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On a diophantine problem with one prime,
two squares of primes and s powers of two

by

ALESSANDRO LANGUASCO and VALENTINA SETTIMI (Padova)

1. Introduction. In this paper we are interested in the values of the
form

(1.1) AMp1 4 Aoph + Asp3 + 2™ A+ s 2™

where p1,p2,p3 are prime numbers, mq,...,ms are positive integers, and
the coefficients A1, A2, Az and 1, ..., us are real numbers satisfying suitable
relations.

This problem can be seen as a variation of the Waring—Goldbach and
the Goldbach-Linnik problems. A huge literature exists for both problems
and so we will mention just some of the most important results.

Concerning the Goldbach—Linnik problem, the first result was estab-
lished by Linnik himself [23], 24] who proved that every sufficiently large
even integer is a sum of two primes and a suitable number s of powers of
two; he gave no explicit estimate of s. Other results were proved by Gallagher
[6], J. Liu-M.-C. Liu-Wang [26], 27, 28], Wang [47] and H. Li [I7, [18]. Now
the best conditional result is due to Pintz-Ruzsa [37] and Heath-Brown—
Puchta [I1] (s = 7 suffices under the assumption of the Generalized Riemann
Hypothesis), while, unconditionally, it is due to Heath-Brown—Puchta [I1]
(s = 13 suffices). Elsholtz, in unpublished work, improved it to s = 12. We
should also remark that Pintz—Ruzsa announced a proof for the case s = 8 in
their paper [37]. Looking for the size of the exceptional set of the Goldbach
problem we recall the fundamental paper by Montgomery—Vaughan [34] in
which they showed that the number of even integers up to X that are not
the sum of two primes is < X'~. Pintz [36] announced that § = 1/3 is
admissible in the previous estimate. Concerning the exceptional set for the
Goldbach—Linnik problem, Languasco—Pintz—Zaccagnini [15] proved that for
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every s > 1, there are < X3/°(log X)!° even integers in [1, X] that are not
the sum of two primes and s powers of two.

In diophantine approximation several results were proved concerning lin-
ear forms with primes that, in some sense, can be considered as the real ana-
logues of the binary and ternary Goldbach problems. On this topic we recall
the papers by Vaughan [43] 44], [45], Harman [9], Briidern—Cook—Perelli [1],
and Cook-Harman [3]. A diophantine problem with two primes and powers
of two was solved by Parsell [35]; his estimate on the needed powers of two
was recently improved by Languasco—Zaccagnini [16].

The problem of representing an integer using a suitable number of prime
powers is usually called the Waring—Goldbach problem. We refer to the
beautiful Vaughan—Wooley survey paper [46] for the literature on this prob-
lem. Here we just mention that in 1938 Hua [I2] proved that almost all the
integers n = 3 mod 24 and n # 0 mod 5 are representable as sums of three
squares of primes, and all sufficiently large n = 5 mod 24 are representable
as sums of five squares of primes. Also several results were obtained about
the size of the exceptional set for this problem. On this topic we just recall
a recent result of J. Liu, Wooley and Yu [30].

Concerning mixed problems with powers of primes and powers of two, we
recall the results by H. Li [19], [20], J. Liu and Li [29], J. Liu and M.-C. Liu
[25], Li and Sun [33], Z. Liu and Lii [32].

Replacing one of the prime summands in the problem in Parsell [35] with
the sum of two squares of primes, we obtain the problem in ; the only
result we know about it is by W. P. Li and Wang [2I]. We improve their
estimate on s with the following result whose quality depends on rational
approximations to Ag/As.

THEOREM. Suppose that \y < 0 and A2, A3 > 0 with Aa/\3 irrational.
Further suppose that i, ..., us are nonzero real numbers such that \;/p; €
Q for i € {1,2,3}, and denote by a;/q; their reduced representations as
rational numbers. Let moreover n be a sufficiently small positive constant
such that n < min(|\1/a1]; A2/a2; A\3/as). Finally let

(1.2)

so=34 Fog(‘lc(qh% g3, €) (| A1] + [Ao] + [As])) —log((3 —2v/2 — 6)77)1 ’

—log 0.8844472132
where € > 0 is an arbitrarily small constant, C(q1,q2,qs3,€) satisfies
(1.3)
C(q1,42,3,€) = (1+ €)(log2 + C - &'(q1))"/?
x ((log2)* + D - &"(g2))"*((log 2)* + D - &"(g3))"/*,
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C =10.0219168340, D = 17,646,979.6536361512, and

-1 1
(1.4) e =][21=. &m=]] ptrl
pln P pln P
p>2 p>2

Then for every real number w and every integer s > sqg the inequality
(1.5) |A1p1 +)\2p%+)\3p§ + 2™ 4 4 2™ | <

has infinitely many solutions in primes pi,p2,ps and positive integers myq,
cey, M.

Arguing analogously we can prove the case Aj, A2 < 0, A3 > 0 (see the
argument at the end of .
Our value in ([1.2)) largely improves W. P. Li-Wang’s [21] one given by

(1.6)

B 10g(2°C1(q1, g2, 43, €) (| A1] + [Xo| +[A3))?) —log((1 — €)|A1]n)
S0 = 3+ )
“log 0.995

where
11% - 43 - 726 1/2
(17) Cl(q17QQ> g3, 6) = 5(1 + 6) (22725 + (lOg 2)2>

x (log 2q1)1/2 (log 2q2)1/4(10g 2q3)1/4.

Comparing only denominators in and in , we see that our gain is
about 95.9%. Moreover the numerical constants involved in the definition
are better than the ones in (see the remark after Lemma
below).

In practice, the following example shows that the gain is actually slightly
larger. For instance, taking \} = —v/5 = ,ufl, Ao =13 = ,ugl, A3 =12 =
,ugl, n=1ande= 1072, we get so = 120, while W. P. Li-Wang’s estimate
gives so = 4120.

Moreover we remark that the works of Rosser—Schoenfeld [39] on n/y(n)
and of Solé—Planat [41] on the Dedekind ¥ function (see Lemmas and
below) give for &’(¢q) and &”(¢) a sharper estimate than 2log(2q), used
in , for large values of q.

With respect to [2I], our main gain comes from enlarging the size of
the major arc since this lets us use sharper estimates on the minor arc. In
particular, on the major arc we replaced the technique used in [2I] with
an argument involving an L2-estimate of the exponential sum over prime
squares (S2(«)). This is a standard tool when working on primes (see, e.g.,
[16] for an application to a similar problem) but it seems that it is the first
time that a similar technique is used for prime squares so we inserted a
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detailed proof of the relevant lemmas (Lemmas and below) since
they could be of some independent interest.

On the minor arc we use the Ghosh estimate [7] to deal with the expo-
nential sum on primes squares while to treat the exponential sum on primes
(S1(«)) we follow the argument in [16]. To work with the exponential sum
over powers of two (G(«)), we applied Pintz—Ruzsa’s [37] algorithm to esti-
mate the measure of the subset of the minor arc on which |G(«)| is “large”.
These ingredients lead to a sharper estimate on the minor arc and let us
improve the size of the denominators in .

A second, less important, gain arises from our Lemmas [3.3]and [3.6] below,
which improves the numerical values in compared with the ones in
(see also Parsell [35, Lemma 3]).

Using the notation A = (A1, A2, A3), u = (u1, 2, 43), as a consequence
of the Theorem we have

COROLLARY. Suppose that A\, Aa, A3 are nonzero real numbers, not all
of the same sign, such that \o/A3 is irrational. Further suppose pi1,. .., s
are nonzero real numbers such that X\;/u; € Q for i € {1,2,3}, and denote
by a;/q; their reduced representations as rational numbers. Let moreover n
be a sufficiently small positive constant such that n < min(|\1/a1|; | A2/ azl;
[As/as|) and 7 > 1 > 0. Finally let so = so(X, u,n,€) as defined in (L.2)),
where € > 0 is arbitrarily small. Then for every real number w and every
integer s > sg the inequality

|>\1p1 + )\2]9% + )\3]9% + ,u12m1 4+ .+ #827713 + w| <r

has infinitely many solutions in primes p1,p2,p3 and positive integers
mi,...,Mg.

This Corollary immediately follows from the Theorem by rearranging
the X’s. Hence the Theorem ensures that (1.5 has infinitely many solutions
and the Corollary immediately follows from the condition 7 > 7.

2. Definitions. Let ¢ be a sufficiently small positive constant (not
necessarily the same at each occurrence), X be a large parameter, M =
lpi| + -+ + |us| and L = logy(eX/(2M)), where logy v is the base 2 loga-
rithm of v. We will use the Davenport—Heilbronn variation of the Hardy—
Littlewood method to count the number (X)) of solutions of the inequal-
ity with eX < pl,p%,pg < Xand 1 < my,...,mg < L. Let now
e(u) = exp(2miu) and

Si(a) = Z logpe(pa), Sa(a) = Z log pe(p®a),

eX<p<X eX<p2<X
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For av # 0, we also define

Klonm) = (sinm]a)%

T
It is well-known that

(2.1) K(t,n) = | K(o,n)e(te) do = max(0;7 — |¢])
R
and
(2.2) K(a,n) < min(n?;a™?).
Letting
I(X;R) = S S1(A 1) Sa(Aear) Sa(A3a) G(pi ) - - - Gpsa)e(wa) K (e, m) dev,
R

it follows from that

I(X;R) < n(log X)* - N(X).
We will prove, for X — 400 running over a suitable integral sequence, that
(2.3) I(X;R) > xc n° X (log X)*

thus obtaining
N(X) >sxe nX (log X)573
and hence the Theorem follows.
To prove ([2.3)) we first dissect the real line into the major, minor and
trivial arcs, by choosing P = X2/5/10gX and letting
(24) M={acR:|a|<P/X}, m={acR:P/X <|a| <L?*},
and t =R\ (M Um). Accordingly, we write

(2.5) I(X;R) =I(X; M) + I[(X;m) + 1(X;t).
We will prove that

(2.6) I(X;9M) > e1n? XL,

(2.7) 1(X:9)] = o(X L)

both hold for all sufficiently large X, and

(2.8) I(X:m)]| < o)X L

holds for X — 400 running over a suitable integral sequence, where ca(s) >
0 depends on s, ca(s) — 0 as s — 400, and ¢; = c1(€, A) > 0 is a constant
such that

(2.9) c1n — ca(s) > can

for some absolute positive constant cs and s > sg. Inserting (2.6))—(2.9) into
(2.5), we finally conclude that (2.3) holds, thus proving the Theorem.
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3. Lemmas. Let n be a positive integer. We denote by &(n) the singular
series and set &(n) = 2¢y&’(n) where &'(n) is defined in (1.4)) and

-1 52r)

p>2

Notice that &’(n) is a multiplicative function. According to Gourdon—Sebah
[8], we have 0.66016181584 < ¢o < 0.66016181585.

The first lemma is an upper bound for the multiplicative part of the
singular series.

LEmMMA 3.1 (Languasco—Zaccagnini [16, Lemma 2]). Forn € N, n > 3,
we have

n__ e'loglogn 2.50637
cop(n) co cologlogn’
where ¥ = 0.5772156649 ... is the Euler constant.

Letting f(1) = f(2) = 1 and f(n) = n/(cop(n)) for n > 3, we can
see that the inequality &'(n) < f(n) is sharper than Parsell’s estimate
&'(n) < 2log(2n) (see [35, p. 369]) for every n > 1. Since it is clear that
computing the exact value of f(n) for large values of n is not easy (it requires
the knowledge of every prime factor of n), we also remark that the second
estimate in Lemma |3.1|leads to a sharper bound than &'(n) < 2log(2n) for
every n > 14.

Let now &”(n) be defined as in . We first remark that it is connected
with the Dedekind ¥ function defined by

since &”(n) = ¥(n)/n for n odd and &”(n) = (2/3)¥(n)/n for n even. We
also have

&'(n) <

LEMMA 3.2. Forn € N, n > 31, we have
&"(n) < e'loglogn,
where ¥ is the Euler constant.

Proof. This follows immediately from Corollary 2 of Solé-Planat [41]
and the previous remarks. m

The estimate in Lemmais sharper than W. P. Li-Wang’s one &”(n) <
2log(2n) (see [22, p. 171)) for every n > 31. We also remark that &”(1) =
G”(2) = 1, and that the computation of &”(n) in the remaining interval
3 < n <30 is an easy task.

Now we state some lemmas we need to estimate I(X;m).
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LeEMMA 3.3 (Languasco—Zaccagnini [16, Lemma 4]). Let X be a suf-
ficiently large parameter and let A\,p # 0 be two real numbers such that
A p € Q. Let a,q € Z\{0} with ¢ > 0 and (a,q) = 1 be such that A/ = a/q.
Let further 0 < n < |\/al|. Then

| 19100) G ()P K (o, n) do < nX L*((1 - €) log 2+ C- &' (q)) + O, (nX L),
R
where C' = 10.0219168340.

LEMMA 3.4. Let € be an arbitrarily small positive constant. Let n € Z,
n#0, |n| <X, n=0mod24 and

r(n) = |{n:p%+p% _pg _p?b where p] S X1/27 ] = 17’4}|

Then )
T X
< R _ -
r(n) < (14 ¢€)cq 166 (n) (log X

1 1 11 1
6= (2 g ) T (142 A1)
Bo—1 B B+1 B+2 |7
270 200 ) 25 p p p
pon

820
cy = 101220 and By is such that 2% | n.

Lemma follows by inserting the remark of H. Li [19, p. 385] into
the proof of Lemma 2.2 of J. Liu-Li [29]. We immediately remark that
S_(n) <26"(n).

We will also need the following

LeEmMA 3.5 (H. Li [19]). Let d be a positive odd integer and £(d) be the
quantity min{p: 2# =1 (mod d)}. Then the series

is convergent and its value cs satisfies c5 < 1.620767.

The next lemma is the analogue of Lemma [3.3]for exponential sums over
prime squares.

LEMMA 3.6. Let X be a sufficiently large parameter and let X\, # 0 be
two real numbers such that \/p € Q. Let a,q € Z \ {0} with ¢ > 0 and
(a,q) =1 be such that \/u = a/q. Let further 0 < n < |\/a|. Then

}152(Aa)G(na)|'K (o, n) dev < (1 + €)X L*((log 2)* + D - &"(q)),
R
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where D = cqc5m2 /96, c4,c5 are as in Lemmas respectively and € is
an arbitrarily small positive constant.

This should be compared with Lemma 4.3 of W. P. Li-Wang [22] (see
also Lemma 4.2 of [21]) in which the value D; = 2727 . 11% . 43 . 7%6/25
plays the role of D. Using the values ¢4 = 101 - 22 and c5 < 1.620767 as
in Lemmas [3.4] we see that D < 17,646,979.6536361512 while D; =
1,581,925,383.0798448770. We remark that D < 0.0112 - D; and so the re-
duction factor here is close to 98.8%. With an abuse of notation, in the
statement of the Theorem we will set D = 17,646,979.6536361512.

Proof of Lemma([3.6. Letting now

I = [S(Ae)G(pua)|*K (a, ) dov,
R
by (2.1)) we immediately have

31) I= > log p1 log p2 log p3 log ps
eX<p?p2p3pi<X
X > max (0; 71— [A(pf +p3 —p3 —p3) + (271 4272 =23 —2M4) ).

1<m1,ma,m3,ms<L

Let § = A(p? + p3 — pi — p3) + p(2™ + 2m2 — 2ms — 2M4)_ For a sufficiently
small n > 0, we claim that

(3.2) |0 <n is equivalent to 6 = 0.

Recall our hypothesis on a and ¢, and assume that § # 0 in (3.2). For
n < |A\/al this leads to a contradiction. In fact we have

1
7>i> p%+p%_p§_pi+€(2m1 +2m2_2m3_2m4)
la| = A a
a@? +p3—pd—pd) @M 4 2m2 —2ms —oma)| ]
a = lal’

since a(p? +p3 — p% —p3) +q(2™ 4 2m2 —2™M3 — 2M4) =£ () is a linear integral
combination. Inserting (3.2)) in (3.1)), for n < |A\/a| we can write

(3.3) I=n E § log p1 log p2 log p3 log p4.
6X§p%,p%,p§ ,pZSX 1<mi,mo,m3,m4<L
A(pi+p3—p3—p3)+hu(2m1+2m2 —2m3 —2M4)=0

The diagonal contribution in (3.3)) is equal to
34) n ) logpilogpalogpslogps > 1.

eEX<p2p2 2 n2< X 1<mi,mo,m3my<L
—21’1 vgz_@%vl’h; Q] 4 oms ’:2m’3+2m4
pi+p5=p3+Dp]
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The number of solutions of p? + p3 = p3 + pj when pips # psps can be
estimated using Satz 3, p. 94 of Rieger [38] and it is < X (log X)~3. This
gives a contribution to the first sum which is < X log X. In the remaining
case p1ps = p3ps the first sum becomes

2
2 Y (ospPlosmf=2( 3 (ogp?) <(1- 07 GosXP,

6X<p1 7p2<X VeX<p<vX

where we used the Prime Number Theorem and the fact that € is a suf-
ficiently small positive constant. The sum over the powers of two in
can be evaluated by fixing first m; = ms (thus getting exactly L? solutions)
and then fixing m; # ms (which gives other L? — L solutions). Hence the
contribution of the second sum in is 2.2 — L.

Combining these results we see that the total contribution of (3.4)) is
(3.5) < (1 —e)nXL*(log X)? < nX L*(log 2)*.

Now we have to estimate the contribution I’ of the nondiagonal solutions
of 6 = 0 and we will achieve this by connecting I’ with the singular series
of Lemma First, we remark that if p; > 3 for every j =1,...,4, then
n = p?+ps — 7 = 0 mod 24. So if n = p} + p3 — p3 — p3 # 0 mod 24
then at least one of the p; must _be equal to 2 or 3, and hence r(n), defined
as in the statement of Lemma satisfies r(n) < X1/2*¢, Recalling that
Ap=alqg#0, (a,q) =1, if 2m3 +2ma —2mM —2™m2 2 () and (¢/a)(2™ +
2ma —2m1 — 2m2) = () mod 24, we have

(1. pa) s p1 03 —pF —pi = (q/a) (2™ +27 =27 —272)}| < X1/2F,

Otherwise, by Lemma[3.4) &_(n) < 26" (n), r((q/a)(2™3 + 2™+ — 2m1 —
2m2)) # 0 if and only if a|(2™3 + 2m4 2m —2m2) logp; < (1/2)log X
and |(g/a)(2™8 4 2™ —2m1 — 2M2)| < |q/a|2eX/M < 2eX/|A\| < X for €
sufficiently small, we have

(3.6) I'< —6(logX) 3 r<2(2m3 yom _gmi 2m2)>

1<mq,m2,m3,m4<L
2

<Orgafx % e(lemamoamoam),
a

1<m1,m2,m3,ms<L

Using the multiplicativity of &”(n) (defined in (1.4))), we get
<2m3 4+ 9m4 _9m1 _ 2m2)
a

6// <Z(2n’7,3 + 2m4 _ 27)’1,1 _ 2m2>> S 6//(q)6//

S GII(Q)GH(QmS + 2m4 _ 27711 _ 277’12)
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and so, by (3.6), we can write, for every sufficiently large X,

2
/ ™ " 1" om: m m m
I §(1+6)C471286 (¢)nX E G (2 3.4 2Mma _gm1 _ gm2),

1<mi,ma,m3,mq<L
Arguing now as at pages 63-64 of J. Liu-Lii [29] we have
4
> (2 4 2™ — 2™ = 2™2) < cos(1+ e)L*,
1<mi,mz,m3,m4<L
thus getting
2
(3.7) I'<(1+ 6)0405%6”((])?7XL4,
for a sufficiently small e. Hence, by (3.3)—(3.5) and (3.7), we finally get

2
I<(1+enXxL? ((log 2)% + 0405366"((1)>7

this way proving Lemma .
We now recall a famous result by Ghosh about Sa(«).

LEMMA 3.7 (Ghosh [7, Theorem 2]). Let o be a real number and a,q
be positive integers satisfying (a,q) = 1 and |o — a/q| < ¢~2. Let moreover
€ > 0. Then

1/4
Sy(a) < X1/2te 14— = + L /.
‘ g X4 X

As an application of the previous lemma, we get the following result.

LEMMA 3.8. Suppose that \a/)3 is irrational, and let X = ¢* where q
is the denominator of a convergent of the continued fraction for Aa/A3. Let
V(a) = min(|S2(Aea) ;| S2(Azcr)|). Then for arbitrarily small € we have

sup V(o) < X7/16%e,
aem
Proof. Let @ € m and Q = X'/4/(log X)? < P. By the Dirichlet Theo-
rem, there exist integers a;, ¢; with 1 < ¢; < X/Q and (a4, g;) = 1 such that
|Niag; — a;| < Q/X, i =2,3. We remark that asas # 0, otherwise we would
have o € 991. Now suppose that ¢; < @, i = 2, 3. In this case we get

A9 as az
A2 — () _ B _ 2
azqz A3 a243 ( 2¢xq2 a2))\3a ( 30:q3 @3))\3a
and hence
)\2 )\2 Q2 1
— - <21 — )= < —
a3Q2)\3 a2q3| < < + ‘)\3 ) X 2
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for a sufficiently large X. Then, from the law of best approximation and the
definition of m, we obtain

X = g < lazga| < gog3(log X)* < Q%(log X)* < X/*(log X) 2.

Hence either ¢o > @ or g3 > Q). Assume, without loss of generality, that
g2 > @Q. Using Lemma for Sa(A2ar), we have

1 1 @\ 4
V(a) < |S2(hea)| < X727 sup (+ +>
(@) < [S2(A2a)] oea o\ T XA T X

<, X7/16+e(10g X)1/2,
thus proving Lemma [3.8] =

To estimate the contribution of G(a) on the minor arc we use Pintz—
Ruzsa’s method as developed in [37), §3-7].

LEMMA 3.9 (Pintz—Ruzsa [37, §7]). Let 0 < ¢ < 1. Then there exists
v=wv(c) € (0,1) such that

IE(W)] = [{a € (0,1) : |G(a)] > vL}| <pre X°.

To obtain explicit values for v we used the version of the Pintz—Ruzsa
algorithm already implemented to get the results used in Languasco—Zacca-
gnini [16]. We used the PARI/GP [42] language and the gp2c compiling tool
to compute fifty decimal digits (but we write here just ten) of the constant
involved in the previous lemma. If we run the program in our case, Lemma
3.9 gives the following result:

(3.8) |G()] < 0.8844472132 - L

if @ € [0,1]\ E where |E| e X 347107 The computing time to get
(3.8)) on an Apple MacBook Pro was 26 minutes and 28 seconds (but to get
30 correct digits just 3 minutes and 31 seconds suffice). You can download
the PARI/GP source code of our program together with the cited numerical
values at www.math.unipd.it/ languasc/PintzRuzsaMethod.html.

Now we state some lemmas we will use to work on the major arc. Let

0(x) = > p<s logp,

(310) SR = | (0Wa ) —0(VD) — (Vo T h— V) de

eX
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be two different versions of the Selberg integral, and
Ui(a) = Z e(an) and Us(a) = Z e(an?).
eX<n<X eX<n2<X

Applying Gallagher’s famous lemma on the truncated L?-norm of expo-
nential sums to S1(a) — Ui («), one gets the following well-known statement
which we quote from Briidern-Cook—Perelli [I, Lemma 1].

LEMMA 3.10. For 1/X <Y < 1/2 we have
%

. 2 (log X)? 2 2 1
_Sy\Sl(a) Ur(0)P do e == + V2 X + V2T X, o ),

where J(X, h) is defined in (3.9).
To estimate the Selberg integral, we use the next result.

LeEMMA 3.11 (Saffari-Vaughan [40, §6]). Let € be an arbitrarily small
positive constant. There exists a positive constant cg(€) such that

log X 1/3
J(X,h) < h*X —cg| ———
(X,h) < exp( Cﬁ(loglogX)
uniformly for XV/6+te < h < X.
In a similar way we can also prove

LEMMA 3.12. For1/X <Y < 1/2 we have

Y

log X)? 1
So(a) — Us()|?d 6(7 V2X + Y2 X, —
Syl 2(0) = Un()[? da e == +Y2X + 5y )

where J*(X, h) is defined in (3.10]).
Proof. Letting Z := SX_/Y |So(a) — Us(a)|? da, we can write

Y
7= S ’ Z log p e(p*a) — Z e(an?)
-Y eX<p2<X eX<n2<X
Y
— | ’ 3" (k(n) — 1)e(na)

—Y  eX<n2<X

2
’ dao,
where k(n) = logp if n = p prime and k(n) = 0 otherwise. By Gallagher’s
lemma (Lemma 1 of [5]) we obtain

oo

I<Y? g( > (k:(n)—1))2dx

—00 N gp<n2<g+H
eX<n?<X
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where we defined H = 1/(2Y). We can restrict the integration range to £ =
[eX — H, X] since otherwise the inner sum is empty. Moreover we split F as
E = E1 U EyU E3 where U represents disjoint union and E; = [eX — H,eX],
Ey=[eX,X — H], B3 =[X — H, X]|. Accordingly,

(3.11)

r<v([+1+1)( X (k:(n)—1)>2dx:Y2(Il+IQ+Ig),
E1 Ex Ej x§n2§21+H
eX<n*<X

say. We now proceed to estimate I; for i = 1,2, 3.

Estimation of ;. By trivial estimates we have
(3.12)

n=f( X Gw-n)

E1 eX<n?2<z+H

eX
= | (0(VatH)-0(VeX) — (Vo + H—VeX) + 0(1))° da
eX—H
eX
< | (0(Ve+H) - 9(VeX) — (Vo + H— VeX)) dx + H.
eX—H
Using a trivial estimate in we have
(3.13)
< 2 H3(log X)?
L < (logX)” | (Vo+H-VeX) do+H <. — +H
eX—H

where the last step follows by applying the Mean Value Theorem to the
integrand.

Estimation of I3. The estimation of I3 is similar to the one of I;. We
have

< | (6vVX)-0(va) - (VX — V) de + H.
X—H
Again using a trivial estimate and the Mean Value Theorem we get

X
(3.14) Iy <(logX)? | (\/}_ﬁ)zderH«e}ﬁ(l}w

X—H

+ H.
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Estimation of Is. We have

g( 3 (k:(n)—l))de

Ey z<n2<z+H

(3.15) I

X

< | (0Wz+H) - 0(va) - (Vo + H - Va) do + X
eX

=J"(X,H)+ X,

where we used the definition (3.10)). Therefore, by (3.11)), (3.13)—(3.15) and
Y >1/X, and recalling H = 1/(2Y"), we have

(log X )?
XY

A
<Le oy

1
+XY24+Y2J* <X, >
and this proves Lemma [3.12| =

To estimate J*(X,h), we use the next result.

LEMMA 3.13. Let € be an arbitrarily small positive constant. There exists
a positive constant cg(€) such that

log X 1/3
*(X,h) < h? —cg| ———=
JH(X,h) < exp< Cﬁ(loglogX)

uniformly for X7/1%te < p < X.

Proof. We reduce our problem to estimating

X
(316)  Ji(X.h) = | (W(Va+h) —v(Va) - (Vo +h— V) de
eX

since, using |a + b|? < 2|al? 4 2|b|?, it is easy to see that

JH(X, h) < J5(X, h)

X
+ | a+h) - o(Va) — 0z + )+ 0(/D) da
eX

By a trivial estimate and the Mean Value Theorem we obtain

(3.17)

* * T 2 4 * Q(IOgX)4
TH(X, h) < T(X,h) + <7z 08 X) do < T3 (X, ) + W=
eX

To estimate the right hand side of (3.17)), we use the following result we
will prove later.
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LEMMA 3.14. Let € be an arbitrarily small positive constant. There exists
a positive constant cg(€) such that

log X 13
*(X,h) < h? —cg| ————=
Tp (X h) < exp< 06<loglogX)
uniformly for X7/12t€ < b < X, where J;Z(X, h) is defined in (3.16)).
Therefore, by (3.17) and Lemma we obtain

log X 1/3
J(X,h h? —co| ———=
( ) ) < eXP( 06<10g10gX> )
thus proving Lemma [3.13| =

Lemma, will follow from the following lemma.

LEMMA 3.15. Let € be an arbitrarily small positive constant. There exists
a positive constant cg(€) such that

X
To(X,0) = | (0(Va +02) — $(v/7) — (Vo + 03 — V) do
eX

log X 1/3
c02X?2 —cg| ————=
< exp< C6 <log log X)

uniformly for X —5/12te < § < 1.
Proof. We follow the argument of Saffari-Vaughan [40] §5]. To estimate

Ji (X, 0), we use the truncated explicit formula for () (see, e.g., Davenport
[4, eq. (9)-(10) of §17]):

P x
s == 35 +0( 5 tou(eT)? + log )

uniformly in 7" > 2 and for p = 8 + 7y nontrivial zeros of {(s). So
(3.18)

b's 2
~, 146)P2 -1 X2
T < || Y arl? (« )p ) dx + ﬁ(1og(XT))4 + X log? X.
eX ' |y|<T
B1/2
As in Ivié [13, p. 316], we define ¢(d, p) = ((1 4 6)? — 1)/p, and remark
(3.19) (6, p/2)] < min(1/}]; ).

Assuming T > 1/§, we can split the summation in (3.18)) into two cases
defined according to (3.19). We obtain

~ X2
(3.20) JT/J(X’ 0) < A[071/5) + A[l/gg’T} + ﬁ(log(XT))‘l + X(log X)2,
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with
(3.21)
X AL
_ 2
Ar = S Z zP/ c<5,2>‘ dz
lvlel
B>1/2
3% (sl )o(n) U
= C , — Is , = —
Ivil€l |y2lel 2 2 p1+py+2
f1>1/2 B22>1/2

X B1+1
<22 ’C< pl)H( pQ)‘HI Yl
el |ralel ne

B1>1/21/2<p2<B1

Now we deal separately with A ; /5) and A[l /6, T}.
Estimation of Ay ;/s5). From and (| we can write

1
(3.22) Ap,1/5) < 62X Z XA Z —_
L L el
[v1]<0 Iv2|<6
p1>1/2 1/2<B2<p1
< 02X (log X)? Z XP
Iy|<é—t
B121/2
where the last inequality follows from
(3.23)
2/6 2
| log(31 + n) ( (3)) )
< —— < | log| = < (log X
Z, L+ |7 =9l z_: L+n *\s (o X
[y2|<é* n=0
1/2<B2<p1

in which we used the Riemann-von Mangoldt formula and § > X ~!. Denot-
ing by S,1/5) the sum on the right hand side of m, we get

S X7 < log X X“N(u,1/8
[0,1/6) Z < log /12n<ax (u,1/0).

ly|<1/8

B>1/2
We recall the Ingham—Huxley zero-density estimate: for 1/2 < o < 1 we
have N(o,t) < t(12/50-9)(log )8 and the Vinogradov-Korobov zero-free
region: there are no zeros [ + iy of the Riemann zeta function having

p=1- 2/3 o 1/3°
(o8] +2))(log log([r] + 2)

where ¢y > 0 is an absolute constant. In the following ¢; will not necessarily
be the same at each occurrence. Here we have |y| < T, and so N(u,t) =0
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for every t < T and v > 1 — K with
~ (log T)%/3(loglog T)1/3°

From the previous remarks, we obtain

los X 5~1(12/5)(1=1) (100 (5~ 1)) B X
Sio,1/5) < log 1/23%-1(( ) (log(07))

< (log X)B+15—12/5 max ((512/5X)u,
1/2<u<1-K

since § > X!, The maximum is attained at u = 1 — K and so
5[071/5) < (log X)B+15_12/55(12/5)(1_K)X1_K — X(logX)B+1(512/5X)_K
Inserting the last estimate into (3.22)), we can write

(3.24) Ap/5) < 6°X?(log X)B+3(512/5X)—K

Estimation of A /s7). From and - we get

X51 1
A[l/é’T]<<X Z Il Z —72|)

semer M ysdmer D210+ I
B1>1/2 1/2<82<pB1

X5 1
<X Z I7l2 Z 14 |y1 — 72

2
vsemer NP L Smrer
B1>1/2 1/2<B2<p1
X/371
< X(logT)? Z

2’
yseper
B1>1/2

where the last step follows from ({3.23)) with 7" instead of 1/4. By a simple
trick, we can rewrite the previous inequality as

(3.25) Apysr) < XQog TV (S sy + Sfi o)
with
S/ = > X B O ./ > X8
1/6<|y|<T 1/6<|y|<T
B>1/2 B8>1/2

For S[li/a 7] We can argue as we did for Sy 15, just keeping in mind that
this time 1/6 < |y| < T. Hence

<2 u . 1 .
T2 1/22&%4{‘){ [N (u,T) = N(u,1/6)]
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Concerning Sfl J5.m] We immediately obtain

r2 T dt
/ — B = 50— o3 Wi
= Y X Za—2{( Y x) 4
1/6<hI<T vl 1/6 “1/6<|v|<t
B>1/2 B8>1/2
Using t < T, we can write

f dt

! u

Stysr) < 10gX1§5 1/2?3?%—1()( [N(u,t) = N(u,1/0)] <5

Therefore

L ax X"t(12/5)(1“)(logt)3>,

X max 3
1/6<t<T \ t* 1/2<u<1-K

by the Ingham-Huxley zero-density estimate. So, by (3.25)), this estimate
and t <T', we get

A X (1 TB+21 X1 T XU (12/5)(1—u)—2 )
1/s,7) <X (log )" log X log( 5)1/25254{( 1&3@# )

To compute the inner maximum above, we just remark that (12/5)(1 — u)
— 2 < 0 (which holds for w > 1/6), and hence it is attained at ¢ = 1/4. So

Apysr < X(log T)P+2log X log(T6) max  X%(6~1)12/5)0-u)=2
’ 1/2<u<1-K

= 625X (log T)P 2 10g X log(T5 X §512/5yu,
(log T") "™ log X log( )1/2224( )

The maximum is attained at u = 1 — K, thus
(3.26) Ap s < 8P X (log T) 5+ log X log(T8) (X 8'2/%) =K
= 62X%(log T) B2 10g X log(T0) (X 5'%/°)~K

Conclusion of the proof. Inserting (3.24]) and ( into (3.20]), we
get

(3.27)  J(X,8) < 82X *(X6"/%) K log X ((log X )P +2
X2
+ (log T)B T2 1log(T6)) + ﬁ(log(XT))4 + X (log X)2.

Choosing T < X172 we have
B cr S cg
~ (logT)2/3(loglog T)Y/3 ~ (log X)2/3(loglog X)1/3’
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for a suitable positive constant cg. If we now take 7' > X%/12—¢( X §12/5)K/2
x (log X)~B/2 and recall § > X ~%/12%¢_ estimate (3.27) becomes

J3(X,0) < 62 X2(X6"/5) K (log X )BH
since the conditions on 7" are compatible. Hence we immediately obtain

_cg(log X + (12/5) log §)
(log X)2/3(loglog X)1/3

log X \?
242 _
< 0°X exp( cy (log og > >

for a sufficiently large X and cg = cy(€). Hence Lemma is proved. =

j{Z(X, §) < 82X %(log X )P+ exp(

Proof of Lemma|3.14. We follow the argument of [40, §6]. Let now 2h <
v < 3h. To estimate J, (X, h) (defined in (3.16))), we first remark

X 3h

(328) hJX.h) < | | (0(Ve o) - w(vVa) - (Ve o - Vi) dude
< eX 2h
+ | § wvaTo) —p(Va+h) - (ot o — Vet b)) dvdz.
eX 2h

We set z = v — h,y = z 4+ h and change variables in the last integration, so
that the right hand side of (3.28) becomes

X 3h

< | | (6o +o) — (Vo) - (Vo +o— Vo) dvda
“ i?—i—h 2h
+ V@) — (e — (Vi Tz - Vi) dedy.
eX+h h

Since both the integrands are nonnegative, we can extend the integration
ranges merging x with y and v with z. Hence

X+h 3h
hipX,h) < || (Ve o) —o(va) - (Vo to—va) dvde
eX h
X+h 3h/z
= | 2 | (Vo t20) — (Vo) - (Vo + 20— a)' do da,
eX h/x

where in the last step we made the change of variable § = v/x, thus getting
d>h/x> X —5/12+¢€ a5 in the hypothesis of Lemma Interchanging the
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integration order we obtain

hJy (X, h) < (X +h)
3h/(eX) X+h

X S S (Vv(Vx +26) —v(Vz) - (Vo +a —\/:E))Qdazd&

h/(X+h) €X

Finally, using Lemma [3.15] we get

3h/(eX) 1/3
% X + h 2 2 IOgX
X e ———— X —cg| —————
I (X, h) < . S ) exp( c6<log log X dé
h/(X+h)
log X 1/3
2 e 20
L h exp< Ce <log logX> .
This concludes the proof of Lemma [3.14] =
4. The major arc. Letting
X
(4.1) Ti(e) = | e(ta) dt < min(X;1/|a])
eX
and
(4.2)
X1/2 1 X
To(a) = S e(t?a) dt = 3 S v 2e(va) dv < X2 min(X;1/|al),
(eX)1/2 eX

we first write

(43) I = | i) Ta(Aea)To(Ase) [ [ Gluia)e(wa) K (o, ) da
m =1

+ \ (S1( A1) — Ti(Ma))Ta(Aea)Ta(Asa) HG (nia)e(wa) K (a,m) do

=1

) (
m

+ S S1(A1a)(S2(Nea) — Tg()\ga))Tg()\ga)HG(uia)e(wa)K(a,n) da
m i=1

+ S (AMa)Sa(A2a)(S2(Aga) — Ta(Azv)) HG(uia)e(wa)K(a,n) do
i=1
=J1+J2+J3+J4,

say. In what follows we will prove that
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(3 —2V2)n?’XL*

4.4 Jp > + O (2 X/ st2
(4.4) V2 AT T Dl 1 gl T O )
and
(4.5) Jo+ Js+ Ji = o(n* X L*),

thus obtaining, by (4.3)—(4.5)),
3-2v2—e

I(X:;0m) > XL,
(50 2 T+ el = Dal)”

proving that (2.6) holds with ¢; = 272(3 —2v/2 — €)(|A1] +|X2| + [A3]) ! and
€ > 0 an arbitrarily small constant.

We will need the following estimates. The first one is a consequence of
the Prime Number Theorem:
1
(4.6) V181 ()] da < Xlog X,
0

while the second one is based on Satz 3 of Rieger [38, p. 94] (see also the
estimate of Hya of T. Liu [31], p. 106)):

1
(4.7) [ 152(a)|* dor <c X (log X)?.
0

Estimation of Jy, J3 and Js. We first estimate J;. We remark that,
by Euler’s summation formula,

(4.8) Ti(a) = Ui(a) < 1+ X|a| fori=1,2.
So, by (2.4]), the Cauchy—Schwarz inequality, and (4.6[)—(4.8)), we get

S \Sl()qa)\ ‘SQ(}\QCK)‘ ’TQ(}\3C¥) - UQ(}\3C¥)‘ da
m
1/X P/X
< S |Sl()\1a)\ ‘SQ(}\QO[)‘ da+ X S |O[| |Sl()\1a)\ ‘SQ()\QO&)‘ do
-1/X 1/X

—

1
<x X[ 1510 do) 1/2(5 |S2(oz)|4doz>1/4
P;)X '

—i—X( S a4da>1/4<§’SQ(Q)’4da>1/4(§’51(a)‘2da>1/2
1/X 0 )

<e X'2log X + PO/AX1?log X = o(X)
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since P = X2/5/10g X. Hence, using the trivial estimates |G(u;a)| < L,
K(a,n) < n?, we can write

Jy = S S1(Aa)Sa(Aea) (S2(Agar) — Ua(Asax)) HG(uia)e(wa)K(a, n) do
m i=1

+ oa e (N X LF).
Now using (2.4)), |S2(Aecr)| < X'/2, the Cauchy-Schwarz inequality,

(4.6), Lemmas with Y = P/X, and again the trivial estimates
|G(pic)| < L, K(a,m) < n?, we have

1/2 1/2
Sy < 772LSX1/2( S |S2(Asar) — Uz()\:%a)’zda) ( S [S1(Ma)f? da)
0 m
+ oxare(n* X L?)
1 1/2 cole log X \/3
<AM.c nzLSXl/Q(S 151(0‘)’2“> eXp(_ 6§ : (logigX> )
0
+ oam (X L)
2y 7s+1/2 cole) (log X\ 2XL*
<LaMe N XL P\ =5 | foglog X = o(n"XL%).

The integral Js can be estimated analogously using (4.2]) instead of
|SQ(}\30[)| < X1z,

For J, we argue as follows. First of all, using again (4.8)) and (4.2 for
1= 2,3, we get

S \Tl()\la) — U1()\10¢)| ’TQ(}\QO&” ‘TQ()\gOL” do

m
1/X P/X 1l
<xX | da+ | oz o <al+log P =o(X)
_1/x 1/X

since P = X?/5/log X. Hence, using the trivial estimates |G(u;a)| < L,
K(a,n) < n?, we can write

J2 = S (S1 (A1) — Ui (M) Ta(Aea) T (Asa) HG(#ia)e(wa)K(a,n) da
m i=1

+ O)"M(T]QXLS).

Using ([2.4)), the Cauchy—Schwarz inequality, Lemmas [3.10 with YV =
P/X, and the trivial estimates |G(u;)| < L, K(a,n) < n?, we have
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1/2 1/2
Jy < UQLS( [ 1S100a) = Ui (e da) ( | 1T Te(Asa) da)
m m
+ 0)\7M(7]2XLS)
< 2 15 exp( — 09 (108X v +ox (2 X LF)
AMe N exp B log log X oxMm\7N

= o(*XL?),
since, by [.2), §o [T2(A2c) T2 (A300)|? dov <x X. Hence (4.5) holds.

Estimation of J;. Recalling that P = X?/°/log X, using (2.4) and
(4.1)—(4.3) we obtain
(4.9)

Ji= Y e D T2 A+ 2™ w, ) + O X L),
1<m1<L 1<ms<L

where J(u,n) is defined by

J(u,n) := S Ty (M) To (M) To(Asa)e(ua) K (o, ) do
R

1 X X X R
=1 [ 1§ EOwun + Aus + Agus + w,myuy Pug  duy dus dus
eX eX eX

and the second relation follows by (4.1)—(4.2) and interchanging the inte-
gration order. We recall that A\; < 0 and A9, A3 > 0. If |u| < eX, for
XM < ug,ug < _ Xl
200+ A2+ X3) = T T M F A2+ A8

sufficiently large X and sufficiently small €, we get

—g — (Aqug + A3ug +u) < [A]ur < 1/2 — (Aqug + A\3ug + u).
Hence there exists an interval for u; of length n|\;|~! and contained in
[eX, X] such that K(Ajui + Aug + Asusz + u,n) > n/2. So, letting b =
X|A1l/(|A1] + A2 + A3), we can write

2 b 9 2

n 19 (3-2v2)’X
J(u,n) > v du) = .
() 8|)\1|(b§2 ) H([M] + Ao + Ag)

By the definition of L, we have |[u12™ + -+ + ps2™ 4+ w| < eX for X
sufficiently large. Hence by (4.9) we obtain

(3— 2\@)7;2X L®
4(|A1] + A2 + A3)

Jl 2 +O€(7’]2X1/5LS+2),
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thus proving (4.4). Arguing analogously we can prove the case A1, Ay < 0,
)\3 > 0.

5. The trivial arc. Recalling (2.4), the trivial estimate |G(u;a)| < L
and using twice the Cauchy—Schwarz inequality, we get

400 1/2
150 < (| 1$100)PK (a,n) da)
L2

+oo +oo
< (] 182000 K (a,m) da) (] 185000 K () da)
L2 L2

By (2.2) and making a change of variable, we have, for i = 2,3,

+oo +oo 4
S

| IS Ko mda <y | 2290 g

L2 A L2 @

1
< Z g |Sa()|* dae <x L2\ [Sa(0)* dov < nre X,
0

n>\; L2 n—l

by (4.7]). Moreover, arguing analogously,

+o0 +oo
S 2

| 110 PE (o, n)da <5 | | 1((;” do

L2 IAL|L2

1 X
2 L,Q 9 X
< 2 ) 1191 (@)2da <<x L2191 (0)2 dor e o
”>‘)\1|L2 n—1 0

by (4.6). Hence (2.7)) holds.

6. The minor arc. Recalling first

S
I(X5m) = | S1(Ma)S2(Aee)Sa(Asa) [ [ Gmie)e(wa) K (o, n) de,

m =1
and letting ¢ € (0,1) be chosen later, we first split m as m; Ll mg, where my
is the set of & € m such that |G(u;«0)| > v(c)L for some i € {1,...,s}, and
v(c) is defined in Lemma We will choose ¢ to get |I(X;m2)| = o(nX),

since, again by Lemma we know that |ma| <z sL2X .

To this end, we first use the trivial estimates |G(u;a)| < L and K(«,n)
< n? and Lemma/3.8| (assuming, without any loss of generality, that V (a) =
|S2(A2c)]). Then, using twice the Cauchy-Schwarz inequality and (4.6])-

(4.7), we get
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1(X:mo)] <L (sup [V (@)]) (] 181 (M) 250 do)

< PLXT O g 4 \Sl(Ala)Pda)l/ 2( g \SQ(Aga)]4da>1/ !

ma m2

2 7/16 4 ‘ 1/2 ‘ 4 1/4
< PLA X /165y |1 (L?S ]Sl(a)]2da> (L2§|52(a)| da)
0

0
e 81/4772Ls+3X19/16+67c/4’

where X = ¢? and ¢ is the denominator of a convergent of the continued
fraction for Ay/\3. Taking ¢ = 3/4 + 1072 and using (3.8), we get, for
v = 0.8844472132 and a sufficiently small ¢ > 0,

(6.1) [I(X;mg)| = o(nX).

We remark that neither the result of Kumchev [14] nor the approach of
Cook, Fox and Harman (see [2], [3], [I0]) seem to give any improvement of
the previous estimates.

Now we evaluate the contribution of my. Using the Cauchy—Schwarz
inequality, and Lemmas [3.3] and [3.6] we have

1/2
62)  |I(X:my)| < <uL>S-3<§ 11(M)Glua) PK (0, 1) da)

m

1/4
< ( J182000) G2 K (1) o

m

1/4
x < | 1S2(X30) G (pza)[* K (ar, ) da)

m

< VS_3C(Q17 42,43, G)UXLSa

where C'(q1, g2, g3, €) is defined as in (|1.3)).
Hence, by (6.1)—(6.2), for X sufficiently large we finally get

|1(X;m)| < (0.8844472132)*3C(q1, g2, g3, €)n X L°.

This means that (2.8) holds with ca(s) = (0.8844472132)°3 C(q1, g2, q3, €)-

7. Proof of the Theorem. We have to verify that there is an sg € N
such that (2.9) holds for X sufficiently large, where X = ¢* and ¢ is the
denominator of a convergent of the continued fraction for Ag/A3. Combining

the inequalities ([2.6)-(2.8)), where ca(s) = (0.8844472132)°3C(q1, 2, g3, €),
we conclude that (2.9) holds for s > sy where sy defined in (|1.2]).
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