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Linear independence of certain Lambert and allied series
by

PETER BUNDSCHUH (Koln) and KEIJO VAANANEN (Oulu)

1. Introduction. In our recent work [3] we considered linear indepen-
dence of g-analogues of certain classical constants connected with Lambert

series
oo

F(a) =) na_nr
n=1 =

where ¢ is a rational integer or an integer in an imaginary quadratic number
field satisfying |¢| > 1, and a := (a,) is a non-zero periodic sequence of
period length < 2 with all a, in the same field as above. Our results gave
quantitative refinements of some results of Tachiya [7], e.g., a linear indepen-
dence measure 2(m2+4) /(7% —8) = 14.83694 . . . was obtained for 1, F(a) and
F(b) with linearly independent sequences a and b, giving the same measure
for 1, Ly(1), Ly(—1), the values of the g-logarithm L, defined below. Simul-
taneously and independently, the same measure was obtained by Zudilin [8]
using another method based on Padé approximations of the second kind.

In the present paper, our purpose is to extend the results of [3] to more
general algebraic numbers ¢ and to

o0

an
1 =
(1) fla.a) ="
n=1
with @ € {1, —1}; note that f(a,1) = F(a). The arithmetic part of the proof
depends essentially on the value of «, and the new case & = —1 turns out

to be much more interesting than the earlier a = 1. Our present extensions
also give new applications.

2. Notations and results. Let ¢ be an algebraic number satisfying
lg| > 1, and let K := Q(q), d := [K : Q]. We shall consider linear indepen-
dence (over K) of 1, f(a,a) and f(b, ), where a = (ay,) and b = (b,,) are
linearly independent periodic sequences in KN of period length < 2.
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We shall use the absolute height of § € K defined by
n(B) = ] [ max(1,|Blw) ™",

where the product is taken over all places w of K, with | |, denoting the
valuation corresponding to w, normalized in the usual way, K,, the comple-
tion of K at w, and d,, := [Ky, : Q). For a vector 8 := (51,...,0,) € K™
we define B

B := max |Bilu,  h(B) = ] [ max(1,[B)"/".

Further, let us denote by v the infinite place with |g| = |g|y.
To formulate our results we need the quantity

2 ._ dlogh(q)

dy log |qly
Clearly A > 1 holds always, and A\ = 1 if and only if ||, < 1 for all places
w # v. For example, if K is Q or an imaginary quadratic number field and
q is an integer in such a K, then A = 1. Furthermore, A\ = 1 holds for all
algebraic integers such that |¢|, < 1 for all infinite places w # v. Examples
of such algebraic integers are the elements of the classes S (nowadays called
Pisot, or Pisot—Vijayaraghavan, or PV numbers) and 7' (now called Salem
numbers) in terms of Salem’s monograph [6] (Chap. I and III, respectively).
In our results we shall use an upper bound A(«) for A defined by

(a) = {37r2/(27r2 +8) = 1.067399. .. if =1,
| 27#2/(197% 4 66) = 1.051107... if o = —1.

THEOREM 1. Let g be an algebraic number such that |q|, > 1 and
|g|lw # 1 for all infinite places w # v of K = Q(q), and assume that a = (ay,)
and b = (b,) are linearly independent periodic sequences in KN of period
length < 2. If A < M), then the numbers

(4) L fla,a), fba)
are linearly independent over K. Moreover, for any € € Ry, there exists a
positive constant Hy = Hy(|q|y, a, b, a,€) such that

3)

(5) o + t1f (a, @) + Lo f (b, )|y > [(£r, €a) o H ™)<

for all non-zero £ € K3, where H := max(h({), Hy) and m1(a) is defined by
dy 3m2 /(372 — 2A(w? + 4)) if a=1,
d m(e) = {277r2/(277r2 — (1972 4+ 66)) if a = —1.

REMARK. From the proof of this theorem we see that the € in (5) can
be replaced by a positive function of H of size O((loglog H)/(log H)'/?) if
o =1, or of size O((loglog H)?/(log H)'/?) if a = —1.
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As noted after (2), A = 1 happens in some cases. In such a situation we
have

THEOREM 2. Let the assumptions of Theorem 1 be satisfied, and suppose
further that |qlw < 1 for all places w # v of K. Then the numbers (4) are
linearly independent over K, and inequality (5) holds with mi(«) replaced
by ma(a), which is defined by

dy 3r2/(n? - 8) if =1,
E mg(a) = { 2 2 .
27w/ (87* — 66) if a = —1.

This theorem has the following corollary containing Tachiya’s Theorem 2
(see [7]).

COROLLARY 1. If q is an algebraic integer, |q| = |ql, > 1 and |gl, < 1
for all infinite places w # v of K, then the claims of Theorem 2 are true.
In particular, for any non-zero periodic sequence a = (ay) of period length
< 2 the number f(a,a) is not in K, and, for any € > 0, the inequality

wo + elf(% Oz)’ > Ml‘H_mZ(O‘)_S
holds for all non-zero £ € K? with H = max(h(£)) > Ho(|qly, a, o, ).

We next give as a theorem the special case of Theorem 1 where K = I, the
field Q or an imaginary quadratic number field. Note that if the components
of £ are integers in I, then A(£) = max(|¢;]).

THEOREM 3. Let the hypotheses of Theorem 1 be satisfied, and suppose

that Q(q) = I, and q is an integer in 1. Then the numbers (4) are linearly
independent over I and, for any € > 0, the inequality

|£0 + flf(g, a) + €2f(b’ a)| > h—mg(a)—s

holds for all £ € I3 with integer components satisfying h = max(|¢1], |¢2]) >
Ho(|ql,a,b, o ), where

22 +4)/(7? -8 if a=1,
ey = {208
(197 +66)/(87° — 66) if a = —1.

The case o = 1 of this theorem is Theorem 2 of [3]. We can also give a
generalization of Corollary 1 of [3] and Theorem 1 and its corollary in [8]. For
this, we introduce the g-logarithm, the first formula defining L, in |z| < |q|
only:

o0 n 00

1
L) =Y oy = s

n=1 n=1

COROLLARY 2. Let the hypotheses of Theorem 1 be satisfied. If A < A(«),
then, for a € {1, —1}, any of the following sets of three numbers is linearly
independent over K:

{LLQ(O‘)?LQ(_O‘)}? {17Lq(a)7Lq2(a)}7 {17Lq2(a)7Lq2(a/Q)}'
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Moreover, the lower bound given in (5) holds true for linear forms in any of
these triples of numbers.

REMARK. For obvious reasons, we also call L,(1) a g-harmonic series
(and denote it by (4(1)), and Lq(—1) a g-analogue of log2, sometimes de-
noted by log, 2. Of course, we could as well give the above triples in these
terms.

Our theorems also have some further interesting corollaries. For the next
one, let 7,(n) and 7¢(n) denote, respectively, the number of odd and even
positive integral divisors d of the positive integer n. Then we have

COROLLARY 3. Let the assumptions of Theorem 1 be satisfied. If X <
A(1), then the numbers

1, Z To(n)g™ ", Z Te(n)g "
n>1 n>1

are linearly independent over K. Moreover, the lower bound given in (5)
holds true for linear forms in these numbers.

For our next result we define the arithmetical functions
)= St = -1y
din din

We shall see in Lemma 4 that these are multiplicative functions intimately
connected with the classical divisor function 7.

COROLLARY 4. Let the assumptions of Theorem 1 be satisfied. If X <
A(—1), then the numbers

LS st St
n=1 n=1

are linearly independent over K and the lower bound given in (5) holds true
for linear forms in these numbers.

In the following we work in Q(v/5), where we choose q := —(3 + v/5)/2.
Then |q|, = (3 — v/5)/2 < 1 for the other infinite place of K, and therefore

A = 1. Since
= an = —
-1 /5F, g +1 L,

where 8 := (1 —+/5)/2 and (F,) is the Fibonacci and (L,) the Lucas se-
quence, Theorem 2 immediately implies the following

)

COROLLARY 5. Let (ap) and (by,) be linearly independent periodic se-
quences in Q(v/5)N of period length < 2. Then the sets
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o o0 o o0 [0.9] o
an " bn 3" an " bn 8" B" p"
1 1 1 — —
oyl ymrh Ly sy b Ly ey
n=1 n=1 n=1 n=1 n=1 n=1
are linearly independent over Q(v/5). Moreover, the lower bound given in (5)
holds true for linear forms in any of these triples, where mi(«) has to be

replaced by 672 /(72 — 8) or 2772 /(4% — 33) in the first and third case, or
in the second case, respectively.

We note that the irrationality measures 2.874 and 7.652 for > -, 8"/ F,
and anl 3"/ Ly, respectively, were proved by Matala-aho and Prévost [5].

3. Analytic construction. To prove Theorems 1 and 2 we consider a
linear form in 1, f(a,«) and f(b, «), with a = £1 and linearly independent
a and b, say

(6) L=ty +lif(a, o)+ laf (b, a),

where £ := (o, (1,02) € K3\ {0}. We assume that (£1,f2) # (0,0) (the case
01 = f3 = 0 being trivial). Clearly L is of the form

L:&)—’—f(C_i,O[),

where d := f1a + £2b is a periodic sequence of period length < 2. Since a
and b are linearly independent, we have d # 0.

We now construct approximations to f(d, ) similarly to [3], see also [2].
For this we use the complex integral

1 2N =00y — k)
oy § N k‘}v o f(d, az)dz,
m l2|=1 % anl(l —q*"z)

(7) J(N) =

where ¢ := 0if |dy|, > |d2|y, 0 := 1if |d1]y < |d2]v, and N € N is a parameter
to be fixed later. By using the equalities

2n d,
dsea™) = ()= 3 )
f(d, oz) y dig’t + dy
T |, T ey
and the residue theorem we obtain
(8) J(N) = P(N)f(d, o) + Q(N, d),

where

(9) P(N) := P(N,q,a)

N
Z(_l)N+n+1+5 q
n=1 L@ = DI e - 1)

n(n—1)+26n Hszl—ts(qk—lﬂn _ a)

)
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the single summands here being denoted later by pn(N q,a), and

(10)  Q(N,d):= Q(N.d.q,0): anNq, Z I

+ Z ( Z o (— )6—1—& ki+-than_s— n)

K+p+r=2N—-1 1<k1<--<kon_s—<2N—0

dig" ™ + do
% ( (_1)Mq2(1m+ +N,uN)>aV b S
u1+---§+;w=u 20+ 1

Furthermore, as in the proof of Theorem 2 in [3], we have
(1) TN = ealdlulal YN (14 O(lal; ™)),

where ¢ (as also ¢, 3, . .. later) and the implied constant in the O-notation
are positive constants depending on o and ¢, but not on d or N.

4. Arithmetic considerations. In the analytic part there was no es-
sential difference between the cases & = 1 and a = —1. Now we consider
the arithmetic properties, in particular the denominators, of P(N, ¢, «) and
Q(N,d,q,a), and here the situation is different. The case a = 1 is rather
standard, but the case & = —1 is a highly delicate one.

The case aw = 1 is treated in [3], and in this case (9) implies

N
- N -1 2N +2n—1
— _ 1\N+n+1+6 n(n—1)/2
12 PN0.1) = 32DV DL
% (q2N+2n _ 1)1—6 H(q2l/—1 _ 1)7

where the g-binomial coefficients are in Z[q]. Therefore P(N,q,1) € Zlq],
and if
D(qual) = lcm(q2 - 1aq4 - 1a"'7q4N - 1)7

then D(N,q,1)Q(N,d,q,1) € K|q|, by (10). Furthermore, by using the cy-
clotomic polynomials ¢, we have

D(N,q,1) Hqs

and
(13) [D(N, g, 1)}, = g2 "N HONIoe ),
where the O-constant depends at most on q.
In the case a = —1, we certainly need D(N,q, 1) in the common denom-

inator, but this is not enough. After multiplying by D(N, g, 1), we still need
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a common denominator for alln=1,..., N of
IN—5+2 2N
he1ion (4" + DTS, Di(q?) 1 G=1 on);
[T (@ = 1) ¢ +1 T
see (9), (10) and the above D(N q,1). Because of
N
[ - [ T HQ‘l e
k=1 k=1 Ik
the above expression is, for each j € {1,...,2n}, of the form
IN—§+2 2N ;
(14) | 1+;nn( 1) - TL2 9u(e?) ¢ -1
IN—0+2 N—1 2j _
k:1+;nn( -1 I (@ -1) a7 -1

Higffgtfn Hl\gk Pi(q) - H?iVN Pi(q 2) ’ Hl|j Pi(q)
_ n N—
N e i) - TLE P (@) N =D/1=1 - T, Bilq)

LEMMA 1. The product

[(N-1)/2]
U (q) = H & (g)[(N D/
QJ(Z
is a common denominator of all rational expressions (14).
Proof. Since

&) = {(Pgl(q) for even [,
: Do(q)Pi(q) for odd [,

(compare, e.g., [4, Chap. 2]) our lemma follows if all quotients

—d+2n
| ey [ Lijor @1(q) T2y @1(¢?) ‘ [1,; 2:(q)
NI i(a) T 7 gy (g N—1/1=1 Tl @1(4)
are in Z[g]. Obviously all @;(¢) with odd [ appearing in the denominator can

be cancelled by the nominator.
The polynomial @; with even [ appears at least

s

times in the nominator and at most

e[ [ ) o

times in the denominator. On putting I’ := /2 and writing N = vl’ + 1/,
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n=pl'+p with v/ 1/ €{0,1,...,1' — 1} we obtain
2V +2u — 6 24 W+ —6/2 V-1
A—B:[l—/]—[l—/ - T et
If v/ =0, then clearly A—B >0.If v/ € {1,...,I'—1}and v+ /' —6/2 < U,

then
/ I 5T /

Finally, if v/ + p/ — /2 > I, then

This proves our lemma.
LEMMA 2. We have the following asymptotic formula:

Proof. 1t is obviously enough to prove that
n 1 2
i) (7] -1) = (5 )+ oot
I1<n/2

where Z/ denotes the summation over all odd positive integers specified
under the sum sign. Namely we have

Sen([p]-1)=r X e-Y =

I<n/2 k=1 n/(k+1)<i<n/k I<n/2
From
i 8
16 2j—1) = —m?+ O(ml
(16) ;w( j—1) = m”+O(mlogm),

we immediately see Xy = 2m72n? 4+ O(nlogn). On the other hand, we find
n
REDID BT UED S DD BID D> Rpat
k=11<n/k k<H |  H<k<n I

where H := [n/log?n] + 1. In X, we estimate trivially

2 1 2
Z/go(l) < Z/l < %, hence X4 < n? Z =) < % < nlog?n.
I<n/k I<n/k k>H

In contrast, X3 contributes to the main term in (15). Namely, by (16), we
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have

_n 0<”—;> + O(n(log n)(log H)).

Combination of our above considerations yields (15) and thus Lemma 2.

By Lemmas 1 and 2 we now know that in the case a« = —1 we have
a common denominator

satisfying
(17) [D(N, q,~1)], = |q| (/™ +1/AN"+OW log™ V),
We now multiply (8) by D(N, ¢, «) and get
(18) rN(Qv a) = D<N7 q, a)J(N> = SN(qa Oé)f(d, Oé) + tN(d? q, OK),

where sy and ¢y are polynomials in K[g]. By using (9), (10), (11), (13) and
(17) we now obtain the following

LEMMA 3. We have
(19) |7’N(q, O‘)’v = |d‘v’q‘;b(a)N2+O(Nlog"(0‘) N)?

and for all places w of K,
13 d7 y &) lw
20)  max (Jsw(g,0) ), Al

< 2INIEN (max(1, [g],,)) @IV OV ),

where 04 94
1) =6+ — b(1) =3 - — 1) :=1
a()i=6+ 25, W)=3-2,  v(1)=1,
19 22 8 22
—1) ==+ = —1)i==-—-—= —1):=2
-l = 4 S, b= - (D) =2,

and §(w) = 0 for finite w, but 6(w) =1 for infinite w.
Proof. We easily get (19) from (11), (13) and (17). For (20) we first note

that
|:7’L:|
k q

B ()] < 2°9W (max(1, |g|y))#™.

< 270" (max(1, [gl))"™

w

and
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Then the use of (12) immediately gives an estimate

(21) PN, g, D) < 220N (max(1, |gly))N 0N (n=1,...,N).

The use of the above bound for |®,(q)|, then implies, as in (13), that
DV, g, 1) < 27070 (max(1, [gl,) 27V HON o8 M),

and this gives (20) in the case o = 1. The case a = —1 follows similarly on
noting that

n n(n— N-1 Hzﬁ_a—f”(qk + 1)
pn(Na q, _1) - <—1)N+ +1+6q ( 1)/2 |: :| 2 k=142 .
q

n=lle ILS @ -1)
The bound for |tn(d, ¢, )|, then follows immediately from (10) and the
inequalities (see the notations in (10))

kit +hkon—s—nt2(lpa+- -+ Npn) < (2N—=6)+(2N—6—1)+ - -+Kx+2Np
1
< 2N? — 5 f(=1) +2N(2N — 1 - k) < 6N

5. Proofs of the theorems. Now we shall prove a lower bound for the
linear form (6), i.e. for

L=/ly+bf(a,a)+lf(ba) =1Ll + f(d a),

where d = f1a + £2b. By our assumption on linear independence of a¢ and b
we have, for all places w of K,

(22) ldlw < [71lwl (6 €2)lw, |01, €2) lw < |22fw|dluw

for some constant non-zero vectors 71 and y2 depending only on a and b.
From (18) we find

(23) SN (q’ Oé)L = EOSN((L Oé) - tN(d? q, O() +TN(Qa Ol) = A(Qa Ol) +TN((L Oé).
Assume now that Ay (g, ) # 0 and

1
(24 (gl > 5 | Ax(g, 0,
By Lemma 3, (22) and the product formula we then obtain
dy

—(log, [71]y +log. €], — b(a) N log gl + c2N (log N log |ql)

d, dy
> —log|An(g,a)ly = _1;@ —log AN (g, @)

v

dy
=D~ (logy [y1lw +10g, [t + a(e) N log, [gl
wWHv

+ e3N (log N)" log, |qlu + 3(w)esN log N)
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for all N > c5, where log, « :=logmax(1, ). By (2), this yields

(a(a) + b(a) — Aa(a)) %NQ 1og |qv — csN (log NV,

From the assumption A < A(«) it follows that a(a) + b(a) — Aa(«) is
positive. We now fix N to be the smallest positive integer such that

(25) logh(£) >

dy
(26) log H < (a(a) + b(a) — Aa(@)) — n?log|qly — cen(logn)* @

for all n > N, where H := max(h({), Hy) and Hy is a sufficiently large
constant to guarantee N > c5. For this N, (25) and thus also (24) cannot
hold, which implies |ry(q, @)|, < |An(g, @)|»/2. By (23) we then obtain

(27) s (g, @) Llo > [rn(g; @)lo-

If An(g,a) = 0, then (23) gives sy(g, )L = rn(g, ) and (27) is also
true. Thus we have (27) in both cases if NV is fixed as before. The above
choice of N also gives

(af) +b(a)~Aa(a) %% (N~ 1) 1og lal, ~co(N ~1)(log(N —1))"*) < log I,

and therefore

dlog H
(a(a) + b(a) — Aa(a))
This result together with Lemma 3, (22) and (27) implies

N? log [glv < P +C7N(10gN)V(a).

log |L|y = log |rn (g, )|v — log|sn (g, &)y
> 1og dly — (a(a) + b(a) N2 log gl — csN (log N
d(a(a) + b(a))
dy(a(a) + b(a) — Aa(a))
— co(log H)Y?(loglog H)"(®),

> log ’(£17€2)‘v —

log H

Theorems 1-3 are now immediately obtained by using the values of a(«)
and b(a) given in Lemma 3.

6. Proofs of the corollaries. Clearly we need to consider only Corol-
laries 3 and 4. Since

7(n) =Y 1=15(n) +7e(n) and Y (1) =7(n) — 7e(n),
din dln

we have
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and
(_1)m—1 —n d—1 —n —n
> 1 doa" Y (DT =) mn)g = Y we(n)g
m>1 n>1 dln n>1 n>1
if |g| > 1. This proves Corollary 3.

Further, again if |g| > 1, we see

L =y n
qu+1—_ q<—>—qu—_1—Zs<n)q :

m>1 m>1 n>1
(_1)m—1 (_1)m—1 (_1)1/ (_1)d+m B
Z qm + 1 = Z qm Z qm = Z qdm = Z t(n)q "
m>1 m>1 v>0 dm>1 n>1

Thus the case a = —1 of Theorem 1 implies Corollary 4.

We finally investigate more closely the connection of the functions s and
t with the divisor function 7. For this purpose we give the following

LEMMA 4. The arithmetical functions s and t are multiplicative. For
odd n, we have s(n) = t(n) = 7(n), whereas for even n, we have

__Vg(n)—lTn nzug(n)—?)Tn
S(TL)— VQ(TL)+1 ( )7 t( ) VQ(TL)+1 ( )7

va(n) € N denoting the exact exponent of 2 in n.

Proof. We first remark that the arithmetical function 7(n) := (—1)""1
is multiplicative. Namely, if n1,no € N are coprime, then at least one of
these numbers is odd, and hence the congruence ning—1 = (n;—1)(n2 — 1)
+(n1—1)+(n2—1) = (n1 —1)+(n2—1) modulo 2 holds, yielding r(ning2) =
r(n1)r(ng2). Denoting by * the Dirichlet convolution on the set of arithmetical
functions, we see s = r x 1 (with 1(n) := 1 for all n € N) and ¢t = r % r, and
thus s and ¢ are also multiplicative (compare, e.g., [1, Chap. 2]).

Since r(n) = 1 for odd n, we have s(n) = }_,,, 7(d) = 7(n), and further
t(n) = Ygnr(dr(n/d) = 7(n) for such n’s. From r(2") = —1 for each
v €N we see s(2") =1 — v, t(2") = v — 3, and this proves our formulae for
s(n),t(n) if n is even.
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