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A Tauberian theorem for the Ingham summation method
by

VYTAS ZACHAROVAS (Taipei)

1. Introduction. Many problems in number theory involve estimating
the mean values

(1.1) Sy fm)
m=1

of some complex valued function f : N — C. In many cases f(m) can be
naturally represented as a sum ol Ok where a; € C. The M&bius inversion
formula guarantees that for a given f(m) such ay always exist and are unique.
Replacing f(m) by Zk|m aj, we get

> sm =3 Y a=Yulr]
m=1 m=1 kjm k=1

where [z] denotes the integer part of a real number x. Suppose we want
to know under which conditions the sequence of the mean values (1.1]) of
f(m) has a limit as n — oo. This is equivalent to the question under which
conditions on aj the sequence

(1.2) 1 o n
: — E ap | —
n "k
k=1
has a limit as n — oo. If, say

Z‘akk‘<oo,

k>1
then the theorem of Wintner (see e.g. [9]) states that
. 1 & n = ak
1.3 lim — —| = —.
0 i 3alt]- 5
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It was shown in [4] that the convergence of the series

oo
ag

k
k=1

(1.4)

alone does not necessarily imply the existence of the limit of the sum ((1.2)
as n — 00. In 1910 Axer [I] (see also Chapter 3.6 of [9]) proved that if, in
addition to convergence of (|1.4)), the condition

(1.5) > laxl = O(n)
k=1

is satisfied, then the limit ([1.3)) exists.

We will show that in determining whether the sum (1.2)) has a limit, an
important role is played by the quantity

(1.6) S@) =" arlogk=>a m log k.

m<z k|m k<z

We will prove (see Lemma that the condition S(z) = O(xlogz) as
x — oo is enough to ensure that the Dirichlet series Y, a,m~7 converges
for all & > 1. This means that the function

oo

am

g(o) = Z me
m=1

is then correctly defined for all ¢ > 1. The next theorem shows that if

S(n) = o(nlogn) then the value of the sum (1.2)) can be approximated by

g(o) with 0 = 1 +log™ ! n.

THEOREM 1.1. Suppose a, is a sequence of complex numbers such that

Sn) =Y a m log k = o(nlogn).

k<n
Then

1 n 1
Zak[]:g<l+ >+0(1) as n — oo.
ne~ k logn

The estimate of the above theorem will allow us to prove necessary and
sufficient conditions for the existence of the limit of the sum (|1.2]).

THEOREM 1.2. Suppose an, is a fized sequence of complex numbers. Then
the limit

k<
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exists if and only if the following two conditions are satisfied:

(i) Z ay [Z] logk = o(nlogn) asmn — oo,
k<n
(i) lim Y 2 = ¢,
o\.1 .1 mo

Note that if condition (i) is satisfied then the infinite series in converges
forall o > 1.

The last theorem is a direct analog of the very first Tauberian theorem,
proved by Tauber in 1897.

THEOREM A (Tauber, [10]). A series

(1.7) S
n=0

converges and its sum is equal to A if and only if
(1.8) > kag = o(n)

and

It can be shown that Tauber’s condition (1.8 on the coefficients a; of
the formal series ([1.7]) alone is enough to provide an asymptotic estimate for
partial sums

Zak = (e /™) +o(1),
k=0

where ¢(z) = >3, ajz?. This is similar to the asymptotics given in the
formulation of Theorem [L1l

It is, however, natural to ask whether the stated theorems are really
useful for analyzing the mean values of concrete arithmetical functions. The
condition lim,|; g(x) = C does not cause any problem if say the Dirichlet
series ¢(s) has a closed form expression which allows us to obtain information
on the behavior of g(z) for real > 1 close to 1. At first glance the condition
S(n) = o(nlogn) looks quite artificial and not much easier to check than to
prove that A(n) = > _; ag[n/k] = Cn+o(n), since S(n) is obtained by just
replacing ay by axlogk in the expression of A(n). However, this condition
is quite natural for a wide class of sequences a,, such that f(m) defined
as f(m) = Zd|m a4 is a completely multiplicative function of m, that is, a
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function satisfying equation

(1.9) f(mn) = f(m)f(n)

for any m,n € N. It is easy to check that if a completely multiplicative
function f is bounded, |f(m)| < 1, then the condition S(n) = o(nlogn) will
be satisfied if

f(p) =1
(1.10) ~————logp = o(logn),
2
or
(1.11) S fp)logp - :1’ = o(nlogn);
m<n'p<n/m

here and further we denote by >, and [], sums and products over prime
numbers p. This allows us to deduce a few classical results for the mean values
of multiplicative functions. For example, it can be shown that if or
is satisfied for a fixed completely multiplicative function f such that
|f(m)| <1, then Theorem (1.1 implies an estimate

1 ¢ B 1-— 1/p1+1/logn
n n;f(m) a 1;[ 1-— f(p)/p1+1/logn +o(l) asn— oo.

Results with similar or even stronger error terms than in the next theorem
can be proven by the method of Halész (see e.g. Chapter 19 of monograph [2]
and papers [3], [8], [7] and [6]). We present its proof below just to demonstrate
the connection between the Ingham summation method and the mean values
of multiplicative functions. Its proof is an easy consequence of the same
estimates that enable us to prove Theorem

THEOREM 1.3. Suppose f(m) is a completely multiplicative function such
that |f(m)| < 1. Then

1< B 1-1/p N (e
3 gom) [T | < R

for any o > 1, where R(«) is a positive constant, which depends on o only,

and "
1 p) — 1% o
pin(ar) = (1 > 7p) = 1 logp) :
ogn £ p

A similar result holds for general multiplicative functions, i.e. such that
is required to be satisfied only for m, n coprime. It follows from our proof
of Theorem [I.3] that its modified version for general multiplicative functions
holds if we weaken the condition |f(m)| < 1 to |f(1) 4+ ---+ f(m)| < Dm
for all m > 1, with some fixed D.

p<n
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Unfortunately our proof of Theorems|[I.1and[I.2]is not elementary since it
relies on the estimate of the number of primes in short intervals (Theorem
that has originally been proved (see e.g. [5]) using a number of non-trivial
facts about the distribution of zeroes of the Riemann zeta function.

The Tauberian theorem we prove can be reformulated in terms of the
theory of summation of divergent series. Recall (see [4]) that a formal series
Yoo ¢m is called summable in the sense of Ingham if there exists a complex

number C such that
. ““m[n
dim > [m] em = C,

m=1

in which case we write

oo
(DY em=C.
m=1
Suppose 0 < A\; < -+ < Ay < --- is a strictly increasing sequence of positive

real numbers. We say that a formal series Y o, ¢ is (A, \n) summable,
and its value is C, if

o0
lim Z eme T = C,
z|0

m=1

in which case we write
o0

(A M) D em=C.
m=1
With these notations our Tauberian theorem means that (I)>>°_ ¢, = C
if and only if

n

m[n
Z []cmlogm =o(logn) asn— oo
= n|m

and (A,logn) > > cm=C.

The analogy between the classical Tauber theorem and the theorem we
prove leads us to expect that a wide class of summability methods is con-
nected to some class of (A, A\,) summability methods in such a way that a
formal series > " ¢ is summable if and only if it is (A, \,) summable
and the partial sums defining the summability method with A, ¢, instead
of ¢y, are o(\,). We thus prove that the Ingham summability method is
connected in this sense with the (A,logn) method. It was shown in [11]
that this pattern also holds for the Cesaro summability methods (C,#) with
6 > —1, which are proved to be connected to the (A4,n) method. In the
same paper we exploited the connection of the Cesaro summation method
with the multiplicative functions on permutations to obtain an analog of
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Theorem [1.3] providing the asymptotic estimate of the mean value of a mul-
tiplicative function on permutations.

2. Proofs. Let us start by introducing some notation. We denote by
¥ (x) the Chebyshev function
-3 )

m<x
where A(m) is the von Mangoldt function. We also denote
Ay, ) =¥(y) —¥(z) — (y — 2).
We will need an upper bound on A(z,y). Although a much stronger estimate

is known (see [5]), we formulate the weakest estimate that we know to be
sufficient for our proof of Theorem [2.4]

THEOREM B ([5]). Suppose ¢ > 0 is a fized constant. There exists a
constant n with 0 < n < 1 such that

Alx 4+ h,z) <

when h > cx',
log x

for x > 2, where the constant in < depends only on ¢ and 7.
For any ¢ > 0 we define a positive multiplicative function
N M) 1
dlm plm
where p(d) is the Mobius function. The Dirichlet generating series of fi(m)
is

e w-S A 1S o

where ((s) = > >°_, m~* is the Riemann zeta function. We denote the partial
sums of fi(m) by

Z ft(m) for x > 1.

1<m<z
We will need estimates of various sums involving fi(m):

LEMMA 2.1. For any x > 1 and t > 0 we have

(2.2) Z ftf;n) < 1+tloga,
P t I
(2.3) Ft(:r):((l_”)—i—O( - )+0<Zdt>

d<zx
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(2.4) 3 ft gl(fz log g +o(1),
m<x d<z
(2.5) Fi(z) - F, @) < x<b;x + t),

and for k > 2 we have

o)

(26) | Fi(x) (;t — M) dt

0
T/ 1 dt x
- S (kt N (k+1)t>f(1+t) +O<klog2xk)'

Proof. The estimates of the lemma are trivial if z < 3, therefore we
assume that z > 3. Recalling 1) we obtain

ft ¢(1+1/log )
1+1¢1
Y. <ey m1+1/loga: = e((l Y 1/logz +1) < l+tlogz,

m<x m<x

since 1/(u —1) < {(u) < u/(u—1) for any v > 1. This proves (2.2)).
To prove the next two estimates we replace fi(m) by >4, u(d)d=t to

obtain
d d) |z
T) = E fe(m) = E:Zuét): M;t)[d]

m<z m<z d|m d<z

g o ()

d<z

here we have estimated Y, u(d)d '~ < 2~ by applying partial summa-
tion and the well-known fact that

ISR

d<m

(2.7)

for all m > 1. This proves the estimate (2.3)). In a similar way

AL 1 d d 1
S s L) sl s

m<z m<z dlm d<z k<z/d
p(d) x d p(d)
i <1°gd‘”0<x =2 g os g O,
d<z d<z

where we have used (2.7)). The estimate (2.4) is proved.

Differentiating the Dirichlet generating series of fi(m) with respect to s
we get
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o fm)logm _d¢(s) _ ¢(s) (C(s) s+t
mzl ms ds((s+t) <<s+t><<(s> C(8+t)>

S AR AW [, 1
_; ; ES <1_ﬁ>.

Equating the coefficients of 1/m? in the above expression and summing over
m such that m < z we get the identity

> fitmylogm = 3 ;A0 (1- 5 ).

gt
m<x ki<z

Z fit(m)logm < <

m<x

Ft(;(}) — Ft <> ~ t
log 2 2 i<z ¢

fi(d
_log th <)<<log Z

1
< x< +t>
log

for x > 3. Here we have used (2.2) and the fact that ¥(x) = O(x). This
proves ([2.5)).

Applying the identity fi(m) =3y, u(d)d—t we obtain

Therefore
1
Z fi(d <1 - )

e}

e S ) ()

ol (k+1)t dt
-2 3] 1)
ZM S < - (kil)t) jf“)(z log(ljl/k)>

= log* dk

for all x > 1. Using (2.7) and applying partial summation we can estimate
the tail of the series in the last expression as

w(d 1 dt T 1 dt 2
- <ol — ) =< —=2
Z S(kt ) — (S)(kt (k+1)t> xt — klogzkx

t] gt
= (k+1)) d
Estimating the sum inside the symbol O(.

..) in the previous estimate by
means of the inequality > ;.. 1 Jlog?dk < x/log® xk we complete the
proof of the estimate (2.6). =
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LEMMA 2.2. Suppose the sequence ay, is such that for any v > 1,

[S(K)|
2. lim —— =0.
29 T
Then the series Y -, am/m” converges for all v > 1.

Proof. The condition ([2.8)) implies by summation by parts that the Di-
richlet series

= S(m)—S(m—1
Z() ( )

mS

(2.9)

m=1
converges for all s > 1. Recalling the definition ([1.6)) of S(m) we can write
S(m)—S(m—1)= Zaklogk for m > 1.
k|m

This means that if we multiply our convergent series (2.9) by an absolutely
convergent series y_° | u(m)/m® = 1/{(s) then the resulting series

o
Z am logm
mS
m=1

is also convergent for all s > 1. This in its turn implies that if we integrate
the above series with respect to s, then the resulting series

[eS)
>
ms

m=1

is also convergent for all s > 1. m

LEMMA 2.3. Suppose the sequence ay, is such that

ISR

k:—>oo kv

for any v > 1. Then by Lemma [2.2) E the function g(s) = > 0°_ | am/m® is
correctly defined for all s > 1 and the identity

210 i o U:@] _ng(l - 1o;n) - ligz
_ SS(k)OSO(Ft]EE) ﬁ%ﬂ)dt
0350 § (e~ ) oy

holds for all n > 2. Here we assume that Zk:Q(' ..)=0.

(2.10) =0
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Proof. The Mo6bius inversion formula yields

am logm = ZM<TIZ>(S(I€) —S(k—1)) whenm > 1.

klm

Inserting the above expression for aj into the left-hand side of (2.11]),
denoting

1
logn

c=1+

and taking into account that S(1) = S(0) = 0 we obtain

iam[:l] —ng(o) = iam[yﬂ —nix

e’ m=2
- ERlegEo-ns

> 1 m
_ néméu@)(sw) — S(k—1)).

Changing the order of summation we obtain
- n
(2.12) Z am, [m] —ng(o)

m=1
_ zn:(S(k:) —s-1) % [”} Nl(m/@
o m ogm

m:1<m<n, k|m

—ni(S(k‘) ~S(k—1)) M
Pt m? logm

m: klm

for n > 2. Let us show that the condition imposed upon |S(k)|
guarantees that exchanging of the order of summation is justified. Indeed,
Lemma guarantees the convergence of the series >~ | @, /m7, which
means the existence of the limit

N
lim Z dm - = i 2@2%?)(5(1@—5(/@—1)).

N—oo
k|m

For any finite N we can exchange the order of summation in the expression
under the limit sign and fixing an integer M > 3 we obtain
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[ee) N
am , S(k) — S(k—1) 1(0)
2.1 omo_
(2.13) Z me . Newo ke Z 09 log k£
m=2 k=2 (<N/k
|y S =St 1) g plh)
ke £9 log kit
k=2 =1
N
. S(k) — S(k—1) (0
+ Jim > Ko > Tog K
k=M I<N/E
M-1 00
_ S(k) = S(k—1) 1(4) 1
= W ; iw10gkt T O\ ar= )

where ¢’ is a fixed number such that 1 < ¢/ < . Indeed,

S ! mo  _ §
> (SW)=Sk=1)5 > g = 2 (SK) = Sk - D)
k=M ¢<N/k k=M

with ay, = 2= D 1<N/k %, which satisfy o, < 1/k7 and

W T AU S 301 T Ne \ | k+1l)

By the condition of our lemma S(n) < n? . By means of summation by
parts and applying the above upper bound for |ay — a1/, this leads to the
estimate

" (5(0) - 5Tk - Dy < 1SOL=DI 1S
k=M
+ 3 150+ 5 (3] [65))
< Mgl_a/ + No'l—a”

whence the upper limit of the above expression as N — oo does not exceed
O(M~—(e=9)). This proves (2.13). Letting M — oo in (2.13) we conclude
that the change of summation in (2.12)) is justified.

Let us express the quantities involving p(d) in the identity (2.12)) in terms
of the function f;(m):

3 n | um/k) >y | opd) DS p(d)
m| logm kd | log kd log kd
1§k7|n§n 1<d<n/k 1<m<n/k dlm
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T u(d T 1 T F(n/k
= ¥ Zg(lzl(k))tdt: > SktH<1_pt>dt:§) (kt/)dt.

1<m<n/k dlm 0 1<m<n/k O plm

In a similar fashion we obtain

pm/k) <~ p(d) T du
mo oo m ; ko do S

me log m logkd 3 kuC(u)’

g
Inserting the above expressions into (2.12) and using summation by parts in
the resulting identities we complete the proof of the lemma. =

m:klm

The estimate provided by the following theorem is crucial to obtaining
the results stated in the introduction.

THEOREM 2.4. Suppose the sequence ay is such that for any v > 1,

. S(R)|
(2.14) kli)n(r)lo e

Then the function g(v) = Y >0 | am/m" is correctly defined for all v > 1,
and for n > 2 we have

Yoo f] ot )|

m=1
- n_og~_ IS
< ;an,k|5(k)| + log 1 Z k2+1/10gn10gk"

=0.

(2.15)

k=n
where ¢, ), are non-negative real constants that satisfy the condition

n—1

(2.16) > " cnik(logk)® < C(e)n(logn)*

k=2
for any 0 < € < 1, where C(g) > 0 is a constant which depends on £ only.
Moreover

(2.17) Cnk =o0(n) asn— oo
for any fixed k.
Proof. Let us denote

B - n 1 S(n)
Fn = Z am[m] —ng(l—i— logn> logn’

m=1

We will prove the theorem by estimating the quantities involved in the right
hand side of identity (2.11)) expressing R,, in terms of quantities involving
sums of f;(m). Throughout the proof we will denote

Applying the inequality ((u) > 1/(u — 1), which is true for all u > 1, we
obtain
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/1 1 du  {u—1 —ul
2.18 — - 1 — ¢ ulog(I+1/k)y g
o—1
o o
I\ wdu=—2
<2 S e 2k21log?n

For k > n we have

T/ 1 du 1
2.1 L .
(2.19) §<k“ i+ 1)u> ) S Wrilognlogk

Putting z =n/(k + 1) in (2.6) we obtain

FERIRP

_on OSO<1_ 1 > dt —|—O< n )
k1 \K (k1)1 k2log’n )

Let us now use the above estimate together with (2.18) and (2.19)) to further
simplify the expression of Ry,:

R”:ZS ﬁoﬂ PR, _n T __d }
(lognzk0+1logk bgnZ' )

Kt k(k+1) S KC(1+1)

Suppose v/n < k < n —1; then n/k —n/(k+1) = n/(k(k+1)) < 1. This
means that there can be only one natural number, at most, between n/k and
n/(k+1). In that case, if there exists m such that n/k > m > n/(k+ 1),
then £ < n/m and k + 1 > n/m. This means that [n/m] > k > [n/m| — 1,
which implies that & = [n/m]. And conversely, for £k = [n/m], we have
n/k > m > n/(k+1). Thus the only natural numbers k in the interval
v/n < k < n—1such that the interval [n/k,n/(k + 1)) contains some natural
number m and subsequently Fy(n/k)—Fy(n/(k+ 1)) = fi(m) are of the form
k = [n/m]. This observation allows us to further simplify the estimate of the
sum over k > y/n in the estimate of R,, and obtain

|Ry| < zgﬁlswl iSth(Z) ktFt(kH) - k(k+1>o§j’ft<gt+ “‘
2Dl

[S(
<logn Z k:‘7+1 logk ]og n Z )
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Thus the inequality (2.15)) holds if for k& < \/n we put

CF(2 Fy n < dt n
(2.20) cnp = || (&) - - (1) 4y | — +—5—
0 k k(k+1)0k§(1+t) k2log“n
and for k > /n define
(2.21)
———— ify/n<k<n-—1andk# [n/m] for any m < /n,
kZlog”n
T fi(m) n
dt + ————
Cnje = (S) [n/m]t k2log®n
if vn <k <n-—1and k= [n/m] for some m < /n,
n .
if k=n.
logn

Plugging the estimate (2.3) of Fi(x) into our definition of ¢, 4 in (2.20)),
after some easy calculations we conclude that for fixed k we have ¢, = o(n).

It remains to check that the ¢, satisfy (2.16) for any fixed 0 < e < 1.
We will do this by splitting the sum involving ¢, , into three parts,

(2.22) Z cn kk(log k)° Z cn ik(log k)° Z cn k(log k)°

2<k<n—1 k<n~ na<k<\/ﬁ
+ > cank(logh)
Vn<k<n-—1
= K1+ Ky + Ks.

Here and further, 0 < o < 1/2 will be fixed arbitrarily; depending on it we
will later impose additional upper bound conditions.
Estimating K33 is the easiest. By ([2.21]) we have

(2.23) Kj= Z n ik (log k)*

n o n T ft(m) n o €
< > m(lgm> é[n/m]th > ——k(log k)

2
\/ﬁgkgn—lk log“n

=
—~
N—

1 m -1
< n(logn)® (S) s Z - dt + n(logn)®

T1+tl
S 1ttogn dt +n(logn)* ' < n(logn)*~*.
0

ni/2

Here we have used the upper bound for -, fi(m)/m provided by (2.2).
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Let us now estimate K5. We have

(224) Ky= Y cppk(logk)
ne<k<y/n

< (logn)a Z kOSO Ft(%) _kft(kil) dt

ne<k<ym 0
n dt n
+ (logn)® Z —S ; + Z 5 k(logk)".
n@<k<\/ﬁk 0 kC(1+t) ne<k< fk log™n

The second and third sums on the right hand side are clearly O(n(logn)
The first sum can be estimated as

671)'

Z kTFt(Z)_F(kH) dt

Lt
ne<k<ym O

IN
3

(S) no<k<ym n/(k+1)<m<n/k
< nog % Z Z ft;’;n) dt
< nOSO

0

We can use the upper bound for >~ _, fi(m)/m provided in Lemma to
further estimate

e AT
Sk PRy (i gy

Kt not logn
ne<k<ym 0 0

Inserting this estimate into (2.24)) we get

(2.25) Ky= Y copk(logk)® < n(logn) .
ne<k<yn

The case of K; is more complicated. We will prove that also K| =
O(n(logn)~1). The reason for considering k > n® separately is that when
kE < n® the gap between n/k and n/(k + 1) is large enough to apply Theo-
rem [B] to estimate Fy(n/k) — Fy(n/(k + 1)). We have
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d (s)\ d
-l = 1) (-5 - G
(see (2.1)), which means that

m)logm = Y fi(d)A(l) + %ft(m).

dl=m

Hence for k < \/n,

f(2)-n()- S s

n/(k+1)<m<n/k

_ ! o Z fi(m) 101 o Z fi(m)log %

k n/(k+1)<m<n/k kon/(k+1)<m<n/k

5 s (12) #(:5)

n/(k+1)<m<n/k

)
o) ()l

Plugging this estimate into (2.20)) we obtain
(226) K= Y k(logk)

2<k<n“
y °S°Ft(2) F(gn) ,,  n OSO dt
et k(k+1) ) KC(1+1)

0
+ O(n(logn)*™1)

< Z k(log k)®

k<no
[ty S o) ()
a k(kT:- 1) OSO ktg(cf: t) '
2<kz<:fklogk Ogoklj( <k>—Ft<kil>>dt

+ O(n(logn)*™1).
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Note that df;(m)/dt > 0 for all ¢ > 0. Therefore, by partial integration,
1 d n
k(log k F; - F, dt
logn D Hoghy Skt dt( t<k> t<k+1>)
2<k<y/n
11 n n dt
oo, 2 Mot (5 (5) -5 () )

2<k:<f

1 T n n dt
> > logk)*t'" \ (B~ ) - F —
< logn 1 o k) | < t(’ﬂ) t<k+1>> Kt
1<g< ogn 2s<f<2stl 0
—“—=2log2
1 s +loo n n dt
<o 2 2 (A(5) - A(FR))
1<s<dosn 0
2log?2
Applying now (2.5)) to estimate Fy(n/2%) — Fy(n/2°T!) we get
1 1 d n
— k(log k)® - F dt
log 1 . H(logh) S Kt dt( t(k) t<k+1>>
2<k<y/n

n c L dt e-1
t+— | — 1 .
< fogn d>oos (S)( + logn) 5w < n(logn)

Applying this in (2.26]) we obtain
K1 < Y k(logk)®

=, E.E km’ (k+ m ) &

(log k)¢ 1 ft(m
n Z E+1 ‘é( (1+1t) logf Z m )kt

k<n® m<n/k

T 1 ft 1
§<<<1+t o7 2 ) < s

m<n/k

for k < y/n. This gives us

Kl = Z Cn,k’k(log k‘)€ < D+ O(n(log n)&‘—l).

2<k<n®
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Here

D=3 k(logk) non N D
2 Hllog S m it m ) | =1
k<no m<n/k

where

9

n n dt
ma(f o n )
% /k1+§n<n/k ) km’ (k+1)m /) k'

= > k(logk)*

oo
k<n% 0

DQ:Zk(logkeiSj LS um )' ( M)‘Zﬁ

log %
&k m<n/k1+é

k<n«
for some fixed 6 > 0 such that «(1 + J) < 1. Then

sz<<><>>
T Jfi(m) dt

i Z (logkk:)s S Z T J1 + Jo.

logn
E<n® 0 n/kté<m<n/k

Changing the order of summation in J; we get

lognk;aklogk)

T dt
<) 2o ) (@) ) b
0 n/kK1+td<m<n/k

! S (A

logn nl=a(+8) <m<n/2 0
) i dt
Rlos N\ 5 ) ~ N\ G m ) )
> (log k) ( (km) <(/~c+1)m>) i
(n/m)1/ A+ <k /m

< 1 > <10g ;) ]

~ logn
nl—a(1+9) Smgn/Q
t

oo 3 o) ) 2)

0 k<n/m

J1 =

X
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Since for any z > 1,

S o(2) o(e52)) - Eo(p) < $op o

we get

e+1 00 4
fe(m) T+3
(2.27)  Jy <<% 3 <10g ;) (S) i(m (v:) dt

nl—a(l+9) Smgn/2

e+1 00 s
< ) ) <log n) | fi(m) <m> dt
logn m m n
1<s<(1—a(146)) logy n o%r <m< g5 0
E +19s n — st
logn v S( ( > t<25+1>>2 e
1<s<(1—a(149)) logy n 0
n s+1 -1
t)o % at 1 .
logn Z <logn+ > < n(logn)®

1<s<(1—a(146)) logy n

We estimate Jo in a similar way. First changing the order of summation we
get

T log k)®
D DN VORI DR 2

nl—a(1+8) <m<n/2 0 (n/m)V/(+8) <k<n/m

n n\TT film) (m T+
Slogn Z <10gm> S m (n) dt-

nlfa(l+6)§m§n/2 0

The last sum has already been estimated in ([2.27)), thus we finally get

Jo < n(logn)sL.
Our estimates of J; and J; imply that
Dy < n(logn)*™t.

Let us now turn to estimating the sum Ds. Let us choose § = 1/(1 —n)
where 7 is as in Theorem [B] Then

ez () Gass)

for m < n/ k119 Additionally let us assume that o > 0 is small enough to
ensure that a(d + 1) < 1. Then we can make use of Theorem [Bf to estimate

Al ™ <<ﬁ;
kEm’ (k+1)m k2 log 72
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Hence we obtain

Dy M5 O T s~ ilm)

logn mlog 2 kt’
& k<n® 0 m<n/kl+s 8 mk

Changing the order of summation we get

e—1 00
n n fe(m) 1
D 3 (een) VEES

1<m<n/2 0 2<k<(n/m)t/(1+6)

e—1
n n
G, 2 e (e

1<s<logy(n/2) n/25t1<m<n/2s

o0

ft(m) 1
X S m Z L+l dt
0 2<k< (n/m)1/(1+9)
e—1os
2
< iogn >ooos

1<s<logy(n/2)

H(elz) () 2 o

2<k<2st1

Applying (2.5) with z = n27° we further estimate

(1 1
D Y s 13(1%;“) >

1<s<logy(n/2) 0 2<k<2s+1
L e—1 1 1 #
< logn Z y <log2”s Z klogk + Z k(log k)2
1<s<log,(n/2) 2<k<2s+1 2<k<2stl

< n(logn)*L.
Thus we have proved that
(2.28) K; = Z cnxk(logk)® < Dy + Do+ n(logn)* ! < n(logn)* 1.

k<n<

The estimates (2.28]), (2.25) and (2.23) allow us to estimate the sum ([2.22)

as O(n(logn)*~1), which completes the proof of the theorem. m

Proof of Theorem. Plugging S(n) = o(nlogn) into (2.15) and making
use of (2.16)) and (2.17)) we conclude that the right hand side of (2.15) is o(n).
Dividing both sides of the resulting inequality by n we complete the proof. =

LEMMA 2.5. Suppose ay, is a sequence of complexr numbers such that

An) =Y a [Z] —Cn+o(n) asn— oo,

k<n
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with some constant C € C. Then

S(n) = Zak [Z] logk = o(nlogn) as n — oc.
k<n

Proof. The equality f(m) =>_ djm @d 1S equivalent to the identity

Therefore

this identity corresponds to the equality of the coefficients of m™° of the
corresponding Dirichlet series

> aploghk = f(m)logm — > A(k)f(£)
k|m kl=m

for all m > 1. Summing the above identity over all m such that m < n and
recalling that f(1)+---+ f(k) = A(k) we get

S(n)=>_ f(k)loghk — > A(k)f(£)
k=1

kl<n

(A(k) = Ak = 1) logk — > A(k:)A(Z)

=1 k<n
— A(n)logn — ZA(k) log<1 + ;) _ %A(k)A(Z).

By assumption, A(n) = Cn + o(n). Inserting this into the above expression
we get

S(n) = A(n)logn — Y A(k)A(Z) +0(n)

k<n
= Cnlogn — an Alk) + o(nlogn) = o(nlogn),
k<n k

where we have used the fact that 3, A(k)/k =logn + O(n). =

Proof of Theorem[1.2. The sufficiency of the two conditions follows im-
mediately from Theorem [I.1]

The necessity of (i) follows from Lemma The necessity of (ii) will
follow if we note that the function g(s) can be represented as a fraction



52 V. Zacharovas

el S fm)/me
98 =" T TS

where as before f(m) = }_,, aq. By assumption,

FA) + -+ f(n) = agln/k] = Cn+ o(n).
k=1

Thus letting s | 1 we conclude that limg); g(s) =C. =

Proof of Theorem [I.3. The values of f on prime numbers p such that
p < n determine the value of f on any integer m such that m < n. The
numbers f(p) with p > n do not influence the value of

L3 ),
m=1

therefore we will assume that f(p) =1 for p > n.
We have already noted that if f(m) =}, aq then the Dirichlet gener-
ating function U(s) of f(m) can be represented as a product

U =3 " (s)q00).
m=1

On the other hand, as f(m) is multiplicative, its generating function can be
represented as the Euler product

U(s) :ni fr(nnsl) _ 1;[<1 B fz()f)>_1'

Comparing the above two expressions we conclude that

N~ ] N -y
g(s>‘n;w‘<<s>1;[<l‘ ) ! Sy
Fy—1
—en{ L

p k>1
Differentiating this expression we obtain the differential equation ¢'(s) =
—g(s)> %A(m) Multiplying both sides by ((s) and using the fact

m=1

that U(s) = ((s)g(s) we obtain

or equivalently

Zé;akkzg :;f(s) Z:lf(”;)bs 1A(m).

m=1
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Equating the coefficients of d~° on both sides and summing over all d such
that d < m we obtain

S0m = Y- Y autogk = 3 () - 0w (§)

d<m k|d d<m k|d
=S - A S o).
k<m L<m/k

Therefore, recalling that | f(m)| < 1 and f(p) = 1 for p > n, we can estimate

Sl < D7 1F ) — 1AW Y2 FO)] =2 17k - 11[7{}]&@

k<m L<m/k k<m
_1 _ 1l 1/a
<m Z |f(291)O | logp < m(logm)l/ﬁ (Z |f(P)p | 10gp>
p<m p<n

< m(logm)"/*(log )"/ 1, (a)
for m > 2. Here we have applied the Cauchy inequality with parameters

1/a+ 1/8 = 1. Inserting this estimate into the inequality of Theorem
with e = 1/ we get

1 o 1
5 250 =14 ) + Ot

An easy calculation yields

1\ R I ey )
g<1 i logn> = =5 pmen = )0+ Ol

p<n p<n

Hence follows the assertion of the theorem. =

References

[1] A. Axer, Beitrag zur Kenntnis der zahlentheoretischen Funktionen u(n) und \(n),
Prace Mat.-Fiz. 21 (1910), 65-95.

[2] P.D.T. A. Elliott, Probabilistic Number Theory. II, Grundlehren Math. Wiss. 240,
Springer, Berlin, 1980.

[3] G. Halasz, Uber die Mittelwerte multiplikativer zahlentheoretischer Funktionen, Acta
Math. Acad. Sci. Hungar. 19 (1968), 365-403.

[4] G. H. Hardy, Divergent Series, Clarendon Press, Oxford, 1949.

[6] A. A. Karatsuba, Basic Analytic Number Theory, Springer, Berlin, 1993.

[6] B. V. Levin and A. S. Fainleib, Multiplicative functions and probabilistic number
theory, Izv. Akad. Nauk SSSR Ser. Mat. 34 (1970), 1064-1109 (in Russian).

[7] A.Maciulis, The mean value of multiplicative functions, Litovsk. Mat. Sb. 28 (1988),
495-506 (in Russian).

[8] E.Manstavicius, Sums of multiplicative functions and limit theorems in probabilistic
number theory. I, ibid. 19 (1979), 135-151, 213 (in Russian).


http://dx.doi.org/10.1007/BF01894515

54 V. Zacharovas

[9] A. G. Postnikov, Introduction to Analytic Number Theory, Transl. Math. Monogr.
68, Amer. Math. Soc., Providence, RI, 1988.

[10] A. Tauber, Ein Satz aus der Theorie der unendlichen Reihen, Monatsh. Math. Phys.
8 (1897), 273-277.

[11] V. Zacharovas, Cesaro summation and multiplicative functions on a symmetric
group, Liet. Mat. Rink. 41 (2001) (Special Issue), 140-148 (in Russian).

Vytas Zacharovas Current address:
Institute of Statistical Science Department of Mathematics and Informatics
Academia Sinica Vilnius University
Taipei 115, Taiwan Naugarduko 24
E-mail: vytas@stat.sinica.edu.tw Vilnius, Lithuania

E-mail: vytas.zacharovas@mif.vu.lt

Received on 10.9.2009
and in revised form on 28.5.2010 (6146)


http://dx.doi.org/10.1007/BF01696278

	Introduction
	Proofs

