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Optimality of Chebyshev bounds
for Beurling generalized numbers
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HArOLD G. D1AMOND (Urbana, IL) and WEN-BIN ZHANG* (Chicago, IL)

1. Introduction. Let N(z) and 7(z) denote the counting function of
integers and the counting function of primes, respectively, in a Beurling
generalized (henceforth, g-) number system A. By analogy with classical
prime number theory, the inequalities

z/logr < m(x) < z/logx
are called Chebyshev bounds for the system N. Several conditions have been

given for such bounds ([Dil], [Zh], [VnI]). It was conjectured by the first
author [Di3] that these bounds held if

(1.1) | 272N (2) — Az|dzx < oo,

1
but this was disproved by an example of J.-P. Kahane ([Kal], [Ka2]). In
[Vnl] it was shown that (1.1]) together with the additional pointwise bound

(N(z) — Az)z " tlogz = o(1)
implies the Chebyshev upper bound 7 (z) < z/logx. The second condition
was weakened by the present authors [DZ] to
(1.2) (N(z) — Az)z  logz = O(1)

and, still weaker, the average bound
(1.3) S IN(u) — Aujutlogudu < .
1

In this paper, we shall show that the conditions (1.1)) and (|1.2)) (resp. (1.3))
are essentially best-possible for Chebyshev bounds.
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Added in proof. The Chebyshev upper estimate was also recently estab-
lished under (1.1)) and (1.2)) by J. Vindas [Vn2].

MAIN THEOREM 1.1. Given any positive-valued function f(x) on [1,00)
such that f(zx) is increasing and f(x) — oo as x — oo, there exists a g-
number system N such that:

(1) The associated zeta function (p(s) is analytic on the open half-plane
{s=o0+it:o>1}. Also, (s — 1)(B(s) has a continuous extension
to the closed half-plane {o > 1} and it(p(1 +it) # 0.

(2) The counting function Ng(x) of the g-integers satisfies

(1.4) | 27%|Np(2) - Az|dz < oo
1

and

(1.5) Np(x) — Az = O(alco{g(?)

with some constant A > 0.
(3) The counting function wp(x) of the g-primes satisfies
lim sup m5(2) =00 and liminf () =
z—o00 x/logx z—oo z/log x

In other words, if the right side of (1.2)) is replaced by an unbounded
function f, no matter how slowly it grows, then there exists a g-number
system satisfying (|1.1)) for which the Chebyshev bounds fail.

2. The generalized primes. We construct our g-prime system follow-
ing an idea from [Ka2]. The proof is divided into several lemmas. We begin
by creating from f another function which grows at least as slowly and has
several useful analytical properties.

LEMMA 2.1. Given f(z) satisfying the conditions of Theorem 1.1, there
exists a function k(x) defined on [1,00) such that:

(1) k(z) > 1 for x > 1 and k(z) < f(z).

(2) k(x) is increasing and k(x) — oo as x — oo.

(3) k(x) is differentiable and (logx)/k(x) is increasing on (1,00).

Proof. First, let

fi(x) := min{ f(x),loglog(e‘x)}, x> 1.

We have 0 < fi(z) < f(x) for x > 1. Moreover, fi(z) is increasing and
fi(x) = 00 as z — 0.
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Next, let

We have )
0< fa(z) < fiz) < filz), 2>1

Also, fa(z) is increasing, since for Az > 0,

folx + Az) >

<§f1 t)dt + fi(z)A )
1
<g§f1 dt+§f1(t)dt> = fo(z).

1

*a:—i—A

_ZL'—I—A

Also, fa(z) — o0 as x — oo, for

fol@) > = | A0tz S file/2) - oo

x/2

Moreover, fa(z) is continuous.
Then let

xT

fa(@) =1+a7 1| falt) dt.

1
As before, we have

1< fa(z) <1+ faz) <14 fi(w) <1+ f(x), z>1.

Also, f3(x) is increasing and f3(x) — oo as * — oo. Moreover, f3(z) is
differentiable at all points of (1, 00), since fa is continuous there.
Finally, we set

k(z) = f3(loglog(e‘x)), x >1.
For x > 1 we have
1 <k(x) <1+ f(loglog(ex)),

and from the definition of fi(z), k(x) < loglogloglogx. Also, k(z) is in-
creasing and k(x) — oco. Moreover,

logz\" 1 . f5(loglog(efz)) logz
(k:(a;)) N xk(a:)( B f3(loglog(ecx)) log(eex))
Note that f3(y) > 1 and that

foly)  FR0)d _ fy) _ loglog(cy)
2
y y y y

0< f3(y) = <1
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for y > 1. Therefore, for x > 1,
/ e e
log x > 1 1 log log(e€loglog(e€x)) -0,
k(z) xk(z) log log(e®x)

i.e., (logz)/k(x) is increasing for z > 1. m

Using k(z), we next determine a sparse sequence for our construction.
Since k() increases monotonically to infinity, there exists a sequence ¢1, o, . . .

such that
Z 1/vV/k(ep) < o0.

n>1

Next, define another sequence (A,,) recursively by taking A1 = eand A, 41 =
max{e", ¢, 41}. Note that the sequence (log A,,) grows faster than exponen-
tially. We have

(2.1) > W < o0

n>1
since k() is increasing and
k(An)'? > Llogk(An) > 3logk(n).

Now we construct the g-prime set of the theorem. Let ng be a positive
integer; it is to be taken large enough to satisfy each of several conditions
below. From here onwards, p denotes a rational prime, P the set of all such,
and 7(z) the counting function of the rational primes. We take

Ps = (P\ | {p € [4n, VE(m) Aul})
n>ng
U U {A,, with multiplicity [A, logk(n)/(2log A,)]}.
n>ng
In words, Pp consists of an initial string of rational primes, then a g-prime
Ay, having high multiplicity (a “pulse”), followed by a long interval having
no g-primes, after which comes a longer interval of rational primes, then
Any+1 appears, and the cycle repeats. We shall see that the multiplicity
of A, has been balanced with the length of the subsequent dead inter-
val to achieve a positive density of g-integers. Also, note that the intervals
[An, \/Ek(n) A, are pairwise non-overlapping for sufficiently large ng, since
k(n) < 1+ loglog(e‘n) and A, 11 > exp A,. To make formulas easier to
read, we shall generally write A}, in place of \/k(n) A,.

pulse 0 dm pulse

T T T

An A% Anir

Fig 1. dmwp on one interval
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We shall show that the set of g-primes Pp and associated g-integers N'g
satisfies the conditions of the theorem. We begin with the failure of the
Chebyshev bounds.

3. Chebyshev bounds and the zeta function
LEMMA 3.1. Property (3) of the theorem is satisfied.
Proof. First, there exists a sequence on which 7(x) is too large. Indeed,
m5(4n) > [Anlog k(n)/(21og Ay)]
Ay /log A, — Ay /log A,

Next, we show that 7(z) is too small on the points x = A%, the end of
the “dead zones”. We begin with an inductive argument to show that

(3.1) mp(An—) < 7m(A,—).
This relation holds trivially (with equality) for n = ng. Note that the number
of rational primes inhabiting each dead zone is
N A, k(n)1/? . Anlogk(n)
log A, + (1/2) log k(n) 2log A,
for n > ngy. Hence, from the definition of Pp,
75(Ani1—) = {7(Ans1—) — (AL} + {mp(An) — 75(An—)} + 75(An-)
< {r(An1) — w4} + 2R 4,0 < (o).
Thus holds. It follows that, as n — oo,
m3(AL)  _  mB(An)
Ay Jlog Ay A} [log Ay,
< 7(Ay) + Ay logk(n)/(2log Ay) < log k(n)
- A% [log A% k(n)l/2

Our further analysis uses an auxiliary system appearing in [Di2]. Let

— 00 as n — 0.

(A7) — m(An)

— 0. m

dmo :=d(mp — )y,

the variation of d(mp — m);

1
dlo(z) =) sdmo(a'");
>1

and .
1 *N
No(z) := 1+ngdﬂ :

n>1 1

where the last expression denotes the n-fold multiplicative convolution of
dIly with itself. Note that dmp(u) = dIlp(u) = 0 on {u : u < Ay} and
dmo(u) = 0 on each interval (A%, Ap+1) with n > ng.
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Also, we need a preliminary estimate.

LEMMA 3.2.
_, logk(m) 1 [logk(m)\? log k(m)
(3.2) > pl:—( +0| —52 ).
A pear 2log Ay, 8\ log Ay, log” A,
Proof. In Stieltjes integral form, the left-hand side of (3.2)) is
Ax Ax
Codt | dt
| + | {dﬂ(t)—}:: I + I,
Amtlogt A t logt
say. We have
log (A k(m)/?) log k(m)
L =1 =logq 1
! ©8 { log A, o8t 2log Ay,
_ logk(m) 1 (logk(m) 2+ 0 log® k(m)
- 2log A, 8\ logA, log® A /)

For I, use integration by parts and the classical prime number theorem
error bound

N dt T
. = \dn(t) — .
5.3) A= [ amt) — o b < oo
We find
A*
_ R(4y)  R(Am) | (" R(@)
Iy = A;L — A + S o) dt
Am
Amr/k
L1 S " oaydt  logk(m)
. n
log? A, h tlog?t log? A,
LEMMA 3.3.
T logx
4 ! dIT :
(3.4) § T h() o(z) < o0

Proof. We first note that

T log z
Sxil & dmo(x)

k()
- (sG] T )

n2no Ap<p<Apf
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Then, by the monotonicity of logz and of k(z) and the last lemma,

1 logp _ log A7, _ log AZ log k(n)
1 < n 1 n )
2 TR S w2 T S A Togd

An<p<Af Ap<p<Aj
Since log A% < log A,,, we have
T _logz log k(n)
1
dﬂo(l‘) <
Vo 2 k(A

by (2.1). Finally, the left-hand side of (3.4)) equals

1T _logz 1T _,llogu
S | dmae) = 3 L e i

>1" 1 >1" 1

< — _— .
< 1—A501 ) () dmo(u) < 00. m

The zeta function for N is defined, analogously to the Riemann zeta
function, by the Mellin integral

1 Ogou_llogu

o0
Cp(s) = S u *dNp(u).
1—
We now show that (p(s) does have the expected properties.

LEMMA 3.4. (g(s) is analytic for o > 1, and (s — 1)(p(s) has a contin-
uous extension to the closed half-plane o > 1. Moreover, it (g(1 + it) # 0.

Proof. We write

o0 o
Co(s) = exp{ | ™ dlTp(@) } = () exp{ | &= d(1T5 — D)) }
1 1

where ((s) is the Riemann zeta function and I7(z) = 5, £~ 7(21/*). Note
that d(Ilg — II), < dIly by the triangle inequality. Since (logz)/k(z) > 1
for v > A,,, Lemma implies that the last integral converges absolutely
for o > 1. Hence (p(s) is analytic on {s: o > 1} and, by familiar properties
of the Riemann zeta function,

o0

(s = 1)Ca(s) = (s = 1)¢(s) exp{ | &~ d(IT5 — M)(x) }

1

has a continuous extension to o > 1 and furthermore

itCp(1 + it) = itC(1 + it) exp{ | 2=+ g1 - H)(az)} £0.
1
Thus, property (1) of the theorem is proved. m
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4. The counting function Np(z). Our remaining job is to give esti-
mates for Np(z), to establish property (2) of the theorem. We first have

LEMMA 4.1.

? —
X
1

Proof. Recall that k(z) is increasing. Hence

1+log(x1---xn) (1+logm’1) ._<1+logxn)

for z; > Ap,, i =1,...,n. Then we have
T log = T log = n
T 1(1—1— >dﬂ*"m < \z 1{(1 dﬂox}

1

Therefore, by Lemma [3.3]
T log s log
1 No(z) < 1 I .
§ZL‘ < +k(:r)>d o(z) < exp S:L’ +k(w) dIly(z) p < 0. m

1

By the fundamental relation between dN and dIT (resp. dNp and dIlg)
and the homomorphic property of exponentials we have

dNp = exp{dlip} = exp{dIl + d(lIp — II)} = dN x exp{d(lIp — II)}.

Thus the counting function of g-integers satisfies

(4.1) Np(x) = \ N(Z) exp{d(lIp — )} (¢
)= § (7 ) explatits ~

= N(z) + N<$> Z (1T — )™ (1)
n>1

with N(x) the counting function of rational integers and 6(z) = N(z) — x.
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Let

oo
ey =\ t7hd(ITp — I)(t),
1
an absolutely convergent integral by Lemma As we saw in the proof of

Lemma [4.1]

Osot’ld(HB — IT)*™(t)
1

is absolutely convergent; it equals

(Ogotl (I — n)(t))" —

1
Add and subtract terms ("t~ d(IIp — IT)*"(t) and rewrite ([4.1) as

(4.2) Np(x) = Az + zE(x),
where

100— *7 c
A:1+Zﬁgt Yd(IIg — )™ (t) =

n>1"""1
and
(4.3) E(x) := 2 '0(z) — By(x) + Ex(2)
with
(4.4) Eyz) =Y % [ ¢ a1 — my (1)
n>1 T
and
x)i=a"! — i z — I)*™(t).
Es(a) n21n,§e(t)d<nB 1yt

Also, Lemmas and [2.1)(3) together imply that

o0

Co(s) :== S x~ % dNy(x)
1—

converges absolutely for ¢ > 1. Hence, (p(s) is analytic on ¢ > 1 and
continuous on o > 1.

LEMMA 4.2. We have

No(z) < k()

4.5
(45) x log x
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and hence
No(z) _ k(=)
. < .
(1) Ba(e)| < =25 <
Also,
(4.7) | 27| By(2)| do < o0.

1

Proof. By Lemma

(. _1logy 1 logy
1 1

Y dNo(y) < \ vy dNp(y) < 0.
AS k(y) § k(y)

)

The left-hand side equals, by integration by parts,

_1 logx 1 log Ay,

]{([E) No(x) ‘1710 k(ng) “0(11n0)
K logy — 1 K logy

Ang

Recalling that &'(x) > 0 and noting that log A,, > 1, we have

¢ logy _1 logx _1 log A,
! No(y) > 2" No(z) — AL  No(Any)-

Thus, (4.5) follows. Next,

1 1 N()(x)
Es( it fl
= x Z n! S x
n>1
and (4.6) follows. Moreover, by Lemma again,
o0
N,
[ 2 o(@) . _ Gols)
x s
1
for o > 1. Hence
[o.@] oo
| 27! By(a)| do < | 272 No(a) da = o(1) < 0. m
1 1

The analysis of Ej(x) requires a more delicate argument.
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5. Fundamental estimates

LEMMA 5.1. Forn > ng, a sufficiently large number, we have

(5.1) ‘ [t (s —m)

1(log k(no) /log Ap,)?
log k(n)/log Ay,
%(log k(n+1)/log Apy1)?

IN

if 1 <x< Ay,
if Ay < 1 < A%,

269

Also, for £ > 2,
(5.2) ‘ | ¢t d(rp —m)0)

A log k(ng) /log An if1<a< Ay,

< 24,71 /log A, if Ap < x < Aj,
A;ﬁ'l logk(n+1)/log Apt1 if A <z < Apia.

Proof. For Ay <x < Apt1,n>mng,or 1 <z <A, (ie,n+1=mnyp),

T _1| Amlogk(m _
[t dmp-me = (Aml[%A()] - Y 1).
* mzn+1 & Am Am<p<AY,
By Lemma [3.2]
2log A, A ot s
_ logk(m) 1 logk(m) 1 [logk(m)\? log k(m)
- 2log A, +0(4n) 2log A, 8\ log A,, +0 log? Ay,
_ 1 (logk(m) 2 L0 log k(m)
-8 log A, Iog2 A, )
Therefore we have
T 1 (log k(m)\? log k(m)
ttd(ng —m t': {() +0(—5—
§7 ( B )( ) mgn;rl ) lOgAm log2 Am
< 1 (logk(n+1) 2
T4\ logApi

for ng large enough. This proves the first and the third inequalities of ([5.1)).
For A, < x < A}, n > ng, by the definition of Pp,
{tldmp-m@)=- > p '+ | t7hdms—m)).

T c<p< A} Ant1
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From the third inequality of (5.1]), just proved,

T 1 logk(n+1)>2
t Yd(np —)(t S( .
‘AHSH (s ) )‘ 4\ log An+1

Also, by (82),
_ 1 _ logk(n) log k(n) ) 2
1< < :
Z po= Z po= 2log A, +O<{ log Ay,

r<p< A, Ap<p<Aj

Hence

| i L d(ry — ()] < li’fgkﬂ)-

This proves the second inequality of (5.1]).
Now suppose that £ > 2. For A} <z < Ap41, n>mng,or 1 <x < Ay,
(i.e., n+ 1 =ng), we have in a similar way

St o= 2 (wfEar]- 2 )

T m>n+1 Am<p<lAf,

Applying the method used in proving Lemma [3.2] write

Ax Ax
Toodt ’" dt
¢ -/ / /
O (e R e By B
A pens e ttlogt e logt

say. We have, by integration by parts,
Al-¢ A* 1-¢ Al-¢
I{ — m o ( m) ;n .
(¢ —1)log A,y (£ —1)log Az, log” Ay,

For I}, apply integration by parts and the prime number estimate (3.3). We
find

/ o|Am N -1 Ayt
I = R(t)t™ +0\ Rt dt <« ——.
b= RO, e | RO e
Together, these estimates imply that
_ 1+ 0(1))AL*
53 L _ (—m
(5:3) Z P (¢ —1)log Ay’

Am<p<lAjf,
provided that m is sufficiently large. Thus

< A og k(m)

o[ A logk(m) _
¢| Amlogrim) | ¢
‘Am [ 2log Am ] Z P= 2log A,
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and so we get

‘osot_é d(rp — W)(t)) < Z Ay log k(m) < Agf{llogk(n—i— 1

2 - o 2log A, - log Ap11

Now suppose A, < x < A%, n > ng. We have

[e.e] [e.e]

Vtdmp—mt)=— > p'+ | t7dxs—m)().

T T<p<Af Apt1

The sum is clearly bounded above by > An<p<Ar p~t, and the last sum equals
(1+o0(1)A,"
(¢ —1)log Ay,

by the first relation in (5.3]). If we combine this estimate with the inequality
derived when A% <z < A,41, n > ng, we find

‘oﬂot—fd(w ] < LD Akl logk(n +1) _ 24,1
) B = ((—1)log A, log Api1 = Tog 4,
This completes the proof of (5.2)). m

LEMMA 5.2. For ng sufficiently large,

o ::OSOm_l‘OSOt_I d(Ilp fH)(t)‘dx < QM.

1 0 log Ay,
Proof. By (1),
An0 0 9
_ log= k(n
S z! Stld(ﬂ'B—ﬂ')(t) d:rgm,
1 x 1o
A*
" T log? k(n
[ 2§ e dlrs —m)) dxg;fogil),
An T n
An+1 [ee} 2
B 3 log” k(n +1)
1 1
T tTd(rg —m)(t)|de < —-n——~.
oS dme —mo] e < SR

Hence

S x_l) S tLd(rp — W)(t)‘ dz

1 T
< log? k(ng) Z log?k(n) log?k(n+1) < log? k(o)
~ 4dlog Ay, 2log A, 4log Apt1

log Ay,

n>ng
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for ng sufficiently large. Also, for £ > 2,

Oso@“l‘ Ogot’l d(rp — W)(tl/g)‘ dv = 080361’ OSO ud(mp — F)(U)‘ de
1 o 1 1/

[e.e] oo
l S y_l‘ S uwd(rp — W)(U)) dy.
1 Y
By , in a similar way, the right side of the last equation is at most

A og k(n)
—t+1 n —041
E(Ano log k(no) + E { log A, + A7 logk(n + 1) })

n>ng
< 2&4;0”1 log k(np).

Hence

ogoxl‘ Ogofl d(ITp — n)(t)( dz
1 x

— fa

1

[e.e]

[ 3 3t dlrs — m)(t)

T (>1

dx

o0

< ;2 § :c_l‘ S “td(rp —w)(tl/z)‘dx

2 2

log Ay, = log Ay,

6. Proof of the theorem. It remains to study F1(z) (defined in (4.4])).
LEMMA 6.1. Forx > 1,

k(z)
6.1 E —.
(6.) (@) < o
Proof. We have
)Ogot‘ld(ﬂ - H)*"(t)‘ < Ogot‘ldﬂ*"(t) < k@) Ogot—lloigt dIT;™(t)
) B - 0 ~ logx e k(t) 0 ’
since (logt)/k(t) is increasing. It follows that
k(x)
<
B ()] < og s’
where o
. _1logt
c3 = S t T(t) dNo(t) < 00

1+

by Lemma .
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LEMMA 6.2.
(6.2) | 27! By(2)] da < oo.
1
Proof. We have
[e%¢) B [ee] B 1 0 B .
\ 27 By (2)de = | 27! ZE \t71d(Ip — )™ (t)|do < I + I,
1 1 >1 T
say, where
o] - 1 (o) - .
L= |a27! > Egt V(T — )™ (t)| da,
1 1<¢<log z/log An T
[e.o] 1 o0
L= Vo™t >0 G\t dIlp - ()| da.
1 £>log x/log An, 4 x

Recall that (IIp — II)(z) = 0 for z < A,,, so there is no contribution to
the integrals unless log z/log A, > 1. For ¢ > logx/log Ay,, i.e., AfLO >z
we have
oo o (0.9}

l
[t a(mp—my () = \ ¢ a(Ip -y (t) = ( { t*ld(UB—H)(t)) -
T 1 1
Hence
Y Yetam-omrm= Y L
0 B - o
£>log x/log Any o £>log x/log An,

and therefore

(6.3) I < Ogox—1< > |C£1'|Z> dax

1 €>log x/log An,

A

-yl S v do = Jer|el“t log Ay,

>1 1
Next, we have
n< | x_l‘ [ ¢ ags - H)(t)‘ dz
An0+ T
v Z 7 g ‘ | ¢t ags - n)*f(t)‘ dz.

1>2 szJF T
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For ¢ > 2,
| x_l‘ | e (s H)*é(t)‘ dz
Al 4+ x

< ogo :p—l( ogo ) Ogou—ld(nB —n)(u)]v—ldngf—l(v)) dz

AL, Aﬁgl x/v
_ ogo ( ogo x—lj Ogou-ld(nB —H)(u)’dx)v_ldﬂge_l(v).
Affol Aflo z/v

Letting /v = y, the inner integral on the right-hand side becomes

o0 o0

ZS 1)13/‘ S uwtd(Ilp —H)(u)‘vdy
Al /v Y

< S y_l‘ S utd(ITp —H)(u))dy:@ < 00

1 Y
by Lemma [5.2] Therefore,
o o0 o
| gfl] | e tdis - n)*f(t)‘ de <y | ot dI = (v)
A+ g Arg!
T 1 -1 0—1
< 62( S v dHo(v)) =cocy
1
where
[e.e]
Cq = S x_l dU()(a?)
1
Hence
1
(6.4) I <co+ Z E@cffl < co(l+e)/2.

0>2
From (6.4) and (6.3)), (6.2) follows. =

It remains only to establish property (2) of the theorem. The relations

(4.2), [@.3), (4.6), and (6.1), along with the inequality k(z) < f(z) of

Lemma 2.1] give
[N (x) — Ax| _
" =

f(z)

log z

B@) < -+ By (@) + | Ba(a)] <



Also, by (7) and (6:2),

| 272N (2) — Az|do < | 27 (a7! + |E1(2)| + | Ba(@)]) dz < oo,
1 1
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o0

These estimates complete the proof of Theorem
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