
ACTA ARITHMETICA120.2 (2005)

Some asymptoti
s for 
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1. INTRODUCTIONIn 1944 F. J. Dyson [8℄ de�ned the rank of a partition to be the largestpart minus the number of parts. If we let N(r, m, n) be the number of par-titions of n with rank 
ongruent to r modulo m, then it was 
onje
tured byDyson, and proved in 1954 by A. O. L. Atkin and H. P. F. Swinnerton-Dyer[5℄, that for all k,
N(k, 5, 5n + 4) =

p(5n + 4)

5
, N(k, 7, 7n + 5) =

p(7n + 5)

7
.These immediately imply two of the famous 
ongruen
es of Ramanujan forthe partition fun
tion, p(5n + 4) ≡ 0 (mod5) and p(7n + 5) ≡ 0 (mod7).However, the 
orresponding statement for the prime 11, namely, 11N(k, 11,

11n + 6) = p(11n + 6), is false. Dyson therefore 
onje
tured the existen
eof the 
rank of a partition, a new statisti
 for whi
h the 
orresponding for-mula would exist and hold for the prime 11. This 
rank was dis
overed byG. E. Andrews and F. G. Garvan in 1987, and is de�ned as follows.Definition 1.1. For a partition π of a positive integer n, let λ(π) bethe largest part of π, let µ(π) be the number of ones in π, and let ν(π) bethe number of parts of π larger than µ(π). Then the 
rank c(π) is de�ned as
c(π) =

{

λ(π) if µ(π) = 0,

ν(π) − µ(π) if µ(π) > 0.If we de�ne, for n > 1, M(m, n) to be the number of partitions of nwith 
rank m, and for n ≤ 1, de�ne M(0, 1) = −1, M(0, 0) = M(1, 1) =
M(−1, 1) = 1, and M(m, 0) = M(m, 1) = 0 otherwise, then it 
an be shown[2℄ that the generating fun
tion for M(m, n) is given by(1.1) ∞

∑

m=−∞

∞
∑

n=0

M(m, n)amqn =
(q; q)∞

(aq; q)∞(q/a; q)∞
,

2000 Mathemati
s Subje
t Classi�
ation: Primary 11P55; Se
ondary 11P82, 11P83.[107℄



108 O. Chanwhere, as usual,(1.2) (a; q)∞ :=
∞
∏

n=0

(1 − aqn),and |q| < 1.Although Ramanujan probably had no knowledge of the 
ranks dis
ov-ered by Andrews and Garvan, on page 179 of his Lost Notebook [11℄, hede�nes a fun
tion F (q) and 
oe�
ients λn by(1.3) F (q) := Fa(q) :=
(q; q)∞

(aq; q)∞(q/a; q)∞
=:

∞
∑

n=0

λnqn.Comparing (1.3) with (1.1) we immediately see that
λn =

∞
∑

m=−∞

M(m, n)am.On pages 179 and 180 of his Lost Notebook, Ramanujan lists ten tablesof values of n for whi
h λn satis�es 
ertain 
ongruen
e properties. In [7℄,Berndt et al. showed that these 
ongruen
es are equivalent to having the
oe�
ients of 
ertain theta fun
tions take on spe
i�
 values. To understandthese equivalent formulations, let us �rst de�ne Ramanujan's general thetafun
tion.Definition 1.2. For |ab| < 1, let(1.4) f(a, b) :=
∞

∑

n=−∞

an(n−1)/2bn(n+1)/2,

and let the fun
tion f(−q) be the 
ase where a = −q and b = −q2. That is,(1.5) f(−q) := f(−q,−q2).The equivalent formulations of Ramanujan's tables are now summarizedin Table 1.One should note that Ramanujan missed the value n = 214 in table 3.Berndt et al., in [7℄, also made the following 
onje
ture regarding thefun
tions(1.6) f(−q)f(−q2)

f(−q4)
,
f(−q2)f(−q3)

f(−q6)
,
f(−q6,−q10)

(−q4; q4)∞
, q

f(−q2,−q14)

(−q4; q4)∞
,
f2(−q)

f(−q3)
.Conje
ture 1.1. For ea
h of the fun
tions in (1.6), there exists a mod-ulus a su
h that for ea
h 0 ≤ b < a, the 
oe�
ients of qan+b of that fun
tionare monotoni
 and stri
tly monotoni
 for su�
iently large n, a

ording toTable 2.
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ranks 109Table 1Table no. Fun
tion N
Values of n for whi
h the 
oe�
ientof qn is equal to N

1
f(−q6,−q10)

(−q4; q4)∞
+ q

f(−q2,−q14)

(−q4; q4)∞
0 2, 8, 9, 10, 11, 15, 19, 21, 22, 25, 26,27, 28, 30, 31, 34, 40, 42, 45, 46, 47, 50,55, 57, 58, 59, 62, 66, 70, 74, 75, 78, 79,86, 94, 98, 106, 110, 122, 126, 130, 142,154, 158, 170, 174, 2062 f(−q6,−q10)

(−q4; q4)∞
1 14, 16, 18, 24, 32, 48, 56, 72, 82, 88, 90,104, 114, 138, 146, 162, 178, 186, 194,202, 210, 218, 226, 234, 242, 250, 2663 f(−q6,−q10)

(−q4; q4)∞
−1 4, 6, 12, 20, 36, 38, 44, 52, 54, 60, 68,76, 92, 102, 118, 134, 150, 166, 182, 190,214, 222, 238, 254, 270, 286, 3024 q

f(−q2,−q14)

(−q4; q4)∞
1 1, 7, 17, 23, 33, 39, 41, 49, 63, 71, 73,81, 87, 89, 95, 105, 111, 119, 121, 127,143, 1595 q

f(−q2,−q14)

(−q4; q4)∞
−1 3, 5, 13, 29, 35, 37, 43, 51, 53, 61, 67,69, 77, 83, 85, 91, 93, 99, 107, 115, 123,139, 1556 f(−q)f(−q2)

f(−q4)
0 11, 15, 217 f(−q2)f(−q3)

f(−q6)
0 1, 6, 8, 13, 14, 17, 19, 22, 23, 25, 33, 34,37, 44, 46, 55, 58, 61, 828 f(−q2)f(−q3)

f(−q6)
1 5, 7, 10, 11, 12, 18, 24, 29, 30, 31, 35,41, 42, 43, 47, 49, 53, 54, 59, 67, 71, 73,85, 91, 97, 1099 f(−q2)f(−q3)

f(−q6)
−1 2, 3, 4, 9, 15, 16, 20, 21, 26, 27, 28, 32,38, 39, 40, 52, 56, 62, 64, 68, 70, 76, 94,106, 118, 13010 f2(−q)

f(−q3)
0 14, 17

Also in [7℄, Garvan made the following stronger 
onje
ture for the fun
-tions f(−q6,−q10)/(−q4; q4)∞ and qf(−q2,−q14)/(−q4; q4)∞:Conje
ture 1.2. De�ne bn by
∞

∑

n=0

bnqn =
f(−q6,−q10)

(−q4; q4)∞
+ q

f(−q2,−q14)

(−q4; q4)∞
.



110 O. ChanTable 2Fun
tion a
Monotoni
 for an + bat least Stri
tly monotoni
 for an + bstri
tly greater than

f(−q)f(−q2)

f(−q4)
4 149 169

f(−q2)f(−q3)

f(−q6)
6 550 580

f(−q6,−q10)

(−q4; q4)∞
8 1262 1374

q
f(−q2,−q14)

(−q4; q4)∞
8 719 759

f2(−q)

f(−q3)
3 95 95

Then
(1.7) (−1)nb4n ≥ 0 for all n ≥ 0,

(−1)nb4n+1 ≥ 0 for all n ≥ 0,

(−1)nb4n+2 ≥ 0 for all n ≥ 0, n 6= 3,

(−1)n+1b4n+3 ≥ 0 for all n ≥ 0.Furthermore, ea
h of these subsequen
es is eventually monotoni
.Andrews and Lewis [3℄ made several 
onje
tures regarding the signs ofthe 
oe�
ients of f2(−q)/f(−q3) and f(−q)f(−q2)/f(−q4). They showedthat, if M(r, m, n) is the number of partitions of n with 
rank 
ongruent to
r (modm), then

∞
∑

n=0

(M(0, 3, n) − M(1, 3, n))qn =
f2(−q)

f(−q3)
,(1.8)

∞
∑

n=0

(M(0, 4, n) − M(2, 4, n))qn =
f(−q)f(−q2)

f(−q4)
.(1.9)They went on to make the following 
onje
tures:Conje
ture 1.3. For all n, we have

M(0, 3, 3n) > M(1, 3, 3n),

M(0, 3, 3n + 1) < M(1, 3, 3n + 1),

M(0, 3, 3n + 2) ≤ M(1, 3, 3n + 2) if n 6= 1.Conje
ture 1.4. For n 6= 5, we have
M(0, 4, n) ≥ M(2, 4, n) if n ≡ 0, 3 (mod4),

M(0, 4, n) ≤ M(2, 4, n) if n ≡ 1, 2 (mod4).
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tures 1.3 and 1.4 are equiv-alent to the following.Conje
ture 1.5. Let a1(n) and a5(n) be the 
oe�
ients of qn in
f(−q)f(−q2)/f(−q4) and f2(−q)/f(−q3) respe
tively. Then for n 6= 5, wehave

a1(n) ≥ 0 if n ≡ 0, 3 (mod4),

a1(n) ≤ 0 if n ≡ 1, 2 (mod4),

a5(n) > 0 if n ≡ 0 (mod3),

a5(n) < 0 if n ≡ 1 (mod3),

a5(n) ≤ 0 if n ≡ 2 (mod3).D. M. Kane [10℄ re
ently found Conje
ture 1.3 to be true by �nding thefollowing asymptoti
 formula for the 
oe�
ients of f2(−q)/f(−q3).Theorem 1.1. For all n ≥ 1, we have(1.10) a5(n) = c5(n)
e

π
3

√
2(n−1/24)/3

√
6
√

n − 1/24
+ E5(n),where(1.11) c5(n) =







1.87 . . . if n ≡ 0 (mod3),

−1.53 . . . if n ≡ 1 (mod3),

−0.347 . . . if n ≡ 2 (mod3),and(1.12) |E5(n)| ≤ 200(n − 1/24)1/4 + 2(n − 1/24)1/4e
π
6

√
2(n−1/24)/3.The estimate (1.12) is given in the proof of Corollary 2 in [10℄. We have
orre
ted a misprint in the exponent of n − 1/24 in the se
ond term, andalso made a trivial improvement in the �rst term, repla
ing the original n1/4by (n − 1/24)1/4. In this paper, we show that Conje
tures 1.1, 1.2, and 1.5are true. 2. MAIN RESULTSWe prove Conje
tures 1.1, 1.2, and 1.5 by �nding asymptoti
 formulasfor the �rst four fun
tions in (1.6). These formulas are summarized in thefollowing theorem.Theorem 2.1. Let a1(n), a2(n), a3(n), a4(n) be the 
oe�
ients of qn inthe expansions of

(2.1)
f(−q)f(−q2)

f(−q4)
,

f(−q2)f(−q3)

f(−q6)
,

f(−q6,−q10)

(−q4; q4)∞
, q

f(−q2,−q14)

(−q4; q4)∞
,respe
tively. Then
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a1(n) = c1(n)

e
π
4

√
2(n−1/24)/3

2
√

2(n − 1/24)
+ E1(n),(2.2)

a2(n) = c2(n)
e

π
6

√
2(n−1/24)/3

2
√

3(n − 1/24)
+ E2(n),(2.3)

a3(2n) = (−1)nc3(2n)
e

π
8

√
2(2n−1/24)/3

4
√

2n − 1/24
+ E3(2n),(2.4)

a4(2n + 1) = (−1)n+1c3(2n + 1)
e

π
8

√
2(2n+1−1/24)/3

4
√

2n + 1 − 1/24
+ E3(2n + 1),(2.5)

a3(2n + 1) = a4(2n) = 0,(2.6)where c1(n), c2(n), and c3(n) are approximately
c1(n) =

{

(−1)n/2(1.847759 . . .) if n ≡ 0 (mod2),

(−1)(n+1)/2(0.765366 . . .) if n ≡ 1 (mod2),
(2.7)

c2(n) =











(−1)n/3(1.9696155 . . .) if n ≡ 0 (mod3),

(−1)(n−1)/3(0.6840402 . . .) if n ≡ 1 (mod3),

(−1)(n−2)/3(−1.2855752 . . .) if n ≡ 2 (mod3),

(2.8)
c3(n) =



















(−1)n/4(2.77407969 . . .) if n ≡ 0 (mod4),

(−1)(n−1)/4(2.3517512 . . .) if n ≡ 1 (mod4),

(−1)(n−2)/4(−0.5517987 . . .) if n ≡ 2 (mod4),

(−1)(n−3)/4(1.5713899 . . .) if n ≡ 3 (mod4),

(2.9)
and

|E1(n)| ≤ 150(n − 1/24)1/4 + 0.71(n − 1/24)1/4e
π
8

√
2(n−1/24)/3,(2.10)

|E2(n)| ≤ 1879(n − 1/24)1/4 + 0.468(n − 1/24)1/4e
π
12

√
2(n−1/24)/3,(2.11)

|E3(n)| ≤ 68793(n − 1/24)1/4 + 0.1754(n − 1/24)1/4e
π
16

√
2(n−1/24)/3.(2.12)We 
an now easily derive the following 
orollary.Corollary 2.1.1. Conje
tures 1.1 and 1.2 are true. In parti
ular , thesubsequen
es {(−1)nb4n}∞n=0 and {(−1)nb4n+2}∞n=0 are stri
tly monotoni
 for

n ≥ 362, and the subsequen
es {(−1)nb4n+1}∞n=0 and {(−1)nb4n+3}∞n=0 arestri
tly monotoni
 for n ≥ 246.Proof. It is easy to see, from (1.12) and (2.10)�(2.12), that
|E1(n)| ≤ E∗

1(n) :=

{

300(n − 1/24)1/4 if n < 278,

1.42(n − 1/24)1/4e
π
8

√
2(n−1/24)/3 if n ≥ 278,
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|E2(n)| ≤ E∗

2(n) :=

{

3758(n − 1/24)1/4 if n < 1506,

0.936(n − 1/24)1/4e
π
12

√
2(n−1/24)/3 if n ≥ 1506,

|E3(n)| ≤ E∗
3(n) :=

{

137586(n − 1/24)1/4 if n < 6454,

0.3508(n − 1/24)1/4e
π
16

√
2(n−1/24)/3 if n ≥ 6454,

|E5(n)| ≤ E∗
5(n) :=

{

400(n − 1/24)1/4 if n < 117,

4(n − 1/24)1/4e
π
6

√
2(n−1/24)/3 if n ≥ 117.Let us �rst 
onsider Conje
ture 1.1 for a1(n). Write a1(n) = f1(n) +

E1(n). It is 
lear from (2.2) and (2.7) that f1(n) and f1(n + 4) have thesame sign. Consider
f ′
1(n) = c1(n)

e
π
4

√
2(n−1/24)/3

2
√

2(n − 1/24)

(

π

8

√

2

3
− 1

2
√

n − 1/24

)

.Note that the expression in bra
kets is positive for n > 3 and stri
tly in-
reasing. Also, the fra
tion in front of the bra
kets is stri
tly in
reasing for
n > 10. Therefore, |f1(n)/c1(n)| is 
on
ave up for n > 10 and so we have

(−1)⌊(n+1)/2⌋(a1(n + 4) − a1(n)) > 0whenever(2.13) |4f ′
1(n)| > |E∗

1(n + 4)| + |E∗
1(n)|.Sin
e π

8

√

2
3 − 1

2
√

n−1/24
> 0.2 when n ≥ 20, and √

x + a ≤ √
x +

√
a, wehave, from (2.7),

|4f ′
1(n)| ≥ 0.2259

e
π
4

√
2(n−1/24)/3

n − 1/24and
5.7(n − 1/24)1/4e

π
8

√
2(n−1/24)/3 ≥ 5.393(n + 4 − 1/24)1/4e

π
8

√
2(n−1/24)/3

≥ 2|E∗
1(n + 4)| > |E∗

1(n + 4)| + |E∗
1(n)|whenever n ≥ 278. If u = (π/8)

√

2(n − 1/24)/3, then (2.13) would be im-plied by the 
ondition(2.14) eu > 433.44u5/2.Note that if u0 ≥ 5/2, then eu0 > Cu
5/2
0 implies eu > Cu5/2 for all u ≥ u0.Thus it is easily veri�ed that (2.14) is true for all u ≥ 12.5. This 
orrespondsto n ≥ 1520.Similarly, we let a2(n) = f2(n) + E2(n) and see that

(−1)⌊(n+1)/3⌋(a2(n + 6) − a2(n)) > 0whenever(2.15) |6f ′
2(n)| > |E∗

2(n + 6)| + |E∗
2(n)|.



114 O. ChanUsing (2.3) and (2.8), and the fa
t that π
12

√

2
3 − 1

2
√

n−1/24
> 0.2137 when

n ≥ 200, we �nd that
|6f ′

2(n)| > 0.211366
e

π
8

√
2(n−1/24)/3

n − 1/24
.We also �nd that, for n ≥ 1506,

3.6(n − 1/24)1/4e
π
12

√
2(n−1/24)/3 ≥ 2|E∗

2(n + 6)| > |E∗
2(n + 6)| + |E∗

2(n)|.If v = (π/12)
√

2(n − 1/24)/3, then (2.15) is true whenever n ≥ 1506 and(2.16) ev > 806.232v5/2.This holds for v ≥ 13.2, 
orresponding to n ≥ 3814.Now we let a5(n) = f5(n) + E5(n), and sin
e ⌊(2n + 1)/3⌋ is even if andonly if n is divisible by 3, we �nd that
(−1)⌊(2n+1)/3⌋(a5(n + 3) − a5(n)) > 0whenever(2.17) |3f ′

5(n)| > |E∗
5(n + 3)| + |E∗

5(n)|.We apply (1.10) and (1.11), and be
ause π
6

√

2
3 − 1

2
√

n−1/24
> 0.315 when

n ≥ 20, we dedu
e that
|3f ′

5(n)| > 0.1341
e

π
3

√
2(n−1/24)/3

n − 1/24
.We also �nd that, for n ≥ 117,

17.2(n − 1/24)1/4e
π
6

√
2(n−1/24)/3 ≥ 2|E∗

5(n + 3)| > |E∗
5(n + 3)| + |E∗

5(n)|.If w = (π/6)
√

2(n − 1/24)/3, then (2.17) is true whenever n ≥ 117 and(2.18) ew > 1073.3w5/2.This holds whenever w ≥ 13.5, 
orresponding to n ≥ 998.To prove Conje
ture 1.1 for a3(n) and a4(n), we will prove Conje
ture 1.2with an expli
it bound for monotoni
ity. Let, as in Conje
ture 1.2, b2n :=
a3(2n) = f3(2n) + E3(2n), b2n+1 := a4(2n + 1) = f3(2n + 1) + E3(2n + 1).By (2.4), (2.5), and (2.9) we see the f3(n) has the appropriate signs for Con-je
ture 1.2 to hold. Thus, we see that the subsequen
es (1.7) are in
reasingwhenever(2.19) |4f ′

3(n)| > |E∗
3(n + 4)| + |E∗

3(n)|.
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e π
16

√

2
3 − 1

2
√

n−1/24
> 0.1445 when n ≥ 1000, we �nd that

|4f ′
3(n)| >























0.092
e

π
8

√
2(n−1/24)/3

n − 1/24
if n is even,

0.2622
e

π
8

√
2(n−1/24)/3

n − 1/24
if n is odd.Also, sin
e (4/n)1/4 ≤ 0.1582 when n ≥ 6400, we have, for n ≥ 6454,

1.125(n − 1/24)1/4e
π
16

√
2(n−1/24)/3 ≥ 2E∗

3(n + 4) > E∗
3(n + 4) + E∗

3(n).If y = (π/16)
√

2(n − 1/24)/3, then (2.19) is true whenever n ≥ 6454 and(2.20) ey >

{

1188.24y5/2 if n is even,
416.93y5/2 if n is odd.We easily 
he
k that (2.20) holds for y ≥ 13.7 for n even, 
orresponding to

n ≥ 7303, and y ≥ 12.5 for n odd, 
orresponding to n ≥ 6080. It is nowa simple matter to verify Conje
tures 1.1 and 1.2 up to the values of n wehave 
omputed here. We have 
arried out the 
omputations in the 
omputeralgebra system PARI-GP version 2.0.20(beta) and found both 
onje
turesto be true.The following 
orollaries are now easily shown.Corollary 2.1.2. Ramanujan's 10 tables are 
omplete.Proof. By Corollary 2.1.1, we need to 
he
k Ramanujan's tables up to thevalues of n where the 
oe�
ients are stri
tly monotoni
; after that, mono-toni
ity ensures the 
oe�
ients are bounded away from 0, 1, and −1. Wehave veri�ed the tables in PARI-GP 2.0.20(beta) and found them to be
omplete.Corollary 2.1.3. Conje
ture 1.5 is true.Proof. We have veri�ed the 
onje
ture up to n = 169 using PARI-GP2.0.20(beta). The monotoni
ity 
ondition of Conje
ture 1.1 guarantees the
oe�
ients of f(−q)f(−q2)/f(−q4) have the 
orre
t sign for n > 169.
3. THE METHOD OF PROOFWe apply the 
ir
le method to prove Theorem 2.1. The approa
h willfollow the method used by Radema
her (see Andrews [1, Chapter 5℄) andthe modi�
ation by Kane [10℄. To obtain an estimate for the 
oe�
ient a(n)of sn in the series expansion of a fun
tion g(s) =

∑∞
n=0 a(n)sn, we apply the



116 O. Chanresidue theorem to �nd that(3.1) a(n) =
1

2πi

L
|s|=r

g(s)

sn+1
ds,

where we have integrated along the positively oriented 
ir
le of radius r. Wethen apply a transformation formula to the integrand and evaluate a mainterm and estimate an error term. The details now follow.3.1. Farey ar
s and 
hanges of variables. We integrate (3.1) overa 
ir
le of radius r = e−2π/N2
= e−2π̺ for some N > 0 to be determined.We let s = re2πiθ = e−2π̺+2πiθ. Make the substitution θ = h/k + ϕ on ea
hFarey ar
 
entred at e2πih/k, where h/k is a Farey fra
tion of order N , andthe endpoints of ea
h ar
 are the mediants of 
onse
utive Farey fra
tions oforder N . That is, if h/k and h′/k′ are a pair of 
onse
utive Farey fra
tionsof order N , then their mediant is de�ned to be the fra
tion (h+h′)/(k+k′).Let ξh,k = [−θ′h,k, θ

′′
h,k] represent the interval that ϕ passes through on thatar
, where θ′h,k, θ

′′
h,k are the positive distan
es from h/k to its neighbouringmediants. Then we have

ds = 2πie−2π̺e2πih/ke2πiϕdϕ,so that
a(n) =

∑

0≤h≤k≤N
(h,k)=1

e−2πinh/k
\

ξh,k

g(e2πi(h/k+i̺+ϕ))e2πn̺e−2πinϕ dϕ.

If we set z = k(̺ − iϕ) and τ = (h + iz)/k, then our integral be
omes
a(n) =

∑

0≤h≤k≤N
(h,k)=1

e−2πinh/k
\

ξh,k

g(e2πi(h+iz)/k)e2πn̺e−2πinϕ dϕ(3.2)
=

∑

0≤h≤k≤N
(h,k)=1

e−2πinh/k
\

ξh,k

g(e2πiτ )e2πn̺e−2πinϕ dϕ.

3.2. The Dedekind eta-fun
tion and its transformation formula.It is useful to work with the theta fun
tion f(a, b), de�ned in (1.4), in itsprodu
t form, given by the famous Ja
obi Triple Produ
t Identity [6, Chapter16, Entry 19℄,(3.3) f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞.From (3.3) it easily follows that(3.4) f(−q) = (q; q3)∞(q2; q3)∞(q3; q3)∞ = (q; q)∞.
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ranks 117We set q = e2πiτ , with Im(τ) > 0, and de�ne the Dedekind eta-fun
tionby(3.5) η(τ) := q1/24(q; q)∞.We use the following transformation formula of η(τ) to transform the quo-tients (2.1) on ea
h of the Farey ar
s. For a proof of the transformationformula, see [4, pp. 52�61℄.Lemma 3.1. Let Γ = SL2(Z). Then for γ =
(

a b
c d

)

∈ Γ , c > 0, we have(3.6) η(γτ) = e−πis(d,c)eπi(a+d)/(12c)
√

−i(cτ + d) η(τ),where s(d, c) is the Dedekind sum given by(3.7) s(d, c) :=
∑

n (mod c)

((

dn

c

))((

n

c

))

,with(3.8) ((x)) :=

{

x − ⌊x⌋ − 1/2 if x /∈ Z,

0 if x ∈ Z,and the square root is taken on the prin
ipal bran
h, with z1/2 > 0 for z > 0.Setting
F (e2πiτ ) :=

1

(q; q)∞
=

1

f(−q)
=

eπiτ/12

η(τ)
,we use (3.6) to obtain the transformation formula

(3.9) F (e2πiτ ) = eπi(τ−γτ)/12e−πis(d,c)eπi(a+d)/(12c)
√

−i(cτ + d)F (e2πiγτ ).Sin
e we use (3.9) on the Farey ar
s, the γ ∈ Γ we 
hoose on ea
h ar
depends on the pair (h, k), where gcd(h, k) = 1. Suppose we are given su
ha pair. Then for (n, k) = 1, let hn = nh and 
hoose an integer h′
n su
h that

h′
nhn ≡ −1 (mod k), with hnh′

n − bnk = −1. Note that h1 = h, and de�ne
h′

1 = h′. Setting
γ(n,k) :=

(

h′
n −bn

k −hn

)

∈ Γand re
alling that(3.10) τ =
h + iz

k
,we obtain

γ(n,k)(nτ) =
h′

n
hn+inz

k − bn

k hn+inz
k − hn

=
h′

nhn − bnk + inh′
nz

k(inz)

=
h′

n + i(nz)−1

k
.
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ular, we have(3.11) Im(γ(n,k)(nτ)) =
1

k
Re

(

1

nz

)

.Further, we also have, for k = ml,(3.12) Im(γ(n,l)(mnτ)) =
1

l
Re

(

1

nz

)

=
m

k
Re

(

1

nz

)

.Thus (3.9) yields, for (n, k) = 1,
(3.13) F (e2πinτ ) = e

πi
12

( hn+inz

k
−

h′

n+i(nz)−1

k
)e−πis(−hn,k)eπi(h′

n−hn)/(12k)

×
√

−i

(

k
hn + inz

k
− hn

)

F (e2πiγ(n,k)(nτ))

= e
π

12k
( 1

nz
−nz)eπis(hn,k)√nz F (e2πiγ(n,k)(nτ)).3.3. Bounds on z, ϕ, and other quantities. We use the followingestimates in the 
ourse of the proof of Theorem 2.1. We begin with upper andlower bounds for the distan
e between a Farey fra
tion and its neighbouringmediants. For a proof, see a standard text in number theory, for example,Hardy and Wright [9, pp. 23�31℄.In all that follows, we assume that 0 ≤ h ≤ k ≤ N and (h, k) = 1. So wehave(3.14) L1 :=

1

2kN
≤ θ′h,k, θ′′h,k ≤ 1

kN
=: L2.This implies that(3.15) |ϕ| ≤ 1

kN
.Therefore we have

2π

k
Re

(

1

mz

)

=
2π

mk2
Re

(

1

̺ − iϕ

)

=
2π

mk2

̺

̺2 + ϕ2

≥ 1

mk2

2πN−2

N−4 + k−2N−2

=
1

m

2π

k2N−2 + 1
≥ 1

m

2π

1 + 1
≥ π

msin
e k ≤ N . That is,(3.16) 2π

k
Re

(

1

mz

)

≥ π

m
.We also have(3.17) Im(τ) =

1

k
Re(z) = ̺ =

1

N2
> 0
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ranks 119and(3.18) |z|−1/2 =
1

k1/2

1

(̺2 + ϕ2)−1/4
≤ 1

k1/2̺1/2
= k−1/2N.Finally, we note that, for x real, 0 < x < 1, we have

log(F (x)) =

∞
∑

n=1

− log(1 − xn) =

∞
∑

n=1

∞
∑

m=1

xnm

m

=
∞

∑

n=1

xn
∑

d|n

1

d
≤

∞
∑

n=1

nxn =
x

(1 − x)2
.

So, we �nd that for any y with Im(y) > 0,
∣

∣

∣

∣

1

F (e2πiy)

∣

∣

∣

∣

=
∞
∏

n=1

|(1 − e2πiny)| ≤
∞
∏

n=1

(1 + |e2πiny|)

≤
∞
∏

n=1

1

1 − |e2πiny| = F (|e2πiy|) = F (e−2π Im(y))

≤ exp

(

e−2π Im(y)

(1 − e−2π Im(y))2

)

.That is,(3.19) ∣

∣

∣

∣

1

F (e2πiτ )

∣

∣

∣

∣

≤ F (|e2πiτ |) ≤ exp

(

e−2π Im(τ)

(1 − e−2π Im(τ))2

)

.We also use the following trivial bound repeatedly:(3.20) N
∑

k=1

kn ≤
{

Nn+1 if n ≥ 0,
1

n+1Nn+1 if −1 < n < 0.3.4. Evaluating an integral. We need the following key lemma.Lemma 3.2. Let (h, k) = 1 and de�ne
I :=

\
ξh,k

e
π

12k
( 1

z
−z)z−1/2e2πn̺e−2πiϕ dϕ.

Then(3.21) I =

√

2

k(n − 1/24)
cosh

(

π

k

√

2

3
(n − 1/24)

)

+ E(I),where(3.22) |E(I)| ≤ 1.2828
e2π(n−1/24)̺N1/2

n − 1/24
.



120 O. ChanProof. First, we make a 
hange of variable w = z/k = ̺ − iϕ. So idw =
dϕ and −2πinϕ = 2πn(w − ̺). Then we have

I =

̺−iθ′′
h,k\

̺+iθ′
h,k

e
π
12

1
k2w e−

π
12

w(kw)−1/2e2πn̺e2πn(w−̺)i dw

=
1

2πi

̺+iθ′
h,k\

̺−iθ′′
h,k

2πe
π
12

1
k2w e−

π
12

w(kw)−1/2e2πnw dw.

Sin
e the absolute value of the integrand tends to 0 exponentially as
Re(w) tends to −∞, we may write I as
(3.23) I =

1

2πi

(

(0+)\
−∞

−
̺−iθ′′

h,k\
−∞−iθ′′

h,k

+

̺+iθ′
h,k\

−∞+iθ′
h,k

)

2πe
π
12

1
k2w

× (kw)−1/2e2π(n−1/24)w dw

=: J1 − J2 + J3,where J1 is integrated around the 
ontour starting from −∞ − iθ′′h,k, andlooping around the origin, oriented in the positive dire
tion.To bound J2 and J3, we note that on the lines w = x + iθ, −∞ < x ≤ ̺,
θ ∈ {±θ′h,k,±θ′′h,k}, we have

1

2kN
≤ |θ| ≤ 1

kN
, |e2π(n−1/24)w| ≤ e2π(n−1/24)x,

Re

(

π

12(k2)w

)

=
π

12(k2)

x

x2 + θ2
≤ xπ

12(k2)θ2

≤ π̺

12(k2)(2kN)−2
≤ π̺N2

3
=

π

3
,and

|w|−1/2 ≤ |x2 + θ2|−1/4 ≤ |θ|−1/2 ≤
√

2kN.So, for j = 2, 3, we �nd that
|Jj| ≤

1

2π

\̺
−∞

2π√
k

eπ/3
√

2kN e2π(n−1/24)x dx(3.24)
=

eπ/3
√

2N

2π(n − 1/24)
e2π(n−1/24)̺ ≤ 0.6414

e2π(n−1/24)̺N1/2

n − 1/24
.
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ranks 121To evaluate J1, we expand exp
(

π
12k2w

) in a power series about the origin,so that
J1 =

1

2πi

(0+)\
−∞

2π√
k

w−1/2e2π(n−1/24)w
∞

∑

m=0

(

π
12

1
k2w

)m

m!
dw.Now we make a 
hange of variable x = 2π(n − 1/24)w, and inter
hangethe order of summation and integration (say, by the dominated 
onvergen
etheorem). Thus,

J1 =
2π√

k

∞
∑

m=0

(

π

12k2

)m

(2π(n − 1/24))m+1/2−1 1

2πi

(0+)\
−∞

exx−m−1/2

m!
dx.To evaluate ea
h integral, we use Hankel's loop integral formula [12,p. 245℄, whi
h states that for s /∈ Z,

1

Γ (s)
=

1

2πi

(0+)\
−∞

ezz−s dz.Therefore,
J1 =

2π√
k

∞
∑

m=0

(

π2(n − 1/24)

6k2

)m 1
√

2π(n − 1/24)

1

m!Γ (m + 1/2)
.Applying the fun
tional equation Γ (n + 1) = nΓ (n), and Γ (1/2) =
√

π, we�nd that
J1 =

2π√
k

∞
∑

m=0

(

π2(n − 1/24)

6k2

)m 1
√

2π(n − 1/24)

22m

(2m)!Γ (1/2)
(3.25)

=

√
2

√

k(n − 1/24)

∞
∑

m=0

(

√

4π2(n − 1/24)

6k2

)2m 1

(2m)!

=

√

2

k(n − 1/24)
cosh

(

π

k

√

2

3
(n − 1/24)

)

.The lemma now follows from (3.23)�(3.25).
4. PROOF OF THEOREM 2.1We now prove (2.2) in detail. The proofs of (2.3)�(2.5) are similar.4.1. The quotient f(−q)f(−q2)

f(−q4)
. We apply (3.2) with

g(e2πiτ ) =

∞
∑

n=0

a1(n)qn =
f(−q)f(−q2)

f(−q4)
=

F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))
.



122 O. ChanHere τ is as in (3.10). We 
onsider the three 
ases where gcd(k, 4) is 1, 2,or 4, and transform g a

ordingly.
Case 1: k is odd. Then we have, by (3.13),(4.1) F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))
= eπi(s(h4,k)−s(h2,k)−s(h,k))e

π
12k

( 1
4z

− 1
2z

− 1
z
−4z+2z+z)

×
√

4z√
2z

√
z

F (e2πiγ(4,k)(4τ))

F (e2πiγ(1,k)(τ))F (e2πiγ(2,k)(2τ))

= eπi(s(h4,k)−s(h2,k)−s(h,k))
√

2 e
π

12k
(−5

4z
−z)z−1/2

× F (e2πiγ(4,k)(4τ))

F (e2πiγ(1,k)(τ))F (e2πiγ(2,k)(2τ))
.

Case 2: k ≡ 2 (mod4). We write k = 2k′ with k′ odd. Then we have
4τ =

4h + 4iz

2k′
, so that 2τ =

h + iz

k′
.Thus, applying (3.13), we �nd that

(4.2)
F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))

= eπi(s(h2,k′)−s(h,k′)−s(h,2k′))e
π

12k′
( 1
2z

− 1
z
−2z+z)− π

12(2k′)
( 1

z
−z)

×
√

2z√
z
√

z

F (e2πiγ(2,k′)(4τ))

F (e2πiγ(1,2k′)(τ))F (e2πiγ(1,k′)(2τ))

= eπi(s(h2,k′)−s(h,k′)−s(h,2k′))
√

2 e
π

12k′
(−1

z
− z

2
)z−1/2

× F (e2πiγ(2,k′)(4τ))

F (e2πiγ(1,2k′)(τ))F (e2πiγ(1,k′)(2τ))
.

Case 3: k ≡ 0 (mod4). We write k = 4l. We similarly obtain from (3.13):
(4.3)

F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))

= eπi(s(h,l)−s(h,2l)−s(h,4l))e
π

12k′′
( 1

z
−z)− π

12(2l)
( 1

z
−z)− π

12(4l)
( 1

z
−z)

×
√

z√
z
√

z

F (e2πiγ(1,l)(4τ))

F (e2πiγ(1,4l)(τ))F (e2πiγ(1,2l)(2τ))

= eπi(s(h,l)−s(h,2l)−s(h,4l))e
π

12(4l)
( 1

z
−z)

z−1/2

× F (e2πiγ(1,l)(4τ))

F (e2πiγ(1,4l)(τ))F (e2πiγ(1,2l)(2τ))
.
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ranks 123We now subdivide our integral for a1(n) into 3 pie
es, namely,
a1(n) =

(

∑

1≤k≤N
k odd

+
∑

1≤k≤N
k≡2 (mod 4)

+
∑

1≤k≤N
k≡0 (mod 4)

)

∑

0≤h≤k
(h,k)=1

e−2πinh/k(4.4)
×
\

ξh,k

F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))
e2πn̺e−2πinϕ dϕ

=: S1(A) + S2(A) + S3(A),with
A =

F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))
e2πn̺ e−2πinϕ.For the values of k in S1, we apply the transformation formula (4.1) to

A so that
A = eπi(s(h4,k)−s(h2,k)−s(h,k))

√
2 e

π
12k

(−5
4z

−z)z−1/2

× F (e2πiγ(4,k)(4τ))

F (e2πiγ(1,k)(τ))F (e2πiγ(2,k)(2τ))
e2πn̺e−2πinϕ.Using (3.11), (3.16), (3.18), and (3.19), we �nd that

|A| ≤
√

2F (e−2π(1/k)Re(1/(4z)))F (e−2π(1/k)Re(1/(2z)))F (e−2π(1/k)Re(1/z))

× e−
5(2π)

k
Re( 1

96z
)e−

2π
24k

Re(z)|z|−1/2e2πn̺

≤
√

2 exp

(

e−π/4

(1 − e−π/4)2
+

e−π/2

(1 − e−π/2)2
+

e−π

(1 − e−π)2

)

× e−5π/96e−2π̺/24k−1/2Ne2πn̺

≤ e1.756e2π(n−1/24)̺k−1/2N.By (3.14), the length of the interval ξh,k is at most 2/kN . So we have
|S1| ≤

∑

1≤k≤N
k odd

∑

1≤h≤k

\
ξh,k

e1.756e2π(n−1/24)̺k−1/2N dϕ(4.5)
≤

∑

1≤k≤N
k odd

∑

1≤h≤k

e1.756e2π(n−1/24)̺ 2

k3/2

≤ 2e1.756e2π(n−1/24)̺
∑

1≤k≤N

k−1/2

≤ 4e1.756e2π(n−1/24)̺N1/2,where we have used (3.20) in the last inequality.



124 O. ChanSimilarly, for values of k in S2, we apply (4.2) to obtain
A = eπi(s(h2,k′)−s(h,k′)−s(h,2k′))

√
2 e

π

12k′
(−1

z
− z

2
)z−1/2

× F (e2πiγ(2,k′)(4τ))

F (e2πiγ(1,2k′)(τ))F (e2πiγ(1,k′)(2τ))
e2πn̺e−2πinϕ.

By (3.11), we have
Im(γ(n,k′)(2nτ)) =

1

k′
Re

(

1

nz

)

=
2

k
Re

(

1

nz

)

.Therefore, by (3.16), (3.18), and (3.19), we �nd that
|A| ≤

√
2 F (e−2π(2/k)Re(1/(2z)))F (e−2π(2/k)Re(1/z))F (e−2π(1/k)Re(1/z))

× e−
2π
k

Re( 1
12z

)e−
2π
24k

Re(z)|z|−1/2e2πn̺

≤
√

2 exp

(

e−2π/2

(1 − e−2π/2)2
+

e−2π

(1 − e−2π)2
+

e−π

(1 − e−π)2

)

× e−π/12 1√
k̺

e2π(n+1/24)̺

≤ e−0.1655e2π(n−1/24)̺k−1/2N,so that we have
|S2| ≤

∑

1≤k≤N
k≡2 (mod 4)

∑

1≤h≤k

2e−0.1655e2π(n−1/24)̺k−3/2(4.6)
≤ 4e−0.1655e2π(n−1/24)̺N1/2.To estimate S3, we rewrite it in the form

S3 =
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4l
\

ξh,4l

F (e2πi(4τ))

F (e2πiτ )F (e2πi(2τ))
e2πn̺e−2πinϕ dϕ,

where τ = (h + iz)/4l, z = (4l)(̺ − iϕ), and re
all that k = 4l. De�ne
ωh,l := eπi(s(h,l)−s(h,2l)−s(h,4l)),(4.7)

τ ′ := γ(1,4l)(τ) =
h′ + iz−1

4l
.(4.8)Note that, for n = 1, 2, 4,

γ(1,4l/n)(nτ) =
h′ + iz−1

l
= nτ ′.
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S3 =

∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4l
\

ξh,4l

ωh,l e
π

12(4l)
( 1

z
−z)

z−1/2(4.9)
× F (e2πiγ(1,l)(4τ))

F (e2πiγ(1,4l)(τ))F (e2πiγ(1,2l)(2τ))
e2πn̺e−2πinϕ dϕ

=
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4l
\

ξh,4l

ωh,l e
π

12(4l)
( 1

z
−z)

z−1/2

× F (e2πi(4τ ′))

F (e2πiτ ′)F (e2πi(2τ ′))
e2πn̺e−2πinϕ dϕ

=
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4l

×
\

ξh,4l

ωh,l e
π

12(4l)
( 1

z
−z)

z−1/2e2πn̺e−2πinϕ dϕ

+
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4l
\

ξh,4l

ωh,l e
π

12(4l)
( 1

z
−z)

z−1/2

×
(

F (e2πi(4τ ′))

F (e2πiτ ′)F (e2πi(2τ ′))
− 1

)

e2πn̺e−2πinϕ dϕ

=: T1 + T2.The main term arises from T1, and we give a bound for T2. Note that
|e2πiτ ′ | = e−

2π
4l

Re(1/z),and
F (q4)

F (q)F (q2)
=

(q; q)∞(q2; q2)∞
(q4; q4)∞

= (q; q)∞

∞
∏

n=1

(1 − q4n−2).Thus a1(n) represents the number of partitions of n into an even numberof parts minus the number of partitions of n into an odd number of parts,where ea
h part is 
hosen from a restri
ted set (namely, the parts are distin
tex
ept possibly for those 
ongruent to 2 (mod4), whi
h may be repeated atmost on
e). Thus, we have |a1(n)| ≤ p(n), the total number of partitions of
n, and so
∣

∣

∣

∣

(

F (e2πi(4τ ′))

F (e2πiτ ′)F (e2πi(2τ ′))
− 1

)∣

∣

∣

∣

≤
∣

∣

∣

∞
∑

n=0

ane2πinτ ′ − 1
∣

∣

∣
≤

∞
∑

n=0

p(n)|e2πinτ ′| − 1

= F (|e2πiτ ′ |) − 1.
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∣

∣

∣

∣

e
π

12(4l)
( 1

z
)
(

F (e2πi(4τ ′))

F (e2πiτ ′)F (e2πi(2τ ′))
− 1

)∣

∣

∣

∣

≤ e
2π
4l

Re(1/z)/24(F (e−
2π
4l

Re(1/z)) − 1).

=
F (x) − 1

x1/24
,where x = e−

2π
4l

Re(1/z). Note that x−1/24(F (x)− 1) is an in
reasing fun
tionin x. Now, by (3.16), x ≤ e−π, so by (3.19) we see that
F (x) ≤ exp

(

e−π

(1 − e−π)2

)

≤ 1.049.Thus,
∣

∣

∣

∣

e
π

12(4l)
( 1

z
)
(

F (e2πi(4τ ′))

F (e2πiτ ′)F (e2πi(2τ ′))
− 1

)∣

∣

∣

∣

≤ F (x) − 1

x1/24

≤ (1.049 − 1)eπ/24 ≤ 0.0551.So we have
|T2| ≤

∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

\
ξh,4l

0.0551e
− π

12(4l)
Re(z)|z|−1/2e2πn̺ dϕ(4.10)

≤
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

\
ξh,4l

0.0551e−2π̺/24(4l)−1/2Ne2πn̺ dϕ

≤
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

0.0551e2π(n−1/24)̺ 2

(4l)3/2

≤
∑

1≤4l≤N

0.0551e2π(n−1/24)̺ 2

(4l)1/2
≤ 0.2204e2π(n−1/24)̺N1/2.

We now turn our attention to 
al
ulating T1. Applying (3.21) and (3.22)with k = 4l, we �nd that
T1 =

∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4lωh,l(4.11)
×

(

√

2

4l(n − 1/24)
cosh

(

π

4l

√

2

3
(n − 1/24)

)

+ E(I)

)

= Dn +
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4lωh,l
√

2l(n − 1/24)
cosh

(

π

4l

√

2

3
(n − 1/24)

)
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|Dn| ≤

∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

1.2828
e2π(n−1/24)̺N1/2

n − 1/24
(4.12)

≤ 1.2828
e2π(n−1/24)̺N5/2

n − 1/24
.By (4.4) and (4.9), and the estimates in (4.5), (4.6), (4.10), (4.11), and (4.12),we �nd that

a1(n) = S1 + S2 + S3 = S1 + S2 + T1 + T2

=
∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4lωh,l
√

2l(n − 1/24)
cosh

(

π

4l

√

2

3
(n − 1/24)

)

+ Gn

with
|Gn| ≤ 4e1.756e2π(n−1/24)̺N1/2 + 4e−0.1655e2π(n−1/24)̺N1/2

+ 1.2828e2π(n−1/24)̺ N5/2

n − 1/24
+ 0.2204e2π(n−1/24)̺N1/2.Setting N =

√

2π(n − 1/24), we �nd that ̺ = 1
N2 = 1

2π(n−1/24) . Thus,for n ≥ 1,
|Gn| ≤ e(2π(n − 1/24))1/4(4e1.756 + 4e−0.1655 + 1.2828(2π) + 0.2204)

≤ 150(n − 1/24)1/4.In other words, for n ≥ 1,
a1(n) =

∑

1≤4l≤N

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4lωh,l
√

2l(n − 1/24)
(4.13)

× cosh

(

π

4l

√

2

3
(n − 1/24)

)

+ Gn.We estimate the main term with l = 1, and �nd an upper bound for theremaining terms. So, for n ≥ 1,
a1(n) =

e−2πin/4ω1,1

2
√

2(n − 1/24)
e

π
4

√
2(n−1/24)/3(4.14)

+
e−2πi3n/4ω3,1

2
√

2(n − 1/24)
e

π
4

√
2(n−1/24)/3 + Hn

=
e

π
4

√
2(n−1/24)/3

2
√

2(n − 1/24)
(inω1,1 + (−i)nω3,1) + Hn
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Hn = Gn +

e−2πin/4ω1,1

2
√

2(n − 1/24)
e−

π
4

√
2(n−1/24)/3

+
e−2πi3n/4ω3,1

2
√

2(n − 1/24)
e−

π
4

√
2(n−1/24)/3

+
∑

2≤l≤N/4

∑

0≤h≤4l
(h,4l)=1

e−2πinh/4lωh,l

2
√

2l(n − 1/24)

× (e
π
4l

√
2(n−1/24)/3 + e−

π
4l

√
2(n−1/24)/3).The terms with negative exponents are all ≤ 1, and we bound the termswith positive exponents at l = 2 to �nd that

|Hn| ≤ |Gn| +
1√
2

(4.15)
+

⌊N/4⌋
∑

l=2

∑

0≤h≤4l
(h,4l)=1

1

2
√

2l(n − 1/24)
(e

π
8

√
2(n−1/24)/3 + 1)

≤ |Gn| +
1√
2

+

⌊
√

2π(n−1/24)/4⌋
∑

l=2

√
2l

√

n − 1/24
(e

π
8

√
2(n−1/24)/3 + 1)

≤ |Gn| +
1√
2

+

√
2(

√

2π(n − 1/24)/4)3/2

√

n − 1/24
(e

π
8

√
2(n−1/24)/3 + 1)

≤ 150(n − 1/24)1/4 + 0.71(n − 1/24)1/4e
π
8

√
2(n−1/24)/3.Here we have used (3.20) several times.Finally, we use (3.7) and (3.8) to determine inω1,1 + (−i)nω3,1 expli
itly.Re
all

ωh,l = eπi(s(h,l)−s(h,2l)−s(h,4l)), s(d, c) =
∑

n (mod c)

((

dn

c

))((

n

c

))

,

and
((x)) =

{

x − ⌊x⌋ − 1/2 if x /∈ Z,

0 if x ∈ Z.Thus, with a short 
omputation, we �nd that
ω1,1 = eπi/8, ω3,1 = e−πi/8.
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(4.16) inω1,1 + (−i)nω3,1 =



















√

2 +
√

2 if n ≡ 0 (mod4),

−
√

2 −
√

2 if n ≡ 1 (mod4),

−
√

2 +
√

2 if n ≡ 2 (mod4),
√

2 −
√

2 if n ≡ 3 (mod4).Equality (2.2) now follows from (4.14)�(4.16), with Hn = E1(n).4.2. The quotient f(−q2)f(−q3)
f(−q6)

. The proof of (2.3) is very similar tothat of (2.2). In this 
ase, we apply (3.2) with
g(e2πiτ ) =

∞
∑

n=0

a2(n)qn =
f(−q2)f(−q3)

f(−q6)
=

F (e2πi(6τ))

F (e2πi(2τ))F (e2πi(3τ))
,and we 
onsider the 
ases where gcd(k, 6) is 1, 2, 3, or 6. The transformationformulas we obtain from (3.13) are listed below.

Case 1: k ≡ 1, 5 (mod6). We �nd that
F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
= eπi(s(h6,k)−s(h2,k)−s(h3,k))e

π
12k

(−2
3z

−z)z−1/2(4.17)
× F (e2πiγ(6,k)(6τ))

F (e2πiγ(3,k)(3τ))F (e2πiγ(2,k)(2τ))
.

Case 2: k ≡ 2, 4 (mod6), so that k = 2k′, (k′, 3) = 1. Then we have
6τ =

3h + 3iz

k′
, 3τ =

3h + 3iz

k
, 2τ =

h + iz

k′
.Applying (3.13) we dedu
e that

(4.18)
F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
= eπi(s(h3,k′)−s(h,k′)−s(h3,2k′))e

π

12k′
(−5

6z
− z

2
)z−1/2

× F (e2πiγ(3,k′)(6τ))

F (e2πiγ(3,2k′)(3τ))F (e2πiγ(1,k′)(2τ))
.

Case 3: k ≡ 3 (mod6), so that k = 3k′′, k′′ odd. Then
6τ =

2h + 2iz

k′′
, 3τ =

h + iz

k′′
, 2τ =

2h + 2iz

k
.Therefore, we �nd that

(4.19)
F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
= eπi(s(h2,k′′)−s(h,k′′)−s(h2,3k′′))e

π

12k′′
(−2

3z
− z

3
)z−1/2

× F (e2πiγ(2,k′′)(6τ))

F (e2πiγ(1,k′′)(3τ))F (e2πiγ(2,3k′′)(2τ))
.
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Case 4: k ≡ 0 (mod6), so k = 6l. We have

6τ =
h + iz

l
, 3τ =

h + iz

2l
, 2τ =

h + iz

3l
.Thus,

(4.20)
F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
= eπi(s(h,l)−s(h,2l)−s(h,3l))e

π
12(6l)

( 1
z
−z)

z−1/2

× F (e2πiγ(1,l)(6τ))

F (e2πiγ(1,2l)(3τ))F (e2πiγ(1,3l)(2τ))
.

We subdivide our integral for a2(n) into four pie
es, 
orresponding toea
h of these four 
ases, to obtain
(4.21) a2(n) =

(

∑

1≤k≤N
k≡±1 (mod 6)

+
∑

1≤k≤N
k≡±2 (mod 6)

+
∑

1≤k≤N
k≡3 (mod 6)

+
∑

1≤k≤N
k≡0 (mod 6)

)

×
∑

0≤h≤k, (h,k)=1

e−2πinh/k

×
\

ξh,k

F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
e2πn̺e−2πinϕ dϕ

=: S1(A1) + S2(A2) + S3(A3) + S4(A4),where
A1 = A2 = A3 = A4 =

F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
e2πn̺ e−2πinϕ.Transform A1 with (4.17), A2 with (4.18), and A3 with (4.19), and apply(3.11), (3.12), (3.16), (3.18), and (3.19) to ea
h to �nd that

|A1| ≤ e
π

12k
Re(−2

3z
−z)|z|−1/2

∣

∣

∣

∣

F (e−
2π
k

Re( 1
6z

))

F (e−
2π
k

Re( 1
3z

))F (e−
2π
k

Re( 1
2z

))

∣

∣

∣

∣

e2πn̺(4.22)
≤ e4.6424e2π(n−1/24)̺k−1/2N,

|A2| ≤ e
π

12k′
Re(−5

6z
− z

2
)|z|−1/2

∣

∣

∣

∣

F (e−2π 2
k

Re( 1
3z

))

F (e−
2π
k

Re( 1
3z

))F (e−2π 2
k

Re( 1
z
))

∣

∣

∣

∣

e2πn̺(4.23)
≤ e0.776806e2π(n−1/24)̺k−1/2N,

|A3| ≤ e
π

12k′′
Re(−2

3z
− z

3
)|z|−1/2

∣

∣

∣

∣

F (e−2π 3
k

Re( 1
2z

))

F (e−2π 3
k

Re( 1
z
))F (e−

2π
k

Re( 1
2z

))

∣

∣

∣

∣

e2πn̺(4.24)
≤ e0.0787343e2π(n−1/24)̺k−1/2N.
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(4.25) |S1| + |S2| + |S3|

≤
∑

1≤k≤N
k≡±1 (mod 6)

∑

0≤h≤k, (h,k)=1

2e4.6424e2π(n−1/24)̺k−3/2

+
∑

1≤k≤N
k≡±2 (mod 6)

∑

0≤h≤k, (h,k)=1

2e0.776806e2π(n−1/24)̺k−3/2

+
∑

1≤k≤N
k≡3 (mod 6)

∑

0≤h≤k, (h,k)=1

2e0.0787343e2π(n−1/24)̺k−3/2

≤ 2(e4.6424 + e0.776806 + e0.0787343)e2π(n−1/24)̺
∑

1≤k≤N

k−1/2

≤ 4(e4.6424 + e0.776806 + e0.0787343)e2π(n−1/24)̺
√

N.Here we have used (3.20) in the last inequality.To estimate S4, rewrite it with k = 6l, so that we have τ = (h + iz)/6land z = (6l)(̺ − iϕ). Therefore,
S4 =

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6l
\

ξh,6l

F (e2πi(6τ))

F (e2πi(3τ))F (e2πi(2τ))
e2πn̺ e−2πinϕ dϕ.

Applying the transformation formula (4.20) and setting
ω′

h,l := eπi(s(h,l)−s(h,2l)−s(h,3l)),we �nd that
S4 =

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6l
\

ξh,6l

ω′
h,le

π
12(6l)

( 1
z
−z)

z−1/2

× F (e2πiγ(1,l)(6τ))

F (e2πiγ(1,2l)(3τ))F (e2πiγ(1,3l)(2τ))
e2πn̺e−2πinϕ dϕ.We de�ne(4.26) τ ′ :=

h′ + iz−1

6l
,so that for n = 1, 2, 3, 6,

γ(1,6l/n)(nτ) = nτ ′.Thus,
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S4 =

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6l(4.27)
×
\

ξh,6l

ω′
h,le

π
12(6l)

( 1
z
−z)

z−1/2e2πn̺e−2πinϕ dϕ

+
∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6l
\

ξh,6l

ω′
h,le

π
12(6l)

( 1
z
−z)

z−1/2

×
(

F (e2πi(6τ ′))

F (e2πi(3τ ′))F (e2πi(2τ ′))
− 1

)

e2πn̺e−2πinϕ dϕ

=: T1 + T2.We estimate |T2| by noting that
f(−q2)f(−q3)

f(−q6)
= (q2; q2)∞(q3; q6)∞.

So |a2(n)| ≤ p(n), sin
e it represents the number of partitions of n intoan even number of parts, minus the number of partitions of n into an oddnumber of parts, where the parts are distin
t and either even or 
ongruentto 3 (mod6). Therefore,
∣

∣

∣

∣

e
π

12(6l)
( 1

z
)
(

F (e2πi(6τ ′))

F (e2πi(3τ ′))F (e2πi(2τ ′))
− 1

)
∣

∣

∣

∣

≤ e
2π
6l

Re( 1
z
)/24(F (e

−2π
6l

Re( 1
z
)) − 1)

≤ eπ/24

(

exp

(

e−π

(1 − e−π)2

)

− 1

)

≤ 0.0551.

Thus, applying (3.14), (3.18), and (3.20), we have
|T2| ≤

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

\
ξh,6l

0.0551e−(2π/24)(1/6l)Re(z)|z|−1/2e2πn̺ dϕ(4.28)
≤

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

\
ξh,6l

0.0551e2π(n−1/24)̺k−1/2N dϕ

≤
∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

0.1102e2π(n−1/24)̺k−3/2

≤ 0.2204e2π(n−1/24)̺
√

N.
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al
ulate T1, we apply (3.21) and (3.22) with k = 6l, so that
T1 =

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6lω′
h,l(4.29)

×
(

√

2

6l(n − 1/24)
cosh

(

π

6l

√

2

3
(n − 1/24)

)

+ E(I)

)

= Dn +
∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6lω′
h,l

√

3l(n − 1/24)
cosh

(

π

6l

√

2

3
(n − 1/24)

)

,

where
|Dn| ≤

∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

1.2828e2π(n−1/24)̺N1/2(n − 1/24)−1(4.30)
≤ 1.2828

e2π(n−1/24)̺N5/2

n − 1/24
.Combining (4.21), (4.27), and the estimates in (4.25), (4.28), (4.29), and(4.30), we obtain

a2(n) = S1 + S2 + S3 + S4 = S1 + S2 + S3 + T1 + T2

=
∑

1≤6l≤N

∑

1≤h≤6l
(h,6l)=1

e−2πinh/6lω′
h,l

√

3l(n − 1/24)
cosh

(

π

6l

√

2

3
(n − 1/24)

)

+ Gn,

where
|Gn| ≤ |S1| + |S2| + |S3| + |T2| + |Dn|

≤ 4(e4.6424 + e0.776806 + e0.0787343)e2π(n−1/24)̺
√

N

+ 0.2204e2π(n−1/24)̺
√

N + 1.2828e2π(n−1/24)̺N5/2(n − 1/24)−1.Set N =
√

2π(n − 1/24), so ̺ = N−2 = 1
2π(n−1/24) . Therefore,

|Gn| ≤ e(2π)1/4{4e4.6424 + 4e0.777 + 4e0.08 + 0.2204 + (2π)1.2828}
× (n − 1/24)1/4

≤ 1878.5(n − 1/24)1/4.We now estimate the main term using l = 1 and bound the remainder ofthe sum. We �nd that, for n ≥ 1,(4.31) a2(n) =
e−2πin/6ω′

1,1 + e−2πin5/6ω′
5,1

2
√

3(n − 1/24)
e

π
6

√
2(n−1/24)/3 + Hn
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|Hn| ≤ |Gn| +

1
√

3(n − 1/24)
e−

π
6

√
2(n−1/24)/3

+
∑

2≤l≤N/6

∑

1≤h≤6l
(h,6l)=1

1
√

3l(n − 1/24)

e
π
6l

√
2(n−1/24)/3 + e−

π
6l

√
2(n−1/24)/3

2
.

We apply (3.7) and (3.8) to 
ompute e−2πin/6ω′
1,1 + e−2πin5/6ω′

5,1. Re
all
ω′

h,l = eπi(s(h,l)−s(h,2l)−s(h,3l)),and so
ω′

1,1 = e−πi/18, ω′
5,1 = eπi/18.Therefore,(4.32)

e−2πin/6ω′
1,1 + e−2πin5/6ω′

5,1 =







































2 cos(π/18) if n ≡ 0 (mod6),

2 cos(7π/18) if n ≡ 1 (mod6),

2 cos(13π/18) if n ≡ 2 (mod6),

2 cos(19π/18) if n ≡ 3 (mod6),

2 cos(11π/18) if n ≡ 4 (mod6),

2 cos(5π/18) if n ≡ 5 (mod6).To �nd an upper estimate for |Hn|, we bound all the terms involvingpositive exponents using l = 2 and those involving negative exponents with
l = 1, so that

|Hn| ≤ |Gn| +
1

√

3(n − 1/24)

+
∑

2≤l≤N/6

∑

1≤h≤6l
(h,6l)=1

1
√

3l(n − 1/24)

e
π
12

√
2(n−1/24)/3 + 1

2

≤ |Gn| +
1

√

3(n − 1/24)
+

∑

2≤l≤N/6

6
√

l(e
π
12

√
2(n−1/24)/3 + 1)

2
√

3(n − 1/24)

≤ |Gn| +
∑

1≤l≤N/6

3
√

l(e
π
12

√
2(n−1/24)/3 + 1)

√

3(n − 1/24)

≤ |Gn| +
(N/6)3/2(3e

π
12

√
2(n−1/24)/3 + 1)

√

3(n − 1/24)
.
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|Hn| ≤ 1878.5(n − 1/24)1/4(4.33)

+
{2π(n − 1/24)}3/4

63/2

3(e
π
12

√
2(n−1/24)/3 + 1)

√

3(n − 1/24)

≤ 0.468(n − 1/24)1/4e
π
12

√
2(n−1/24)/3 + 1879(n − 1/24)1/4.With Hn = E2(n), (2.3) follows from (4.31) and (4.33).4.3. The quotients f(−q6,−q10)

(−q4;q4)∞
, q f(−q2,−q14)

(−q4;q4)∞
. We now estimate a3(n)and a4(n), where

∞
∑

n=0

a3(n)qn =
f(−q6,−q10)

(−q4; q4)∞
,

∞
∑

n=0

a4(n)qn =
qf(−q2,−q14)

(−q4; q4)∞
.

Note that a3(2n + 1) = a4(2n) = 0 for all n, sin
e the �rst quotient
ontains only even powers of q, and the se
ond 
ontains only odd powersof q. We may treat both of these simultaneously by 
onsidering the sum
S(q) :=

f(−q6,−q10) − iqf(−q2,−q12)

(−q4; q4)∞
.Repla
ing q with iq we obtain(4.34) S(iq) =

f(q6, q10) + qf(q2, q12)

(−q4; q4)∞
.By Entry 31 in Chapter 16 of Ramanujan's se
ond notebook [6℄, we havethe following lemma:Lemma 4.1. Let Un = an(n+1)/2bn(n−1)/2 and Vn = an(n−1)/2bn(n+1)/2for ea
h integer n. Then

f(U1, V1) =
n−1
∑

r=0

Urf

(

Un+r

Ur
,
Vn−r

Ur

)

.

Applying Lemma 4.1 with (a, b, n) = (q, q3, 2), we �nd that
f(q, q3) = f(q6, q10) + qf(q14, q2).Thus(4.35) S := S(iq) =

f(q, q3)

(−q4; q4)∞
=

∞
∑

n=0

c(n)qn,with
c(n)(q/i)n = a3(n)qn − ia4(n)qn.
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(−1)nc(2n) = a3(2n),(4.36)

(−1)n+1c(2n + 1) = a4(2n + 1).(4.37)Now we must �nd an estimate for c(n). To that end, we express S as aquotient of eta-fun
tions and apply the 
ir
le method, with g = S in (3.2).Note that, by the Ja
obi Triple Produ
t Identity (3.3),
S =

f(q, q3)

(−q4; q4)∞
=

(−q; q4)∞(−q3; q4)∞(q4; q4)∞
(−q4; q4)∞

(4.38)
=

(q2; q2)2∞(q4; q4)∞
(q; q)∞(q8; q8)∞

=
F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))
,with τ as in (3.10). We 
onsider the 
ases where gcd(k, 8) is 1, 2, 4, or 8 andapply the transformation formula (3.13) a

ordingly.

Case 1: k is odd. Then
(4.39)

F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))

= eπi(s(h,k)+s(h8,k)−2s(h2,k)−s(h4,k))e
π

12k
(− 1

8z
−z)

× 1√
2z

F (e2πiγ(1,k)(τ))F (e2πiγ(8,k)(8τ))

F (e2πiγ(2,k)(2τ))2F (e2πiγ(4,k)(4τ))
.

Case 2: k = 2k′ with k′ odd. Then
2n h + iz

2k′
= 2n−1 h + iz

k′
,whenever n ≥ 1. Therefore

(4.40)
F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))

= eπi(s(h,2k′)+s(h4,k′)−2s(h,k′)−s(h2,k′))e
π

12(2k′)
(− 7

2z
−z)

×
√

2√
z

F (e2πiγ(1,2k′)(τ))F (e2πiγ(4,k′)(8τ))

F (e2πiγ(1,k′)(2τ))2F (e2πiγ(2,k′)(4τ))
.

Case 3: k = 4k′′ with k′′ odd. Then
(4.41)

F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))

= eπi(s(h,4k′′)+s(h2,k′′)−2s(h,2k′′)−s(h,k′′))e
π

12(4k′′)
(− 7

z
−z)

×
√

2√
z

F (e2πiγ(1,4k′′)(τ))F (e2πiγ(2,k′′)(8τ))

F (e2πiγ(1,2k′′)(2τ))2F (e2πiγ(1,k′′)(4τ))
.
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Case 4: k = 8l. Then

(4.42)
F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))

= ωh,l e
π

12(8l)
( 1

z
−z) 1√

z

F (e2πiγ(1,8l)(τ))F (e2πiγ(1,l)(8τ))

F (e2πiγ(1,4l)(2τ))2F (e2πiγ(1,2l)(4τ))
,with

ω′′
h,l = eπi(s(h,8l)+s(h,l)−2s(h,4l)−s(h,2l)).We subdivide the integral for c(n) into four pie
es 
orresponding to ea
hof these four 
ases to obtain

c(n) =
(

∑

1≤k≤N
k odd +

∑

1≤k≤N
k≡2 (mod 4)

+
∑

1≤k≤N
k≡4 (mod 8)

+
∑

1≤k≤N
k≡0 (mod 8)

)(4.43)
×

∑

0≤h≤k
(h,k)=1

e−2πinh/k
\

ξh,k

F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))
e2πn̺e−2πinϕ dϕ

=: S1(A1) + S2(A2) + S3(A3) + S4(A4),where(4.44) Aj =
F (e2πiτ )F (e2πi(8τ))

F (e2πi(2τ))2F (e2πi(4τ))
e2πn̺e−2πinϕ

for j = 1, 2, 3, 4. Applying (4.39) to A1, (4.40) to A2, and (4.41) to A3, andthen using (3.11), (3.12), (3.16), (3.18), and (3.19), we �nd that
|A1| ≤ e−

2π
k

Re( 1
192z

)e−
π

12k
Re(z)(4.45)

× 1√
2
|z|−1/2

∣

∣

∣

∣

F (e−
2π
k

Re( 1
z
))F (e−

2π
k

Re( 1
8z

))

F (e−
2π
k

Re( 1
2z

))2F (e−
2π
k

Re( 1
4z

))

∣

∣

∣

∣

e2πn̺

≤ e8.638631

√
2

e2π(n−1/24)̺N

k1/2
,

|A2| ≤ e−
2π

2k′
Re( 7

48z
)e

− π

12(2k′)
Re(z)(4.46)

×
√

2 |z|−1/2

∣

∣

∣

∣

F (e−
2π
k

Re( 1
z
))F (e−

4π
k

Re( 1
4z

))

F (e−
4π
k

Re( 1
z
))2F (e−

4π
k

Re( 1
2z

))

∣

∣

∣

∣

e2πn̺

≤ e−0.02868
√

2 N

k1/2
e2π(n−1/24)̺,
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|A3| ≤ e−

2π
k

Re( 7
24z

)e−
π

12k
Re(z)(4.47)

×
√

2|z|−1/2

∣

∣

∣

∣

F (e−
2π
k

Re( 1
z
))F (e−

8π
k

Re( 1
2z

))

F (e−
4π
k

Re( 1
z
))2F (e−

8π
k

Re( 1
z
))

∣

∣

∣

∣

e2πn̺

≤ e−0.863
√

2N

k1/2
e2π(n−1/24)̺.Combining (4.45)�(4.47) with (3.15), we dedu
e that

|S1(A1)| + |S2(A2)| + |S3(A3)|

≤
∑

1≤k≤N
k odd

∑

0≤h≤k
(h,k)=1

2

kN

e8.638631

√
2

e2π(n−1/24)̺N

k1/2

+
∑

1≤k≤N
k≡2 (mod 4)

∑

0≤h≤k
(h,k)=1

2

kN

e−0.02868
√

2N

k1/2
e2π(n−1/24)̺

+
∑

1≤k≤N
k≡4 (mod 8)

∑

0≤h≤k
(h,k)=1

2

kN

e−0.863
√

2N

k1/2
e2π(n−1/24)̺

≤
∑

1≤k≤N

(
√

2 e8.638631 + 2
√

2 e−0.02868 + 2
√

2 e−0.863)e2π(n−1/24)̺k−1/2.

Using (3.20), we �nd that
(4.48) |S1(A1)| + |S2(A2)| + |S3(A3)|

≤ 2
√

2 (e8.638631 + 2e−0.02868 + 2e−0.863)e2π(n−1/24)̺
√

N.To estimate S4, set k = 8l, so that we have τ = (h + iz)/8l and z =
(8l)(̺ − iϕ). Therefore, when we apply the transformation formula (4.42),we obtain

S4(A4) =
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8l
\

ξh,8l

ω′′
h,le

π
12(8l)

( 1
z
−z)

× 1√
z

F (e2πiγ(1,8l)(τ))F (e2πiγ(1,l)(8τ))

F (e2πiγ(1,4l)(2τ))2F (e2πiγ(1,2l)(4τ))
e2πn̺e−2πinϕ dϕ.Set(4.49) τ ′ :=

h′ + iz−1

8l
,so that for n = 1, 2, 4, 8,

γ(1,8l/n)(nτ) = nτ ′.
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S4(A4) =

∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8l
\

ξh,8l

ω′′
h,le

π
12(8l)

( 1
z
−z)(4.50)

× 1√
z

F (e2πiτ ′

)F (e2πi(8τ ′))

F (e2πi(2τ ′))2F (e2πi(4τ ′))
e2πn̺e−2πinϕ dϕ

=
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8l

×
\

ξh,8l

ω′′
h,le

π
12(8l)

( 1
z
−z) 1√

z
e2πn̺e−2πinϕ dϕ

+
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8l
\

ξh,8l

ω′′
h,le

π
12(8l)

( 1
z
−z)

× 1√
z

(

F (e2πiτ ′

)F (e2πi(8τ ′))

F (e2πi(2τ ′))2F (e2πi(4τ ′))
− 1

)

e2πn̺e−2πinϕ dϕ

=: T1 + T2.Let Pn be the set of partitions of n where ea
h part 
ongruent to 4 (mod8)appears at most twi
e, and where the even parts not 
ongruent to 4 (mod8)are distin
t. For example, the partition 12+ 12+ 8+ 3 + 3+ 3+ 2 ∈ P43 but
12 + 8 + 6 + 6 + 3 + 3 + 3 + 2 /∈ P43. Sin
e

S =
(q2; q2)2∞(q4; q4)∞
(q; q)∞(q8; q8)∞

=
(q2; q2)∞(q4; q8)∞

(q; q2)∞
,we see that c(n) represents the number of partitions in Pn with an evennumber of even parts minus the number of partitions in Pn with an oddnumber of even parts. Thus, |cn| ≤ p(n), the ordinary partition fun
tion.Therefore, we have

|T2| ≤
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

\
ξh,8l

e
2π

24(8l)
Re( 1

z
)
e
− π

12(8l)
Re(z)|z|−1/2

× |F (|e2πiτ ′|) − 1|e2πn̺ dϕ.Let x = |e2πiτ ′| = e−
2π
8l

Re( 1
z
). Then (3.16) implies that x ≤ e−π. Sin
e

x−1/24|F (x) − 1| is an in
reasing fun
tion of x, it is maximized at x = e−π.Apply (3.19) to obtain
x−1/24|F (x) − 1| ≤ 0.0551.
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onjun
tion with (3.18), we �nd that
|T2| ≤

∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

\
ξh,8l

0.0551
N

(8l)1/2
e2π(n−1/24)̺ dϕ(4.51)

≤
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

0.0551
2

(8l)3/2
e2π(n−1/24)̺

≤
∑

1≤8l≤N

0.1102
1

(8l)1/2
e2π(n−1/24)̺

≤ 0.2204e2π(n−1/24)̺
√

N.Applying (3.21) and (3.22) to T1 with k = 8l, we obtain
T1 = Dn +

∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8lω′′
h,l(4.52)

×
√

2

8l(n − 1/24)
cosh

(

π

8l

√

2

3
(n − 1/24)

)

,where
|Dn| ≤

∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

1.2828
e2π(n−1/24)̺N1/2

n − 1/24
(4.53)

≤
∑

1≤8l≤N

1.2828
e2π(n−1/24)̺(8l)N1/2

n − 1/24

≤ 1.2828
e2π(n−1/24)̺N5/2

n − 1/24
.Combining (4.48) and (4.51)�(4.53), we �nd that

c(n) =
∑

1≤8l≤N

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8lω′′
h,l

√

4l(n − 1/24)
cosh

(

π

8l

√

2

3
(n − 1/24)

)

+ Gn,

with
|Gn| ≤ |S1(A1)| + |S2(A2)| + |S3(A3)| + |T2| + |Dn|

≤ 2
√

2 (e8.638631 + 2e−0.02868 + 2e−0.863)e2π(n−1/24)̺
√

N

+ 0.2204e2π(n−1/24)̺
√

N + 1.2828
e2π(n−1/24)̺N5/2

n − 1/24
.
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√

2π(n − 1/24), so that ̺ = N−2 = 1
2π(n−1/24) . Then

|Gn| ≤ e(2
√

2 (e8.638631 + 2e−0.02868 + 2e−0.863) + 0.2204 + (2π)1.2828)

× (2π)1/4(n − 1/24)1/4

≤ 68792(n − 1/24)1/4.We now approximate the sum with the l = 1 term, and �nd an upperbound for the remaining terms. Therefore, for n ≥ 1,
(4.54) c(n) =

∑

0≤h≤8
(h,8)=1

e−2πinh/8ω′′
h,1

1
√

4(n − 1/24)

e
π
8

√
2(n−1/24)/3

2
+ Hn

with
Hn = Gn +

∑

0≤h≤8
(h,8)=1

e−2πinh/8ω′′
h,1

√

4(n − 1/24)

e−
π
8

√
2(n−1/24)/3

2

+
∑

2≤l≤N/8

∑

0≤h≤8l
(h,8l)=1

e−2πinh/8lω′′
h,l

√

4l(n − 1/24)

e
π
8l

√
2(n−1/24)/3 + e−

π
8l

√
2(n−1/24)/3

2
.

We 
ompute ∑

0≤h≤8, (h,8)=1 e−2πinh/8ω′′
h,1 using (3.7) and (3.8). Sin
e

ω′′
h,l = eπi(s(h,8l)+s(h,l)−2s(h,4l)−s(h,2l)),we �nd that

ω′′
1,1 = e3πi/16, ω′′

3,1 = e5πi/16, ω′′
5,1 = e−5πi/16, ω′′

7,1 = e−3πi/16.Therefore,(4.55)
∑

0≤h≤8
(h,8)=1

e−2πinh/8ω′′
h,1 =































































2(cos(3π/16) + cos(5π/16)) if n ≡ 0 (mod8),

2(cos(π/16) + cos(7π/16)) if n ≡ 1 (mod8),

−2(cos(3π/16) − cos(5π/16)) if n ≡ 2 (mod8),

2(cos(π/16) − cos(7π/16)) if n ≡ 3 (mod8),

−2(cos(3π/16) + cos(5π/16)) if n ≡ 4 (mod8),

−2(cos(π/16) + cos(7π/16)) if n ≡ 5 (mod8),

2(cos(3π/16) − cos(5π/16)) if n ≡ 6 (mod8),

−2(cos(π/16) − cos(7π/16)) if n ≡ 7 (mod8).



142 O. ChanBounding the terms involving the negative exponents with l = 1, and thepositive exponents at l = 2, we see that
|Hn| ≤ |Gn| +

1
√

n − 1/24
(4.56)

+
∑

2≤l≤N/8

∑

0≤h≤8l
(h,8l)=1

1
√

l(n − 1/24)

e
π
16

√
2(n−1/24)/3 + 1

4

≤ |Gn| +
1

√

n − 1/24

+
∑

2≤l≤N/8

√
l

√

(n − 1/24)
(e

π
16

√
2(n−1/24)/3 + 1)

≤ |Gn| +
∑

1≤l≤N/8

√
l

√

n − 1/24
(e

π
16

√
2(n−1/24)/3 + 1)

≤ |Gn| +
(N/8)3/2

√

n − 1/24
(e

π
16

√
2(n−1/24)/3 + 1)

≤ |Gn| +
(2π)3/4(n − 1/24)1/4

83/2
(e

π
16

√
2(n−1/24)/3 + 1)

≤ 68793(n − 1/24)1/4 + 0.1754(n − 1/24)1/4e
π
16

√
2(n−1/24)/3.With Hn = E3(n), equalities (2.4) and (2.5) follow from (4.36), (4.37), (4.54),and (4.56). The proof of Theorem 2.1 is 
omplete.A
knowledgements. The author would like to thank Professor Bru
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