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1. Introduction. In this paper, we let p be a fixed odd prime number
and let Z, be the ring of p-adic integers. For a number field k, let ko be
the cyclotomic Z,-extension of k and let k;, be its unique subfield of degree
p" over k. We write I' = G (ks /k) for the Galois group ko, over k. Let CL,
be the p-Sylow subgroup of the quotient of the ideal class group of k,, by
the subgroup generated by the primes lying over p. Following Kuz'min, we
define the Tate module T,(k) of k to be the inverse limit of Cl), with respect
to the norm maps,

T,(k) = lim Cr,.
n
Note that Kuz'min’s Tate module T (k) is slightly different from the usual
Tate module which is defined as the inverse limit of the p-primary parts of
the ideal class groups of k,. Let ¥}, be the group of all elements of k whose
pth roots generate a field which can be embedded into a Z/p"Z-extension
of k for all n > 0. Write N, for the norm map of an extension K/k. Let
Oy be the group of all elements of k whose pth roots generate a field which
can be embedded into a Z,-extension of k. Let

kuniv —_ ﬂ Nkn/kk:;
n>1
be the group of universal norm elements for ko /k. Let lim _ k; be the

inverse limit with respect to the norm maps. In this paper, we call () €
liianI k) a norm compatible sequence, and call a € k a norm compatible
element if there is a norm compatible sequence (o,),>1 such that a =

Np, sr1. Finally, let £°°™P consist of all norm compatible elements of £, i.e.,
kP = {a € k™ | Ny, jpa1 = a for some (o) € lim k;y }.
n>1
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The main result of this paper relates the group Oy to Tp(k) using ¥, k™Y
and komP,

THEOREM 1.1. Let p be an odd prime and let ko = J,, kn be the cyclo-
tomic Zy-extension of a number field k containing a primitive pth root of
unity. If Tp(kn)F” is finite for alln > 0, then there exists an exact sequence

@k’ N kuniv
s -~

1 kcomp

— Tp(k) — 0,/0) — U /E™VO,, — 1.
Note that for a number field k, the finiteness of T,(k)!" is equivalent to
what Kolster calls the Gross conjecture for k (see Proposition 1.2 of [6]).

COROLLARY 1.2. Let p be an odd prime and let koo = U, kn be the
cyclotomic Zy-extension of a number field k containing a primitive pth root
of unity. If the Gross conjecture is true for {ky}n, then there exists an exact
sequence

@k N kuniv

1— T jcomp Tp(k) — ¥ /Oy — W, [k O, — 1.

When £k is abelian, we have the following corollary.

COROLLARY 1.3. Let p be an odd prime and let k be an abelian field
containing a primitive pth root of unity. Then there exists an exact sequence

@kz N kuniv
e _r

1 kcomp

— Tp(k) — 0,/0O) — U /E™VO,, — 1.

Using Lemma 3.2 (below) and the proof of Theorem 1.1 one can show

that if k is abelian and there is only one prime of k lying over p, then
T,(k)' = 1.

2. Kuz’min’s results and norm compatible elements. We start
with the following definition for a number field k and a group H.

DEFINITION 2.1. For an extension field K of k and a group H, we will
say K is H-extendable over k if there is an extension field F' D K such that
F/k is Galois and the Galois group G(F'/k) is isomorphic to H.

As defined in the introduction, @ denotes the group of all elements
o in k* such that k(al/P) is Z,-extendable over k. We will use the same
objects and notation as [I]. For each n > 0, let (,» denote a primitive p™th
root of unity in a fixed algebraic closure k8 of k such that an = (pn1
for each n > 1, and let pyn = ({p») denote the group of all p"th roots of
unity in k*2. For each integer n > 1, let T(Cpn) = C;:r P Thus 7 defines a
topological generator for G(k/k) of the cyclotomic Zy-extension of k. Let

A= Z,[[T]) = 1 Z, (G (k /)
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be the Iwasawa algebra, i.e., the inverse limit of Z,[G(k, /k)] for which the
generator 7 satisfies 1 + 7T = 7. Let koo = lim _, kX /(kX)T (B*)P denote
the inverse limit with respect to the norm maps N, : k, — k and let
koo = liﬂlnzl EX/(ROT(EX)P be deﬁne(% in the same way. Let 7 (resp. 7) be
the natural projection from keo (resp. ko) into k% /(k*)P,

T((an)n>1) = Ni(b) mod (k)

where b € k1 denotes any lifting of a;. There are upper and lower bounds for
the group Oy /(k*)P in terms of the above inverse limits (Theorem A of [9]).

THEOREM 2.2. Let p be an odd prime and let k be a number field such
that k = k((p) # k((p2). Then

n

7 (koo) C O/ (k)P C 7(koo).
We have the exact sequence

1 — lim (B)T ()P — lim k) — koo
— —

induced from the short exact sequence
L= (k)T (RO = oy — e ()T ()7 — 1

by taking inverse limits with respect to the norm maps. As in the introduc-
tion, we define the natural projection map 7w from ko into k*/(k*)P, i.e.,
7((an mod (k)T (k*)P)) = Np(an) mod kP. Note that Ny(a,) is indepen-
dent of n and k™ = nm(lim k) C k™ = 7(kso). Theorem 2.2 shows
that O D k“©™P(k*)P. Notice that the proof of Theorem 2.2 of [9] shows eas-
ily that this containment holds even without the assumption k((p) 7# k((p2).

COROLLARY 2.3. Let p be an odd prime number and let k contain (p.
Then O D k™MP(E*)P.

For the local field k, of k at a finite place v, let k, o be the cyclotomic
Zy-extension of k,. We also write ky"™ = m(lim k,) where ky, is the
subfield of £, o, of degree p™ over k,. Write k¢ for the set of all elements
which are locally norm compatible,

ke = {a e kX | (w,n) € limky 5, such that Niaw, 1 = o
" for all finite places v}.

It follows from the definition above that k'°¢ = k* (0 k""" for all finite
places of k. Then by a well known property of local compactness, we have
M Ny /o ko = ko P, For completeness, we briefly explain this. Again,
we write Ny, for the local norm Ny, k. For r > m >0 and a € [, Nnky n,
let Xi(a) = Npmky, N N,.'a where N, = Nisks Nem = Ni, g, 18 the
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corresponding norm map and N,,'a = {b € kX | Nu(b) = a}. Since a €
M, Nnkyn, Xr(e) is non-empty and compact. The family X, (a) has the
finite intersection property as r > m varies because for a finite set of numbers
ng > -+ > mng > m, Xp,(a) is a decreasing chain. It follows that there is
Bm € (Ny>m Nrymko,r such that N, (3, = a. In this way, one can construct
a norm compatible sequence whose zeroth term is «. Hence, k°¢ is equal
to the set of elements of local universal norms, i.e., k'°¢ = k* Mo Nnkon
for all finite places of k (cf. example on page 526 of [1]). Since keo/k is
unramified at primes prime to p, and k'°¢ are p-units, it follows that k'°¢ =
Uk (p) ﬂv‘pm Nykyn. Let Euntv — M,, Nnkn be the group of universal norms
of ks /k. Using Hasse’s norm theorem (see Theorem A of [I]), it is possible
to rephrase some results of §1 of [I] in the following lemmas which will be
useful in our theorem.

LEMMA 2.4. Let p be an odd prime number. Then k°¢ = iV,

Proof. By Hasse’s norm theorem, a € Nk, = k™V if and only if o €
Ny, /i kv for all places v and v'|v. Since p is an odd prime, if v is
an infinite place, then k, , = k,. Thus we have a € Nk, if and only if
a € Ny, skkvn for all finite places v’ |v. For a finite place v’ | v, we have,
for some m > n > T, ky n = kyQp = Ky where Qy, is the intermediate field
of the cyclotomic Zp-extension of Q of degree p™. It follows that o € Nk,
for all n if and only if o € (), Nyky,, for all finite places v if and only if
a € k°c u

LEMMA 2.5. Let p be an odd prime number. Then k(a/?)/k is Z./p"Z-
extendable for all n if and only if ky(a/P)/k, is Z./p"Z-extendable for all n
and all finite places v of k.

Proof. This follows from Hasse’s norm theorem, Corollaire on page 524
of [1] and k,, = ks, for some n > r and v |v. =

LEMMA 2.6. ky(a/?)/k, is Z/p"Z-extendable for all n if and only if
ky(a'/?) [k, is Zp-extendable. Moreover, k,(a'/P)/k, is Z,-extendable if and
only if a € ky™™P (kX )P.

Proof. This follows from the example on page 526 of [I] and the above
argument of local compactness. u

Let ¥, denote the set of all & € k* such that k(a'/?) is Z/p"Z-extendable
for all n. Lemmas 2.5 and 2.6 lead to the following corollary.

COROLLARY 2.7. ¥, = (N, (NpkS(K*)P) = kX, (ks P (kS)P) for all
finite places v of k.

For a Zy[G]-module M, we denote by tor(M) = torz,(M) the Z,-
torsion submodule and denote by Fr(M) = Frz (M) the quotient mod-
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ule M /tor(M). Notice also that in the following theorem, the assumption
k(Cp) # k((p2) is not necessary.

THEOREM 2.8. Let p be an odd prime and let ko = J,, kn be the cyclo-
tomic Zy-extension of a number field k containing a primitive pth root of
unity. If Tp(k:n)F" is finite for alln > 0, then there exists an exact sequence
Oy, N kWmiv

kcomp

1— — Ty(k) — 0,/ — T /K™ YO, — 1.

Proof. We start with a proposition which is due to Kuz’'min (cf. Propo-
sition 7.5 of [7]). In §3 of [I0] we modified the proposition and its proof for
our purpose by using global class field theory.

PROPOSITION 2.9. Let ko be the cyclotomic Zy,-extension of k. Then

Uk (P)loc K7z Zp
(Uk;(p)loc ®7 Zp)Comp .

Under the assumption that T, (k) ™ is finite for all n > 0, we claim that
there is an isomorphism of abelian groups
r N Uk (p)univ

Uk (p) comp ’

Firstly, we know from Lemma 2.4 and Proposition 2.9 that

Uk (p)univ ®Z Zp
(Uk (p)univ ®7 Zp)comp .
Using a compactness argument which was explained after Corollary 2.3, the
isomorphism above reduces to

Tp(k)" =

Ty(k)

T, (k)7 =

Uk (p)univ ®7 7
T, k)l = : P__
p( ) (Uk(p)umv Q7 Zp)unlv

Since (Ur(p)™ & Z,) " = (), Nu(Un ()™ & Zp) = ), (NalUn ()™ ©7,)
and

NuUn(p)™™ @ Zy > (Ug(p)™ )" © Zp
it follows that Tp(k)F is finite if and only if the decreasing chain of mod-
ules {N,Up(p)"™" ® Zp} must stop, that is, there is n = n(k) such that
NsUs(p)"™ ® Zp = NyUp(p)"™ ® Zp for m > s > n. Since the index
(NsUs(p)™ 2 Ny Uy (p)™V) is p-primary, the condition leads to

NSUS(p>uniV — NmUm<p)univ for m > 5 >n.

Hence, the condition above is a necessary and sufficient condition for T, (k)’
to be finite. Therefore, by replacing the ground field k by k,,, the hypothesis
for k,, implies that there is a function = : NU {0} — N such that for each
n € NU{0}, z(n) > n and

univ univ

Nx‘f‘-‘rl(n),x’"(n) zr+1(n) :Nzr-!—l(n),xr(n)Nzr+2(n),xr+1(n) zr+2(n)
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where 2" = 2 0 --- o 2 denotes the rth composite of x with 2°(n) = n. Let
a € (U™Y)"™V. Then by taking n = 0 above, we have o € NI(OLOU;(HOI)V =

Nz ;‘g‘ol)" and for each «, € anﬂ(o),xn(o)U;ﬂ"l(o), we can find anq1 €

an+2(0)’xn+l(0)U;},}i\;(0) such that
Qy = an+1(0)7xn(0)an+1.

This gives rise to a norm compatible sequence {an}neNU{O} with ag = a.
This shows that

(Ul:;miv)univ — m NnUn (p)univ — Uk (p)comp

and . .
Uk‘ (p) univ ®Z Zp Uk (p) univ

No(0)(Ua(o) (0)™Y) @2, 2y~ Ug(p)eomP

Again, since (Uk(p)uni")pz(o) C Ny(0)(Ux(o) (p)™iv), it follows that %
is a p-primary group and hence

T, (k)" = ®z Zp.

U, ( )univ k.univ
I ~ YEP o
Tp(k) - Uk(p)comp ~ Jcomp’

This together with Corollary 2.3 completes the proof of Theorem 2.8. u

The assumption of finiteness of T (k)" is equivalent to the Gross con-
jecture. This is explained in §1 of [6] and references therein.

COROLLARY 2.10. Let p be an odd prime and let koo = |, kn be the
cyclotomic Zy-extension of a number field k containing a primitive pth root
of unity. If the Gross conjecture is true for {ky}n, then there exists an exact
sequence

@k N kuniv

1— W — Tp(k)F — Wk/@k’ N Wk;/k’uni\,@k 1

For an abelian field k£, we have the following corollary.

COROLLARY 2.11. Let p be an odd prime and let k be an abelian field
containing a primitive pth root of unity. Then there exists an exact sequence
@k N kuniv

1— W — Tp(k)F — lpk/@k: N Wk/k’uni\,@k 1.

Proof. Since k is abelian, the composite field k, = kQ, is also abelian
for all n > 0. Since an abelian field satisfies the Gross conjecture (cf. §3 of
Ch. IT in [5]), the exact sequence above follows from Theorem 2.8. =

The commutativity of “comp” and tensor product is a strong condition.
Lemma 3.2 shows that this condition is satisfied for an abelian field k£ when
there is only one prime of k£ dividing p.
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LEMMA 2.12. Forallr >0, Zfﬂn>'r w(Un(p)®2Zp) = (N> NuUn(p))
®z Ly, then -
(Ur(p) ®7 Zp)comp — Ur(p>comp 7 Zp-

Proof. By a compactness argument, the following identity holds:

(Ur(p) ©2 Zp)*™ = () No(Un(p) @z Zy).

n>r

By assumption, we have (,_,.(Nu(Un(p)) ®@2Zp) = ((oZ) NaUn(p)) @2.Zp =
Ur(p)™ @z Zp. For m > n > r, the norm map N, obviously maps
(U (p) ®z Z,)°™® onto (U, (p) ®z Z,)°™P. This leads to the surjection

Nm,n : Um(p)univ X7 Zp —» Un(p)univ X7 Zp.
Hence, it follows from
Un(9)"™ ®2 Zp = N (U (0)™™ @2 Zp) = (NinnUna(p)"™) ©2 Z

that .
Un (p) univ

1=—"Y
Nm,n Um (p) univ

X7, Zp.

However, we know the following inclusion Uy, (p)"™V > U, (p)™". Since
Un(p)univ S NmmUm(p)univ S5 (Un(p)uniV)p
it follows that

m—n

Un (p) univ _ Nm,n Um (p)univ .

By applying the above equality for all successive pairs m > n (> r), we
can construct a norm compatible sequence from a universal norm element

of U,(p)"™™V. This leads to Uy, (p)"™" = U, (p)® P and hence
(UT(p) ®Z Zp)comp — (U ( )®ZZ )uan — Ur(p)univ ®Z ZP — UT(p)COmp ®Z Zp.
This completes the proof. =

REMARK. We remark that our arguments can be carried out inside p-adic
fields when Leopoldt’s conjecture holds. Let Uss(p)[p] = lim (Un(p) ® Zy)
denote the inverse limit of U,,(p) ® Z, with respect to the norm maps. Mod-
ulo Leopoldt’s conjecture, we have the inclusion U, (p) ® Z, — Hp|p Enplp],
where kj, p[p] is the profinite p-completion of &y, ,. By taking inverse limits,
we have Uso(p)[p] — [, lim (knplp]). Let M denote the image of a Ga-

lois module M under this 1nclu51on. For instance, Uy, (p) denotes the image
of Un(p)[p] in [, kn,p[p] which is isomorphic to Uy (p)[p] etc. Lemma 2.12
becomes

m(lim Un (p)) = 7(im U (p))-

n
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Typical examples of fields k such that k,, satisfies Leopoldt’s conjecture are
the subfields of K where K is either an abelian extension of Q or of an
imaginary quadratic field.

For the corollary to follow, we may assume the following condition which
loses essentially no generality. We write k = F((,) with F'/Q unramified
at p and write o, for the Frobenius element of p. Then k, = F((yn+1). For
each prime p, 1 in k1 and p, in k, with p,41|p, lying over p, we can
identify G(k,41/ky) with its decomposition group G(kn+1,p,.,/kn,p,) since
each prime lying over p is totally ramified at k,41/kp, where &, p, denotes
the completion of k, at the prime p,, and similarly for k Hence we
have the following commutative diagram:

n,Pn-H :

0 —— Uns1(p) —— Ilpyppknjry = (knt1 ®g Q@p)”
Nn—&-l,nl Hp/\p NnJrl,nl
0 —— Un(p) — Hp\p k;;,p = (kn ®Q QP)X

where the horizontal arrow denotes the diagonal embedding U,(p) —
[T, k. . By taking inverse limits, we have

lim Uy, (p) < lim [ [ k75, = lim (ky ®g Qp)*
plp

since the projective limit is a left exact functor. On the other hand, we have
similar settings over the profinite p-completions to which we can associate
Coleman’s power series. Let U, (p) be the topological closure of the image
of Uy,(p) under the diagonal map. Modulo Leopoldt’s conjecture, U, (p) is
equal to the image of the induced injection map

1— Un(p) Sz Zp - H k/’n,P[p}X'
plp
By taking inverse limits, we have
lim Uy (p) ®2 Zp — im U (p) C [ ] lim ko p[p]*.
plp

Let Op denote the ring of integers of F'. Then Op is identified with the
diagonal embedding via

Op — Op = HOFP = OF ®z Zp

plp

where Op, is the ring of integers of the completion Fj, of I at a prime p lying
over p. Lemma 2.12 leads to the following corollary of Coleman’s theorem
for the case of the p-adic completion of norm compatible p-units.
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COROLLARY 2.13. Under the hypothesis of Lemma 2.12, let (3,) be an
element of lim(Uy(p)[p]), where the inverse limit is taken with respect to the

norm maps. Then there is a unique Laurent series f € Op((X)) ® Zy such
that

F(Guir —1) =577 and Nf= for
where N denotes Coleman’s norm operator.

Proof. Recall the following theorem of Coleman as stated in Theorem
4.1 of [11], which follows from Theorem 16 and Corollary 17 of [2]:

THEOREM (Coleman). Let (ay,) be an element of lim (k, ® Q,)*, where
the inverse limit is taken with respect to the norm maps. Then there is a
unique Laurent series f in Op((X)) such that

f(Grir —1) = o  and Nf = for.

It follows from Lemma 2.12 and Coleman’s theorem that for each element
(Bn)n of im(Uy (p)[p]), there exists a Laurent series f € Op((X)) and 7 € Z,,

such that f ® 7 € Op((X)) ® Zp and (f @ 7) (s — 1) = B for all n. In
fact, by the commutativity of the comp-functor and p-profinite completions,

m(m (U (p)[p])) = 7(Uso (p)[P]) = m(Uso(p))[p],
we can find f € Op((X)) which is independent of n such that

FlGir — 1) @y = B

where 7, € Zp. By the norm compatible property of 8, and f((m+1 — 1),
we can take 7, as a fixed element 7 € Z, which is also independent of n. We

finish the proof by letting f = f @ 7 € Op((X)) ® Z,. =

3. Cohomology groups of the group of norm compatible ele-
ments. Kuz'min already showed that local norm compatible groups are co-
homologically trivial. More precisely, for a prime divisor v of k lying over p,
let kyoo = U, kvn denote the cyclotomic Z,-extension of k,. Let ki, de-
note the p-adic completion of k5, and let kyy '~ denote the subgroup of Ev,n
which corresponds to k,  via class field theory, i.e.,

7{:\’[] n
i = Glkuoo ko).

Then both kyo, * and the torsion-free part kyn - /torz(kyn ©) are cohomo-
logically trivial (cf. pp. 293-294 of [7]).

Over finitely generated Z,-modules, the “comp”-functor behaves in the

following way. Forn > 11let 1 — A, ELR B, 2% C, — 1 be exact sequences
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of Zy|G(kyn/ky)]-modules which are finitely generated as Z,-modules such
that the following diagram commutes for all m > n:

1 A, A, B 1
le,n J/Nm,n J/Nm,n
fn an
1 A, B, Cp 1

Taking inverse limits with respect to the norm maps and using a compactness
argument yields the exact sequence

1 — lim A, 2 lim B, 2= lim €, — 1.
— — —
n n n
From the commutativity of the diagrams and Lemma 3.7 of [9], it follows
that for each n > 0, there exist well defined restriction maps of f,, g, to
the groups A;"™P, By”™P of norm compatible elements which induce the
semi-exact sequence

f g
1 — AfOmP =L, poomp 22, OeomP 1,

More precisely, it can be shown easily that f,, is injective, g, (fn(An ")) =1
and

gu(BEP) = O,

For the norm compatible elements of global fields, the “comp”-functor
behaves less nicely than in the case of local fields since they are not compact
and the cohomology groups are different from those of local fields. It seems
difficult to find explicit computations for these cohomology groups. For the
topological generator 7, = 77" of G(keo/kn), we denote its restriction to
Enti BY 0nti = Talk,,,, which is a generator of G(k;,i/k,). Suppose that
onti € kp P and Nypin(ong) = 1 where for s > ¢, N, ; denotes the norm
map from ks to k; as defined in §2. By Hilbert’s Theorem 90, there is 3,4 €

ti—1 o . . .
kn+i such that a,4; = ﬁz +‘; . Since apy; € kgﬁlp, for j > ¢ there exist
0'”+'71

Ot j, Brtj € kpj such that Nipyjnii(ontj) = angi and angj = 6,77

Hence it follows from (Ny4jntifnsi)om+ 1 = ﬁg’grl that

Nn+j,n+i/6n+j = Bn+i mod k;:;
Let kyolP = w(@jZi(kg +;/k)) denote the image of the natural projection
T hﬁl(k’rfﬂ/kg) = kil k-
Jj=2i
From the above argument, we have

(ki) 1 0 k;tjrn;p _ (];fgrnl}p)anﬂ—l.
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Hence, the one-dimensional cohomology group of the group of norm com-
patible elements is given by

HYG (knti/kn), k05P) (k)
n+i/Fn)s Ry ) = 77 comphg L. 1"
o (ki )om+i=1

Set

_ D D x
A= {(xnﬂxnﬂﬂ, Tpit1Tpyiq0r---) € H k
Jj>i

Tpyj €k, forall j > z}

For each (G4j)j>i € @pi(k;ﬂ/kg) with @4 = apnyj mod kS, we have
a well defined map 6((@n4)j>i) = (@n+j);>i mod A where for each repre-
sentative oy of @y, a; is defined as (Nt+17tat+1)oz;1 =a; € k), for t > n;.
This leads to the exact sequence

) HjZi kyy
N
A

1 tim by — (/)
j>i j>i
where the first map is the natural projection. Moreover, for each @,4; €
l;:;'filp, we note that (a;’fjﬁl)jzi forms a norm compatible sequence in
II j>ikntj. Thus, it can be shown easily that
(gomeyms =t = (ko
We have proved the following lemma.

LEMMA 3.1. Let ko = |Jkn be a Zy-extension of k. Then

(k"nﬂ )comp (U '(P)U" i—l)comp
Hl G kn+i kn 7kn i ) = 7cmorrzlp - —1>
( ( / ) + ) (kn ; )U,L,L- 1 (lrn ZA(p)comp)an_m- 1

compy G (kn+-i/kn) . comp\G(kp+i/kn
HO(G(kn-H/kn)akfﬁi_r?p) = (kn-H )comp = (Un+l(p) ) /B
; Un(p)

We now proceed to an explicit computation under a certain condition.
Let koo = Jkn be the cyclotomic Z,-extension of k. When k/Q is Galois
and there is only one prime of k lying over p, it was remarked on page 529
of [1] that K"V = Uy(p). Moreover, it was also mentioned there that if the
class number of k is prime to p, then the norm map from k" to kUMY is
surjective for all n > 0. The last statement amounts to the equality

k™ = k™ = Un (p)-

When £k is abelian, we can remove the condition that the class number of k
is prime to p.

LEMMA 3.2. Let k be an arbitrary abelian field containing a primitive
pth root of unity and there is only one prime of k lying over p. For the
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cyclotomic Zy-extension ko = \J kyn we have, for alln >0,
kxniv — k:%omp — Un (p)

Proof. Let Q,, denote the intermediate field of the cyclotomic Z,-exten-
sion of @ such that [Q, : Q] = p™. Let p"s denote the conductor of k. Let
F = Q(ppr) k. We fix a prime p of k,,. For a subfield L of k,,, we will write
Ly, for the local field which is completed at pr, = p N Op, the corresponding
prime ideal inside the ring O of integers of L. In this setting, we have

[k« F| = [ky : Fy]

since there is only one prime ideal of k lying above p. Since p is totally
ramified over F,/Q, we have

[Fn: Fl = [Fpp: Fp] and  [F: Q] = [Fy: Q).

Then Q(ppr) and F), are linearly disjoint over F' since Q(u,r) is totally
ramified over F' of order prime to p, and F,, is totally ramified over F' of
p-power order. Moreover, Q(p,rs) and F,Q(u,r) are linearly disjoint over
Q(upr) since Q(pprs) is unramified over Q(u,r) and F,Q(upr) is totally
ramified over Q(p,). Thus, Q(pprs) and F, are linearly disjoint over F
and hence its intermediate field k and F), are also linearly disjoint over F.

/Fn(ﬂp"S)
Q(,UJPTS) \k
N k/

Fy
N S
F

n

The linear disjointness of the global fields described above also remains true
over the corresponding local fields completed at the prime p. We have
[k« F] = [k 2 Fl[Fn : F = [kyp : Fy|[Fnp : Fy] = [Fnp : Fyl,

which leads to [k, : Q] = [knp : Qp] for all n > 0. Hence, there is only
one prime lying over p in k, for all n > 0. We apply again the remark on
page 529 of [I] to obtain the equalities kM"Y = k™" = U, (p) for all n. > 0
as desired. =

Under the same hypotheses of Lemma 3.2, it follows from Lemmas 3.1
and 3.2 that
Um(p)comp)G(km/kn)

U (o)

The one-dimensional cohomology is also trivial either by a direct com-
putation of Lemma 3.1 or by computing the Herbrand quotient Q(k, ") of

HY(G (ke /kn), kSOMP) = ( =1
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kzomp

which is given by

1
Q™) = (o B) Hg(kn,v tky) =1
ve

from the Herbrand quotient Q (U, (p)) (cf. Corollary 2 of Ch. IX, §4 of [§]) of

Un(p). Since the Galois group G(kp,/ky) is cyclic for all m > n > 0, under
the hypotheses of Lemma 3.2 we have, for all s > 0,

H*(G(km/kn), k™) = 1.
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