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1. Introduction. For any two p-adic integers a,b € Z,, assume that we
have the p-adic expansions:
a=ag+ap+ap®+---,
b=bo+bip+bp’ + -,
a+b=co+ecip+cop’+---,
—a =do+dip+dop® + - -,
ab=ey+eip+ep®+---.
In this paper, the following problem is investigated:
PROBLEM. For any t, express ct,dt,e; by some polynomials over I, of
ao,ai,...,as, bo,bi, ..., bs.

In Sections 2 and 3, we write out the polynomials for ¢; and d; explicitly.
In Section 4, we deal with the case of ab, which is rather complicated, and
we give an expression for e;, which reduces the problem to the one about
some kind of partitions of the integer p’.

We apply the results to operations on Witt vectors ([I4]). Let R be
an associative ring. The Witt vectors are vectors (ag, a1, ...), a; € R, with
addition and multiplication defined as follows:

(ag, a1, ...) + (bo,b1,...) = (So(ao, bo), S1(ao, ar; bo, b1), . ..),
(ao,al, .. ) >< (bo,bl, .. ) = (Mo(ao,bo),Ml(ao,al;bg,bl), .. .),

where Sy, M,, are rather complicated polynomials in Z[zg,z1,...,Zn; Y0,
Y1,---,Yn] and can be uniquely but only recurrently determined by Witt
polynomials (see [14]). Up to now it has seemed to be too involved to find
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simplified forms of S, and M, for all n, and therefore no explicit expres-
sions for S, and M, are given yet. It is well known that all Witt vectors
with addition + and multiplication x defined above form a ring, called the
ring of Witt vectors with coefficients in R and denoted by W(R). A simi-
lar problem is whether addition and multiplication of Witt vectors can be
expressed explicitly. From [I4] it is well known that we have the canonical
isomorphism
W(FP) = Zp,

given by

o
((1(], at, .. ) = Z T(a‘i)pzv

i=0
where 7 is the Teichmiiller lifting. By this isomorphism, the operations on
Zy can be transmitted to those on W (FF,). But, here the elements of Z,, are
expressed with respect to the multiplicative residue system 7(IF,), not the
ordinary least residue system {0,1,...,p — 1}. So, for p > 5 the operations
on Zj, and hence on W(F,) do not coincide with the ordinary operations on
p-adic integers, while in the case of p = 2, we have 7(F2) = {0, 1}, that is, the
two residue systems coincide. Hence, our results in the case of p = 2 imply
that the operations on Witt vectors in W (IFy) can be written explicitly. As
for the case of p = 3, we have 7(F3) = {—1,0, 1}, but it is difficult to apply
our results directly to W(F3). In a recent private communication, Browkin
considered the transformation between the coefficients of a p-adic integer
expressed in the ordinary least residue system and the numerically least
residue system, and proposed the following problem, which provides us with
a way to apply our results to W (F3).

BROWKIN’S PROBLEM. Let p be an odd prime. Every p-adic integer c
can be written in two forms:

0o 0o
c= Zaipi = ijpj,
i=0 j=0
where a; and b; belong respectively to the sets
{0,1,...,p—1} and {0,£1,£2,...,+(p—1)/2}.
Obuviously every b is a polynomial in ag,aq,...,a; (and conversely). Can

one write these polynomials explicitly?

In Section 5, we solve Browkin’s problem, that is, we present the required
polynomials. As an application, in Section 6 we can write the operations in
W (F3) explicitly.

It should be pointed that the explicit formulas obtained in this paper
are useful; in particular, the second author has found many applications in
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T-functions. In fact, in 2002 A. Klimov and A. Shamir proposed the the-
ory of T-functions which are important classes of cryptographic primitives
([B]-[9]). They have analyzed their properties, such as invertibility, cycle
structure, etc. and have shown that one can effectively construct mappings
with required properties. Thus, T-functions can be used in stream ciphers,
block ciphers, pseudo-random number generators, hash functions, and so
on. Recently, TSC-series stream ciphers ([3], [4], [13]) which are based on
T-functions were proposed by Hong et al. as one of the candidates for the
ECRYPT Stream Cipher project. As is well known, almost all of the appli-
cations require T-functions to have the single cycle property. To characterize
this property, Klimov and Shamir introduced the notion of even and odd pa-
rameters and their main tool was the bit-slice analysis ([12]). More recently,
Dai et al. give an equivalent but more explicit characterization of even and
odd parameters from the point of view of the Algebraic Normal Form of T-
functions ([11], [2]). Furthermore, they deeply develop the bit-slice analysis
of T-functions and present a new method to determine whether a T-function
is a single cycle. But the key tool used in Dai’s work is our explicit formulas
for the sum and product of 2-adic integers obtained in this paper.

2. Addition. By convention, for the empty set (J, we let [,y = 1.

THEOREM 2.1. Assume that

r r r+1
A= Zaipia B = Zblpl7 A+B = Zcipia
=0 =0 =0

where a;, bi,c; € {0,1,....,p—1} and r > 1. Then ¢y = ag + by (mod p) and
for1 <t<r+1,

t—1 ,p—1 w b, t—1 s +b'
e = a; + by + ( ( z)( ! >> (J j) (mod p).
zz; ; kJ\p—k j1;—[|—1 p—1

Proof. We need the following two lemmas.

LEMMA 2.2 (Lucas). If A = YI_qap’, B = Y._obip’, 0 < a; < p,

0<b; <p, then
A ey
(5) ~11(;,) tmo

i=0
In particular

A
a; = ( t) (mod p), V¢t
p

For the convenience of the readers, we include a short proof. In F[z] we
have
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r

i@ SRl | (G

t=0 =0
r p—1 _
_TI0+ =) az_Hz<a%> i
=0 =0 j=0
-3 <“0> (“1> (‘Lr>zzz_ojwﬁ
(.707 7]) Jo J1 Jr
0<5i<

Comparing the coefficients of zZ on both sides we get the lemma.
A+ B A\ (B
LEMMA2.3.< N ):Z()( >
t N VAN
+u=t

In fact, we have
Z(‘“{B%t — (14 2B = (14 2)A(1 4 2)P
0203

2 =22 ()6

Ap=t

and the lemma follows from comparing the coefficients of 2z on both sides.
Now, we turn to the proof of the theorem. By the two lemmas, we have

t—2
¢t = a + by + Z (f) (B> + Z Z <A> (B> (mod p).
Ap=pt, pt X H i=0 A\ p=pt, p’||A A
Let
A=xp" + Xipp ™t 4 Nt
where 1 <\ <p—-1,0< )N <p—1fori+1<j<t—1 Then
p=p' =A==+ -1-dp)p™ o+ = 1= Mo)p' T

Consequently, by the Lucas lemma, we have in IF,,

(-CYTE) (=) T,
> (-0

Atp=pt, p'=H|A
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Therefore
> (0)
At+p=pt, p{|A A\
p—1 p—-1 p—1 b t—1 aj bj
& 1&%3:0 AH:O(A)( A) jﬂ1<Aj) <p—1—Aj>
—1

Il
> *5
> 8
N———
RS
%

&
3’

1
pZ <a2+1>( bit1 )
= o1/ \p— 1= Ay
N Z <at 1> bi—1 >
a1/ A\ = 1T = Ay

To all these sums but the first we apply Lemma 2.3 to get

(05 HE

Jj=i+1

Therefore

p—1 t=2 ,p—1 il
at—1\ { bi—1 @i bi )> (aj+bj>
Ctr = Q +b + +
¢ e Z( k )(p_k> i:o(;<k>(p_k jgﬂ p-1
b; TT (% +b;
e (S () T30 o s

j=i+1

COROLLARY 2.4. Assume that
oo (0.) oo
a:Zaipi,b:ZbipieZp, a—l—b:Zcipi,
i=0 i=0 i=0
with a;,b;,c; € {0,1,...,p—1}. Then ¢y = ag + bp (mod p) and fort > 1,

e S ()

=17 jmiv1 NPT
In particular, if p =2, then co = ag + by (mod 2) and fort > 1,

t—1 t—1
ct:at—i—bt—i—Zaibi H (CLj—i-bj) (mod 2). u
i=0 j=it+1

COROLLARY 2.5. Assume thata =2, a;2" € Zy and n > 1.

(i) If 2"a = 3 .2, c;28 € Zy, then c; = 0 for 0 <t < n, and ¢; = ay_n,
(mod 2) fort > n.
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(i) If (2" + Va = Y225 ¢i2" € Zo, then ¢, = ay for 0 < t < n —1,
¢n = ap + ag (mod 2) and fort > n+1,

t—1 t—1
¢t =ay+ a—pn + Z a;Qi_n H (aj + aj—p) (mod 2). =
i=n j=i+1

COROLLARY 2.6. Assume that a =) ;2 a;3' € Zg and n > 1. If 2a =
Y2y €i3' € Zs, then cg = —ag (mod 3) and fort > 1,

t—1 t—1
et = —ap + Zai(l —a;) H a;j(2a; — 1) (mod 3). =
i=0 j=i+1
3. Additive inverse

THEOREM 3.1. Let A= >""_ a;p’. Assume that

—A="dyp' (mod p),
=0

where d; € {0,1,...,p—1}. Then dy = —ag (mod p) and for 1 <t <r,
t—1
dy = —ap — 1+ H(l —a?™") (mod p).
i=0

Proof. Clearly, we can assume that A % 0. Then there exists an s such
that as # 0 but a; = 0 for ¢ < s. This implies that

d — { —a¢ (mod p) ift <s,
—a; — 1 (mod p) ift > s,
which is equivalent to
dt:{_at (mod p) if (ag,a1,...,a;—1) = (0,...,0),
—a; — 1 (mod p) if (ag,a1,...,a;-1) # (0,...,0).
Take f(ag,a1,...,a;—1) = —1+ [['=g(1 — a?~") (mod p). Clearly
~ [0 (modp) if (ag,a1,...,at-1) = (0,...,0),
flao, a1, a-1) = { —1 (mod p) if (ag,a1,...,a;-1) # (0,...,0).

Therefore,
t—1
dy = —ay + f(ag,a1,...,a—1) = —a; — 1 + H(l — affl) (mod p). =
=0

COROLLARY 3.2. Assume that

o0 (o]
a= Zaip’ €Ly, —a= Zdiplu
i=0 i=0
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with a;,d; € {0,1,...,p—1}. Then dy = —ap (mod p) and fort > 1,
t—1
dy = —ay — 1+ H(l - af_l) (mod p).
i=0

If p=2, then dy = ag and fort > 1,
t—1
di=a;+1+ H(l +ai) (mod 2) [
i=0
REMARK 3.4. The problems considered in this section and in Corollaries
2.5 and 2.6 were suggested to us by J. Browkin.

4. Multiplication

4.1. Fundamental lemma

4.1.1. Fundamental polynomials. Let
p—1

K:{k:(kl,...,kp_l):kl>0,0<;kl<p—l}.

Clearly 0 = (0,...,0) € K. Let
K(r+1)2 =—Kx..-xK
—
(r+1)?
and write 0 = (0,...,0) € K2,
For any k = (k1,...,kp—1) € K, k # 0, define

ﬂ'k(‘ray)

)y =P e )P (@ —1) (e — 1 1)\

=1
and for k = 0, define mg(z,y) = 1.

Let I={(i,7) : 0<14,j <r}, and let z = (zo,...,2), ¥ = (Y0,-- -+ Yr).
Then for k = (..., k; ,...) € KU with k;; = (kij1,....kijp-1), we
define the function

(2, y) = H T, (Tis Y5),
(i,5)€l
and the norm
p—1
Il = 37 (3 thiga)p'™.
(3,7)€l I=1

Clearly, m(z,y) is a polynomial in o, ..., 2, Yo,. .., Yr.
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LEMMA 4.1. Assume that 0 # k € K. Let 0 < a,b < p— 1. Then
mi(a,b) = 0 if one of the following cases occurs:

(i) ab=0;

(ii) there exists an | such thatl > a and k; > 0;
(iit) SP=) ki > b
Proof. This can be checked directly. m

LEMMA 4.2. Assume that 0 # k = (..., k; j,...) € € KUtD? Let g =
(ag,a1,...,a,;) and b = (by,by,...,b.). Then m(a,b) = 0 if one of the fol—
lowing cases occurs:

(i) there exists (i,j) € I such that a;b; =0 and k; ; # 0;
(ii) there exist (i,7) € I and | > a; such that k; j; > 0;
(iii) there exists (i,j) € I such that Zf;ll ki1 > b;.
Proof. This follows from Lemma 4.1. m

4.1.2. Fundamental lemma

LEMMA 4.3. Assume that
2r+1

T T
A=>"ap', B=Y bp', AB=) ep.
i=0 i=0 i=0
Then ey = apby (mod p) and for 1 <t <2r+1,

ee= ), mab) (modp),
EEK(tJrl)Q
lIEl=p*

where a = (ag,a1,...,a;) and b = (bo,b1,...,b).
Proof. Define
I(a,b) = {(i,j) € 1:0<1,j <t, a;b; # 0}.
For any integers 0 < a,b < p, set

a
K(a,b):{E:(kl,...,ka,o,...,o)eK:kl20,1§Zkl§b}.
=1

Note that 0 ¢ K(a,b). We will denote k = (ki,...,kq,0,...,0) simply by
(k1,...,kq). Then, for k = (k1,...,kq) € K(a b) we clearly have

= QI

<b> B bl
k) Rl k(b — o k)

where
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For ) # S C I(a,b), define
Ks(a,b) = {(-...k;j....) € KDk € K(ay, by) for (i,5) € S
ki =0 for (4,7) ¢ S}.

Ifk = ("‘7klj7"’) € Kg(a,b) with kzj = (ki,j,17"‘7ki,j,ai) € K(ai,bj),

then it is easy to show that

ﬂkab H Tk, | (ai,bj) (mod p),
(i.5)eS

el = > (izki,j,l)piﬂ‘

(i,j)€s =1
Now, we have

5 () [

0<i<t
a; 7#0

i % kg i )pit
=1+ Z Z H Tk, | (as,bj) - w2 ges (222 i

0#SCI(ab) k=(....k; ;,--.)€Ks(ab) (4,5)€S
=1+ Z Z mg(a, b)z IEI (mod p).
0#SCI(a,b) k€K (a,b)

Comparing the coefficients of both sides and letting A = p?, from the Lucas
lemma we have

«= (V)= X % s > mala.b) (mod p).

p P#S€l(a,b) k€Ks(a,b) kEK(t+1)2
IEl=p* lel=p*

The last step follows from Lemma 4.2. u
4.2. Multiplication formula

4.2.1. Ty,-partitions. Now we shall give a simpler formula for e;. Let
K* = K\ {0} and K := |K*|. Then |K| = K + 1 and we can write the
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elements of K as k(j), 0 < j < K in particular, let £(0) = 0 for convenience.
So

K" ={k(j): 1 <j < K}.
For k = (k1,...,kp—1) € K, define

p—1
wk) =Y jkj.
j=1

In the following, we fix the vector:
w = (w(k(1)),. .., w(k(K))).

For I = (l1,...,lx) € NX (the cartesian product of the set of non-
negative integers), the size of [ is defined as

K
=> 1
j=1

and the inner product of w and [ is defined as
K
w-L=" wk(j));.
j=1
For an integer n > 0, a T),-partition of n is defined as

t

n=> (w-L)p, LeN0<|L[<1+j
§=0

This partition is also written as
éz(lor"’ét): OS‘LJ"Sl-F]'-

We will write Ly(t) for the set of all possible T),-partitions of p’, that is,

¢
Ly(t) = {L= (o, 1) s D (w-L)p = p', 0 <L < 1+,
§=0
If p =2, then K = 1 and [; is only a non-negative integer, so we can
write [; = [;. Clearly lp = 0. Hence, for p = 2, we have

t
Lo(t) = {g: (o) 2 Y 28 =25, 0 <1 §k+1}.
k=1

If p =3, then K =5 and we have
K* = {k(1) = (1,0), k(2) = (0,1), k(3) = (2,0), k(4) = (1,1), k(5) = (0,2)},
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and therefore w = (1,2,2,3,4). Hence, for p = 3, we have

t

L3(t) = {é = (l()v e alt) : Z(lkl + 2lk2 + 2lk;3 + 3lk;4 + 4lk5)3k = 3t7
k=0

0< | < 1+k},

where [;, = (lk1, lk2, lk3, lkas les), 0 < k < t.

4.2.2. Partitions of I(m) and symmetric polynomials. Let I(m) = {i :
0<i<m},0<m<t Forl=(l,...,lg) € NK with |I] <14 m, we call
S = (S1,...,Sk) an l-partition of I(m) if it satisfies

Sj € I(m), ISl =15,
Sjﬂsj’:(ba \V/]#],,léj,jng
The set of all possible [-partitions of I(m) is denoted by I(m,[), that is,

Vi#4,1<4,) <K}

Defining lg :==14+m — Z]K:1 l;, we get

(1+m)!
I(m. 1) = — """
[E(m. D Il !

For a given integer m,0 < m < t, and [ = (l,...,lx) € NX with
|I| <1+ m, define the function
K

TU(T0s -+ T3 Yos -+ Ym) = > 1T IT 7o) (oo gm—a)-

8=(51,...,Sk)€L(m,l) j=1€S;
Clearly, 7(zo,...,Zm;Y0,---,Ym) is a polynomial which is symmetric with
respect to the pairs {(z;, ym—i) : 0 < i < m}, that is, it is invariant under
the permutations of the pairs.
When p = 2, we have K = 1, K = {0,1} and hence k(1) = 1 as well as
l:=11 =1 So we have

l
TL(x07"'7$m;y07"'7ym) = Z szkymfzk

0<iy <--<ij<m k=1
= T(T0Ym, T1Ym—1, - - - » Tm¥0),
where 7;(Xo, X1, ..., X,) denotes the [th elementary symmetric polynomial
of Xg,Xl, ce ,Xm.
When p = 3, we have the ordered set K* = {(1,0),(0,1),(2,0),(1,1),
(0,2)}. It is easy to check that when z;,y; € F3, we have the following
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equality between polynomial functions:
TL(Z’O, <o s Tm Yo, - ,ym)
= Z fs(20s T15 s T Y0, Y1y -+ -5 Ym)s
5=(51,52,53,54,85)€I(m,l)
where
fi(fl’o,ﬂ?l, sy Tmsy Yo, Y1, - - 7ym) - H Li1Ym—iq H 1:22(]- - xiz)ym—iz
11E€S1 12€S52
X H 27 Ym—iz (1 = Ym—is) H zi(1 = 23)Ym—i(Ym—i — 1)
i3€S53 1€54US5
4.2.3. Multiplication formula
THEOREM 4.4. Assume that
r ) r ' 2r+1 ‘
A= Zamﬂ B = Zbiplv AB = Z eip'
i=0 i=0 i=0
Then eg = apby (mod p) and for 1 <t < 2r 41,
t
e = Z qu(ao,...,ak;bo,...,bk) (mod p).
£2(1077£t)61‘p (t) k=0
Proof. For k= (...,k;;,...) € K(HD? et
é(ﬁ):(ﬁoﬂ""ﬁt)a ﬁm:(sm,la--'asm,l()a
L(E) = (l()v"'vit)a im: (lm,la"'ylm,K);
where
vaj = {Z :0 < i < m, Ei,mfi = E(.?)}v |Sm,j = lm,j-
Clearly, we have
Sm,j - I(m)a Sm,j N Sm,j’ = @, Vj 7& jla
and
K
b =Y _lmj < L+ m.
j=1

So S,, € I(m,l,,), and therefore
S(k) € 1(0,1y) x I(1,1;) x --- x I(t, 1}).

We need the following two lemmas.
LEMMA 4.5. k|| = p" if and only if (k) € Ly(t)
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In fact, noting that w(0) = 0, we have

Ikl = > wl o™ = 3 (Y wlki))p”

0<i,j<t 0<m<t 0<i<m

= Z ( Z w(ki,mfi)>pm

0<m<t 0<i<m, k; ,,, ;70

S wkG))en

0<m<t 1<j<K i€Sm ;

= Y (X bgwG))p" = Y (L),
] 0<m<t

as required.
1) € Lp(t), we have the bijection

LEMMA 4.6. For a fized (1, ...,1,
ke S(E)

{k € KU 0(k) = (lo, .. 1)} = 1(0, 1) x -+ x (¢, 1),

Now, we turn to the proof of the theorem. From Lemmas 4.3, 4.5 and

>, m@b)= >, >  mab

LeLy(t) EEK(HDQ
UE)=(lys-sly)

4.6, we have

=Y mlab)=
eK(t+1)?

kEK(H+D)? k
Iill=p' IRy (1)

Tur ﬁfj I ot

LeLy (1) (507 S, )GHm OI(m,lm)

“Y X T et

l€Ly(t) m=0 8, €X(m,l,,) J=1iE€Sm,;

t
Z H 7, (@0, -, am;bo, . ..

IEL, (1) m=0

,bm) (mod p). =

COROLLARY 4.7. Assume that
a = Z(lipz, b= Zbipz7 ab = Zeipza
i=0 i=0 i=0

with a;, bj,e; € {0,1,...,p—1}. Then ey = apby (mod p) and fort > 1,

t
e = Z an(ag,...,ak;bo,...

1=(lgy-ly ) ELp (t) k=0

,bg) (mod p).
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In particular, if p = 2, we have ey = apby (mod 2) and fort > 1,
ew= ) I 7. (aob, arbr—1.. .., axbo) (mod 2);
(I1,..lt)ELa(t) 1<k<t

if p =3, we have ey = apby (mod 3) and fort > 1,

¢
e = fs(ao,ai,...,ak;bo,bi,...,b) (mod 3),
> 11X

@07~--,£t)€L3(t) k=0 S
where S = (517 S27 S37 547 55) S I(k,lk% and

fﬁ(a()?al?'"aak;b()abla"'7 H azlbk i1 H azg — Qj, bk in
11E€51 i2€52
2
X H ai3bk—i3(1 _bk—i3) H az( - )bk (bk i ].) ]
13€853 1€S4US5

REMARK 4.8. (i) We can give an algorithm to determine the set La(t).

(ii) For p = 2, we once gave a rather complicated proof for the addition
formula by simplifying the well-known recursion formulas for the addition
of Witt vectors (see [14]), but we did not know whether the similar thing
is possible for the multiplication formula. After reading that complicated
proof, Browkin found a simple but quite different proof for our addition
formula in the case of p = 2 (see [I]). The present proofs, in particular those
for the results in this section, were largely inspired by the following fact in

the Lucas lemma:
A
a; = ( t) (mod p),
V4

which was first pointed out in [I2]. This fact was also used in [10].

QUESTION 4.9. How to simplify the expression of e; further?

5. Transformation of coefficients. In this section, we will solve Brow-
kin’s problem. First, we define the required polynomials as follows:

t—1 (p—1)/2

fe(xo, 21, ..., x4—1) Z{ Z (zx+ )P —1]} H (11—,

Ai<t

9t(Yo, Y1, - -+, Yt—1) Z{ Z /\—C>p_1]}

A=0 c= (p+1)/2

()]

where we also have the convention that [],.y = 1 for the empty set 0.
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THEOREM 5.1. Assume that p > 3 is a prime. Let

e} o
A= Zaipi = ijpj € Ly,
i=0 =0

with a; € {0,+£1,£2,...,£(p — 1)/2} and b; € {0,1,...,p—1}. Then
(5.1) by = ar + fi(ag,a1,...,a;—1) (mod p),
(5.2) at = by + gi(bo, b1, ..., b—1) (mod p).

Proof. To prove (5.1), we first define an index sequence. Let jo = —1. If
after K — 1 rounds (k > 1) we have ji_1, then we go on with the following
two steps:

(i) Let
. foo if{i:jr <i,—(p—1)/2<a; < -1} =0,
"= {min{i CJk—1 <i,—(p—1)/2 <a; < —1} otherwise.
If i = oo, then the index sequence is completed; otherwise, go on

with the next step:
(ii) Let
o foo if{izig<i,1<a; < (p—1)/2} =0,
k= {min{i vip <4, 1 <a; < (p—1)/2} otherwise.
If jx = oo, the index sequence is completed; otherwise, go on with
the (k + 1)th round.

For k > 1 we define
(5.3) b, = aj, Je—1 <1 <1, and b;k =p+ ai,
(5.4) bi=a;—1+p, ix<i<jk, and b}k =a;, — 1.

It is easy to check that 0 < b) < p for any ¢.
We will denote

Iy = Z aip’,  Jp= Z app',  Vk>1.
Je—1<i<ig 1 <i<Jk
When i, = oo, from (5.3) we have
(5.5) I = Z a;p’ = Z aip’ = Z bip'.
Jr—1<i<ip=00 Jr—1<t<ip=00 Jr—1<t
When iy, < oo, from (5.3) we have
(5.6) =Y, ap'= Y Hp b pt—ptth

Je—1<t<ig J—1<t<ig

Jr—1<t<ig
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When jj, = oo, from (5.4) we have

(5.7) —p LT =Y p-1p'+ > ap
1<t 1 <1<jp=00
= Z(ai +p—1)p' = Z blp'.
1)<t 1<t

When jj, < oo, from (5.4) we have

(58 P H=> -+ Y ap

1<t 1 <t<jk
= > (@t 0p o+ [y + 30— [
i1 <i<ji 0<i
= Y (at+p—1p + (e -1 = D bt
i <i<jp 1, <t<Jk
When jj, = oo, from (5.6) and (5.7) we have
(5.9) L+ Je= > bip'.
Jr—1<t
When jj, < oo, from (5.6) and (5.8) we have
(5.10) L+ Je= Y b
Jre—1<t<ig

It is easy to see that

Lh+Ji+4- 4+ I+ Jp + I if iy = o0,

L+Ji+- -+ I+ Jg if j, = oo,
Z(Ik + Jk) otherwise.
k>1

Discussing the three cases separately, from (5.5)—(5.10) we have
A= Z bip'.
i>0
By the definition of the index sequence, for k > 1 we clearly have
o ifjp 1 <t <ig then0<a;_1 <(p—1)/2,and (ag,a1,...,a;—1) is not
of the form (x,...,%,—¢,0,...,0) withm >0and 1 < ¢ < (p—1)/2;
———

m
o if iy <t < jg, then —(p—1)/2 < a;—1 <0, and (ag,a1,...,a;—1) is of
the form (x,...,%,—¢,0,...,0) withm >0and 1 <c<(p—1)/2.
———

m
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Hence, for k > 1 we have iy < t < ji if and only if (ag,a1,...,a;—1) is of the
form (*,...,%,—¢,0,...,0) with m > 0 and 1 < ¢ < (p—1)/2. Note that
~——
m

modulo p we have

ft(GJO?ala”'aatfl)
_{—1 if (ag,a1,...,ai-1) = (*,...,%,—¢,0,...,0), 1 <c<(p—1)/2,
0 otherwise.

So
a; (mod p) if jpo—1 <t <ip, k>1,

a; — 1 (mod p) if iy <t <jg, k> 1.
Therefore, from (5.3) and (5.4), we have
(5.11) at + fi(aop,ai,...,a;—1) = b} (mod p).

By the uniqueness, we have b; = b for any i, so (5.1) follows from (5.11).
In a similar way, we can prove (5.2). Similarly, we first define an index

ag + ft(a())ala . '7at—1) = {

sequence. Let jo = —1 for the initial value. If after k£ rounds (k > 1) we have
Jjx—1, then we go on with the following two steps:
(i) Let

‘ oo f{i:jr1<i,(p—1)/2<b;<p-—-1}=0,
7 =
F min{i: jp—1 <14, (p—1)/2<b; <p—1} otherwise.
If i = oo, then the index sequence is completed; otherwise, go on

with the next step:
(ii) Let
. [ if {i:ip <i,0<b;<(p—1)/2} =0,
e = {min{z’ D <14, 0<b; < (p—1)/2} otherwise.
If jr = oo, the index sequence is completed; otherwise, go on with
the k + 1 round.

For k£ > 1 we define

(5.12) a; =b;, Je—1 <1 <1, and a;k =b;,, —p,
(5.13) aj=bi+1—p, ip<i<jy, and daf =bj +1.

It is easy to check that —(p —1)/2 < a} < (p — 1)/2 for any ¢.

For k > 1, let
Iy, = Z bip',  Jp= Z bip'.
Jr—1<i<ig 1, <i<Jk
When i, = oo, from (5.12) we have

(5.14) L= > bpi= > aph

Jr—1<t<ip=00 Jek—1<t
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When i, < oo, from (5.12) we have
(515) Ir= Y bip'= D by tbipt= Y byt ptt
Je—1<i<iy Jre—1<i<ig Fro—1 <1<y,

When jj = oo, from (5.13) we have
(5.16) P T = — Z(p —1)p' + Z bip' = Z aip'.

1<t 1 <1<jp=00 1<t
When jj, < oo, from (5.13) we have
(5.17)
p1+ik +J = — Z(p_ 1)pi + Z bipi
i<t i <t<Jk
= Y (bi—p+1)p + (b, + DpF —p' =D (p— 1)’
1 <t<Jg Je<t
-y
- 1]9 .
1 <t<Jk

Then, similarly from (5.14)—(5.17), we have
A= Z ap'.
i>0
By the definition of the index sequence, for k£ > 1 we have:

o if 1 <t < ik, then 0 < b1 < (p— 1)/2, and (bo,bl,...,bt_l) is
not of the form (x,...,x,¢,(p—1)/2,...,(p—1)/2) with m > 0 and

m

(p—1)/2<c<p
o ifiy <t < jg,then (p—1)/2 <bi_1 <p,and (by,b1,...,b_1) is of the
form (%,...,%,¢,(p—1)/2,...,(p—1)/2) withm >0and (p—1)/2 <

m

c < p.

Therefore, for k > 1 we have iy < t < ji if and only if (bg, b1,...,bi—1) is
of the form (x,...,*%,¢,(p—1)/2,...,(p—1)/2) withm >0and (p — 1)/2 <

m
¢ < p. Note that modulo p we have

gt(bOabla"'ybtfl)
1 if (bo,b1,...,bi-1)
= =(x....,x5c(p—1)/2,....,(p—1)/2),(p—1)/2 < c < p,
0 otherwise.
So
by +1 (mod p) if jr1 <t <ip, k>1,

b bo,b1,...,bi—1) =
¢ + g¢(bo, b1, s bi-1) {bt(modp) if i <t <jp, k>1.
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Hence
(5.18) bi + gi(bo, by, ..., bi—1) = a; (mod p).
As above, by uniqueness we know that (5.2) follows from (5.18). m

An alternative proof. After reading the previous version of this paper,
Browkin gave an alternative proof for Theorem 5.1. Now, we only give a
sketch of his proof of the equality (5.1).

Let Y 2% aip’ = >0, bip’, where a; € {0,£1,42,...,+£(p—1)/2}, b; €
{0,1,...,p—1}. For k > 0 denote

k k
Ap = Zaip’, By, = Z bip'.
i=0 =0

Clearly, for any k > 0, A and By, satisfy A, = By (mod p*+1). We have

(%) |Ap| < p**t and 0 < B, < pFtlL
In fact,
b o1 1
i - A N k+1
Al <D laily’ < 5= p' =50 =) <p
=0 =0
and
0< By :Zbipz < (p_l)zpl :pk+1 1 <pk+1'
i=0 i=0

From (%), it follows that
—p"t < — Ay, < By, — Ay < By + | Ai| < p"

so By, — A, = 0 or pF*t1. More precisely

Ay if A >0,
(k) By = bl
Ap+p if A <O.

From this, we know that by = ag (mod p). Now, we determine by (mod p)
for k > 1.

(i) Assume that Aip_; > 0. Then from (%) we have Ap_1 = Bjp_. If
Ay > 0, then Ay, = By similarly, so

A1+ agp” = Ay, = By, = B_1 + bp”,
therefore b, = ay; if Ay, < 0, then by (¥*) we have By, = Aj, + p**!, and so
Bj—1+bpp® = By = Ap + 0" = Ap_y + ap® + p"

which implies b = aj, + p.
(ii) Assume that Ag_q < 0. If Ax > 0, then from (x*) we get

Ap_y + " +bpp® = By + b = By = Ay = A1 + ap”,
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therefore by, = ap, — 1; if Ay < 0, then from (x*) we get
A1 40"+ bpp® = By + bpp® = By = A + " = Ay + app” +pF,
therefore by = ap +p —1 = ax — 1 (mod p).
Thus we have proved
—1 (mod p) if Ax_; <0,
by —ap = .
0 (mod p)  otherwise.

Now we express these conditions by means of polynomials.

Let
k—1

Apq = Zaipi7 where ap =ap_1="-=am41 =0, ap #0,

i=0
forsomem, 0 <m < k. From Ay_1 = A, = Ap—1+app™ and |Ay, 1| < p™
we conclude that Ap_; < 0 if and only if a,, < 0, which is equivalent to
am € {—-1,-2,...,—(p—1)/2}. So we get

—1 (mod p) if (ag,a1,...,ak-1) = (*,...,%,—¢,0,...,0),

b —ax = .
{ 0 (mod p)  otherwise,
where 1 < ¢ < (p—1)/2. From the proof of Theorem 5.1, we know that
fr(ao,ai1,...,ax—1) has the same property as by — ax, so we have
by = ax, + fr(ao,a1,...,ax—1) (mod p). =
COROLLARY 5.2. Let

A= ZaZBi = ij?)j € Zs
i=0 =0
with a; € {0,£1} and b; € {0,1,2}. Then
by =ar + Z ax(ay —1) H (1 —a?) (mod 3),

0<A<t Ai<t
ap=b+ > b1 =by) J] b:i(2—1b) (mod 3). m
0<A<t A<i<t

We can also give the formulas for the sum and the product of p-adic
integers with respect to the numerically least residue system {0, £1,+2,...,
+(p — 1)/2}. Define

t—1 (p—1)/2
o =a+ 30 lwror =) T a-a™),
A=0 c=1 Ai<t
t—1 p—1
br=bie > { Y D=Ga-or I T - - - 1)/2p7Y),
A=0 c=(p+1)/2 ALi<t

where a; € {0,£1,+2,...,£(p—1)/2} and b; € {0,1,...,p — 1}.
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THEOREM 5.3. Let p be an odd prime. Assume that
oo oo oo
a = Zaipz7 b= Z bzpl € va —a = Z dipla
i=0 i=0 i=0
o0 o0
atb=Ycr, ab=3 e,
i=0 i=0

with a;,b;,ci,d; € {0,+£1,£2,...,+(p—1)/2}. Then
(i) co = ap + b (mod p) and fort > 1,

e SEC) ()

i=0 J b=

—1) /2 +aj + bv>
X d p).
I (77244 o
Jj=t+1
In particular, if p =3, then co = ap + by (mod 3) and fort > 1,
t—1 t—1
a; +bY +1
¢ = at+btv—Z;[(ai—i—l)(ai—kbiv—l)biv] 1‘[ ( J 2] ) (mod 3).
1= Jj=i+1
(ii) do = —ay (mod p) and fort > 1,

d——at—1—|—H vpl ) (mod p).
In particular, if p = 3, then do = —ay (mod 3) and fort > 1,
dy=—a) —1+]](1 - a}*) (mod 3).

(iii) ep = (agby)” (mod p) and fort > 1,

t
€t=< Z qu(ag,...,a%;b&,...,b%))A (mod p).

éz@ov---ip)eLp (t) k=0
Proof. (i) From Theorem 5.1, we have

Note that (p —1)/2 + at—1, by € {0,1,...,p—1}. Let

o0

oo [e.e]
p_l . - .
Z<2+at—1>pl+zb;/ z:Zc§p17 026{0’17"'727_1}‘

i=0 i=0 =0
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Then by Theorem 5.1 we have

c;:<p_1)/2+at+b;+§(<p—1>/,2+at—1>(btv1,)
i=1

i p—1

SEC NI

J — 1/ s
Clearly ¢, = ¢, — (p—1)/2.
(ii) This follows from Theorems 5.1 and 3.1.
(iii) This follows from Theorem 5.1, Corollary 2.4 and Corollary 4.7. =

6. Applications to Witt vectors. Now, we apply the above results to
(W(F,),+, x), the ring of Witt vectors with coefficients in F,,. Let = denote
the additive inverse of Witt vectors.

THEOREM 6.1. Let a = (ap,a1,...), b = (bo,b1,...) € W(F2). If in
W(F2)7

a+b=(cy,c1,...),
—a= (do,dl, .. .),
a >< b= (60,61,...),
then in Fy we have

(i) ¢o = ag + by and fort > 1,
t—1 t—1
ct = ap + by + Zaibi H (aj +bj).
i=0 j=i+1
(ii) do = ap and fort > 1,
t—1
dt:at+1+H(1+ai)-
i=0
(iii) ep = apbp and fort > 1,
et = Z H 7, (agbg, a1by—1, ..., arby).
(ll ..... lz)ELg(t) 1<k<t
Proof. This follows from Corollaries 2.4 and 4.7. =

When p = 3, a) and ;" become

o) =a+ Y an(an—1) [] @—ad),

0<A<t A<i<t
b =be+ Y bl —by) ] bi(2—b)
0<A<t A<i<t

with a; € {0,%1} and b; € {0,1,2}, and then we have:
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THEOREM 6.2. Let a = (ag,a1,...), b = (bo,b1,...) € W(F3). If in
W (Fs)
a+b=(co,c1,...),
—a= (do,dl, .. .),
a X b= (60,61,...),

then in Fs3 we have

(i) co =ap+ by and fort>1,

-1 t—1
b +1
Ct:at+btv_Z[(ai+1)(ai+biv—1)biv] H (aj+ ;i )

i=0 j=it1 2
(ii) do = —ay and fort >1,

d=—a) —1+]](1 - a)?

(iii) eg = (agby)” and fort > 1,

t
€t:< Z HZfiv(ao,al,...,ak;bo,bl,...,bk))/\,

(Lgs-ly)EL3(t) k=0 S
where S = (S1, 52,53, S4,55) € I(k,l},) and

fiv(ao,al,...,ak;bo,bl,..., H a by i H %2 by i
i1€S51 i2€So
2
< [ aioi =ty T a0 —a))bl_s(bl_; — 1)
i3E€S3 1€S54US5

Proof. This follows from Corollaries 2.4 and 4.7 and Theorem 5.3
(see [14]). =

REMARK 6.3. (i) We can also write out for Witt vectors the results
corresponding to Corollaries 2.5 and 2.6.

(ii) The formulas given in Theorem 6.2, in particular for e;, are indeed
complicated, but explicit.

QUESTION 6.4. Can one give similar formulas for W (F,) for a prime
p>37
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