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1. Introduction. Let X be a smooth, projective, absolutely irreducible
curve over the finite field I, and let K be the function field of X. For any
integer n > 0 let a, denote the number of places of K of degree n. Then
N, = Zd‘n dag is the number of rational points over the constant field
extension KIFgn. The Weil inequality (see [12]) states that

[No = ¢" = 1] < 29V,

where ¢ is the genus of the curve. A search for curves with many points,
motivated by applications in coding theory, showed that this bound is op-
timal when the genus g is small compared to ¢ (see [3] for further details).
When g is large compared to ¢ sharper estimates hold (see for example
[6] for an asymptotic result or also [10, Chapter V, Section 3]). A similar
problem arises when looking for curves without points of degree n when
n is a positive integer. In particular when X has no points over Fyn» then
g > (¢"+1)/(24/q™). The genus 2 case was already considered in [7]. More-
over in a recent paper, E. Howe, K. Lauter and J. Top [5] show that the
previous bound is not always sharp when n = 1 and g = 3 or 4. In the
same paper they cite an unpublished result of P. Clark and N. Elkies that
states that for every fixed prime p there is a constant C}, > 0 such that for
any integer n > 0, there is a projective curve over I, of genus g < Cpnp™
without places of degree smaller than n.

In this paper we prove that this bound is not optimal. In fact we prove
the following result.

THEOREM 1.1. For any prime p there is a constant Cp, > 0 such that for
any n > 0 and for any power q of p there is a projective curve over Fy of
genus g < Cpq"™ without points of degree strictly smaller than n.
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116 C. Stirpe

We show the existence of such curves by means of class field theory. The
basic relevant facts and definitions are recalled in the next section. In the
third section we generalize a result of [I] about the number of ray class
field extensions with given conductor m and we prove some consequences
concerning cyclic extensions. In Section 4 the estimate of Theorem is
proved.

We do not know if the estimate of Theorem|[I.1]is asymptotically optimal.
A table of examples for ¢ = 2 and n < 20 is given at the end of the paper.

2. Background and notation. Throughout the paper we consider
the function fields associated to the projective, nonsingular, geometrically
irreducible curves over the finite field I, of characteristic p.

The set of places of the function field K is denoted by Px and the set
of divisors of K is denoted by Dg. The degree zero divisors are denoted
by D?{. We can associate to a nonzero element z € K its principal divisor
(2) € DY. The set of principal divisors is denoted by Prin(K). The number
hkg = ]D /Prin(K)| is finite and it is called the divisor class number of K.

The completion of K at the place P is denoted by K p, and the unit
group Up is the set of nonzero elements of Kp with evaluation zero. We
denote by Jx and Ck the idele group and the class group of K (see [9,
Chapter 2]).

In what follows, we use ray class fields to construct curves. Let S be a
finite nonempty set of places of K and let m = )" npP be an effective divisor
of the function field K with support disjoint from S. The S-congruence
subgroup modulo m is the subgroup

= H K}E X H UI(D"P )

Pes Pgs
of Jg, where U}(an) is the npth unit group

U0P) = {2 € Up | vp(x — 1) > np},

7(0)

when np > 0 and Up” is the unit group Up.

DEFINITION 2.1. A ray class group is a subgroup Cg of Ck of the form
Cn = (K*J3) /K
where Jg is the S-congruence subgroup modulo m.

The index of C§ in Ck is finite and we denote by K¢ the function field
associated to the subgroup C¥ by the Artin map (see [9, Chapter 2]). We
call K¢ a ray class field.

The following result summarizes many useful formulas for the genus of
a ray class field.
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THEOREM 2.2. Let K be a function field over the constant field F, of
genus gx and let hi be the divisor class number of K. Let S = {P} be a
set of a single place P of K of degree d and m = Zle m; P; be an effective
divisor of K where P; are distinct places of degree n; for i =1,... k such

that P ¢ Supp(m) and k > 1 is a nonnegative integer. Then the ray class
field Kg is a function field over Fya. The degree [Kg : K] is equal to

hdH

The genus gKp of K¢ is given by

h (g™ —1 deg(P;)q(mi—1ni
(21) gry = 1+K12_{;(q_1)) <29K—2+deg(m)—z eg(qn)iq_ . >

nz — 1 —1)n;

q—l

i

Proof. See [2, Example 1.5]. =

3. Ray class fields. Let h = hg be the divisor class number of K.
Then h is the degree of every maximal unramified abelian extension of K
with constant field IF,. There are exactly h such extensions of K (see [,
Chapter 8.3]). We denote them by KY,..., KJ.

A similar result also holds concerning ramified extensions.

THEOREM 3.1. Let m = Zﬁzl m; P; be an effective divisor and let n; be
the degree of P; fori=1,...,t. Set m =0 if t = 0. Set also

¢
h
d= 71(1 (¢" — 1)q(mi_1)”i ift>0 and d=hg otherwise.
q—1L:
=1
Then there are exactly d abelian extensions of K of degree d with conductor
m and constant field IF,.

As before, we denote such extensions by KT',..., KJ'. There is no con-
flict with the previous notation because the result concerning unramified
extensions can be seen as a special case of the previous theorem.

Proof of Theorem[3.1. In order to apply the Artin Reciprocity Theorem
we construct suitable subgroups of the class group Ck.
Let Uy be the subset of Jg given by

Uo={(zp)pepy € Jk | TP € Uj’; for all places P € Pk}
and let Uy, be the subset of Uy given by
Un = {(zp)pPepx € Up | zp =1mod t;" for all i =1,...,t},

where t¢; is a uniformizer parameter at P;. As before we set U, = Uj if
m = 0. The field K* is canonically embedded in Jx and we denote it again
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by K* as in the previous section. Let Cpy = Un/(K* N Uy) be the classes of
Um in CK.
Let Dy be the subgroup of Ck of classes of ideles z = (zp)pep, such
that the divisor
Div(z) = Z vp(zp)P

PePg

has degree 0. The subgroup Dy is well-defined because the principal divisors
have degree 0. Moreover Uy C Dy and |Dy/Cnl| = d.
The following sequence is exact (see [1, Chapter 8.3]):

(3.1) 0— Dy —Cxg —7Z—0,

where the map Cxg — Z is the degree of the divisor and it is surjective by
the Schmidt Theorem (see [I0, Corollary V.1.11]). Let D be a divisor of
degree 1 and let z € Jxk be an idele such that Div(z) = D. Let [z] € Ck be
the class of x in Ck. The subgroup generated by Cy U [z] in Ck has finite
index d because |Dy/Cy| = d. Let aq, ..., aq be representatives of the cosets
of Cyy in Dy. Then the subgroups B; of Ck generated by Cy U ([2] + a;) for
i€ {l,...,d} are d distinct subgroups of Cx of index d such that the image
under the evaluation map in is Z.

Let KT',..., K} be the function fields corresponding to the subgroups
B, ..., Bg by the Artin map. We prove that these function fields are all the
abelian extensions of K satisfying the hypothesis of the Theorem.

Let K’ be an abelian extension of K with conductor m, degree d and
constant field F,. Then Cx» C Ck by the Artin map. Let 2’ € Jg+ be an
idele such that the divisor D' = Div(z’) has degree 1. Then [2/] — [z] € Dy
and so [2/] —[z] € Cm+a; for a certain i € {1,...,d}. It follows that [2/] € B;
and K’ = K™ because the degree over K is d. m

REMARK 3.2. The proof of the previous theorem shows that the exten-
sions K{",..., K7 of K are all contained in the constant field extension of
degree d of any one of them, say KT'Fq. In fact the compositum of the func-
tion fields K;"K7" corresponds to the intersection B; ; = B; N B; in Ck by
the Artin reciprocity map for 4,5 € {1,...,d}. The image of the valuation
of B; j under the degree map in is a subgroup of Z of finite index d’ | d.
In particular K;“K;“ = K"F e

REMARK 3.3. When the quotient group Dy/Cy, is cyclic we can say
something more about the subextensions of K" containing K fori=1,...,d.
In fact, let [ be a divisor of d. Then there is only one subgroup G of Dy/Ciy,
of index . Let g1,...,9; be the coset representatives of G in Dy/Cy. We
denote by F; the fields corresponding by the Artin reciprocity map to the
subgroups G; of Ck generated by G U ([z] + g;) for i = 1,...,l. The field
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extensions F;/K are all the abelian extensions of degree [ unramified outside
m with constant field F, for 1 =1,...,1.

COROLLARY 3.4. Let m and d be as in Theorem Bl Let P be an un-
ramified place of K and denote its degree by d'. Let | be the positive integer
ged(d, d’) and P;|P be a place of K™ over P fori € {1,...,d}. If Dy/Cy is
a cyclic group then f(FP;|P) =1 in at most | such extensions KI*/K.

Proof. Assume that the place P is totally split in K["/K for at least
one 7 < d, otherwise the proof would be trivial. Then P is split in K;‘ /K
for j # 4 if and only if P is totally split in the compositum K;“K;“/K But
KK} = K["Fga for a suitable integer a | d by Remark By the properties
of the constant field extensions this is possible only when a|d and so a|l
and K}“ - K,}“IF'qz.

It follows from Remark [3.3] that

L-([2] +ai) € B;

and so [ - (a; — aj) € Cy, and the class of [ - a; in the quotient group Dy/Ciy
is the class of [ - a;. When Dy/Cy, is a cyclic group there are at most [
such classes a; € Dy/Cy and so there are at most [ corresponding fields
extensions by the Artin map. =

The previous corollary can be generalized as in the following result.

COROLLARY 3.5. Assume the quotient group Dgy/Cy is a cyclic group
of order d as in Corollary 3.4 Let s be a prime dividing d and let t be the
mazximal power of s dividing d. Let F;/K be the extensions of degree t for
i=1,...,t as in Remark. Let P be a place of K of degree d' and P;|P
be a place of F; over P. Let 1 be the ged(d',t) and let ¢ > 0 be the exponent
such that t/l = s¢. Assume ¢ > 1. Then for all integers j = 1,...,c, the
integer s/ divides f(P;|P) in at least I(s¢ — s771) such extensions F;/K.

Proof. Let j' denote the number 1s°~U~1) and E /K, ..., Ej /K be the
extensions of K unramified outside m of degree j' over K by Corollary
If s7{ f(P;|P) for a certain i € {1,...,t} then the Frobenius automorphism
Frob(P) of P in F;/K has order dividing s’~!. Let E; /K be the only subfield
of Fj of degree j' over K and let P/ be the place under P; in E;. Then
Frob(P},) = Frob(P;)’~' = 1 so f(P}|P) = 1. By Corollary [3.4] there are
at most [ extensions E;/K such that f(P/|P) = 1, say, E1/K,...,E/K.
There are exactly s/~! extensions F;/K over each E; so s7{f(P;|P) in at
most [s/~! extensions F;/K, and the corollary follows. m

REMARK 3.6. There are at most t/s extensions F;/K as in Corollary 3.5
such that t/l does not divide f(F;|P).
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4. A refinement of the Clark—Elkies bound. In the following we
denote by K the rational function field over IF,. The number of places of
degree t of K is denoted by a;, for any integer ¢ > 0.

LEMMA 4.1. Let n > 1 be an integer. The number of places of degree
smaller than n is bounded by

qTL
4.1 < . _,
(4.1) d ag<q "

d<n
Proof. We prove this by induction over n. The proof is trivial for n =1
and n = 2. , ,
Ifn=3thena;+ay=q+1+ 42 <q-% forallg>2.
Assume that ), aq < q- Z- for a certain n > 3. Then

qn+1

n—+1

n n n
Z ad<q-q—+an<q‘q—+qf

n n mn
d<n—+1

<q-

)

and the lemma follows. =
We will use the following well-known lemma and an easy consequence.

LEMMA 4.2. Let s and m be distinct, odd prime numbers and let q be a

prime power such that s | q:;__II but stq—1. Then s = 2am + 1 for a suitable
integer a > 0. In particular s > 2m.

Proof. By hypothesis ¢"* = 1 mod s but ¢ # 1 mod s because stq — 1,
so ¢ has order m in Z*/(s). By the Lagrange Theorem m|s — 1, but m is
odd and s — 1 is even, so 2m|s—1. m

COROLLARY 4.3. There is a constant cq > 0 such that when m > ¢4 s
a prime then there are at most m distinct primes dividing (¢ —1)/(q — 1)
and these primes are all greater than 2m.

The next lemma shows that there are many function fields without places
of small degree when we consider ray class field extensions of K.

LEMMA 4.4. Let C1,Cy > 0 be positive real constants (not depending
on n) with Cy < 1. Let m be a prime number with m > log,(n) + 1 and let
« be a positive integer such that a < a,. Let qi,...,qq be distinct places of
K of degree m and let m be the divisor Y, q;. Set d = (¢" —1)*/(q — 1).
Let KT, ..., K7 be the abelian extensions of degree d unramified outside m
as in Theorem [B1] Then there is a constant ng such that when n > ng and
a > Cin/log,(n) then there are at least Cad function field extensions K"
of K such that the inertia index f(P;|P) is greater than n/deg(P) whenever
P is a place of K of degree deg(P) < n/log,(n) and P; is a place of K"
over P.
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Proof. Let i be an element in {1,...,d} such that K["/K is a function
field extension with f(P;|P) < n/deg(P) for at least one place P of K of
degree d' with d’ < n/log,(n). We estimate the number of such extensions.

Let k be the integer (¢™ —1)/(q — 1). Let j be an integer in {1,...,a}
and let ¢ be a power of a prime number s such that ¢ divides k. Con-
sider the subextensions of K?j C K" totally ramified in q; of degree ¢ for
j € {1,...,a}. Let P;; be the place of K;’ under P;. Let [ be the integer
ged(t,d).

Assume first that for every prime power divisor ¢ of k£ the number ¢/I
divides f(P; ;|P) for at least one j < . Then

k| f(P|P)gcd(k,d)
and so
f(PIP) >n/d,

because k > n and d' > ged(k,d'). It follows that if f(P;|P) < n/deg(P)
then there is at least one prime power ¢ dividing k such that ¢/t f(P; ;| P)
for all j € {1,...,a}. For this reason, given a prime power ¢ dividing k, it
will be enough to estimate only the number of extensions K[*/K such that
t/lt f(P;;|P) for all j € {1,...,a}.

The extensions K’ /K are cyclic for all j € {1,...,a} (see [9, Proposi-
tion 3.2.4]). By Remarkthere are at most t/s distinct extensions K’ /K
of degree t totally ramified in q; such that ¢/t f(P; ;|P). It follows that
there are at most (k/s)® different extensions K'--- K* of K such that
t/l1 f(P;|P) when P is unramified. So we see that there are at most d/s®
extensions K"/K with a place P; such that f(P;|P) < n/d for a certain
place P of K of degree d’ < n/log,(n).

Now we consider the case where P = q, for a certain h € {1,...,«a}, is
a ramified place. We consider m’ = m — P. For a similar reasoning as above
we get at most

)

(g —1)s>1

extensions K}“’ for j € {1,...,(¢™ —1)*'/qg— 1} such that f(P}|P) <
n/deg(P), where P} is a place of K}“’ over P. But K;-“/ C KM for ¢m — 1
suitable i € {1,...,d} and f(P]|P) < f(Pi|P) so there are at most d/sv 1
extensions K"/K of K with f(P;|P) < n/deg(P) when P € Supp(m) is
ramified.

Now we sum the number of all such extensions for all the places P of K,
ramified or not, of degree smaller than n/log,(n) and for all prime s | k. This
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yields

(4.2) > Sil + oy s% < (1-Cy)d,

slk =1 deg(P)<n/log,(n) s|k

where P runs over the unramified places of K of degree smaller than
n/log,(n). The left hand side in (4.2)) is bounded by

d d
- . o/logg(n) =
ma(2m)a_l +mq-q a (2m)a

by (4.1)), Lemma and Corollary So

o qm n/logg(n)
9 2
(2m) >1_02(m04+q ),
or
. m
(4.3) alog,(2m) > logq(qn/logq( ) 4+ 2ma) + logq<1 — C2> + 1.

The right hand side in the last inequality is smaller than
n m
——— +log,(2 1 —_— 1
log, () + log, (2ma) + ogq<1 Cg) +1,
because the logarithm is subadditive and so (4.3) holds when n is large
because a > C1n/log,(n) by hypothesis.

LEMMA 4.5. Let q1,...,q, be distinct places of K of degree t1,...,tq
q

respectively. Let p1,...,ps be positive integers such that p; for 1=
1,...,a. Let F;/K be ray class field extensions over Fy of degree p; totally
ramified in q; for i = 1,... a. Let g be the genus of the compositum field

L=F,---F,. Then
Zt Hpa
=1 =

Proof. This follows by induction over a. When a = 1 the assertion follows
from the Hurwitz genus formula (see [L0, Theorem III.4.12]).
Let L' be the compositum field F} --- F, 1 and assume

al a—1

g < 5 Zt Hpg

Consider the extension L/L'. The degree of the different is (po — 1)t [[j=; pj
(see |10, Theorem III.5.1]), s

1 a
9L < pagr + Eta Hpj
J=1
by the Hurwitz genus formula, and the lemma follows.
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PROPOSITION 4.6. Let m and [ be distinct prime numbers greater than
SIqu(n) and let a and B be positive integers with o < a,, and 8 < a;. Let
Ch1 > 0 be a real constant and let Co > 0 be a real constant with Cy < 1 as
in Proposition . Let qi,...,qq (resp. p1,...,p3) be distinct places of K
of degree m (resp. l) with a > Cin/log,(n). Let m be the effective divisor

D Gt Z]@:l pj- Let

" -1 ¢ -1
k — k p—
1 q— 1 ) 2 q— 1 )
and set
g @ =D(d = 1)

qg—1
Assume that k1 and ko are both prime to ¢ — 1. Then there is an integer ng
such that when n > ng and

C: -q"
24> 1T
2 n

there is a function field extension K*/K for a certaini € {1,...,d} without
places of degree smaller than n.

Proof. We may assume that [ and m are smaller than n/log,(n), as
otherwise the proof would be easier. By Lemma [£.4] there are at least Cad
function field extensions K*/K for ¢ = 1,...,d such that deg(P)f(F;|P)
> n whenever P is a place of K of degree deg(P) < n/log,(n) and P; is a
place over P. In one of these field extensions K" of K there is a place of
degree smaller than n only if there is a place P of K of degree d’ < n with
d" > n/log,(n) such that P is totally split in K)/K for all j € {1,...,a}
and in K" /K for all h € {1,...,} by Lemma where K’ and K" are
the ray class fields of K with conductor q; and pj,, respectively, contained
in K". We are going to estimate the number of such function field extensions

For a fixed j < a we consider K7 /K for i € {1,...,ki}. There are
at most d; = ged(d', k1) function field extensions K’ /K such that P is
totally split by Corollary Similarly for a fixed h < ( there are at
most dy = ged(d', k2) function field extensions K" /K with i € {1,..., ko}
such that P is totally split. We denote by d” the greatest common divi-
sor ged(q — 1,d'). Tt follows that there are at most d?dg d"**+P=1 extensions
KM/ K with i € {1,...,d} such that P is totally split. We are going to
estimate the number of such places P.

Let A4, 4,00 be the number of places of K of degree d' totally split in
all the subextensions of degree did” (resp. dad”) of the ray class fields K’
for i € {1,...,ki1} and j € {1,...,a} (vesp. KI" for i € {1,...,ko} and
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he{l,...,8}). Then
qdl gL
r < V¥
Ad1,d2,d > d’d‘f‘dgd”a"'ﬁ_l + 2d‘1)‘dgd”a+ﬁ_1 q* + deg(m)
by the Chebotarev Theorem (see [§]), where L is the compositum of the
subextensions of degree d; and ds of K fj and K f h. By Lemma we get

g1 < 1dgd3d" " (ma + 19)

and so
dl

q d/
Ady do,dr < —d’dffd'gd”mrﬁ—l + (Vq? + 1)(ma + 1B).

It follows that the number of distinct extensions K"/ K with at least one
totally split place of K of degree d’ with n/log,(n) < d’ < n is bounded by

n—1

Z Aa, sd2,d d?dgd//mrﬁil
d’'=[n/log,(n)]

n—1 d’
q ’ (% « -
< ) W +1)(am + Blydgdyd" A1,
d'=[n/log,(n)]

But dyd” < d' < n < ky’*, and similarly dyd” < k3/®. So
d3dSd" 0 < (kKDY < a3,
Moreover am + 1 < 2log,(d). It follows that there are at most

qTL
(4.4) ¢+ 20" log, (d)d"/?

extensions K"/ K with at least one totally split place of K of degree d’ < n.
By Lemma [4.4]there are at least Cad extensions K™ /K such that f(Q|P)
> n/deg(P) for all the places @ over the place P of K with deg(P) <
n/log,(n). We prove that at least one of these function fields has no places
of degree smaller than n. In fact, the number showed in is smaller than
Cod if
q-q"
n
The first condition holds by hypothesis, the second one holds when n is large
because d > (2q/C2)(q"/n), so there is at least one function field extension
K /K without places of degree smaller than n. m

In order to prove Theorem we choose suitable o and 3 such that the
integer d = (¢"™ — 1)®(¢* — 1)?/(¢q — 1) is greater than a certain real number
r but smaller than rq. In the next lemma we see a sufficient condition for
the existence of such integers o and S.

< %d and  2n/q"log,(d) < %dm.
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LEMMA 4.7. Let | and m be coprime integers with | < m < 2l. Then
there is a constant ly such that when [ > ly then for any real number r
greater than q2m3 there are two positive integers o and [ such that

m_ 1)« I _ 1 B
(4.5) r < (g )*(q ) < rgq.
qg—1

Proof. Let R be the real number log, (rq)+log,(¢—1). Taking logarithms
of both sides in (4.5 we get the equivalent condition

R—1<ag,+ Bq <R,

where g, and ¢ denote the real numbers log (¢ — 1) and logq(ql -1).
By means of the Farey series of order m (see |4, Chapter III]) we can find
positive integers h and k with 0 < h < k < m such that the real number

v=Fkq — hgm

satisfies 1/2 < v < 1. In fact h/k is the rational number preceding [/m in
the Farey series, and h/k < q;/qn < l/m when [ is large compared to ¢
(see [11} formula (5.10)]). In particular v < kl — hm. But kI — hm =1 by
an elementary property of the Farey series (see [4, Theorem 28]), so v < 1.
Moreover v > 1/2, since otherwise

q h v 1

= — <K —_—,
dm k kgm 2kqm,
SO

and so

and we get a contradiction because
l q] 1

m  qm  4m(m—1)
when [ is large (see [11, formula (5.10)]).

Let ¢ be the integer [R/q,,] and let z be the real number cq,,. If z > R—1
then we choose @ = ¢ and f = 0, and the lemma follows. Otherwise we
define the succession z; = z+iv for all integers ¢ > 0. Let j be the minimum
integer such that z; > R — 1. Then z; < R because v < 1 and so j < ¢/h,
as otherwise jv > ¢, and z; would be greater than R, because v > 1/2 and
R > 2m3, and this is not the case. We choose a = ¢ — jh and 8 = jk, and
the lemma follows. =

Proof of Theorem [I.1. We assume first that ¢ = p is a prime.
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We choose a prime number [ greater than 3log,(n). By the Bertrand
postulate we can choose | smaller than 6log,(n). Moreover there is an-
other prime m greater than [ but smaller than 2. We set r = 4p - p"/n.
We can apply Lemma [£.7] when n is large because | and m are smaller
than 12log,(n) so there are two positive integers o and 3 satisfying .
The conditions o < a,, and § < a; hold if [ and m are greater than
3logp(n), as otherwise p™®*¥ would be greater than p”3 and it would
not satisfy . In a similar way we see that « or [ is greater than,

say,
1 n

48 log,(n)’

otherwise p™*t8 would be smaller than p"/? in contrast with . So we
can apply Proposition with €7 = 1/48 and Cy = 1/2 and we get a
ray class field extension of degree d over the rational function field with-
out places of degree smaller than n whenever n is greater than a suitable
constant ng. The degree of the conductor is smaller than n, and
d < 4p* - p"/n,

so the genus of such a function field is smaller than 2p?p™ by (2.1). Let C,
be the constant 2p™0 2. Then there is a function field with constant field Fp
without places of degree smaller than n of genus smaller than Cp,p™ for all
integer n > 0.

Now let ¢ = p® be a prime power of p. By the previous case there is
a function field K of genus gx < Cpp™* = Cpq" over F, without places of
degree smaller than cn. The constant field extension KT, is a function field
over F, with the same genus without places of degree smaller than n. This
concludes the proof. =

5. Table. In the table opposite we list examples of curves over [F, with-
out points of degree d’ such that d < n when ¢ = 2 and n < 20.

The integer d in the table is the degree of a function field extension
K /F,(z) of the rational function field with genus g and constant field F,. In
this table the field K is a subfield of the ray class field Kg of conductor m.
The irreducible polynomials in the fourth column correspond to the places in
the support of m with multiplicity. The polynomial in [F4(z) corresponding
to the place S totally split in Kg/F,(x) is shown in the last column.
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Curves without points of small degree

(T+ %+ g%+ 5% + T+ 61T + %) (IT+gr+,21+2+ ) LTT-LCT 98856 61
(T+2T4 2+, 0+ T+ T+ T+ g T + g T) (T+¢o+ 21 +a+ ,2) 68-L21 GIF6S ST
(T4 3%+ 6% + 1T+ 17 + ;1T + g 7) (IT+2+ 2T+ 42+ 12) €9-68  OFFIV LI

(T4 37+ T+ 6T+ 1T+ 1% + g T) (T4 6T+ T T+ 7+ T+ g7+ 1T)  68-€¢ 19861 9T
(T+2T4 32+, 0+ T+ T+ T+ T+ g %) (T4 T+ T+ T+ T T+ 32+ ) L1-€L  0F68 ST
(T2 4 T+ )+ T+ )T+ T+ T+ 1 T) (T+z+ 2 1+2+ ,7) L-LTT  Tvee I
(T+ 2+ T+ 3T+ T+ %+ 17) (T+24 2T+ 2+ ) GT-1€  08P1 €I
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