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1. Introduction and statements. In this paper we consider the prob-
lem of approximating real numbers by polynomials with a non-monotonic
error function. First some notation is needed. Throughout, P € Z[z] given
by

P(z) =apz" + -+ a1z + ao
is an integer polynomial with degree deg P = n and height

H(P) = max |a;|.

Further, let P,, = {P € Z[z] : deg P < n} and
P.(H)={Pe€P,: HP)=H}.

The Lebesgue measure of a measurable set A C R is denoted by u(A). By
< and > we will mean the Vinogradov symbols with implicit constants
depending only on n.

In what follows, d is a fixed real number. Define a real-valued function
¥ : Ry — R4 and denote by L, q(¥) the set of z € R such that the
inequality

(1.1) |P(z) +d| < U(H(P))

has infinitely many solutions P € P,. The set L, 4(¥) consists of points
satisfying an inhomogeneous Diophantine inequality. The homogeneous case
is when d € Q and the corresponding set is denoted by L, (¥).

The main result of this paper is the following statement.
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THEOREM 1.1. Forn > 2,

M(ﬁn,d(w)) =0
if the sum Y ;| K"~ 1W(h) converges.

There are many results regarding this problem when ¥ is monotonic
and d € Q. For Y(H) = H™", w > n, and d € Q the theorem was
proved by Sprindzuk [14]. For a general monotonic function ¥ such that
S w/n(h) < oo and d € Q it was proved by Baker [2] who further
conJectured that w(Ly,(¥)) = 0 if the sum > po; A" 'W(h) converges. This
was proved in 1989 by Bernik [§], and later Beresnevich [3] proved the cor-
responding divergence result. The first time that inequality for any
d € R was considered was in [9] and a similar question in the p-adic case
was answered in [10].

The above problems can be considered as questions concerning Diophan-
tine approximation on the Veronese curve V,, = {(z,22,...,2") : * € R}.
Regarding more general curves and surfaces, in 1998 Kleinbock and Mar-
gulis [13] established the Baker—Sprindzuk conjecture concerning homoge-
neous Diophantine approximation on manifolds. An inhomogeneous version
was then proved by Beresnevich and Velani [7]. The significantly stronger
Groshev type theory for dual Diophantine approximation on manifolds was
established in [4], [6], and [II] for the homogeneous case and in [I] for the
inhomogeneous case. In all of these results the function ¥ was assumed to
be monotonic. In 2005 Beresnevich [5] proved Theorem 1.1 above without
the condition that ¥ is monotonic for d € Q; he conjectured that the result
should also hold for any non-degenerate curve in Euclidean space. This was
proved in [12]. Here we extend this last result to the inhomogeneous set-
ting for the Veronese curve V,,. Note that using results from [12] (by taking
f=(1,2,2% ...,2",d) and a = (ag, a1, ...,a,,1)) we obtain

/‘(‘Cn,d(gp)) =0

if 32, h"¥(h) < oo. In Theorem 1.1 it is shown that this convergence
condition can be weakened to Y 3%, A" 1W(h) < ococ.

2. Proof of Theorem 1.1. First note that since > 5>, k"~ '¥(h) con-
verges, h"~'W(h) tends to 0 as h — oo. Therefore,

(2.1) W(h) = o(h~"F1).
Fix an arbitrary constant 0 < ¢ < 1. As the set of points = satisfying

|z| < 0 is arbitrarily small, without loss of generality it will be assumed from
now on that

(2.2) |z| > 0.
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Also note that p(Ly, q(¥)) = 0 if u(Ly, q(¥)NI) = 0 for each open interval I.
Again, without loss of generality (only the constants change), fix the interval
I=(6,1).

The next lemma will be used repeatedly.

LEMMA 2.1 (Borel-Cantelli). Let (X, u) be a measure space. Let A; for
i=1,2,... be a sequence of sets such that Y =, u(Ai) < co. Then the set
of points lying in infinitely many A; has measure zero.

The proof is now split into two parts and the following two sets are
considered. Fix a real number v satisfying

(2.3) 0<wv<1/3.
Define
Li(n,d)={z cI:|P(x)+d < HP) ™", |P(z)] < H(P) ™’ im. P € P,}
and
Lo(n,d,¥)={zel:
|P(x) +d| <W(H(P)), |P'(z)] > HP)™"im. P € P,}
where i.m. should be read for infinitely many. Clearly, from ,
Ly q(¥) C Li(n,d)ULy(n,d, V).

It will be shown that each of the sets £1(n,d) and La(n,d, ¥) has Lebesgue
measure zero.

2.1. The case of small derivative

PROPOSITION 2.2. Let n > 2. Then p(L1(n,d)) = 0.

First £1(n,d) is written as a limsup set. For P € P,, define

B(P)={ze€R:|P(z)+d| < HP)™, |P(z)| < HP)™"}.
Then
tind)= (U U B,
N=1¢=N PeP?
where
PL={PeP,:2" <H(P) <2}

To prove the proposition it will be shown that a larger set (containing
L1(n,d)) has measure zero and then the Inhomogeneous Transference Prin-
ciple proved in [7] will be used. The Inhomogeneous Transference Principle
allows the transfer of zero measure statements for homogeneous lim sup sets
to inhomogeneous lim sup sets and is described below.
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2.1.1. Inhomogeneous Transference Principle. Most of this section is
adapted from [7]. For our purposes the two countable indexing sets T and
A from [7] are the sets T = NU {0} and A = P,,. Throughout, J denotes
a finite open interval in R with closure denoted by J. Let H and Z be two
maps from (NU{0}) x P, x R into the set of open subsets of R such that

H(t, Pye) = IE(P,e) and Z(t, P,e) = I:(P,¢).

For the specific case considered in this article the sets Z{(P,¢) and Z4(P,¢)
are defined as follows:

zel:|P(x)+d <2 |Pl(z)] < 27%e} if P e P,
Id(P){{ |P(z) +d| [P’ ()] }

0 else,
and

(24)  I§(Pe)
{Ire L) < H e P <27 P YT
RV else.
Let § > 0 and define the function ¢s(t) = 2%. Also, define & = {¢;5: 0 <
d < wv/2}. For any ¢ € & define

Ti(¢) = U ZiPo() = |J Zi(P.o(t)

PePy, PeP}
and denote by Az(¢) the limsup set
Az(¢) = (] | Zi(#)
N=1t=N

In order to use the Inhomogeneous Transference Principle from [7] we also
define the homogeneous lim sup set

N=1t
where
t+1
= U B@e) = U ZiP.em).
PeP, s=0 PePs

Clearly, for any 0 < § < v/2,
Li(n,d) C Az(¢s)

holds. The use of the Transference Principle depends on the following two
properties being satisfied.

INTERSECTION PROPERTY. Let @ denote a set of functions ¢ : NU {0}
— R*. The triple (H,Z,®) is said to have the intersection property if for
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any ¢ € @ there exists ¢* € @ such that for all but finitely many ¢ € NU {0}
and all distinct P, P € P,

(2.5) Ta(P, ¢(t)) N T4(P, ¢(t)) C T(9").

CONTRACTING PROPERTY. Let {k;}ien be a sequence of positive num-
bers such that

(2.6) Y k<o
teNu{0}

The measure p is said to be contracting with respect to (Z,®) if for any ¢ € &
there exists ¢T € @ such that for all but finitely many ¢ and all P € P,
there exists a collection Cy p of balls B centred in J satisfying the following
three conditions:

(2.7) InTyP¢t)c |J B
BeCyp
(2.8) Jn |J BcIZyP¢*(1),
BEC, p
(2.9) 1(5B NIH(P, (1)) < kip(5B).

We now state the theorem from [7].

THEOREM 2.3 (Inhomogeneous Transference Principle). Suppose that
(H,Z,P) has the intersection property and that p is contracting with re-
spect to (Z,D). If (An(¢)) = 0 for all ¢ € D, then u(Az(¢)) = 0 for all
ped.

First the contracting and intersection properties are verified and then it
will be shown that p(Ay(¢s)) = 0. This will imply, using the Transference
Principle, that Az(¢s) has measure zero and further that u(£q(n,d)) =0 as
required.

2.1.2. Verifying the intersection property. Let t € NU{0} and P, PeP,
with P % P. Suppose that

z € Tg(P, ¢5(1)) N Iy(P, ¢5(t)).
Then the following inequalities hold:
|P(z) +d| < ¢5(£)2""Y and  [P(x) +d| < ¢s(1)2C"HY,
|P'(2)] < ¢s(t)2™"" and  |P'(2)] < ¢5(t)2~"".
Let R(z) = (P(z) + d) — (P(x) — d). Then
|[R(x)| < 2¢5(8)2" Y < gy (121",
R ()] < 27" g5(t) < 27" s (1)
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for all t > 1/(v/2 —§) and where ¢5 € @. Clearly R cannot be constant
for n > 2 and t > 2, so R € |J'} P2. Thus, z € Z§(R, b5 (t)) and [2.5) is
satisfied with ¢* = ¢s .

2.1.3. Verifying the contracting property. The following lemma from [13]
Lemma 3.1 and Proposition 3.2] will be used.

LEMMA 2.4. Let I C R, T € R[z] be a polynomial of degree at most n
and K = sup ¢ |T(x)|. Then

p{z eI :|T(x)| <e}) < 2n(n+1D)Y"K=Vmel/m (1.
It clearly implies that there exists a constant C' > 0 such that
u({z € 11 [Fyp(a)| < <)) < C=/mp(1)
where
F; p(z) = max{2/""V27 P(z) 4 d|, | P'(x)|}.
By definition, for P € Py,
. —vt 3 t
(2.10) TH(P, 65(1)) = {{x €l:Fyp(x) < ¢ps(t)27"} if PePy,
0 else.
Next, given ¢5 € P let
OF = P51v/2)/2-
Clearly, ¢f € @ and ¢;(t) < ¢ (¢) for all t € NU {0}; therefore,
(2.11) Ta(P, $5(t) C Zg(P, 65 (1))

Let J be a sufficiently small open interval such that 5J C I. The collec-
tion Cy p will consist of intervals B(x), each centred at a point € J, which
satisfy conditions f for an appropriate sequence k;; they are con-
structed in the following way. Let P € P,,. If Z}(P, ¢5(t)) = 0 then Cy p = 0.
Now assume that Z}(P, ¢5(t)) # 0. By the definition of & and (2.3)), it follows
that

TYP,¢F (1) C{x e I: |P(x)+d| < 27t=T/0),
By Lemma [2.4] and sup,c5; |P(z) +d| > 0,
WZy(P oy ()N J) < ul{x € T« |Px) +d] < 277700}
< 2_t(1_7/6n)'u(J)
for sufficiently large ¢t. Hence,
(2.12) J ¢ Ty(P, ¢35 (1))
for sufficiently large ¢ and n > 2.
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By (2.11) and the fact that Z(P,¢] (t)) is open, for every z € J N
TL(P, ¢s(t)) there is an open interval B(x) containing z such that

B'(z) C TY(P, 6§ (t)).

Hence, by ([2.12]), and the fact that J is bounded, there exists a scaling factor
7 > 1 such that the open interval B(z) := 7B’(x) satisfies

J N B(x) C Zy(P, 65 (1)),
(2.13) JN5B(x) ¢ Iy(P, ¢5 (1)),
5B(x) C 5J.
Let

Cip:={B(z):x € JNTLP, ¢s(t))}.

By (2.13) and the construction, (2.7) and (2.8 are automatically satisfied.
Consider any interval B € Cy p. By (2.10)) and ([2.13]),

(2.14) sup Fyp(z) > sup Fyp(z) > of ()27
€58 z€JN5B
On the other hand, by (2.10)),
(2.15) sup Fyp(z) < ¢s(t)27""
T€T4(P,ps(t)N5B

Let 6* = %(v —26) > 0. Then, using (2.14]), (2.15]) and the definitions of ¢s
and qﬁg, we obtain

sup  Fyp(x) <277 sup Fy p(x).
z€T!(P,¢s(t))N5B xz€5B

Again, from Lemma [2.4]it follows by (2.13) and (2.15) that
w(ZH(P, ¢5(t)) N5B) < ,u({x €5B:Fyp(x) <27 sup Fup(ﬂ?)})
rebB
< 270" u(5B)

for sufficiently large ¢. This verifies (2.9) with k; := C279"%/" and it is easily
seen that the convergence condition ([2.6) is satisfied.

2.1.4. Establishing u(Ay(¢ps)) = 0. For this, Theorem 1.4 of [I1] is used.
In the notation of that paper take f = (z,22,...,2"), d = 1, U = R and
T, =---=1T, =T, to obtain the next result.

TueoOREM 2.5 ([I1]). Let xg € I. There exists an interval J C I con-
taining xo such that for any interval B C J there exists a constant E > 0
such that for any choice of real numbers w, K, T satisfying the inequalities

O<w<l1l, T>1, K>0, wKT"!'<1
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the set
|P(2)] <w,
S(w,K,T) := § x € B : there exists P € Py, such that |P'(x)| < K,
0<HP)<T
has measure at most Ee'/"=1 (B), where
€ := max(w, (wKT"il)l/("H)).
Fix § € [0,v/2). It then follows from (2.4]) that
t+1
Ti(¢s) = J U TP ¢s(t) = S(w, K, T)
s=0 PEP}

with w = ¢5(t)21—"+1) = ¢s(t)27" and T = 2!72. By (2.3)), we have
€K 27 1571/ (n+1)  Thus, Theorem implies that

H(To(¢s)) < 277,
where 8 :=46*/((n+ 1)(2n — 1)) is a positive constant. This finally gives

Zul’t ®s)) <<22 Bt < .

teN

Therefore, by the Borel-Cantelli lemma p(Ay(¢s)) = 0 for all 6 € [0,v/2).
By the Inhomogeneous Transference Principle this further implies that
wu(Ar(¢s)) = 0 as required. The proposition has now been proved.

2.2. The case of large derivative. This subsection is devoted to prov-
ing the following proposition.

PROPOSITION 2.6. Let n > 2. Then pu(L2(n,d,¥)) = 0.
Let D,,(H) be the set of points x € I which satisfy
(2.16) |P(z) +d| <W¥(H) and |P'(z)|>H™"

for some polynomial P € P,,(H). Clearly,

2(n,d, W) ﬂUD

N=1H=N
Define P, j(H) to be the set
ni(H)=4P w(H):j = k
Pn,j(H) { € Pn(H):j T }

for j =1,...,n. Then Pn(H) = Uj_( Pn,j(H). For each P € Py ;(H) define
oo(P,d) to be the set of points for which the inequalities in - hold, so
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that
U U O(Pv d)
Jj=0PeP, ;(H)
For convenience we will occasionally use Py to denote the polynomial
P(x) 4 d. Clearly, for all z € R, PU)(z) = P;J)(x) forj=1,...,n
2.2.1. Case 1: n > 3. The roots of any polynomial P will be denoted
by ai,...,ay, € C. For each root of P define the sets

Sp(aj) = {xER |z — a;j| = min ]x—az\} 1<j<n.
1<i<n
Clearly, for each P, z € Sp(«; ) for at least one j € {1,...,n}. During the
proof the points x will be restricted to a set Sp(«;) for a fixed j and for
simplicity we will take j = 1. The following easy lemma will be used in what
follows.

LEMMA 2.7. Let P be a polynomial with root oy such that P'(a1) # 0.
Then, if x € Sp(an),

o — aa| < n|P(2)] [P ()|~

Proof. As
P(z)=an(x —aq) - (x — ap), P'(x):anZ((az—a] Haz—al)
=1 i=1
we have
.’IJ Z n
. n
P(x) |z — ozj\ |z — aq]

For x € I N Spd(a) N O’o(P, d) such that P'(z) # 0 let o/(P;, ) denote
the interval defined by the inequality
|t —a| < n|P(x)+d||P'(z)|t < n@(H)H".

The last inequality follows from Lemma, Now, the Taylor series of
P' = P} is evaluated in the neighbourhood of a. Estimating each term, using
(2.1) and the fact that v < 1/3, n > 3, gives

1P (a)(x —a)Y | < HW(H)HY ! « gHU-DEnd4) o p-v=e
for j = 2,...,n and H sufficiently large. Further, since |P'(z)| > H™"
have
H™"/2 < |P'(2)]/2 < |P'(e)| < 2[P'(2)].
Therefore, o’(Py, ) is contained in the interval o(Py, ) defined by the in-
equality

(2.17) 1z — | < 2n|P(z) + d||P'(a)]! < 200 (H)|P(a)| !
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For each polynomial P € P, j(H) let Ap, be the set
Ap, ={a €I:Py(a)=0and |P'(a)] > H(P)""/2}.
Thus, oo(P,d) C o(Py) = UaeApd o(Py, ).
The proof is now subdivided into three parts depending on the size of
P'(a) when = € Sp,(a). The three subcases to consider are
|P'(@)] > coH(P)'?,
(2.18) 1 < |P'(a)| < coH(P)'?,
TH(P)™"" < |P(a)] <1
for some constant ¢y > 0. These three inequalities partition the roots of Py
and are labelled Aggg, i =1,2,3, respectively.

PROPOSITION 2.8. Assume that > jeq h" 'W(h) < co. The set of points
x e INSp,(a) with o € Agpld) which satisfy

|Pu(@)| = |P(x) +d| <W(H(P)), |P'(z)]>H(P)™"
for infinitely many P € P, has measure zero.

Proof. Let ¢ = c¢1(n,d) be a constant to be chosen later. For each P €
Pni(H) and o € Agd) define the set o1(Py, «) of points = € I which satisfy
|z —a| < c1| P'(e)] 71
From (2.17), for H sufficiently large, o(Py, &) C 01(Py, @) and
(2.19) w(o(Py, @) < 2ne; "W (H)p(o1(Py, a)).

Now the Taylor series of Py on o1(Py, «) is evaluated. Each term is estimated
to obtain

[Pa(e)| = |P(@) +d| =0,
|P'(e)(z — a)| < ex,
|1PY)(a)(z — a)| < c{nj+1H(coH1/2)_j < nclcy?
for 2 < j < n and H sufficiently large. Choose ¢; = ¢1(0) < 6/8 (where
0 is defined in (2:2))) such that n*cicy? < 1. Then |P(x) + d| < 2¢; for H
sufficiently large.

The set Py, ;(H) is now subdivided into sets with the same coefficients.
Let b; denote the (n — 1)-tuple (an,an—1,...,6i+1,0i-1,...,H,... ap),
where |a;| = H, i # j, i # 0; let the subclass of polynomials P € P, ;(H)
with the same (n — 1)-tuple of coefficients by be denoted by PS;(H) Then
Pri(H) = Uy, PPL(H) and the number of subclasses is < H" 1. Let

n?.]

PP e P;;(H), with P # P, and assume that o1 (Py, &) No1(Py, &) # 0.



Inhomogeneous Diophantine approximation 253

Let © € 01(Py, ) No1(Py, &) and let R(z) = Py(x) — Py(2) = ala® for some
a; € Z\ 0. Then, by (2.2)),
0 < |R(z)| < 4c1 < 0/2,

which is a contradiction. Hence, o1(Py, o) N 01(15(1, &) =0 and
Z Z 01 Pd, < N(I)‘
PeP:’lj(H) acAf)
Together with ) this gives
Z ST u(o(Py,a)) < w(H)W(I),
PePYL(H) eAg};
which further implies that

i Zn: Z Z Z o(Py,

H=1j=0biez"=1, |br|<H pepPL (1) aeAg};

o0
<Y H"'W(H)u(I) < .
H=1
The proof of the proposition can now be completed using the Borel-Cantelli
lemma. =

PROPOSITION 2.9. Assume that Y 7o | h""'W(h) < co. The set of points
x e InSp,(a) witha € Agd) which satisfy
|Pa(z)| = [P(z) +d| <W(H(P)), [|P'(z)]=H(P)™"
for infinitely many P € P, has measure zero.

Proof. Let P € Py ;(H) and a € Agé Define o2(Py, ) D o(Py, ) to
be the set of points € I which satisfy the inequality

|t —al < H'P(a)| 7L

Clearly,

(2.20) p(o(Py, ) < 2nHY (H)p(o2(Py, @)).

Again, P, j(H) is subdivided into sets which have the same coefficients.
Let by be the (n — 2)-tuple (apn,an—1,...,0141,0-1,---, H, ..., ax+1, a1,

ap), where |aj| = H, [,k # j, [,k # 0, and [ > k. Denote the subclass of
polynomials with the same (n — 2)-tuple bs of coefficients by 7375’3 (H). Then
Prj(H) = Uy, PbQ( H). The number of classes is < H" 2. We now use

Sprlndzuk s method of essential and inessential intervals; see [I4] for more
details. The interval oa(Py, @) is called essential if

p(o2(Py, o) N 02(]5d, a)) < /‘(JQ(QPd?O‘))
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for all P; € Pf;(H) and all roots & € Ag) of P, P # P. Otherwise it is
P d
called inessential.
First, the essential polynomials are investigated. By definition

Y Y poa(Paa)) < (D).
PEPZ(H)  acAf)
02(Py,a) essential

From this and (2.20]),

>, 2 o ulo(Pye)) < H"'W(H)p(I).

b|]206|Z<”H2 PePX2(H)  acAp)
2 o2(Py,a) essential

Hence,

f:i > > S ue(Pra)) < o

=1i=0bocZ 2 pepP2 (i) acAl)
b2 |<H
[b2]< 02(Py, )essential

Therefore, by the Borel-Cantelli lemma, the set of points x which satisfy
for infinitely many essential intervals is of measure zero.

Now we consider an inessential interval o9( Py, ). By definition, there is a
polynomial P € PP%(H) such that pu(oa(Py, o) N o3(Py, &) > 3(02(Py, ).
Let z € 09(Pg,a) N ag(ﬁd,d). The polynomial P; is now developed as a
Taylor series on the interval o9(P;, «) and each term is estimated from
above to obtain

|P'()(z —a)| < H,
1P (a)(z —a)l| < HI|P ()7 < H'I, 2<j<n.
The last inequality follows from ([2.18)). Hence,
(2.21) |P(x)4+d| < HL.

The derivative P’ is also developed as a Taylor series on o3(Py, ) to obtain

(222)  |P'()] < |P(a)] + Z((j DY) PV () (z —a) |

n
< H1/2 + ZHQ_j’P,<Oé)‘_(j_1) < H1/2.
=2
Consider the new polynomial R(z) = Py(z) — Py(z) = a}a* + ajz! with
a},, a; € Z not both zero, where both Py and P, belong to P:; (H). By (2.21)
and ([2.22), the inequalities

|R(x)| < H™',  |R'(2)] < H'?
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hold on a9(Py, a) N oo(Py, &). It is relatively straightforward to show that
lal] < H'Y? for i = k,l so that H(R) < H'/2. Therefore, |a}z* + ajz!| <
H(R)~2. Divide by z*. Then, using (2.2), we have |ajz'~* + a}| < H(R)72,
which holds infinitely often only on a set of measure zero by Khinchin’s
theorem. Thus, the measure of the set of x which lie in infinitely many
inessential intervals is zero. m

PROPOSITION 2.10. Assume that ;% | h""'W(h) <oo. The set of points

zelnSp(a), ac Ag), which satify
|Pa(z)| = |P(x) +d| <W(H(P)), |P'(z)]=H(P)™"
for infinitely many P € P, has measure zero.

Proof. This is very similar to the previous case so some of the details
will be omitted.

For each P; with root o € Ag)d and P € P, ;(H) define the set oo( Py, o)
and the (n — 2)-tuple by as above. Again, we use essential and inessential
intervals. Summing over the essential intervals gives

Y Y OY Y e

=1 j= -2 b 3
H=1j=0b2€2""2 pepP(H)  acAl)
|bo|<H d
- o2( P4, essential

< i H" YW (H)u(I).
H=1

Thus, using the Borel-Cantelli lemma, the set of x lying in infinitely many
essential intervals has zero measure.

Now let 02(FPy, &) be an inessential interval. Using Taylor’s formula for
P; on 03(Py, «), we obtain

|P'(a)(z —a)| < HT,
1PY)(a)(z —a)l| < HHI|P'(a)| 7 <« H®7!, 2<j<n.
For the last part the fact that v < 1/3 was used. Thus,
(2.23) |Py(2)] = |P(z) +d| < H* 1

Similarly develop P’ as a Taylor series on o9(Py, ) to obtain
n
(224)  |P'(@)] < [P(0)[+ > (G — 1)) P () (@ — o)
j=2

n
<1+ Y HHHP(a)|"07) < H"
§=2
since v < 1/3.
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As before let € 09(Py, @) Noa(Py, &) and let R(z) = Py(z) — Py(z) with
Py, Py P};i(H) For R the inequalities |R(z)| < H?**~! and |R/(x)| < H®
hold; these follow from and . As in Proposition 2.9 it is possible
to show that |af| < HY (i = k,1) so that H(R) = max{|a|,|a;|} < H". By
nd @23

|R(z)| = |ajz"F + af| < HR)® V" « HR)™

for v < 1/3. By Khinchin’s theorem the last inequality holds infinitely often
only for a set of measure zero. Hence, the measure of the set of x lying in
infinitely many inessential intervals is also zero. =

The three propositions complete the proof of Proposition 2.6 in the case
n > 3.

2.2.2. Case 2: n = 2. The proof splits into two parts. If | P'(z)| > ¢o for
some constant co > 1 then we follow the proof of Proposition 2.6 until the
start of Propostion 2.10, in each case replacing H " by co. The only other
change is that instead of restricting to the sets 73;’2 (H) we restrict to the
set P2(H) in Proposition

Next, the case H™V < |P'(x)| < ¢ is considered. For a given polynomial
P € Py(H) we redefine oo(P,d) to be the set of solutions of |P(x) + d| <
U(H) and H™? < |P'(x)] < co. Let

. /
7= ol
It is readily verified that og(P, d) consists of at most two intervals of length
at most 4¥(H)B~!. For every P; define a point v € oo(P,d) such that
|P'(v)] < 2B. Then u(oo(P,d)) < W(H)|P'(y)|~!. The choice of v also
implies that H=Y < |P’(y)| < ¢a. After this, the proof follows the same lines
as in Proposition except that instead of restricting to the sets 735’ 2(H)
we restrict to the set Po(H) and « is replaced by ~.

The two cases complete the proof of Proposition 2.6 for n = 2 and hence

of Theorem 1.1. m
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