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1. Introduction. The (-function at integer points, ((s) = > po; 1/k*
(s € N), has a g-analogue, defined by
(o)
ks—lqk
k=1
It makes sense to call this a g-analogue, since

Jim (1= 0)"(s) = (s = DI (o).

One property this (4(s) shares with ((s) is that a lot of questions concerning
irrationality remain to be answered. So far, for ¢ = 1/p with p € N\ {0, 1},
only (,(1) and (,;(2) have been shown to be irrational. The former was
done by Borwein [5, 6] in 1991-1992, and, using a different approach, by
Bundschuh and V&énénen [7] in 1994. Note that a 1988 result by Bézivin
[3] can be used to prove this irrationality. The irrationality of (,(2) was
proven by Duverney [9] in 1995, the transcendence of (4(2) (and in fact
of (4(2s),s € N) is a consequence of a general result by Nesterenko [12],
[13]. Moreover, the three values 1, (,(1),(,(2) have been shown to be Q-
linearly independent by Bundschuh and Véénéanen [8], by Zudilin [18] and
by Postelmans and Van Assche [14].
In this paper we will prove the following result.

THEOREM 1.1. Let ¢ = 1/p, with p € N\{0,1}; let o = 107?/(572 — 24).
Then (4(2) is irrational, and the inequality

Cq(2)

has at most finitely many integer solutions (a,b).

_ g S ‘b‘*@
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Another way of putting this statement is by using the irrationality mea-
sure p. There are a number of equivalent definitions for this irrationality
measure (Liouville-Roth constant, order of approximation, irrationality ex-
ponent). One of them is

() = inf{g :

Notice that for a rational number x we have u(x) = 1, whereas for an
irrational number = we have u(x) > 2 ([10, Theorem 187]). So the theorem
implies that

a
r— —

b‘ > bere Ve > 0, Va,b € Z, bsufficiently large}.

1072
2 < 2N < ———

This is sharper than the upper bound 4.07869374 given by Zudilin [17].

The proof of the theorem is a g-adaptation of proofs of the irrationality of
¢(2), as given by Apéry [1], based on Hermite-Padé approximation [2, 15].
It uses type I Hermite-Padé approximation to two functions f; and fo,
with the property that fi(1) = (,(1) and f2(1) = (4(2). The polynomials
that arise in this approximation can be found explicitly because they are
closely related to a specific family of orthogonal polynomials, namely the
little g-Jacobi polynomials.

We can prove the irrationality and give the upper bound for the measure
of irrationality of (,;(2) using the following two lemmas:

~ 3.8936.

LEMMA 1.2. Let x be a real number and suppose there exist integer se-
quences ay, by, (n € N) such that

1. bpx —an #0 for alln € N;
2. limy, 00 (bpx — a,) = 0.

Then x s irrational.

LEMMA 1.3. If the conditions of the previous lemma hold, with |by,x—a,
= O(1/b) and by < bpiy < by "V then p(z) <1+ 1/s.

For the latter, see e.g. [4, Ex. 3, p. 376].

REMARK 1.4. Since an easy calculation shows that for a natural num-
ber r,

o] 00 r—1 i

qu quk qz
D I e ) D e R )
k=1 1 q k=1 1 q i=1 (1 ql)

we also obtain the irrationality of the series
quk
l—gq

PR
k=1



Moreover, these numbers obviously have the same irrationality measure
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as (4(2).

2.

used:

In the literature, the g-integral is often defined with an extra factor 1—gq,
which makes the g-integration and the g-derivation inverse operations. Since
we do not need this property, we drop the factor to prevent it from arising
everywhere in the approximations and the analysis. We will need the little
g-Jacobi polynomials. These are given by the explicit formula (see [11])

(2.1)

Some g-calculus. The following elements of g-calculus will often be

the g-Pochhammer symbols (a;q), = H;:Ol(l —aq’) and (a;q)ee =

H?io(l - aqj)§
the g-binomial factors

where a straightforward calculation shows that

nyo_ k(n—k)[n] .
=q ;

the g-derivative

f(x) = flgz) .
Dyf)={ ai-q 7"
1/(0) if z = 0;
the q-integral
q' oo
| (@) dgz = d"f(d")
0 k=i
and v
q q" ¢
| f@)dgx =\ f(2)dga — | f(2)dya;
q7 0 0

the g-Leibniz rule
Dy{f@la(o] = 3| | DhI@)D; Hatata)

k=0

n+1

—-n

,ab
Po(z:a,blq) = 2 ( a"abg

n

Q§q33>

(@™ @) k(abg™*; )y, ik
(¢;0)r(aq: Q)

aq

)

B
Il
o
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and there also exists a Rodrigues formula

(975 q) 0o

(22) (@775 q) oo

2Py (7;4%, ¢ | q)

(qa+1; q)TL (qﬁ+n+1x7 q)oo

The orthogonality is given by

— (bg; q m
(2.3) ZW(@Q)kPn(qk;a,b\Q)qk =0, m=0,...,n—1.
0 q;9)k

For g-integrals there exists an analogue to integration by parts, which is
called summation by parts.

LEMMA 2.1 (Summation by parts). If g(p) =0 or f(1) = 0 and if both
series converge, then

> F( @) Dpg(a)l e = =D 0" 9(q") Dy f ()|
k=0 k=0

3. Approximations to (,(2)

3.1. The Hermite—Padé approxzimation problem. The following Hermite—
Padé approximation problem is considered: find polynomials A,, B, of de-
gree < n and C,, of degree < n — 1 for which

(3.1) Fo(2) = An(2) + Bn(2)log,(2) =0 for 2z = Lp,p% ..., p"
(32)  An(2)fi(2) + Bu(2) fo(2) — Cu(2) = O(1/2"F1), 2z — oo,
with log, z = log z/log q the logarithm to base ¢ and
1 1
filz) = S dg . fa(z) = Slogqaj

22—
0 0

dgx

z—x

We suggest the following expression for F,,(x), where R,, is a yet unknown
polynomial of degree n and x is any point on the grid {¢' : i € Z}:

dt
t

X

1
(3.3) Fo(z) =Ry, (t

x

)atian,

This choice of F,, satisfies the first condition (3.1): if we use the definition
of the g-integral we get

-1

(3'4) Z R l+k k+1 )n — _ZRn(pk)(qk+1fl;q)n.

k=—I k=0
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It is now obvious that for 1 <1 < n we have (¢"*1 ! ¢), = (1 — ¢**170) ...
(1 — ¢**1), and since the summation index k runs from 0 to [ — 1, the
factor (1 — ¢°) is present in every term, hence Fy(p') = 0. If [ = 0, then
F,,(p') is an empty sum, hence also zero.
The orthogonality conditions that follow from the second part of the

Hermite-Padé approximation problem are given by

1
(3.5) SFn(x)xmdqxzo, m=20,...,n—1,

0
and they will allow us to find what the polynomials R,, really are:

1 11 T d t
(3.6) 0:SFn(x):I;mdq1::HRn<t> (gt; On - " dgx
0 0x
1 1
= ¢" " (at; @)nt™ dyt | Ru(gy)y™ dgy.
0 0

REMARK 3.1. The diligent reader may think that there is a mistake in
this last expression: by switching the order of integration and replacing z
by yt, one would expect a factor R,(y) in the last line. However, if one
replaces the integrals by sums according to the definition of g-integration,
and one then switches the order of summation, this factor turns out to be
R, (qy). This shows that one has to be extremely careful when working with
g-integrals.

The first integral of (3.6) is the integral over [0, 1] of a strictly positive
integrand, so this factor is positive, which means that the other integral
has to be zero. Comparing this to (2.3), we conclude that the polynomials
R,, should really be the little g-Jacobi polynomials P,(px;1,1|q) (up to a
constant factor), which are in fact little ¢-Legendre polynomials [11, §3.12.1].

We use the explicit expression for the little g-Jacobi polynomials (2.1)
and insert it in (3.3), to get

1
~ (gt zn: " k(g™ @)k 28 dgt
2 = (@ 9)7 thot

n 1
Z 1)k ph(k+1)/2- nk[ } [n—i—k} Iks (qt;q)"dt
k q~-
=0 k p k P x ¢ i
Since

(qt; @)n ZP (h=1)/2= ”k[k} (—1)*e,

p

we only need an expression for Sx t"dgt withm = —n—1,...,n— 1.1t is
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easily shown that

1 1 —gmtl
[t dgt =< 1= gmtl
x log, = ifm=—1.

if m #£ —1,

Hence

Fu(z) = Zn:(—l)’“p’“kﬂ)/z—nk [Z] [n —kk k}

k=0
n

k i
Nl iGi41)/2—ni e
P> [z] prE Ly pl —pk
i=0, ik p

& 2[n]?[n+k
—2kn—+k k
+ g P [k] [ I ] T logqx
k=0 p P

So, using the definition of F, in (3.1), we find that the polynomials A,
and B,, are given by

(3.7) An(z) =Z<—1>’“pk<k+l>/2_nk[n} [n+k]
k k
k=0 » »
- n (% —ni ZL'k—ZU
s M P ) S
i=0,i#k P p—p
n 2
— —2kn+k2 | T n-+k &
(3.8) Bu(z) =3 p M [ ‘ ] "
k=0 P p

The Hermite—Padé approximation theory also gives us an expression for the
third polynomial C,. We have

| An(z 1 Bn(z B()
(3.9) Z p— +Zl i

Plugging in the formulae (3.7)—(3.8) for A,, and B,, and changing the order
of summation, we arrive at

Z Z k+z|: } [n} [n+k] k=it k(h1)/2i(i41) /2
SLil,l k], pi — pk

k=01=0,1#£k
o i
+x — gt
qul ]
—dq
!

" n n+k —okn = g
+ Z|:k:| |: :| p 2k +k22x_ l (l’k _qlk)‘
p q

=0
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Using three times the identity

An _ pgn n—1
— Z AtBn—t—l
A-B pard

we can further isolate the infinite sums, which can now be calculated. To
that end we use the series

A
l
g ZA—i(l_ 2k |Al < 1,
1=0

in the second term. This leads us to a closed formula for C,,:
1 () = )k n|l [n] [n
310 G@=> > o] ]
k=01i=0,i#k p p p

P

—nk—ni+k(k+1)/2+i(i+1)/2 [kl pFtat i1 pi~tyt ]

pi _ pk — pkft -1 — pi—t -1

n 2 k=1 k—t, .t

nl“in+k| _opnik2 Pt

CS L] S
k=0 k P k P t=0 P+t =1)

Evaluating (3.2) at p™ and using (3.1) shows that a;, /b} is an approximation
for (4(2), with

n—1
* n k
(3.11) i = Ba") Y
= P 1
(3.12) bt = Ba(p").

+ Cn(pn)v

3.2. Integer sequences. To get some results regarding irrationality and
the irrationality measure, the numerator and denominator of the approxi-
mant should be integers. So we will have to multiply them by an expres-
sion e, in such a way that the numbers

(3.13) ap = epa, and b, =e,b;

are integers. Looking at the explicit formulae (3.8)—(3.10) for B, (p") and
Cn(p"), we can deduce the factors that are needed in e,. Keep in mind that
p = 1/q is a natural number greater than 1.

It is well-known that the p-binomial factors are integers, hence only
powers of p can arise in the denominator of B, (p™). There is a factor ka_”k
in B, (p"), with the summation index k£ going from 0 to n. The minimum
of this exponent is obviously —|n?/4] (with [-] the floor function), so we
conclude that

B, (") € Z.
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The possible denominators that arise in the term

n—1 k

B,(p" —_

are then clearly cancelled out by plm*/4] lem{p/ —1:1<j <n— 1}, where
lem denotes the least common multiple.

Finally, we need to find the denominator of Cy,(p"). This denominator
consists of factors p/ and p? — 1. Looking at (3.10), we see that the latter
are completely cancelled by the factor

(lem{p’ —1:1<j <n})2
It is well-known that, as a polynomial in x,
lem{z/ —1:1<j <n}=du(z),

with
(3.14) dn(z) = [ [ Sal),
d=1

where @4 are the cyclotomic polynomials defined by

d
Dy(z) = H (2 —wh) with wy=e>™/9,

k=1
(

ged(k,d)=1

Hence, putting a factor d2(p) in e,, will cancel all factors of type p’ — 1. The
only other denominators that can originate from C,,(p") are powers of p.

At first glance, the factor needed to cancel these powers of p would
be p"Z_”. However, calculations using Maple indicate that a factor pL”Z/ 4
is enough. This will indeed be proved in the next section. This leads us to
the following

LEMMA 3.2. If we choose
(3.15) en = p" /N (),
then a, and by, as defined in (3.13), are integers.

REMARK 3.3. From (3.9) or (3.10), we see that C,,(p") consists of two
terms: one originating from A,, the other originating from B,. It is easy
to show that both these terms have the predicted denominator p”Q_'”, but
as mentioned before, putting these two terms together results in the dis-
appearance of these high power denominators, making |n?/4| the largest
remaining exponent of p in the denominator of C,,(p").
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3.3. Proof of Lemma 3.2. We will work with the g-Mellin transform of
the expression F,. The g-Mellin transform of a measurable function f on
the g-exponential lattice on (0, 1] is given by

R 1
Tls) = | f@)a* dy.
0
The particular structure of F), as given in (3.1), and the orthogonality con-
ditions as stated in (3.5), allow us to give an explicit expression for F:
s—n+1.

Fos) = (p;p)n ¢°(q ;O
n - .
pn2+n+1 (qs—&—l; q)n—f—l

The Hermite-Padé theory gives us an expression for the error term of the
approximation. In this case we get

0 k e8]

* * q -

bnGe(2) — ay, = Z M Fn(qk) = qnzqan
k=0

1=0
Let us now introduce the rational function
T"(Tq "5 q)n

Rn(T;q) =
(T 9)2,,

and the series
oo
9) =Y _d'Ruld;q).
1=0

Then obviously

pn2+n+1 o0 P pn2+2n+1

3.16 S =— E() = ———F—b:((2) —a
(3.16) @)= ;q n) ="y, k(@) =)
A partial fraction decomposition gives

2 n+l

=22 15’ jT

s=1 j= 1 4
with

d2fs

7= (Bn(T:0)(T = 7)) .

dsjn(q) = (—1)°¢"*

for s = 1, 2. Isolation of the infinite sums allows us to recognize the expres-
sions for (,(1) and (4(2), and we obtain

n+1 n+1

Zdl,], C] Cq +Zd2,]n C] gq() Dl(n7Q)_D2<n7Q)

7j=1
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with
n+1

n,q) = Z di,jn(9)q”
j=1

n+1

>
q) = Z d2,jn(q)q™ Z =42
j=1 =1

Since we already know from (3.16) that S,(q) is a Q-linear combination
of 1 and (4(2), and since the three numbers 1, (;(1), (,(2) are Q-linearly
independent (see [14]), we see that the coefficient of (4(1) has to be zero.
Moreover, calculating Dy and Dy in terms of the integer p = 1/q, we obtain

n+1
Dl(n,q) pn+1 ) (n+2) Zp] —nj— 2] p,P)J 1(p7 n— j+1zp 1
7=1
n P k+j n+1
(-2 zp] 12 Y 1)
k=1 k=j+1
n+1 l
Dy(n, q) = p™mHi( n+2)2p] M2 (p s p) (s p);> % (p5p),2 ]Jrlz 1
7j=1

Now it is an easy task to see that both these quantities contain a power
p[?’”z/ 41+2n+1 55 a factor in their numerator. Together with (3.16) this allows
us to conclude that the highest possible exponent of p in the denominator
of a} is [n?/4], and hence that the factor e, as proposed in (3.15) indeed
makes a, and b, integers.

Since we have an explicit expression for the coefficient of (,(1), its van-
ishing yields a g-binomial identity:

COROLLARY 3.4. The following identity holds:

. 2
S
§=0 nodqldlg

n+j J n—j k
1 q
n+ Z -3 -2 k) -
( 1_q it et
Multiplying by 1 — q and lettmg q tend to 1, we obtain the identity

> (”;L”) <?)2<H<n+j> +2H(n — )~ 3H(}) =0,

=0

where H(n) = >"}_, 1/k are harmonic numbers.
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4. Irrationality of (,(2)

4.1. FEstimate for the error term. So far we know that a, and b, are
integers, and that a, /b, is an approximation of (;(2). Now we want to
estimate |b,(y(2) — an|. To meet the conditions of Lemma 1.2, we need to
prove that this quantity tends to zero as m tends to infinity, and that it
is never zero. Once again we use the expression for the error term of the
approximation:

00 2
(4.1) bnCal(2) = an = en D T Fa(d).
k=0

In this last expression we need Fj,(¢¥). This can be calculated using (3.3):

q

1 qk d k—1

4.2) Fo(¢®) = L (qt: ), 22 k=11, 1. )

12) Rl = | (D)t = 3 s ) 0,
gk =0

If we now use the Rodrigues formula for the little g-Jacobi polynomials (2.2)

and plug this into (4.2), then after changing the order of summation we get

qn(n—l)/2+1(1 _ q)n
by (2) —an| =e
‘ n q( ) n‘ n (qq)
[e.e]
<P S e Dyl
=0 r=q
Applying n times summation by parts (Lemma 2.1) we have
qn(n+1)/2+1(1 _ q)n
bnCy(2) —an| =e
‘ n q( ) ”‘ n <Q'Q)
- 1
H—l l k-‘rl n
X kpn( =
Sty (e )|

Now it can be proven by induction that the g-derivative needed in this last
expression is given by

1 ¢ (q; q)np™ /2
pr =g (1= q)" [T (" — zg'tt)

We recognize a double g-integral for |b,(4(2) — ay:

Dy

n+1

11 )

dgy|.
H;‘Lo(pnﬂ —qu) ol

None of these factors is zero, and the integrand is strictly positive on (0, 1],
so we see that the first condition of Lemma 1.2 is satisfied.

00
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Obviously, H?ZO(p”H — qry) reaches its minimum at (z,y) = (1,1).
Moreover, the function (qz;q),x™ reaches its maximum in x = 1, as long
as 0 < g < 1/2, which is the case we are working with since p = 1/q is an
integer. To see this, it is enough to show that z(1 — ¢™z)/(1 — ¢™) < 1 for

all z € [0,1] and for m =1,...,n. So we can make the estimate
(@:9); ¢
4.3 bn(y(2) —an| <e 4 .
(43) ona(2) = an < en (1—q)? [Ti=(™™ —q)
_ (g 9)ng™! Fntn/2,

=e
(1= @
4.2. Asymptotic behaviour. The asymptotic behaviour of the cyclotomic
polynomials is known (see e.g. [16]) and is given in the following lemma.
LEMMA 4.1. Suppose p is an integer greater than one and let d,, be given
by (3.14). Then
lim cln(p)l/"2 =pi/.

n—oo

Hence the expression (3.15) has the asymptotic behaviour

(4.4) lim e,/ = o/

and (4.3) has the asymptotic behaviour
(45)  lm [baGy(2) — a7 < g2 5 00,

So we conclude that also the second condition of Lemma 1.2 is satisfied, and
hence that (,;(2) is irrational.

REMARK 4.2. One could try to use the same method to prove the irra-
tionality of

() =Y~

—k
il

with g2 = 1/pa, g1 = 1/p1 and integers p1,pa. Little g-Jacobi polynomials
with different parameters are needed in this case. However, the e, which is
needed to cancel the denominators turns out to be too large and

. 2
lim [b,Cgy,40(2) — an\l/” > 1.
n—oo

Hence we cannot deduce the irrationality for this family of numbers. The
case where p; and py are related in a certain way (they are both powers of
the same integer p) gives asymptotically better results, but still not good
enough to prove irrationality. So we only obtain the irrationality result for
the family of numbers mentioned in Theorem 1.1 and Remark 1.4.
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4.3. The measure of irrationality. To use Lemma 1.3, we need to get a
value for s in |b,(y(2) — an| = O(1/b;,). We already know that

lim [bnCy(2) — an V™ < p&/m=5/4,

If we can now find the asymptotic relation between b,, = e, B, (p") and p"2,
then we obtain the desired value for s. From the explicit formula (3.8) for
By, (p™) and the asymptotic behaviour of e, in (4.4), it is clear that

lim brll/nQ _ p6/7r2+1/4+1 (24+57r2)/47r2'

n—o0

Together with (4.5), this means that
’anq(Q) B an| _ O(l/bq(l5w2_24)/(57r2+24)).
Hence Lemma 1.3 gives us an upper bound for the measure of irrationality:

572 4 24 1072
2)) <1 —
M(Cq( ))— +57T2—24 57_[_27247

which concludes the proof of Theorem 1.1.

=D

5. Concluding remark. It is worth noticing that our sequence of ra-
tional approximants coincides with Zudilin’s [17]. However, thanks to the
treatment in Section 3.3, we were able to extract a better exponent of p:
compare our

lim (b Gy (2) — an /" < po/ =5/
to formulas (70)—(72) in [17], which give Zudilin’s estimate

lim ’ﬁn‘l/nQ §p6/7r2—1’

n—oo

where H, is a Z-linear combination of 1 and Cq(2).
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