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1. Introduction. Let [ be a prime number and k a finite extension of
Q. We denote by A\;(k) (resp. p(k)) the Iwasawa A (resp. p)-invariant of
the cyclotomic Z;-extension ko, /k. If k/Q is an abelian extension, then it
was shown by Ferrero and Washington [FW] that (k) = 0 for any prime [.
In [G1], Greenberg conjectured that A\;(k) = ui(k) = 0 for any totally real
number field k. For a cyclic [-extension of @, one can deduce the following
result from [I1] and [I3]:

THEOREM A. Let [ be an odd prime number and p a prime number which
is congruent to 1 modulo . Denote by QW (p) the unique subfield of Q(Cp)
with [QV)(p) : Q] = I, where Cp is a primitive pth root of unity. If either

1P=D/V £ 1 (modp) or p#1 (modi?),

then M (QW (p)) = w(QW (p)) = 0.

The authors of [FKOT] considered the case where | = 3 and both of
the conditions of Theorem A are not satisfied. Put & = Q®)(p). They have
shown that A3(k) = pu3(k) = 0if (Eq, : Ny, jo, Er,) = 9, where k1 (resp. Q1)
is the first layer of the cyclotomic Zg-extension of k (resp. Q), Ey, (resp.
Eq,) is the unit group of k; (resp. Q1) and Ny, /@, is the norm map from
k‘l to @1.

Recently, Komatsu investigated the field & = Q()(73) and proved that
A3(k) = pz(k) = 0 (see [K]). (Note that 3("3=1/3 =1 (mod73), 73 = 1
(mod 32) and (Eg, : Nk1/Q1Ek1) =3.)

In the present paper, we give simple sufficient conditions on p for
Ao(Q® (1)) = 13(QP)(p)) = 0 and verify As = g3 = 0 for many Q) (p)’s
including the case where (Eq, : Ny, /g, Ex,) < 9. Specifically, we show that
A3(QB) (p)) = uz(QB)(p)) = 0 for all p < 10000 with p = 1 (mod 3) except
for p = 3907,7219,8011, 8677.
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2. Results. Our main criterion for A3(Q® (p)) = u3(Q®) (p)) = 0 is the
following:

THEOREM 1. Let k = Q) (p) be a cubic field with conductor p, where p
is a prime number such that (a) 3®~1/3 = 1 (mod p) and (b) p =1 (mod9).
Put z = g®=Y/9 for a primitive root g modulo p. If

22 1) (2—2 — (p—1)/3
) (Coper)  #1 moan)
then A3(k) = ps(k) = 0.

Proof. First, we note that condition (a) holds if and only if 3 is de-
composed in k and that condition (b) holds if and only if p is decomposed
in Q;. Let Q;(p) be the mod p ray class field of Q; and Q;(p)® be the
maximal subextension of Q;(p)/Q; whose Galois group over Q; is an ele-
mentary abelian 3-group. Then k; C Q1 (p)® and Q,(p)® /k; is unramified,
because a prime of Q; lying over p ramifies in k; and its ramification in-
dex in Q;(p)®/Qy is 3. Denote by L2P (k1) the maximal unramified abelian
3-extension field of k; which is abelian over Q;. Then Q;(p)® C L2P(ky).
Since @ has class number prime to 3 and the ramification index of every
ramified prime in L*"(k1)/Q; is 3, L*"(k;)/Q; has no cyclic subextension of
degree 9. Hence L*"(k1)/Q; is an elementary abelian 3-extension of conduc-
tor p. Therefore Q;(p)® = L**(k;). We put F := Q;(p)® = L*(k;) for
simplicity. For a generator o of Gal(k1/Q;), Gal(F/k1) ~ A(k1)/A(ky)°*
by class field theory, where A(k;) stands for the 3-Sylow subgroup of the
ideal class group of ki. Also by class field theory,

(1) Gal(F/Q1) ~ (1,/S,)/(Ip/Sp)°
where I, is the group of the fractional ideals of (Q; which are prime to p, and
S, ={a0q, |« € Q, a =1 (modp)} C I,, Og, being the integer ring of
Q1. Since the class number of QQ; is prime to 3, we get the exact sequence
(2) Eq, — (0q,/p)*/((Oq,/p)*)* = (Ip/Sp)/(1p/Sp)* — 0,
where Eg, stands for the unit group of ;. Because
(0a,/p)* =~ @ (O, /p)* = (Z/(p - 1)Z)P?,
plp
we get the isomorphism
(=1)/3
(3) (0q,/p)* /((Oq, /p)*)* — (Og,/p)*P~V/5.
Therefore it follows from (1)—(3) that

(4) Gal(F/Qu) = Coker(Eq, *=/* (0g, /p)*#~ V7).
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Since (Og, /p)*P~D/3 ~ @p‘p((’)@l/p)x(p_l)/?’ ~ (Z/3Z)®3 we obtain 3-
rank(A(ky)/A(k1)° 1) = 3-rank(Gal(F/k1)) < 2 by (4).

Let ¢ = (o be a primitive 9th root of unity. We put = = (¢ —1)(¢~1 - 1).
Then m € Q; and 30g, = 7120g, in Q;. Now we choose v € Gal(Q;/Q)
such that 77 = (¢? — 1)(¢™2 — 1). If we put

C = (x71, 7701 0Dy € By |

then C is a subgroup of the cyclotomic units of Q; = Q({o)* whose index is
prime to 3. Since the class number of Q; is prime to 3, we have 3{[Eq, : C].
Therefore

(5)  Gal(F/Qi) = Coker(C "=" (g, /p)*~ V)
= Coker((n.n",m"") = (O, /p)*®~7%),
by (4), where n = (77=1)(P=1/3 and ¢ is the natural projection map.
From the above isomorphism, we find that 3-rank(A(k1)/A(k1)° 1) <1
if and only if Im(p) # 0. Also, since 7(P=1/3 . z(pP=1)7/3 . r=D7?/3 =
3(>=1/3 = 1 (mod p) from assumption (a), we obtain ¥ = (77" ~7)P=1/3 =
(ﬂ(p—l)/ii .W(p—l)v/?v)—l . (W(p—l)v/i%)—l = (W(p—l)/B)—%—l = (W(p_1)/3)~y_1 —

1 (mod p). Hence

(6) o) = o(n") = (n").

We deduce from (5) and (6) that Im(y) # 0 is equivalent to n #Z 1 (mod p),
and that A(ky)/A(k1)°~! # 0. For z € Z in the statement of the theorem,
there exists a prime ideal P8 of Q({y) lying above p such that {9y = z (mod B).
We denote by p the prime ideal of Q; below 3. Then n #Z 1 (mod p) if and
only if condition (x) holds. If = 1 (modp), then n =1 =1 (modp?") for
i =1, 2 by (6), hence n = 1 (mod p). Therefore Im(y) # 0 is equivalent to
n # 1 (modp), which in turn is equivalent to condition (*). Consequently,
the three statements: 3-rank(A(k1)/A(k1)? 1) = 1, Im(yp) = (n mod p) # 0,
and condition (%), are equivalent.

Next we show that if (%) is satisfied, then the natural map D(k;) —
A(k1)/A(k1)°~ ! is a non-zero map, where D(k1) is the subgroup of A(k:)
consisting of the ideal classes which contain a product of prime ideals lying
over 3. One can see that D(k;) — A(k1)/A(k1)°~! is a non-zero map if
and only if 7Ogq, is not totally decomposed in F/Q; by the canonical iso-
morphism Gal(F/ky) ~ A(k1)/A(k1)°~! and the fact that the prime 7Oq,
splits in ky. This is equivalent to

aP=D/% mod p ¢ Im(p),
which in turn is equivalent to

rp=1)/3 #£n® (modp) for any a € Z,
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because Im(p) = (n mod p) by (6). Now we assume that 7(P~1/3 = po
(mod p) for some a € Z. Then 7(P~D7/3 = pov = po = 7z(P=1/3 (mod p) by
(6), hence

n=xP-D0O-1/3 = (mod p).

But this contradicts the fact that Im(y) # 0, which is equivalent to
assumption (). Hence assumption (%) implies that the map D(k;) —
A(ky1)/A(k1)° 1t is non-zero. Also if condition () holds, then A(ky)/A(k1) !
~ 7/3Z. Hence D(ky) — A(k1)/A(k1)° ! is surjective. Since D(k1) is a
Gal(k1/Qq)-submodule of A(kq), the above surjection shows that A(k;) =
D(ky) by Nakayama’s lemma. D(k;) capitulates in k,, for sufficiently large
n, since Leopoldt’s conjecture is valid for an abelian number field &k (see
[G1] and [B]). Therefore, A3(k) = us(k) = 0 by [O, Theorem], since A(k1)
capitulates in kso. m

REMARK. From the above proof, one can find that condition (*) holds
if and only if A(k1) = D(k1) under assumptions (a) and (b).

In the case where condition (x) does not hold, we give the following
sufficient condition on p for A3(Q®) (p)) = uz(Q® (p)) = 0:

THEOREM 2. Let k = Q®)(p) be a cyclic cubic field with conductor p,
where p is a prime number such that p = 1 (mod 9) and 3°~1/3 =1 (mod p).
Denote by x a 3-adic Dirichlet character associated with k. Assume that

(22 . 1)(2—2 —1) (p—1)/3 B
( DT 1) ) =1 (modp).

((z=1D(="" = 1)@=/ 21 (modp),

and that f(T,x) is irreducible in Zs[x(Gal(k/Q))][[T]], where z is as in the
statement of Theorem 1 and f(T,x) is the ITwasawa power series associated
with the 3-adic L-function Ls(s,x), namely, f(4° —1,x) = Ls(s,x) for
s € Zg. Then A3(k) = ps(k) = 0.

Proof. Let ko /k be the cyclotomic Zs-extension, and k,, the nth layer
of koo /k. Denote by A(k,) the 3-Sylow subgroup of the ideal class group
of k. Put G = Gal(k/Q), A = Zs3[[|Gal(kx /k)]], X = Gal(L(kx)/kx) and
X = Gal(M (ko) /kso), where L(koo)/koo and M (koo )/koo are the maximal
unramified pro-3 abelian extension and the maximal 3-ramified pro-3 abelian
extension, respectively. Then X and X are finitely generated torsion A[G]-
modules (see [12]). Let ¥ € Gal(ks(C3)/k(C3)) be such that ¢7 = ¢* for any
3-power-th root of unity ¢, where (3 is a primitive 3rd root of unity, and put
v = Y|k € Gal(kso/k). In what follows we identify A with Z3[[T]] via the
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correspondence v < 1 + T. For any Z3[G]-module M, we put

M, = M Q) Zs[x(G)],
Z3[G]

where G acts on Zs[x(G)] via x.
We now show that X, ~ X and X, ~ X. Since the kernel of the map

Zs|G] = Ls[x(@)), D agg— Y agx(9),

is NaZ3|G] (NG := 3_ e 9); we have My = M/NgM for any Z3[G]-module
M . Because the class number of the nth layer of the cyclotomic Z3-extension
Qs /Q is prime to 3, NgA(k,) = 0. Hence it follows from X ~ lim A(k;,)
that X, ~ X (as A[G]-modules), where the projective limit is taken with
respect to the norm map. Next we show X, ~ X. It is enough to prove
X% = 0 since NgX C X%. Let o be a generator of G. Then X/(0 — 1)X ~
Gal(M (kso)® /koo), where M (koo )?P is the maximal intermediate field of
M (ks)/Qo which is abelian over Q. Let B be a prime of Q lying above
p and Iy the inertia subgroup of Gal(M (keo)*® /Qco) for B. Then Iy ~ Z/3Z
and g, Ip = Gal(M (koo )®?/Qs) because Qu, has no proper 3-ramified
pro-3 abelian extension. Since the number of primes of Q. lying above p is
finite, X/X° "1 ~ Gal(M (koo )®”/kso) is finite. From the exact sequence of
A-modules
0-x >x 0 x >x/x° ! =0,

it follows that char,(X%) = char,(X/X°~1) = A, where char (M) denotes
the characteristic ideal of M for any finitely generated torsion A-module M.
Hence X¢ is finite. Because X does not have non-trivial finite A-submodules
([G2]), we obtain X¢ = 0. Thus X, ~ X.

From the Mazur-Wiles theorem ([MW, p. 214, Theorem])

char y(q), (Xy) = f(4(1 + )~ —1,)4[G],
and the surjection X, — X,, it follows that
charA[G]X(XX) D f(4(1+ T~ - 1, x)A[G]y.
Now assume that X, is infinite. Since f(4(1+7)~! —1, ) is irreducible
in A[G]y, = Z3[x(G)][[T]] by assumption, we see that
charA[G]X(}ZX) = charA[G]X(XX),
and Ker(X, — X,) is finite. Since X, ~ X and X does not have non-
trivial finite A-submodules, Ker(X, — X,) = 0, which implies X ~ X, ~
X ~ X F . (z2-1)(z72-1)\(p—1)/3 _
x =~ X. From the assumptions (m) =1

(z — 1)(z7' = 1))P=1/3 £ 1 (modp), we can see that D(k;) # 0 as in
the proof of Theorem 1, since Im(¢) = 0 from the first assumption, and
7P=1/3 £ 1 (modp), ie., 7@ /3 modp ¢ Im(¢) = 0 from the second

mod p) and
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(notations as in the proof of Theorem 1). We write D(k,,) for the subgroup
of A(ky,) consisting of the ideal classes which contain a product of prime
ideals of k,, lying above 3. Because Leopoldt’s conjecture is valid for &k (see
[B]), #D(k) is bounded (see [G1, Proposition 1]). Hence lim D(k,) is a non-
trivial finite A-submodule of lim A(k,) ~ X ~ X, because the norm map
D(ky,) — D(ky,) is surjective for m > n > 0 and D(k;1) # 0. This contradicts
the fact that X does not have non-trivial finite A-submodules. Thus we have
shown that X ~ X, is finite, which is equivalent to A3(k) = pu3(k) =0. =

We obtain the following corollary to Theorem 2:

COROLLARY 3. Let p be a prime number such that p = 1 (mod9) and
3P=1/3 =1 (modp). Assume that

(22 _ 1)(272 —1) (p—1)/3 B
( Do) ) =1 (modp),

((z =1z = 1) /% £ 1 (mod p),

where z is as in the statement of Theorem 1. Denote by x and w a 3-adic
Dirichlet character corresponding to Q®) (p) and the Teichmiiller character
for the prime 3, respectively. If

Bi yw-1 #Z 0 (mod 3),

then A3(Q® (p)) = ps(Q®(p)) = 0, where By -1 is the generalized
Bernoulli number.

Proof. 1t is sufficient to show that f(T,x) € Zs[(s][[T]] is irreducible
in Zs3[(s][[T]] by Theorem 2. Note that —B; -1 is the constant term of
f(T,x), and that g(T") € Zs[¢3][[T]]* if and only if ¢(0) € Z3[(3] is a unit.
Hence we see immediately that f(7), x) is irreducible in Zg[(3][[T]]. =

One can easily check whether the conditions of Theorem 1 and Corol-
lary 3 hold or not by computer. We give some examples below.

We consider the prime numbers p < 10000 congruent to 1 modulo 3.
There exist 611 such p’s. By Theorem A, one can verify A3(Q®)(p)) =
13(Q®)(p)) = 0 for 547 among them. The remaining 64 prime numbers are
as follows:

73,271,307, 523,577, 613, 757,919,991, 1009, 1117, 1531, 1549, 1621,
1783, 2179, 2251, 2269, 2287, 2341, 2971, 3079, 3187, 3529, 3853, 3889,
3907, 4177, 4339, 4483, 4933, 4951, 4969, 5059, 5077, 5113, 5527, 5851
6067, 6211, 6247, 6301, 6481, 6553, 6967, 7219, 7507, 7561, 7669, 7687,
8011, 8191, 8461, 8677, 8803, 8893, 8929, 9001, 9109, 9181, 9343, 9613,
9901, 9973.

For 42 prime numbers p among these, we can show that A3(Q®)(p)) =
13(Q®) (p)) = 0 by using Theorem 1. The remaining 22 are:
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991, 1117, 1549, 2251, 2269, 2341, 3907, 4483, 4933, 5527, 6247, 6481, 6967,
7219, 7669, 7687, 8011, 8677, 8803, 9001, 9181, 9901.

For 10 prime numbers p among these, we can show that A3(Q®) (p)) =
113(Q®) (p)) = 0 by using Corollary 3. The remaining 12 are:

2269, 3907,4933, 5527, 6247, 6481, 7219, 7687, 8011, 8677, 9001, 9901.

For 6 prime numbers p among these, we can verify that f(T,x) is ir-
reducible and ((z — 1)(z~! — 1))®=1/3 £ 1 (modp) by computer, hence
A3(QB3) (p)) = u3(Q®) (p)) = 0 by Theorem 2. The remaining 6 are:

2269, 3907, 6481, 7219, 8011, 8677.

For these, one can verify that f(7),x) is reducible in the case p = 7219
and 8677. Also, one can verify that ((z —1)(z~' —1))»=1/3 =1 (modp) in
the case p = 3907 and 8011. For p = 2269 and 6481, we do not know whether
f(T, x) is irreducible or not. In what follows we give another method to show
A3(Q3) (p)) = p3(QB)(p)) = 0 for p = 2269 and 6481.

We would like to express our thanks to Prof. Masato Kurihara who
communicated to us the following theorem. It gives an upper bound of the
Az-invariant of Q) (p):

THEOREM 4 (M. Kurihara). Let k= Q®)(p) be a cyclic cubic field with
conductor p, where p is a prime number such that p = 1 (mod9) and
3(=1/3 =1 (modp). If

(= )" = 1)/ £1 (modp),

then A\3(k) < 2. (us(k) = 0 by the Ferrero—Washington theorem.)

Proof. Tf (E=0E=) "7 £ 1 (mod p), then Ag(k) = 0 by Theo-

rem 1. Hence we may assume that (%)@_1)/3 =1 (modp).

Let o be a generator of G = Gal(ks/Qo ). As in the proof of Theorem 1,
we can see that

(7) A(kr) [A(k)7 ™ = (2/32) 2,
and
(8) Im(D (k1) — A(k1)/A(k1)7 ™) =~ Z/3L,

since (%)@_1)/3 =1 (modp) and ((z — 1)(z~ 1 = 1))P=1/3 £ 1
(modp). Let A’(k,) be the 3-Sylow subgroup of the 3-ideal class group of
ky, namely, A'(k,) = A(k,)/D(k,). Then

(9)  A'(k1)/A (k)° ! ~ Coker(D(ky) — A(k1)/A(ky)° ™Y ~ Z/37
from (7) and (8).
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We now also show that
(10) Al (k) /A (ko)° ! ~ 7/37.

Denote by Qz(p)® the maximal abelian extension over Qy (the second
layer of the cyclotomic Zs-extension over Q) of conductor p whose Galois
group over Q5 is an elementary abelian 3-group. Then, as in the proof of
Theorem 1, we find that Qy(p)® is the maximal unramified abelian 3-
extension over ko which is abelian over Qy and that Gal(Qq(p)® /ky) =~
A(kg)/A(k2)° 1, because the class number of Qy is prime to 3.

Firstly, we consider the case p # 1 (mod27). In this case, as in the

(3) ~ (p®-1)/3
proof of Theorem 1, we have Gal(Q2(p)'"”/Q2) =~ Coker(Ep, —

((Oq, /p)X)(p?’*l)/?’) and 3—rank((((’)@2/p)X)(p?’*l)/?’) = 3 because the prime
p decomposes into three primes of degree three in Q2 by the assumption p
# 1 (mod 27). Hence 3-rank(A(ky)/A(k2)° ') = 3-rank(Gal(Q2(p)® /k2))
< 2. Since the norm maps A(ks) — A(k1) and D(k2) — D(ky1) are sur-
jective, it follows from (7) and (8) that 3-rank(A(ks)/A(k2)°~!) = 2 and
Im(D(ky) — A(k2)/A(k2)7~1) # 0. Hence 3-rank(A’(ke)/A’(k2)771) < 1.
Since the norm map A’(kg)/A’(k2)°~ ! — A’(ky)/A'(k1)° ™! is surjective,
the group A’(ks)/A’(k2)° ! is non-trivial, so we have proved (10).

Next, we consider the case p = 1 (mod 27). As in the case p Z 1 (mod 27),
we deduce Im(D(kq) — A(k2)/A(k2)7~1) # 0 from (8). Since this image is
generated by an ideal class containing a prime of ks lying above 3, we have

(11) Im(D (ko) — A(ks)/A(ke)" ") = Z/3Z.

Let po be a prime ideal of k5 lying above p and p; the prime ideal of k1 below
p2. We choose a primitive 9th root of unity (g such that (z —1)(z7! —1) =
(Co — 1)(¢; " — 1) (modpy). Further, we choose a primitive 27th root of

unity (o7 such that Ng, 0, (((2r — 1)(G7" — 1)) = (¢o — 1)(¢g " — 1). Let v
be a topological generator of I'=Gal(ko/k) such that ((Co — 1)(¢5 ' — 1))
= (¢3 - 1)({;2 — 1), and 7, the restriction of v to k,. Then =, is a gener-
ator of I, = Gal(k,/k). For simplicity, we put m; = ({zi+1 — 1)((?;i1 -1)
and 7; = ()" ")®=D/3 for 4 = 1, 2. Then it follows from the assumption
(z=1)(z=1 = 1))®=1/3 £ 1 (modp) that

(12) ﬂ%pfl)/?’ # 1 (modp).

Also it follows from the assumption (%) (e=1/3 — 4 (mod p) that

(13) n =1 (modp)

as in the proof of Theorem 1.
In this case, we have

Gal(Q® (p)/Qq) ~ Coker(ng[Fﬂ — ((Og,/p)*)P=1/3)
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as in the proof of Theorem 1 since [Eg, : 772Z [Fﬂ] is prime to 3. Note

that we have ((Og,/p)*)" =0/ =~ @ ((Og,/p3 )*) V3 = (2,/32)%°.
Let I = AnnF3[p2]( 12 mod p) C F3[I5] be the annihilator ideal of 72 mod p €
((Ogn/p)*) /3,

Then Im(n2"™?! — ((0g,/p)*)P~1/3) ~ F3[I3]/1. We claim that I =
(42 — 1)OF3[I5] = (1 + 43 + A8)Fs[ ). Since ni 2% = 5y = 1 (mod p) by
(13), we have (1 + 35 +5)F3[I3] = (2 — 1)F3[I] C I. Now, assume that
(")’2 — 1) F3[F2] g 1. Since Fg[Fg] >~ Fg[T]/(Tg — 1) = Fg[T]/(T — 1)9 and
F3[T] is a principal ideal domain, we must have (y2 — 1)®> € I. Then

1= n(% 1)° ((Wngl)(pfl)/?»)(wzfl)t" _ (71_5’)’2—1)6)(1)71)/3

1S (p— -1)/3
= (ms o ’Y)(p 1)/3:7799 )/ (

modp),
which contradicts (12). Thus we obtain I = (yo — 1)°F3[I3], hence

Gal(@® (p)/Q2) = Coker(n; ™! — ((Oq, /p)*) ")
~ F3(I5)/(v2 — 1)° = (Z/32)%°.
Therefore we have A(ky)/A(k2)?~t ~ Gal(Q®) (p)/ky) ~ (Z/37Z)%? and
Al(ko) /A (ko)1 ~ Z/3Z by (11). Thus we have proved (10).

Let L'(ks) be the maximal unramified pro-3 abelian extension of ko
in which every prime of k., lying above 3 splits completely, and X’ =
Gal(L'(keo)/koo). Then X' =~ lim A’(ky), and it follows from A’(k) = 0
that X' /v, X' ~ A'(k,), where v, Up = 14+ y+92+ ... 4771 (see [12]).
Hence
(14) (X)X fn (X XI770) o A () A ()

for all n > 1.
We need the following lemma:

LEMMA 5. Let A = Zi[[I']], where 1 is any prime number and I' is a
pro-l group isomorphic to Z;. For a topological generator ~v of I', put v,, =
L+y4+92+...++4" 1 € A. For a finitely generated A-module M and some
n > 0, if the identity map M ~ M induces the isomorphism

M/vy1M ~ M /v, M
then v, M = 0.
Proof. By assumption,
Ker(M/vp1M — M /v, M) ~ v, M /vy 1M = v, M /(Vyg1/Vn)vn M = 0.

Since vy, 11/vy, is contained in the maximal ideal of A, we have v, M = 0 by
Nakayama’s lemma. m
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We can apply Lemma 5 to M = X'/X'°"" and n = 1 by (9), (10) and
(14). Then we get vy (X’/X’°~") = 0. Hence

XX e XX (X)X = Al (k) JA (k)Y ~ 737

by (9) and (14). Therefore, there exists an «’ € X’ such that X' = Zs[G]a’
by Nakayama’s lemma. Since (1 + o + 02)z’ = 0, there is a surjection
Z9* ~ 73[G]/NgZ3[G] — X'. Hence rankz, X' < 2. Because lim D(ky) is
finite, we have A3(k) = rankgz, (lim A(k,)) = rankg, (lim A(k,)/lim D(k,)) =
rankz, X’ < 2. Thus we have proved Theorem 2. m

COROLLARY 6. Let k satisfy the assumptions of Theorem 4. If A3(k)
# 0, then
X'~7%? and Torz,(X) =D,

where X = lim A(ky,) and D = lim D(ky).
Proof. We consider a surjective homomorphism
[ Z3]G) = Z3[G] /Ne Z5[G) — X', (3> 0 a(2),

where 2’ is as in the proof of Theorem 3 (X' = Z3[G]z’). If Ker(f) # 0, then
X'’ is finite because any non-zero ideal of Z3[(3] has finite index in Zs[(3].
Hence A3(k) = ranky, (X’) = 0. Therefore, under the assumption A\3(k) # 0,
f must be injective, hence an isomorphism. This shows that X' ~ Z?Q.
Further, from the exact sequence 0 — D — X — X’ — 0 and the fact that
the order of D is finite, we see immediately that Torz,(X) =D. =

Now, we investigate the case p = 2269. The number field computations
in what follows where done by using KASH, version 2.2. The prime number
p = 2269 satisfies the assumption of Theorem 4. Let M be the decomposition
field of the polynomial 23 + 12479422 + 51862185092 + 71770829079384 over
Q. Then M is a cubic subfield of k; different from k and Q;, where k =
Q®)(2269). We find that A(M) ~ Z/3Z ® Z/9Z, where A(F) denotes the
3-Sylow subgroup of the ideal class group of F' for any number field F. Let
p and [ be the prime ideals of M lying above 2269 and 3, respectively. For
a number field F' and a fractional ideal a of F', we denote by 7r(a) the
projection of a to A(F'). Then ms(p) # 0 and 7 (1) = 0. Hence

(15) Ty (1) € D(k1)
for any prime ideal p; of k1 lying above p, because
Nigy (7, (1)) = 71 (p) & Nigy yna (D (k1)) = (e (1)) = 0.
We shall apply the following lemma:

LEMMA 7. Let | > 2 be a prime number and k/Q a cyclic extension with
[k : Q] = 1. Denote by Foo /| F and F,, the cyclotomic Z;-extension and its nth
layer, respectively, for any number field F'. Let p be a prime ideal of k,, which
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ramifies in ky,/Q,. If p splits completely in k,, and l-rank A’ (k,,) < ™"
for some m > n, then my, (p) € A(ky,) capitulates in koo, where A'(ky,) is
the [-Sylow subgroup of the l-ideal class group of k., and 7y, denotes the
natural projection map from the ideal group of k, to the [-Sylow subgroup
A(ky) of the ideal class group of k.

Proof. We write I, A'(K) and A(K) for the ideal group of K, the
[-Sylow subgroup of the [-ideal class group of K, and the [-Sylow subgroup
of the ideal class group of K, respectively, for any subfield K of Q. Also we
denote by 7% and 7wk the natural projection maps from Ix to A’(K) and
A(K), respectively.

We write B for a prime ideal of k,, lying above p. Since P! € I, and
since A'(Qp,) = 0, we see that m, ()" = 0. We consider the map ¢ :
Z/1Z|Gal(km /kn)] — A'(kw)[l], f+ fm, (), where A'(ky,)[]] is the sub-
group of A’(k,,) consisting of the elements whose order divides [. It follows
from the assumption that

#(A (kb)) <17 = #LZ/IZ[Gal(km /ky))-
Hence Ker(¢)) # 0, which implies Ker (1) G21(km/kn) -£ (). Because

L)L Gal (ki k)| ¥ Em /B = 717, " 4,
yeGal(km /kn)

we have 3 o, kY € Ker(¥). So m, (p) = X calten /kn) Yk, (B)
= 0, namely, 7 (p) € D(ky,) since A'(ky,) = A(km)/D(kn), where D(k,,)
is the subgroup of A(k,,) consisting of the ideal classes which contain a
product of prime ideals of k,, lying above [. Because k/Q is abelian, D(k,,)
capitulates in ko. Therefore 7, (p) capitulates in ko, m

Assume that Az(k) # 0. Since 2269 = 1 (mod 27), a prime ideal p; of
k1 lying above 2269 decomposes into three prime ideals in ko. Then 7, (p1)
capitulates in ko, by Lemma 7, because 3-rank(A’(k2)) < 3-rank(X') = 2
by Corollary 6. Thus 7, (p1) € Ker(A(k1) — A(kw)) = Im(Torz, X —
A(k1)) by [O, Proposition]. But this contradicts (15) since Torz, X = D
and Im(D — A(k1)) = D(k1) by Corollary 6. Therefore, we have shown
that )\3(]43) = ug(kj) =0.

In the case p = 6481, one can verify A3(Q®)(6481)) = u3(Q®)(6481)) = 0
in the same manner.

Consequently, we have the following result:

jm—n

THEOREM 8. A3(Q®)(p)) = u3(QB) (p)) = 0 for all prime numbers p <
10000 with p =1 (mod 3) but p = 3907,7219,8011, 8677.
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