)
< 2(64.6424+60.776806+60.0787343) 2m(n—1/24)0 Z k~ 1/2
1<k<N

< (6124 | OTT806  (0.0787343) o2m(n—1/24)0, /7]

Here we have used (3.20) in the last inequality.
To estimate Sy, rewrite it with k& = 6/, so that we have 7 = (h + iz)/6l
and z = (60)(o — ip). Therefore,

F(627ri(6’r))

Z ~2minh/6l S 2mno *2Trimpd
E e , : e e o
2mi(3 273 (2
1<6I<N 1<h<6l e F(e2mi(37)) F(e2mi(27))

(h,61)=1

Applying the transformation formula (4.20) and setting

W;Ll — em’(s(h,l)—s(h,ﬂ)—s(h,3l))7
we find that
Z Z o—2minh/6l S wkleﬁ(i—z)[lﬂ
1<6I<N 1<h<6l &h,6l ’
(h61)=1
y F(e27ri’7(1,l)(67')) (2, —2ming dip
F(62ﬂ'i7(1,2z)(37))F(627Ti7(1,3z)(27)) '
We define
B +iz71
4.26 fi=
( ) T 6l ’

so that for n = 1,2, 3, 6,

Ya,61/n) (n1) = nt',
Thus,
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(4.27) S, = Z Z e—27rinh/61

1<6I<N 1<h<6l
(h,61)=1

s 1_ _ _ .
X S wg’le12<6l)(z ?) ,=1/22mme,, 2ming do

.61
N Z Z o~ 2minh /6l S wz’leﬁ(%ﬁ)z—lﬂ
1<6I<N 1<h<6l &h,61
(h,61)=1
F(GQM(&J)) 2mnoe —2min
_ - ®
x (F(e27ri(37’))F(e27ri(2T’)) L)e € de

We estimate |T5| by noting that
f(=)f(=2%)
f(=4¢%
So |az(n)| < p(n), since it represents the number of partitions of n into

an even number of parts, minus the number of partitions of n into an odd
number of parts, where the parts are distinct and either even or congruent

to 3 (mod 6). Therefore,
2mi (67’
i () F(em®))
F(e27ri(37’))F(e27ri(2T’))
< 626_7; Re(%)/24(F(e_6—2l" Re(%)) o 1)

= (q23q2)00(q35q6)oo-

—T

< /24 _° _)_-1)<o. .
<e <exp<(1_e_ﬂ)2> 1>_00551

Thus, applying (3.14), (3.18), and (3.20), we have

(428) |T2| < Z Z S 0‘05516—(27r/24)(1/6l)Re(z)|z|—1/2627rng de

1<6I<N 1<h<6l & g
(h,61)=1

ST 3 | 0.0551e2m 212N gy

1<6I<N 1<h<6l & 61
(h,61)=1

> > 01102e7 1205/

1<61<N 1<h<6l
(h,61)=1

< 0.2204e2(=1/24)e /N |

IN

IN
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To calculate Ty, we apply (3.21) and (3.22) with k = 61, so that

(429) Ty= Y > e minhllly,

1<6l<N 1<h<6l
(h61)=1

><< mcoshQﬂ %(n—l/%))—l—E(I))

=Dut > > /7_2mnh/%hl < = 1/24)>
1<6I1<N 1<h<61 (n—1/24)

(h,61)=1
where

(430) [Dul< >0 > 1.2828e27(n 12N (n — 1/24) 7

1<6I<N 1<h<6l
(h61)=1

627r(n—1/24)g]\[5/2
n—1/24

Combining (4.21), (4.27), and the estimates in (4.25), (4.28), (4.29), and
(4.30), we obtain

< 1.2828

ag(n)251+52+53+S4ZSl—i-SQ—i-Sg—l—Tl—i—TQ

27rznh/6l
2
= Y Y (5 0120 ) + G
1<6I<N 1§h§61 (n— 1/24

(h,61)=1
where

|Gl < |S1]+ [S2] + [S3] + [T2] + | Dn|
< 416124 | OTT06 | (0.0787343) 2r(n=1/24)0, /7

+0.2204e>7 (= 1200\ /N 41 928286271/ 2e N2 (p — 1 /24) 7!
Set N = /2r(n—1/24),50 o= N2 = m. Therefore,

|G| < e(2m) /44626424 4 460777 4 4098 4 0.2204 4 (27)1.2828}
x (n —1/24)1/4
< 1878.5(n — 1/24)'/4,
We now estimate the main term using [ = 1 and bound the remainder of
the sum. We find that, for n > 1,

e—2min/6 / —27in5/6, |/
(431)  ax(n) = I N YN T e
2 (n - 1/24)
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with

H,| < |Gl + B S VI CRSYETVYE:

3(n— 1/24)
LYY TNV | o~ 5/2n—1/20)]3
2<I<N/6 1<h<6l \/71—71/24 2

(h,61)=1

We apply (3.7) and (3.8) to compute e~ 27"/6u | 4 e=2mn5/6,,L | Recall

Why = em(S(h,l)—s(h,2l)—s(h,3z))’
and so
Wiy = e Tl = /8,
Therefore,
(4.32)

2 cos(m/18) if n =0 (mod6),
2cos(7w/18) if n=1 (mod6),
2cos(137/18) if n =2 (mod6),
( ( )
( ( )

6—27rzn/6wi71_|_6—27rz'n5/6wé7 —

2cos(197/18) if n =3 (mod6),
2cos(117/18) if n =4 (mod6),
2cos(5m/18) if n =15 (mod6).

To find an upper estimate for |H,|, we bound all the terms involving
positive exponents using [ = 2 and those involving negative exponents with
[ =1, so that

1

Hy| < |Gh| + —F/——
[Hal < Gl 3(n — 1/24)

+ Z Z 1 el% 2(n—1/24)/3 +1
a<i=n/6 1<heet V3L — 1/24) 2

(h61)=1
1 Z 6\/ = /2(n—1/24)/ 3.1)
V3(n —1/24) 2 <I=N /6 3(n—1/24)
3vf(‘%vf7772ﬂ__+»m

Gn
< ’+1§§V/6 3(n—1/24)
(N/6)3/2( 12\/ n—1/24)/3 + )

V3(n — 1/24)

<|Gu| + ——

<|Gn| +
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Here we have applied (3.20) in the final inequality. Thus,
(4.33)  |H,| < 1878.5(n — 1/24)/4
| {2m(n —1/20)3/4 3(c V201205 4 )
63/2 3(n — 1/24)
< 0.468(n — 1/24)Y/ 413V 2(=1/24/3 4 1879(n — 1/24)'/4,
With H,, = Es(n), (2.3) follows from (4.31) and (4.33).

4.3. The quotients f(( - ’4)00) qf((:thj’(;f)loo . We now estimate asz(n)

and a4(n), where
- f=d%=¢"") & af (—=¢* —¢")
az(n)q" = ——r—r— ay(n)q" = ~"———
nz:% (—¢*¢%) o ,;) (—¢%¢Y) e

Note that az(2n + 1) = a4(2n) = 0 for all n, since the first quotient
contains only even powers of ¢, and the second contains only odd powers
of ¢. We may treat both of these simultaneously by considering the sum

F(=4% —¢"°) —iqf (=% —q'?)
(—¢% %) '

S(q) :==
Replacing ¢ with iq we obtain

f(@%4") +af(¢*,q")
(_q4; q4)oo
By Entry 31 in Chapter 16 of Ramanujan’s second notebook [6], we have
the following lemma:

LEMMA 4.1. Let U, = a™"tD/2pn(n=1/2 gpd V,, = ¢n(n=D/2pn(n+1)/2
for each integer n. Then

n+r n T
F(UL V1) = ZU f< A )
Applying Lemma 4.1 with (a,b,n) = (¢, ¢%,2), we find that
fla.d®) = (&% d") + af (¢", &)

(4.34) S(iq) =

Thus

o @) S e
(4.35) S = S(iq) = % = gc(n)q ,
with
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Therefore
(4.36) (=1)"¢(2n) = a3(2n),
(4.37) (=1)"e2n +1) = as(2n + 1).

Now we must find an estimate for ¢(n). To that end, we express S as a
quotient of eta-functions and apply the circle method, with ¢ = S in (3.2).
Note that, by the Jacobi Triple Product Identity (3. 3)

f(a.¢°) (=4 4" oo (=% ¢")oo(q"; 4" o

(4.38) R i
_ (%)% (@) _ Fle 2W)F( 2mi(8m))
(€90 (6% ¢®)o0 F(e2C7))2F (e2mi47))’

with 7 as in (3.10). We consider the cases where ged(k,8) is 1, 2, 4, or 8 and
apply the transformation formula (3.13) accordingly.
CASE 1: k is odd. Then
F(e27ri‘r)F(e2m'(87-))
F(e27i(27))2 [ (e2mi(4T) )
mi(s(h.k)+s(hs,k)—2s(ha k)~ s(ha.k)) o 755 (— 55 —2)

(4.39)

=€

1 F(€27T'i’Y(17k)(T))F(e2ﬂ'i"{(8,k)(87))
s V22 F(ezﬂ'i'Y(Q,k)(?T))2F<627F7:’7(4’k)(47')) :

CASE 2: k = 2k’ with k¥’ odd. Then

h+iz h+iz
n __on—1
2 2k 2 kK

whenever n > 1. Therefore

F(e27riT)F(627ri(87'))
F(eZWi(ZT))2F<627ri(4T))
m(s(h,Qk')Jrs(;M,k')—2s(h,k')—s(h2,k'))em(fé—z)

(4.40)

=e
\/— F(e2m 020 (7)) (27000 (B7))
\/_ Fle 2miy(1, k1) (27))2F( 210y (9, k1) (47))
CASE 3: k = 4k" with k” odd. Then
F(62wi‘r)F(€27ri(87—))
F(€27ri(27—))2F(e27ri(47))
_ em’(s(h,4k”)+s(h2,k”)723(h,2k”)fs(h,k”))em(—E—Z)

(4.41)

2miY(1, ap1) (7) 2miy (9 i) (87)
" 2 Fle )F'(e )
\/E F(627T’L"Y(L2kl/)(2’7’))QF(GQF’i’Y<17k//)(4T)) .
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CASE 4: k£ = 8[. Then
F(e27ri‘r)F(627ri(87'))

(442) F(627ri(27'))2F(627ri(47))
_ a0 (2 —2) 1 F(‘f%i’y(l’gl)(ﬂ)F(QZWW(I’Z)(ST))
= Whit ﬁ F(e%i%l,u)(27))2F(62m“{(1,21)(47)) ’
with
w;zll — em’(s(h,Sl)Jrs(h,l)72s(h,4l)fs(h,2l)).

We subdivide the integral for ¢(n) into four pieces corresponding to each
of these four cases to obtain

(4.43) c(n):<z+ )R DY )

1<k<N 1<k<N 1<k<N 1<k<N
kodd k=2(mod4) k=4(mod8) k=0 (mod8)

% Z e—?m’nh/k S FF(ezmT)F(GQM(sT)) 27rnge—27ringo do

oSk ton (627ri(27))2F(627ri(47'))
(h,k)=1

=: Sl(Al) + SQ(AQ) + Sg(Ag) + S4(A4),
where
F(€27ri‘r)F(€27ri(8‘r))

o 27ne  —2mwing
(4.44) 1= F(emiEnyep(emian) ¢

for j =1,2,3,4. Applying (4.39) to Ay, (4.40) to A, and (4.41) to As, and
then using (3.11), (3.12), (3.16), (3.18), and (3.19), we find that

(4.45)  |Ay| < e F Reliozz) e~ 13r Re(2)

_2r 1 _2m 1
i ’Z’_1/2 F<e k RE(Z))F(Q k Re(sz)) e27rng
V2 F(e 7 Re())2 (e % Rela))
g (8638631 ,2m(n—1/24)0 7
- \/5 k1/2 ’
(4.46)  |Ag| < e 2k Relagz) o~ 12wy Re(?)
_2m ol Cam el
> \/§|z|—1/2 F(e k Re(z))F<e k Re(42)) 27mno

F(e~ F R 2 p (e F Re(5))

- 6_0'02868\/§N 62W(n_1/24)
- k1/2

o
)
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—~
83

(4.47)  |As| < e~ ¥ Belafz) o155 Re(?)

_anp 87 Ro( L
X\/§|Z|_1/2 Fe® )F(e kR(zz)) 2mno
Fem FRQRp(e )
< _0863\/_N 27rn 1/24)@
- k1/2

Combining (4.45)-(4.47) with (3.15), we deduce that

[S1(A1)] + [S2(A2)| + |S3(As)|
2 68 .638631 e27r(n—1/24)gN

DD T

1<k<N 0<h<k
kodd (hk)=

92 —002868\/_ 2N 2 1
m(n—1/24)0
+ Z Z EN

k1/2
1<k<N 0<h<k
k=2 (mod 4) (h,k)=1

2 08B oN ,
T Z Z = e o2m(n—1/24)0

k1/2
1<kE<N 0Zh<lk
k=4 (mod 8) (h,k)=1

< Z (V/2 563631 |9\ /5 o=002868 o /5 ,—0.863) 2m(n=1/20)0}~1/2,
1<k<N
Using (3.20), we find that
(448)  [S1(A1)] + [S2(As)] + [S5(As)
< 2\/5 <68.638631 + 26—0.02868 + 26—0.863)627T(n—1/24)g\/ﬁ.
To estimate Sy, set k = 8l, so that we have 7 = (h+i2)/8] and z =

(81)(o — ip). Therefore, when we apply the transformation formula (4.42),
we obtain

_m__(1_
Si(Ay) = Z Z o—2minh/8l S wg’lem(gl)(z 2)

1<8I<N 0<h<8l €n,81
(h,8)=1
X 1 F(e*™asn ™) F(e2™ a0 (E)) 2mngg=2ming 1,
NG F(e27ri’7(1v4l)(27))2F(62ﬂ—i’7(1’2l)(47—)) '
Set

B 4zt

4.49 h=

( ) T 81 ’

so that for n = 1,2,4,8,

Y(1,81/n) (n1) = nt'.
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Thus,
! s 1
(450) S4(A4): Z Z 6—27rznh/81 S W;{’lem(;i'z)
1<8I<N 0<h<8I
G ey i Y

1 F( 27TiT’)F(e2Tri(87"))
(627” (277) )2F(62m'(47'/))

7
— 727rmh/8l
PINDY

0<h<8l
(h,8)=1

e27mge—27rzn<p d(p

% S wgylew(gl)( —z) 1 27mge—27rin<pd(p

\/;
&h,8l
+ Z Z o—2minh/8l S whlelg(gl)(——z)

1<8I<N 0<h<8l En,sl
(h.81)=1

y L F(GQWiT/)F(GQWi(ST/))
\/E F(627ri(27") )QF(eZWiMT’
=T + T5.

)) _ 1) e27rnge—27ringo d(p

Let P, be the set of partitions of n where each part congruent to 4 (mod 8)
appears at most twice, and where the even parts not congruent to 4 (mod 8)
are distinct. For example, the partition 12+ 12+84+3+3+ 342 € P43 but
12+8+6+6+3+3+3+2¢ Py3. Since

_ (@%6*)3(a% Y _ (6%0)o0(0h 0%

(43 D)oo (0% ¢*) o CHE
we see that c(n) represents the number of partitions in P, with an even
number of even parts minus the number of partitions in P, with an odd
number of even parts. Thus, |¢,| < p(n), the ordinary partition function.

Therefore, we have

Tl 33 | et RO

1<8I<N 0<h<8I &, g
(h,81)=1

% ‘F(‘e%m‘r |) . 1’627rng dQO

Let z = [e>™ | = ¢ & & Re(2). Then (3.16) implies that < e™™. Since
2~ 1/?4F(z) — 1] is an increasing function of z, it is maximized at z = e~ 7.
Apply (3.19) to obtain

Y2 F(z) — 1] < 0.0551.



140 O. Chan

Using this in conjunction with (3.18), we find that

N 2n(n—1/24
(4.51) < > Y | 00851 B (n=1/24e g4

1<8I<N 0<h<8l & 5
(h,8l)=1

< > ) 00551 &) 3/2 e2m(n=1/24)e

1<8I<N 0<h<8l
(h8l)=

< 2m(n—1/24)0
> 01102 ———7 (8l)1/2 e
1<8I<N

< 0.2204e2(n=1/24)e /N

Applying (3.21) and (3.22) to 77 with k = 8l, we obtain

(4.52) =D, + Z Z o~ 2minh/8l //l

1<8I<N 0<h<S8I

(h,81)=1
2 T
h —1/24
"\ 8i(n — 1/24) (81 gn—1/ )
where
e27r(n—1/24)gN1/2
4, o < .
(4.53) Dal< > > 1.2828 Y
1<8I<N 0<h<8I
(h,81)=1

27r(n—1/24)g(8l)N1/2

e

< 1.2828

- Z n—1/24
1<8I<N

e27r(n71/24)gN5/2
n—1/24

< 1.2828

Combining (4.48) and (4.51)7(4.53) we find that

—27rznh/8l B
= Z Z ( ( _1/24)>+Gna
1<8I=N 0<hesl V4 (n— 1/24

(h8l)=1
with

G| < [S1(A1)] +[S2(A2)| + [S3(A3)[ + |To| + | Dy
< 2y/3 (363631 | 9 —0.02868 | 9,~0.863) 2n(n—1/20)0, /77
e?ﬂ(n—l/24)gN5/2

1+ 0.2204e27 (1240 /N 1 12828
n—1/24
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Choose N = /2m(n — 1/24), so that o = N72 = Then

2m(n— 1/24)
|G| < e(2V/2 (3038631 4 2o =002868 4 9o =0863) 4 . 9204 + (2)1.2828)
x (2m)Y4(n — 1/24)1/4
< 68792(n — 1/24)"/4,

We now approximate the sum with the [ = 1 term, and find an upper
bound for the remaining terms. Therefore, for n > 1,

1 o 51/2(n—1/24)/3

(4.54) ¢(n) = C_QMM/SWZJ +Hy
O<Zh< . 4(n —1/24) 2
(h,8)=1
with
G Z e—2minh/8 , h ) 6_% 2(n—1/24)/3
H, = + ’
0<hss 4(n —1/24) 2
(h,8)=

Z Z —27rinh/8lw//l e V2n=1/24)/3 | —F\/2(n—1/24)/3
" .
2<I<N/8 0<h<8l (n—1/24) 2

(h,81)=

We compute o p<s (h.8)=1 e~ 2mmh/8 1 using (3.7) and (3.8). Since

w;{,l — eﬂi(s(h,Sl)Jrs(h,l)72s(h,4l)fs(h,2l))7
we find that
Wi = £3mi/16, W = £57i/16, W = ¢—mi/16. W —37i/16
Therefore,
(4.55)
(2(cos(37/16) + cos(57/16))  if n =0 (mod8),
2(cos(m/16) + cos(7m/16)) if n =1 (mod8),
—2(cos(37/16) — cos(b7/16)) if n =2 (mod8),
Z o2 /S 2(cos(m/16) — cos(7m/16)) if n =3 (mod8),
oshes ’ —2(cos(37/16) + cos(bm/16)) if n =4 (mod8),
(h.8)=1 —2(cos(mw/16) 4 cos(7w/16))  if n =5 (mod?8),
2(cos(3m/16) — cos(5w/16))  if n =6 (mod38),
—2(cos(mw/16) — cos(7m/16)) if n =7 (mod8)
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Bounding the terms involving the negative exponents with [ = 1, and the
positive exponents at [ = 2, we see that

1

vn—1/24

(4.56) |Hy| <|Gn|+

D SR et S
2<I<N/8 0<h<8l l(n—1/24) 4
(h,8l)=1
1

< |Gn| +

T

+
2<IZ]:V/8 vin 1/ 24)

<|Gal+ ) Lm(%V (n=1/200/5 4 1)

( 6V 2(n—1/24)/ +1)

1<I<N/8

(N/8)*2 = Saw=ijans
< |Gn| + 7@ (el +1)

340 _ /4
<G+ (2m) (23/21/24) (eT6V2—1728)/3 1)

< 68793(n — 1/24)Y4 4+ 0.1754(n — 1/24) Y/ 1eic V2(n—1/20)/3,

With H,, = E3(n), equalities (2.4) and (2.5) follow from (4.36), (4.37), (4.54),
and (4.56). The proof of Theorem 2.1 is complete. m
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