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1. Introduction. Let Z, N, QQ, P be the sets of integers, positive inte-

gers, rational numbers and odd prime numbers, respectively. Let d € N be
a square free number, and h(d) the class number of the real quadratic field

Q(+/d), where d satisfies

(1) 1+ 46%k*" = da®, a,bk,neN, k>1, n>1.
In [17], Lu proved that if a = b = 1, then
(2) h(d) =0 (modn).

In [11], Le proved that if b = 1, n > 2, 2k™ +a+/d is the fundamental solution
of Pell’s equation 22 —dy? = —1, and (p, (¢—1)q) = 1 for each odd prime di-
visor p|n and ¢ |k, then (2) holds, except (a,d, k,n) = (5,41,2,4). Clearly,
Le’s result cannot imply Lu’s result. In [3], we proved that if b =1, n > 2,
2k™ 4+ av/d is the fundamental solution of Pell’s equation z2? — dy? = —1,
a < k™? and 21k, then (2) holds. By Lemma 3 of the present paper,
the assumption “2k™ + av/d is the fundamental solution of Pell’s equation
22 — dy? = —17 in [3] can be omitted.
In this paper, we prove the following further results.

THEOREM 1. If b = 1, n > 2, and one of the following cases holds,
then (2) holds, except (a,d,k,n) = (5,41,2,4):

CASE 1: a|"d; the symbol a|*d means that every prime divisor of a
divides d,

CASE 2: (p,q> — 1) = 1 for each odd prime divisor p of n and prime
divisor q of a;

CASE 3: a < 0.5k0-4226n or g < 0.5k95527" gnd 21k.
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REMARK. After submitting the paper, we found that a similar, but dif-
ferent as regards Case 2 of Theorem 1, result is contained in the paper of
Ping Zhi Yuan [25]. And Yuan [26] also proved that if the equation
has a solution for each prime divisor ¢|b, and a < 0.9bY/2k"/*, then (2)
holds.

THEOREM 2. Assume that equation (3) has a solution for each prime
divisor q|b. If n has a prime factor p, and a < 0.5b* k2" where \; =

21/pl/2l\/p] +1), X2 = 1—1/,/p, then p|h(d) (the symbol [z] means
greatest integer not greater than x).

COROLLARY 1. Assume that equation (3) has a solution for each prime
divisor q|b. If a=1 and b > 1, then (2) holds.

COROLLARY 2. Assume that equation (3) has a solution for each prime
divisor q|b. If a < 0.5b*/3k%29"  then (2) holds.

THEOREM 3. Assume that equation (3) has a solution for each prime
divisor q|b, and a < 0.5b*/3k04226n [ b = 21 2% (i, q) € N X P
(i=1,...,s), and one of the following cases holds:

1. s =1;

2.5>2,q1 =5 (mod8) and ¢; =3 (mod4) (2 <i<s),
then (2) holds, except n =6, k=2, b= 132292 a = 985, d = 967441.

Clearly, the results are of importance for some cryptographic problems,

since Buchmann and Williams [2] set up a key exchange cryptosystem in
the class group of a quadratic field.

2. Lemmas. From (1), we see that Pell’s equation
(4) xQ_dyZ :_17 x7y€N7
has solutions. Assume that zq + yov/d is the fundamental solution of (4).

LEMMA 1. If (z1,y1) is a solution of (4), and yy |* d, then z, +y1Vd =
zo + yoVd is the fundamental solution of (4).

This lemma is a classical result of C. Stgrmer [22]. Cf. also M. Ward [24]
and L. K. Durst [7]-[9].

LEMMA 2. If (x1,v1) is a solution of (4), and x1 > y3/2, then x1 +
yVd = zo + yoVd is the fundamental solution of (4).

Proof. Otherwise, we assume y; > yo. Then

yor — gyt = yoat — yi(dyg — 1) = y3 (a3 — dyi) + v =y — g > 0.
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Let
Yort —xgyi =yl —yg = A€N.

Then

yor1 +zoy1 = A1, yor1 —woy1 = A2, A=A1Ay, A, A2 €N
Since (A; — 1)(A2 — 1) > 0, we easily see that
A+ Ay A+l yi-gi+l 1

2y T 2o 2yo 2

This contradicts our assumption. m

2
1-

r1 Yy

Lemma 2 yields
LEMMA 3. If a,b,d, k,n satisfy (1), and a < 2V/bk™?, then 2bk™ +av/d

is the fundamental solution of (4).

LEMMA 4. If the equation U? — dV? = 4 has an integer solution with
(U,V)) =1, then the Diophantine equation

(5) 4 —dy? = -1, n>2,
has no solution in positive integers, except d =5, r =y = 1.

It is Theorem 1 of [3]. The key to the proof of Lemma 4 is using several
results on the equations 22 + 3 = y”, 22 +3 = 49", 322 + 1 = y" and
1+ 322 = 49",

Proof. Assume that equation (5) has a positive integer solution x,y.
Clearly, the equation U? — dV? = 4 has an integer solution with (U, V) =1

if and only if the equation U’? — dV'? = —4 has an integer solution with
(U, V') = 1. Let ¢ = (U} + V{\/d)/2 be the fundamental solution of the
equation U2 — dV'? = —4. It is well known that € = o> is the fundamental

solution of (4). Hence, from (5) we have
g2ml L g2mEl  3(2mtl) 4 B(2me1)

(6) 22" = 5 = 5 , m>0,
where g, satisfy €€ = gp = —1. From (6),
(7) 4l,n — (Q2m+1 +§2m+1)((g2m+1 +§2m+1)2 4 3)’

where Q2m+1 _|_§2m+1 € N. Since (Q2m+1 +§2m+1? (Q2m+1 +§2m+1)2+3) =1
or 3, the latter occurring only for 3 || (0?™+! 4+ 32" +1)2 4+ 3, we see from (7)
that

(8) Q2m+1 +§2m+1 — 4337117 (Q2m+1 +@2m+1)2 +3 — 33721, T = 21T,
or
(9) Q2m+1 _'_§2m+1 — 337117 (Q2m+1 +@2m+1)2 + 3= 4:1:7217 T = T1Z2,

or
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(10) Q2m+1 +§2m+1 — 377,—1.4:56’?7 (g2m+1 _’_§2m+1)2 +3 — 3(177217 T = 3:1:1:1;2?
or
(11) @4 =3"" e, (T4 43 =3 42, x=3m1,

where z1, 22 € N with (x1,22) = 1. (8) is impossible since Nagell [19] and
then Brown [1] proved that the equation 2%+ 3 = y™ has no integer solutions
with n > 2. Similarly, from Nagell [18], [19] and Ljunggren [14], [15] we know
that the equation z2+3 = 4y™ (n > 2) has the only positive integer solutions
x=y=1andn =3, 2z =37, y = 7, the equation 322> + 1 = y™ has no
positive integer solutions with n > 2, and the equation 14322 = 4y" (n > 2)
has the only positive integer solution x = y = 1. Thus (10) and (11) are
impossible, and (9) has the only solution x = 1. =

LEMMA 5. If | > 1, then the only positive integer solutions of the equa-

tions
2 — 2% = +1

are 12 —-2.1%0 = -1, 2392 —2.13* = —1.

Proof. Tt follows from [16], [23] and [4] that the only solutions of the
equation 22 —2y* = —1 in positive integers are (1,1), (293, 13), the equation
22 — 2y? = —1 (211, 1 > 1) has only the trivial solution z = y = 1 and the
equation 22 — 2% =1 (I > 1) has no solutions in positive integers. Hence
the assertion holds. m

LEMMA 6. If | > 1 then the Diophantine equation

a? —2y% = +1
have only the trivial solution x =y = 1.

Lemma 6 follows directly from two general results in [5] and [6].

Let u,, be the Lucas sequence, i.e. u,, = (a™ — ")/(a — ), where a, 3
are the two roots of the equation
22—~ Pr+Q=0, PQeZ (P,Q) =1.
The prime p is called a primitive prime factor of u, if n is the least positive
integer with p | .
LEMMA 7. Let p be a prime, p12Q. Then:

(i) if p is a primitive prime factor of wuy, then p|u,, if and only if n|m;

(ii) if p > 2, then p]| u,_(ny, D= P? —4Q), (%) is the Legendre symbol.

Proof. See [13], Theorem 1.7. m
It is well known that the simple continued fraction of v/d is periodical; we

denote it by Vd = [ag, a1, ..., @s), where ag = [V/d], as = 2a¢ and a; < 2aq
fori=0,...,s—1.
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LEMMA 8. If |L| < Vd and (X,Y) is a positive integer solution of the
equation

(12) X?2-dy?*=L X, YecZ (X,Y)=1,
then X/Y is a convergent of V.
Proof. See [10], Theorem 10.8.2. m

LEMMA 9. For any j € 7Z with j > 0, let p;j/q; and r; be the
jth convergent and complete quotient of /d respectively, and let k;j =

(—1)];1@? - dqjg)a A= (—1)j(pj—1pj —dgj-1q;). Then:
(1) k‘j > 0, Aj > 0, Aj+1 = [(A] + \/a)/k‘]]
(ii) k; = 1 if and only if aj41 = 2a0.
(iif) Let f=s—1if 2|s and f =2s—1if 2¢s. Then py +qp\Vd is the
fundamental solution of the equation

(13) 2 —dy? =1, x,yeN.

(iv) For any m € N, kpsyi =k; (i=0,...,s —1).

(v) If 1 < |L| < V/d, 2d # 0 (mod |L|) and equation (12) has a solu-
tion (X,Y), then equation (12) has at least two positive solutions such that
X <pyand Y <gqy.

Proof. See [12], Lemma 5. =

LEmMMA 10. If (I,p) € Nx P, [ > 1, then the Diophantine equation
(14) 2?2 =21t — 1 gy aeN,
has no solutions, except 172 — 25 .32 .16 =1,1142432% — 23 .239% . 13* = 1.

Proof. Assume that equation (14) has a solution. Then

(15) rtl= 2y%l7 T+ 1= 22l_2p2ay§l7 Y =Yy1Y2,
or
(16) rE1=2p7, aF1=2""2y"  y=yyp,

where y1,y2 € N with (y1,y2) = 1. From (15), we get
yit — 202" ys)? = 41,

which is impossible by Lemma 6. From (16), we get

(17) (P"y)? — 227 = 1.

If [ = 2, then (17) gives p = 239, « = 1, y1 = 1, yo = 13 by Lemma 5.
This gives a solution [ = 2, p = 239, a = 1, x = 114243, y = 13 of
equation (14). If [ > 2, then considering the equality (17) mod 8 we obtain
(p°y1)* = 22723 =1, and so

PPyl £1 =292 pryl F1 =222 g = yau,
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where y3,ys € N with (y3,y4) = 1. Hence,

v 2(2 )2 = 1,
which is impossible, except | = 3, y3 = y4 = 1 by Lemma 6. This gives
another solution of (14): [ =3, p=3,a=1,2=17,y=1. =

LeEMMA 11. If ¢,l € N with | > 1, and c is only divisible by primes of
the form 4m + 3, then the Diophantine equation

(18) 2?2 = 22122 =1 gy eN,
has no solutions, except | = c =3,z =17,y =1 and | = 2, ¢ = 239,
x = 114243, y = 13.

Proof. Assume that equation (18) has a solution. From (18), we have

rtl= 20%3/%[, rF1l= 22l_zcgy§l, Y = Yi1Y2, C=CiCa,

and so

(19) iyt — 2270 Gys’ = £1.

If ¢ = 1, then (19) has only two exceptional solutions by the same argument
as in the proof of Lemma 10. If ¢5 > 1, then from the assumption we know
that (19) gives 2yl — 2213¢292! = 1, and so

(20) eyt £1=2c33", et F1=2"""cyl', w2 =usus, 2= caca

If ¢c; = 1, then (19) is impossible by Lemma 6. If ¢; > 1, then “ciyl — 1 =

221=4¢2421” is impossible. So (20) gives

(21) cays — 2" ey} = —1.

Thus, ¢4 = 1, [ = 3. But by Lemma 5, (21) also is impossible. =

3. Proof of Theorem 1. From Lu’s result, we may assume that b = 1,
a > 1. We see from (1) that
(22) (2k™ +1)? — da® = 4k™.

Using the properties of the real quadratic field Q(v/d) (e.g. see Nagell [20]
where the same idea is used in the case of imaginary quadratic fields, or
Lemma 8.9 in Narkiewicz’s book [21]), we deduce from (22) that

2%k™ 4+ 1 d X, +YVVd\"
+ +a\/7:77< 1+ 1\/7>’ teN,

23 = Zit

where 7 is some unit of Q(\/E), t is the maximal positive integer T' such that
the ideal generated by (2k™ + 1 + a\/d)/2 is the Tth power of a principal
ideal, X1, Y1, Z; are non-zero integers with

(24) X7 —dY?=4K", (X1,Y1)=1, Z1 €N, h(d)=0 (modZ,).
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Lemma 4 implies that e, the fundamental solution of Pell’s equation
22 — dy? = —1, is the fundamental unit (except the case d = 5 which is
excluded by the assumption k > 1 in (1)) of Q(v/d) and thus n = +&2*,
s € Z. (23) gives

(25) 2k" + 1+ aVd :isgs(Xl‘f’Yl\/E)t.

2 2

If t = 1, then the theorem is proved. Otherwise, ¢t > 1. If 2| ¢, then t = 2t;,
t1 € N. Define the integers U,V by

63<Xl +Y1\/E)t1 B U+VVd gs<Xl _Yl\/a)tl _ U-VVd
2 2 2 ) T2

where = 2¢ — yoV/d with ez = —1. Clearly, U, V satisfy
(26) U? —dV? = (—1)%4k%h = (=1)%4k™?, (U, V) =1.
So, by (25), we get

27 14+ 26" +avd  (U+VVA\> (U2 +dV?)/2+UVVd
2 B 2 B 2 '

From (26) and (27), we have 1 + 2k" = U? — (—1)%2k™/2, and so

(25) (k"/2)2 4 (K2 4 (~1)7) = U2

From (28), we know that (k"/2,k"/2+4(—1)*, |U]) is a primitive Pythagorean
triple such that

(29) k"2 =2AB, E"? 4 (-1)*=A%-B% |U|l= A%+ B?
or
(30) k2 =A% — B?, k"2 4 (-1)°=24B, |U|= A%+ B?
where A, B €N, A> B, 2| AB and (4, B) = 1. (29) gives
(A4 B)> —24% = —(-1)*, (A—B)?-2B? = (-1),
and A = k?/z or B= k?/z since k"/2 = 2AB, (A, B) = 1. Hence
(A+B)?2 —2K>™* = —(=1)*, or (A—B)*—2k*"? = (-1)".

This implies that (29) is impossible, except A =2, B=1,n =4, k = 2,
|U| =5, by Lemma 5. So (a,d, k,n) = (5,41,2,4) is an exception. For (30),
we have

(A-B)*—2B% = —(-1)°,
and A— B = k7? from k"/2 = (A— B)(A+ B), (A— B, A+ B) = 1. Hence,
KM 9B = —(—1)°.
This implies that (30) is impossible by Lemma 6.
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If 24¢, then ¢ has an odd prime factor p. We first consider the proof
of Case 3. When a < 0.5k*, A\ = 1 —1/,/p, we can prove from (23)
and (24) that no prime p can divide ¢ (for a similar argument see the
proof of Lemma 12 later). Hence, a > 0.5k*", A = 1 — 1/,/p. Notice that
(X1 +Y1Vd)/2)? € Z[Vd] when p = 3 and 2k, and (25) is impossible
if (X, +Y1vVd)/2)? € Z[\/d]. Thus, we have X\ > 0.4226 since p > 3 and
A > 0.5527 if 24 k. This contradicts our assumption.

Now, we consider the proof of Cases 1 and 2. Since p is an odd prime,
there exist u,v € Z with

(31) 2s=up+v, |v]<p/2.

Let
X, +YViVd\"? X, —YViVd\"?
(32) Q:igu<%ﬂf> | @:igu<%> ,

Then there exist X,Y € Z with

(33) o= (X+YVd)/2, 7=(X-YVd)/2,
and

(34) X2 —dy? = (-1)“4k™?,  (X,Y)=1.
Hence, (25) gives

(35) 2k + 14 avd= 20", 2™ +1—aVd=28"7".

First, we prove
CONCLUSION 1. If Case 1 holds, then (35) is impossible.
Proof. From Lemma 1, e = 2k™ 4 av/d. Hence we see from (35) that
(36) 2™ +1 = 2(2k™)" 0" (mod a).
Let o = (X, +YpVd)/2. Clearly, X,,Y, € Z, (X,,Y,) = 1. We deduce
from (36) that 0 = (2k™)" - Y}, (moda), and so
(37) alY,
since (2k,a) = 1. Notice that
o’ =0 1 p -1 p -3 2
= XP XP=(Y e
(38) — 77 + (5 (YVa)* +
— p p—1
=51 XP7" (modd).
Thus ((¢ —2")/(¢ —0),d) =1 or p. So
(55 -
—.,a)=1lorp
e—0
since a|*d. If p|a, then from (38) we see that p||(o” —0”)/(0 — 2). Hence
from (37), (39) and Y, = Y (o —2”)/(0 — ) we get |Y| > a/c, with c =1

(39)



Diophantine equations 321

if pfaorc=pifpla. So

1X| + |Y|Vd - avd
2 2¢

If v < 0, then from (35) we have o > |p| and so X > 0,Y > 0. Hence,
from (40), the first equality of (35), and (31), we get

(40)

—v 1/p
(a1) a2_\/3 . (’3(;7“)) < (W2 yp  1/241/20)
C

< (4kn 4 1)1/2-‘1—1/(2}’)).
Also, by (1) (notice b = 1), we have

(42) k" e < /1 + 4k ) (2¢) = aVd/(2¢).
From (41) and (42), we get k" < c(4k™ + 1)1/271/(2P) Then we have
(43) (4k™ + )YV P (4™ 4+ 1)1/271/CP) _ye) < 1.

Clearly, (43) is impossible, except k =2, n = p = 3, if ¢ = 1. When k = 2,
n =p =3, from (1) and b = 1 we get d = 257,a = 1. This contradicts
our assumption a > 1. If ¢ = p, then from (1) we have p = 1 (mod4) since
p|a. Hence, we see that (43) is impossible if n > p or p > 5 or k > 3. But
n=p=>5k=2andn=p=>5, k=3 do not satisfy (1) (b=1) and p|a.

If v > 0, then from (35) we find that o < 1 and |g| = (| X| + |Y|Vd)/2.
Hence, from (40), the second equality of (35), and (31), we also get (41).
Thus (35) is impossible. m

Next, we prove
CONCLUSION 2. If Case 2 holds, then (35) is impossible.
Proof. 1t is well known that

(44) 2" +avd=¢', 2fleN,

since (2k™, a) is a solution of Pell’s equation 22 —dy? = —1. Hence, from (35),
we have

(45) 14 =2e%P, 14E =280".

n (45), if p|1, then from (44) we have

(46) a= % Yo,

where

ah+ysVd=¢ =Pzl —yVd=7 =g
Clearly, every prime factor q # p of (¢’ —&?)/(¢’ — ') is a primitive prime
factor of (¢ —27)/(¢’ —€'). From Lemma 7(ii), we see that ¢|u,_(p),
q
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D = 4dyf?. Hence, from Lemma 7(i), we get p|q— (%). But ¢ # p, ptqg® —1,
a contradiction. Therefore, from (46), we have
g'? —g'P
EECEEE
since if p| (e? —&P) /(' — &) then p|| (P —&"P)/(¢' —&'). However, (47) is
impossible.

If p1l, then there are s,t € Z such that

(47)

(48) v=sp+tl, |t|<p/2.
Let
. X/+Y/\/E B e X/—Y/\/E
01 =€ 0= ) 0 =€ 0= )
2 2
where X' Y’ € Z with
(49) X% —dy"? = (-1)stugn/r (X Y) =1
And let &1 = ¢!, & = &'. Then from (45) we get
(50) 1+e =2etol, 147 =280,
By the same argument as in the proof for Conclusion 1, (50) gives
alY’ o4-d ?f,
01— 01

and we see that every prime factor q # p of a satisfies ¢f (¢} —2})/(01 — 0;)
since pfq® — 1. Hence, it can be shown that |Y’| > a/c, with ¢ = 1 if pfa
or ¢ = p if p|a. So (50) is impossible by a similar method as in the proof of
Conclusion 1. =

So Theorem 1 is proved. =

4. Proof of Theorem 2. From (1), we have
(51) (20k™ +1)? — da® = 4bk™.
Using the properties of the real quadratic field Q(v/d), we deduce from (51)
that

(52)

[Qbk" +; - a\/ﬁ] [2bk” +; - a\/ﬂ T

and the ideals [(2bk™ + 1 4 av/d)/2] and [(20k™ + 1 — av/d) /2] are coprime.
Our assumption about the solvability of (3) implies that each prime divisor
of the ideal [b] is a principal ideal. So we infer from (52) that

[Qbk”—i-l—i-a\/ﬂ _ [:Ul +y1\/3]An

(53) 5 5
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by unique factorization of ideals in Q(v/d), where z1,y; € Z satisfy
x%_dy%:é‘:b? (xhyl):lor 27

AA = [k], A is the conjugate ideal of A. Let z; be the least positive integer
such that A% is a principal ideal. We have

(54) h(d) =0 (modzy), n=zt teN.
Clearly, it suffices to prove the following

LEMMA 12. No prime p satisfying the assumption of Theorem 2 can
divide t.

Proof. Assume that p|t. Let A*'//? = [(X; + Y11/d) /2], where X,,Y; € Z
satisfy

(55) X2 —dy?=+4k"?,  (X,,Y1)=1or 2.
Since Pell’s equation

(56) 22 —dy> =-1, =z,yeN,

has a solution by (1), we see from (55) that the equations

(57) X2 _dy? =4k™?, X, YeN, (X,Y)=1or2,
and

(58) X% —dy?=—4k"?, X YeN, (X,Y)=1or2,

have solutions X, Y respectively. Without loss of generality, we may assume
that X;,Y] is a solution of (57). Let € be the fundamental solution of Pell’s
equation (56), and let

X, +viVd\' Ui+ ViV
2 = o, , 1=1,...,m
and ,
X1 +vivd\' U/ +V/Vd
£ 5 — Qli s 2217...,7",

where U;, V;,U!, V! € Z with
U2 —dv?=4ligp™? (U, Vi)=1, l;=0o0r1,
and

Uz‘/2 _ d‘/iIQ — _4lzk:7'n/p’ (U/ V’) = 1’ ll = O or 1.

i) Vg
Since a < 0.50* k*2™, from (1) we have /d > 2bk™ /a > 4b' 21 E"(1-22) S0
glrgrn/p < g/ < ARP(=X2) < gpl=Mpr(-22) </ for = |p(1 — Ag)].
By Lemmas 8 and 9(v), v/d has 4r convergents p./a,m (G =1,...,4,
i=1,...,r) such that

ko =4k 24 0<sP < f, j=1,.04,0i=1,. .,
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where f = 2s — 1, 2{s since Pell’s equation (56) has a solution. From
Lemma 9(iv), we know that v/d has 2r convergents P /em (G=1,2,i=

1,...,r) such that
ko =4k 2?0 <5 j=1200=1,0r
Therefore, by Lemma 9(i), we have

Atgj) +Vd \/E
t<j>+1 = > 4likin/p’

j=1,2,i=1,...,r

k.
Since ¢ is the fundamental solution of Pell’s equation (56), we have ¢ =
Ps—1+¢s—1Vd. Notice that po = ag, p1 = agar +1, and pj 42 = aj12pj11+D;
for 5 > 0. We have

\/E 2
(59) Ps— 1>Ha32a0HH“<J>+1>“O<H4l k:m/p>

i=1j5=1
ang (4b1 Alkn(l )\2))
= Qargrtr im0 T Qi G/
— a0b2r(1—)\1)kn(27’(1—)\2)—7‘(r+1)/p).

Since ag = [Vd], n(1 — A2) > 1, we have ag > vd — 1 > 2pt= 21 jn(1=22),
Hence, (59) gives
(60) po_1 > 262 tDA=A) pr(@r+)(A=22)=r(r+1)/p) — gp(2r+1)(1=21) png(r)

where g(r) = (2r + 1)(1 — X2) — r(r + 1)/p. Clearly, g(r) > p(1 — X2)?
since r = |p(1 — A2)]. We have g(r) > 1 and (2r + 1)(1 — A1) = 1 since
Ay = 1—1/,/p, and so from (60) we conclude that p,_; > 20k". On the
other hand, by (1), we see that 20k™ > ps_1, a contradiction. m

5. Proof of corollaries. Clearly, it suffices to prove Corollary 2. We
deduce from (54) that if ¢ = 1 then Corollary 2 holds. Now, we assume that
t > 1, and so there is a prime p such that p|t. The proof of Lemma 12
shows that if @ < 0.56*k*2" then “p|t” is impossible. Also, A\; > 2/3,
Ao > 0.29 since p > 2. Hence, if a < 0.56%/3k0-29" then (2) holds. The proof
is complete.

6. Proof of Theorem 3. From (52), we get

[2bk"+1+a\/a] B [x2+y2\/ﬂ 2A”

(61) 5 5

and (54), where x2,y2 € Z with
(62) 22 —dy? =4Vb, (x2,y2) =1or 2.
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Let A%t = [(X3 + Y51/d) /2], where X3, Y, € 7Z satisfy
(63) X3 —dYy = +4k™,  (X3,Ys)=1lor 2.
We deduce from (61) that

2bk”+1—|—a\/a_77<x2+y2\/3>2<X2+Y2\/3>t ‘e N

(64) 2 2 2

where 7 is some unit of Q(v/d) with N () = 1. Since Pell’s equation (56) has
a solution, we have = +£e3™ where £; is the fundamental unit of Q(\/E)
with N(e;) = —1, m € Z. Hence, (64) gives

20k" +1+avd i€2m(x2+y2\/3>2<X2+Y2\/a>t
= ¢ .

(65) 2 2 2

If t = 1, then the theorem is proved. If 2|¢, then t = 2¢;, t; € N. Assume
that

m<$2+y2\/3> <X2+Y2\/E>tl U+ VVd

€7 = _'=

2 2 2

where U,V € Z satisfy

(66) U?—dV?=(—1)"(£1)"4Vbk*" = (=1)™ avb k"/?,
(U,V)=1or 2.

So from (65) we get

1+ 20k +avd <U+V\/E>2 (U2 4dV?)/24+ UV
2 N 2 N 2 ‘

From (66) and (67), we have
14 20k" = U? — (=)™ 2vVb k"/?,

(67)

and so

(68) (Vok™?)? + (Vb E™? 4+ (—1)™)? = U2,

From (68), we know that (VbE™2 \Vbk™/2 + (=1)™ |U|) is a primitive
Pythagorean triple such that

(69) VbE™? =24B, Vbk? 4+ (-1)" = A>—B?, |U|= A%+ B?
or

(70) Vok™? = A2 - B%,  VbEY? 4+ (—1)™ =24B, |U|= A%+ B?

where A,B €N, A> B, 2|AB and (4,B) = 1.
First, we consider (69). We have

’

(71)  (A+B)?—24%=—(-1)™, (A—B)?>-2B>=(-1)".
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If A= k?/z, k1 € N, then (71) gives
(A+ B)? — 2k2™/% = —(—1)™,

This implies that 2|m/, n = 4, ky = 13, A+ B = 239 by Lemma 5. So
A =169, B = 70. This implies vbk? = 22-5-7-13% and |U| = 33461. Hence,
from (67) we see that a = UV > 33461. But 33461 > 0.5 - 35%/3 . 26042264
a contradiction.

If 2B = k:g/z, ks € N, then (71) gives 2|m’ and
(72) (A—B)? — 22" Y (ky/2))2 =1, 1=n/2>1.
Clearly, (72) gives

(A-B)+x1=2u% (A-B)Fl=4?2 wv=2"2(ky/2),
where u,v € N with (u,v) = 1. And so
uw? =20 =41, wu= ull, v = 21—21}11’ ko = 2uqvq,
ie.
u —2(2'7201)2 = +1.

This implies that u; = 2'~2v; = 1 by Lemma 6. Sol =2, ky =2, A— B = 3,
B = 2. This implies Vb k? = 22.5 and |U| = 29. Hence n = 4, a = 29, b = 25,
k=2. But 29 > 0.5 - 252/3 . 2042264 5 contradiction.

By a similar method, if 24 = k:?/2 or B = k;/Q, then from (71) and the
assumption of the theorem, we also get a contradiction.

If 22 A # k?/z and 2*B # k:g/z, where A = 0 or 1, notice (71); then from
2AB = ¢ ... q%k™? we get

aq — a2 Qg n/2
(73) A= (@) M a5 g E
2B = (g0 M(g5? . q2) Tk
k:klkg, kl,kQGN, A=0or 1.

Clearly, if A =0, then (71) and (73) give 2|m’ and
(74)  (A-B)? =225 ... ¢%(k2/2))? =1, 1=mn/2>1.
By Lemmas 10 and 11, we infer from (74) that
(75) 1=2, ¢5°...q% =239, A—B=114243, ky =26
or
(76) 1=3, ¢*...¢* =3, A—B=17, ko =2.
From (73) and (75), we see that B = 80782, A = 52-29-269 = ¢{"' k!, which
is impossible. From (76) and (73), we find that n = 6, k = 2, b = 32 - 292,
and a = 985, d = 967441. This is an exceptional case.

If A =1, then (71) and (73) give 2¢m’ and

(A+B)? =227 1¢52 .. . ¢% (ky/2))2 =1, 1=n/2>1.
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This implies that
(77) l=2, ¢3%...¢5° =239, A+ B=114243, k1 =26
or
(78) 1=3, ¢*...q0* =3, A+B=17, k =2
From (73) and (77), we get A = 80782, B = 33461, and so n = 4, k = 26,
b = (33461 - 239)2, |U| = 7645370045, 76453700452 + 4 - 33461 - 239 - 262 =
dV?2. Since a = UV by (67), we have a = 7645370045|V|. If |V| = 1, then
from Corollary 2 we know that (2) holds since 7645370045 < 0.5 - (33461 -
239)4/3 . 269294 Tf |[V| > 1, then |V| > 29 since 5{dV?,131dV?,17{dV?2.
But a > 7645370045 -29 > 0.5 - (33461 - 239)%/3. 260-42264 which contradicts
our assumption.

Next, we consider (70). We have

(79)  (A—B)?—2B>=—(-1)", (A+B)>—242=(-1)".
From vbk™? = (A— B)(A+ B), (A— B, A+ B) =1, we get
A—B=bk"? ~A+B=bk? Vb=biby, k= kiks,

where b1,bo,k1,ko € N with (b1,b2) = (k1,k2) = 1. Substituting these
into (79), we have

kY —2B? = —(—1)™, k¥ —242=(-1)™, l=n/2>1,

which is impossible since ¢; | b; (i = 1 or 2) and the Legendre symbol (%)
equals —1.

Now, if 2¢¢ and ¢ > 1, then there is an odd prime p such that p|¢. From
the proof of Lemma 12, we get a > 0.5b*1 k*2" where \; > 2/3, Ao > 0.4226
since p > 3. This contradicts our assumption. =
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