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1. Introduction. A sequence (x,),>0 in R® is said to be uniformly
distributed modulo one if for all intervals [a,b) C [0,1)® we have

(1) lim #{n:0<n<N,{z,} €a,b)}
N—oo N

where A; denotes the s-dimensional Lebesgue measure and {x} denotes the

fractional part of a vector  applied componentwise. Furthermore, a se-

quence (&,)p>0 in R* is said to be well distributed modulo one if for all

intervals [a, b) C [0,1)° we have

2) lim #{n:v<n<v+N,{x,} €[a,b)}
N—oo N
uniformly in v € Ny.
Of course, a sequence that is well distributed modulo one is also uni-
formly distributed modulo one but the converse is not true in general.
Quantitative versions of (1) resp. (2) are often stated in terms of dis-
crepancy resp. uniform discrepancy. For a sequence w = (@y,)n>0 in R® the
discrepancy is defined by

Dy (w) = sup #{n:0<n <N, {an} € [a,b)}
a<b N

= )‘8([0’7 b)),

= )‘8([0’7 b))

- AS([GW b)) )

where the supremum is taken over all subintervals [a,b) of the unit cube
[0,1)%. The so-called uniform discrepancy is defined as

Dn(w) = sup Dy ((Zpsv)n>0)-
vENp
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A sequence is uniformly distributed modulo one if and only if its discrepancy
tends to zero as N goes to infinity, and it is well distributed modulo one if
and only if its uniform discrepancy tends to zero as N goes to infinity.

An excellent introduction to these and related topics can be found in the
books of Kuipers and Niederreiter [16] and of Drmota and Tichy [5]. See
also [19].

In this paper we consider uniform and well distribution properties of
special sequences which are generated by so-called Q-additive functions, with
respect to Cantor digit expansion with base Q = {qo,q1, ...} where ¢; > 2
are integers for all i € Ny.

Details about Cantor digit expansions (sometimes also called mixed-
radix systems) can be found, e.g., in [15]. We will call @ = {qo,q1,...}
with integers ¢; > 2 for all i € Ny a Cantor base and we set Qy = 1,
Qr = qo---qp—1 for k € N (we can, e.g., take Qr = (k + 1)!). The spe-
cial case of ordinary g¢-adic expansions, ¢ > 2 an integer, is recovered if
we choose gy = ¢1 = --- = ¢ and hence Q; = ¢*. The main difference
between (Q-adic and ordinary g-adic expansions is that in the general case
the ith digit can take values in {0,...,¢ — 1}, which may vary with ¢ and
even become arbitrarily large. Each integer n has a unique finite represen-
tation

n=no+nigo+ nagoqs + - = > _niQs,
i>0
with n; € {0,...,¢; — 1} for i € Ny. We will call this the Q-adic expansion
or the Cantor expansion of n. Additionally, each real number x € [0,1) has
a representation of the form

X X X Z;
P R T .
>0

4@ 701 G0q1G2 Qiv1

with x; € {0,...,q; — 1} for i € Ny.

Let Q = {qo,q1,...} be a Cantor base. A function f : Ny — R is called
Q-additive if for n € Ny with Cantor expansion n = ng+ n1qo + n2qoq1 +- -
we have

F) = FOng) + fO(ny) + FP(ng) + - --

for a sequence of functions f@ Ny - R,i>0. Because the domains of
definition of the f() exceed the ranges of the n;, the f () are not uniquely
determined by f. If in addition there exist f( and an f* : Ny — R such
that

f(O) _ f(l) _ f(2) ==

then f is called strongly Q-additive. For the g-adic case see, for example,
[5, 6, 11].
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REMARK 1. Note that we want the sum-of-digits function to be strongly
(Q-additive, so we cannot simply define strong ()-additivity by the condition

(3) f(n0+n1Q1+---):f(n0)+f(n1)+...

as would perhaps seem natural in view of the ordinary g¢-adic example.
Indeed, let @ = {3,5,...} and f equal to the sum-of-digits function, sq.
Then f*(n) = n and f(3) = f(0O+1-3) = f*(0)+ f(1) = f*(1) =1
and similarly f(9) = f*(3) = 3 # f(3), which would lead to contradictions
under condition (3). Therefore, to avoid the recursivity which causes this
contradiction we distinguish the function f from the “digit function” f*.

An example of a Q-additive function is given by the function n — an, or
more generally, the weighted sum-of-digits function of the Cantor expansion,
defined for a sequence v = (7;)i>0 by sg~(n) =noyw +nim+--- if n € Ny
has Cantor expansion n = ng+niqo+- - - . If the weights ~; are constant, then
5Q is even strongly Q-additive. (We remark here that asymptotic formulas
for the average values of the sum-of-digits function and the average numbers
of occurrences of fixed subblocks in Cantor representations of integers are
established in [14].) By choosing v; = Q;rll we obtain the “Cantor version”
of the van der Corput radical inverse function. For v; = a@); we obtain the
function n +— an and for 7; = o we obtain the function n — asg(n), where
sg(n) is the usual (unweighted) Cantor sum-of-digits function. Hence all
those functions are examples of ()-additive functions.

For Cantor bases QW,...,Q®) and 1 < i < s, let fi denote a Q-
additive function and let f : Ny — R* f(n) = (fi(n),..., fs(n)). In the
case of strongly Q-additive functions we write f* for (ff,..., f¥). Now we
consider the s-dimensional sequence

(4) wg = (f(n))n>0-

If f is a one-dimensional, ordinary g-additive function, then it is known
that if the sequence (4) has uniform distribution modulo one, then it is
already well distributed. In this paper we give a quantitative, multi-dimen-
sional version of this fact for Q-additive functions in terms of discrepancy.
Our aim is to give an if and only if condition under which the sequence (4) is
uniformly distributed modulo one in the case where QW =...=Q6 = Q.
Such a condition was given in [18] in the case of the weighted g-adic sum-
of-digits function. For the one-dimensional ¢g-additive case such conditions
were proved in [12]. Furthermore, for strongly @-additive functions we also
provide quantitative results in terms of discrepancy.

In the case of different but pairwise coprime Cantor bases Q). ..., Q®
(meaning that gcd(Q,(;),Ql(J)) =1foralli,je{l,...,s},i#7, k,l>0) we
can give a sufficient condition for uniform distribution modulo one and, in
case each f; is strongly Q®-additive, also a necessary one.
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Well distribution properties of one-dimensional sequences (af(n))n>0 for
irrational a and strongly g-additive functions f attaining only non-negative
integer values are studied in [3] in more detail. Of course, the sequences given
by (4) contain such sequences as special case. Results on one-dimensional
@-additive functions that slightly improve ours and various special cases can
be found in [10].

We close this introduction with some notation. Throughout the paper
the dimension s € N is fixed. By ® - y we denote the usual inner product
of the vectors  and y in R®, |-| denotes the integer-part function and || - ||
the distance-to-the-nearest-integer function. Finally, if f is an s-dimensional
vector of ()-additive functions with the same base ) in each component,
we set £ = (fl(l), ce fs(l))7 where fi(l) (a) = fi(a@) (i.e., the upper indices
have the same meaning as in the definition of Q-additivity) for [ > 0, a < ¢;,
i€ {l,...,s}, and analogously in the case of strongly @Q-additive functions
for f*.

2. Results for equal Cantor bases. It was first shown by Coquet [2]
(see also [1]) that a one-dimensional uniformly distributed sequence which
is generated by a g-additive function is already well distributed. Here we
give a quantitative version of this fact in terms of discrepancy. We consider
the more general multi-dimensional Cantor case.

THEOREM 1. Let @ be a Cantor base and let f : Ng — R® f(n) =
(fi(n),..., fs(n)), where each f; is Q-additive. Then

Dy (wy) <5 (Do, (wp)/ ¢+,

where kn is such that Qp, < VN < iy Qry = Qry+1-

Proof. First we use a technique from [3]. Fix v € Ny. For N € N choose k
such that Qr < N and mj, mg such that (m; — 1)Qr < v < mQy and
meQr < v+ N —1< (ma+1)Q — 1. Then for h € Z* \ {0} we have

v+N-1 ma—1 (t+1)Qr—1

’ Z 2mihef(n) ‘ <20 + Z ‘ Z 27rih~f(n)‘

t=m1 n=tQx

ma—1 Qr—1

— o+ S| Y s

t=mi1 n=0

Qr—1

Z e27rih~f(n) )

n=0
We have N +miQr —1> N+v—12>meQ and so mg —my < N/Qy. Let

=2Q) + (ma —myq)
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kn be maximal such that Q, < v/N. Hence for all h € Z*\ {0},

1 v+N-—1 . QQ Qk 1 .
‘ Z e27r1h,-f(n) < min ( k ‘ 27r1h-f(n) >
N — keNg Qk
n=v QL<N n=0
< min {22540 (h) Do, (wy)) <5 r(R) Do, (ws)
S keNo \ N Qr\Wf s Qrp \WF)
Qr<N

where for the second inequality we have used [17, Corollary 3.17] and where
we define r(h) = [[7_; max{1, |h;|} for b = (h1,...,hs) € Z*. Now we use
the Erdés—Turdn—Koksma inequality (see, for example, [5, Theorem 1.21])
to obtain, for all H € N,

v+N—-1
‘ § e27‘(’1h f(n

Dr((f(nt)zo) <o 2+ Y

O<||hHo<,§H

h)| N

1
<s 77+ H' Do, (wp).

Choosing H = |(Dg,, (W)Y we find that Dy ((F(n + v))ns0) <s
(Dgy,, (wy))/ G+ uniformly in v € Ny, and hence the result follows.

We give a full characterization of @-additive functions f : Ny — R® for
which the sequence (4) is uniformly (resp. well) distributed modulo one. The
proof is based on estimates for exponential sums and Weyl’s criterion for
uniform distribution modulo one (see, for example, [5, 16]).

THEOREM 2. Let Q be a Cantor base and let f : Ng — R5, f(n) =
(fi(n),..., fs(n)), where each f; is Q-additive. Then the sequence wg is
uniformly distributed modulo one if and only if for each h € Z°\ {0}, either

0o qr—1
Z > k- fP(a))? =
k=0 k a=1

or there exists at least one k € Ny such that

gr—1

§ aran 0 g
a=0

Before giving the proof of this result we state a corollary for strongly
@-additive functions and we give some examples.

COROLLARY 1. Let Q ={qo,q1, ...} be a Cantor base such that >, ~,1/q3
= 00. Set gap equal to the maximal finite accumulation point of the sequence
(gi)i>o0 if one exists and qap := 0o otherwise, i.e., if there are either zero or
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infinitely many finite accumulation points. Let

qap  ifqap < oo, Y 1/ < oo,
k>0
(5) q* . qrx>qAP

o0 if gap < o0, Y. 1/q£:oo or if gap = oo.
E>0
qx>qAP

Let f : Ng — R®, f(n) = (fi(n),..., fs(n)), where each f; is strongly Q-

additive. Then the sequence wy is uniformly distributed modulo one if for

every h € Z°\ {0} there is an a with 1 < a < ¢* such that h - f*(a) & Z.
For all Cantor bases Q such that

1
(6) either q is bounded, or VYa>0: Z —5 = 00,

k>0 £
qr>a

the statement can be sharpened to an equivalence. (Of the cases considered
in the first part this excludes QQ such that gap < 0o and limsupy>qqx = 0o.
See also Example 3.)

The proof of Corollary 1 will be given after the proof of Theorem 2.

EXAMPLE 1. Let Q be a Cantor base with >,_,1/¢? = co. Consider
the two-dimensional sequence wq , where the first component is the @-adic
van der Corput sequence and the second component is (asg(n))n>o with
a € R\ Q, where sg(n) denotes the sum-of-digits function with respect to
the Cantor expansion ). Hence fi(n) =no/Q1 +ni1/Q2+ --- and fa(n) =
noa + nia + - - - whenever n = ng +n1Q1 + no@s + - - - . Both functions are
Q-additive and £ (a) = (a/Q¥t1, aa). For h = (h1, hy) € Z2\ {(0,0)} we
consider two cases. If ho = 0, then hy # 0. Choose k£ € Ny maximal such
that Qg | h1. Then Zg';})l e?m1h1a/Qri1 — (. If hy # 0 we have

>~ 1 qr—1 a 2

E — E h1 + hoac|| = oo.
2

=0 /—") Qr+1

Hence the sequence wg . is uniformly distributed modulo one for « irra-
tional.

ExaMpPLE 2. Let f,Q,q" be as in Corollary 1. If there is an a with
1 < a < ¢* such that 1, f{(a),..., fZ(a) are linearly independent over Q,
then the sequence wy is uniformly distributed modulo one.

ExAMPLE 3. Consider the Cantor base Q = {2,4,2,8,2,16,2,...} to-
gether with the strongly @-additive one-dimensional function f given
through f* defined by
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ie.,
. 0 if0<n<2,
frin) =4} .
o-llogan] if > 2.

Then by the second condition of Theorem 2, f(n) is uniformly distributed
modulo one, but there is no a with 1 < a < ¢* = 2 such that hf*(a) ¢ Z.

Note that this function is closely related to the binary van der Corput
radical inverse function which itself is only g-additive but not strongly. Sim-
ilarly, f* and f can be constructed with respect to arbitrary Cantor bases
Q' and any ¢*.

Proof of Theorem 2. Let h € Z° \ {0}. For fixed k € Ny and u €
{0,...,qr — 1} we have
ar—1

Z 2rih. f(

4l - £ 5 (w))?

and hence
qr—1 qr—1

Z e2mihef Z b F P (@)|* =: qi — vi(h).

For h € ZS \ {0} and k € Ny we con31der the condition

qr—1
() Y @rnd®e g,
a=0
For j € Ny we have
i Qi 2rih-f(n) ﬁ qkz: 2rih-£F)(a H a — vi(h H 0;
O Q k=0 a=0

(*k) holds

here and later on an empty product is considered to be one.

Let N € N with Cantor base () representation N = Ny + N1Q1 +--- +
NpQm with Ny, # 0. As in [18] for the special case of g-adic weighted
sum-of-digits function, we can show that

‘Z o2rih-f(n)

ZNJQJ+ZNJQJH o H

(*k) holds

for any r € Np.
If there exists a k € Ny such that () holds, let ky be minimal with this
property. Then we have

‘Z e27r1h.f (n) ZN]QJ H qr — Z Qk0+1 1
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If (%) holds for no k € Ny, then

N-1
(7) ‘Z eQwih-f(n)

Define z, := Q,/[[;_o L ;: (h) > @, and choose r such that z, < N <
Zyy1. Then

r—1
) Q< N[ — ),

r—1
— h
LN H @ — vi( ).
=0 gk

Since vg(h) < L2 L <1, we have, on the other hand,

qk
qx — ve(h Tl 1
H H Qr+l

C_Ik

and hence

N < Qr+1/H o= “ () < Qi

Thus r > ry, where ry is minimal such that @Q,, > L\/N |. Hence

9) HQk—Vk <HQk—Vk
From (7)-(9) we ﬁnd
N-1
(o) |3 e
n=0
In both cases we obtain N~! 27]1\[:01 eQﬂlh'f( ") — 0 as N — oo. Hence

the result follows by Weyl’s criterion.
Assume now that there is an h € Z° \ {0} such that

ry—1 qr—1
gzzvexp( > LN e #9() u?)

kal

lIkl
Z > k- P a))? <
kokal

and (*) never holds, i.e., Y 2 Le2mih f(a) £ 0 for all k € No. Then for
j € Ny we have

Jj—1 qp—1

Q H Z 2rih- f %) (a) ?é

k=0 a=0

27r1h, f(n)

‘QJ n=0
Using [18, Lemma 1] we obtain
qe—1

Z e27rih-f(k)(a)

a=0

> qu(1 = mvi(h)).
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Let 0 < ¢ <1 and let I € N be so large that 1 — 723", ., vx(h) > ¢ > 0. For
j > 1 we have

1 Qj— qr—1 k) Jj—1
— Z 2rih- f(n H Z e27r1h~f (a) H (1 - 7T21/k(h))
Qj = a=0 k=l+1

_c’(1—7r22yk(h)) >c - c>0

k>l
and by Weyl’s criterion wy is not uniformly distributed modulo one. m
Proof of Corollary 1. If each f;, 1 <1 < s, is strongly @-additive, then
the condition from Theorem 2 reads as follows: for every h € Z°\ {0}, either
qr—1

Z lehf )P =

or there exists a £ € Ny such that ngz_ol e?mih-fi(a) — .

Assume that for every h € Z° \ {0} there exists an o’ with 1 < d’ < ¢*
such that h - f*(a') & Z. We want to show equidistribution and distinguish
two cases:

1. ¢* = qap < oco. Then

le oo g¢'—1
Z Y b @) > QZZth )|
kokal k=0_ a=1
k=q"
IIhf 'uzil
qu

and the last sum diverges since g, = ¢* for infinitely many k& € Np.

2. ¢* = oo. Note that if gap < oo and the required sum diverges, and
also if gap = o0, i.e., qr has zero or infinitely many accumulation
points, the second condition of (6), qu>a q,?z = oo for all a > 0,
holds. Hence

=1 & =1 .
Z 2Zuh =Y 5k f )| =oo.
k=1 Ik a1 =1 Ik

qr>a

In any of the two cases the sequence wy is uniformly distributed modulo
one.

Now assume that wy is uniformly distributed modulo one but there exists
an h € Z°\ {0} such that h - f*(a) € Z for every a with 1 < a < ¢*. We
distinguish the same two cases, slightly enhancing the requirements in the
first case for this direction:
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. ¢" = qap = limsupy>q qx < 00, i.e., the case of bounded g remains.

Since for a uniformly distributed sequence each coordinate sequence
has to be uniformly distributed as well, it is enough to consider the
case s = 1 only. Fix an integer h # 0 such that h - f*(a) € Z for all a
with 1 < a < ¢*. We may assume that h > 0. Define

h—1

I:= U [z/h,z/h +€)

z=0

with € > 0 small enough to be determined later. The set J := {k €

No
(a)

:qr > ¢} is finite. We distinguish two cases:

If J is empty, then for any n > 0 with Cantor expansion ) .., n;Q;
we get hf(n) = hf*(no)+hf*(n1)+--- =2 € Z, hence {f(n)} € I
for all n € Ny. But A(/) = he < 1 for € > 0 small enough, so
(f(n))n>0 is not uniformly distributed modulo one.

If 1 < |J| < oo, then J contains a maximal element k. For | > k
we define N; = @Q;. We will deduce

Ny
[kes ar
For any n = Zz‘zo n;Q; with n; = 0 for all j € J we have
hf(n) € Z and {f(n)} € I as in the case above.
Since #{n :0<n < N;, nj =0for all j € J} = Ni/[[.cs ax the
inequality (11) holds true for all N; with [ > k. So for € chosen
appropriately we have

#{n:0§n<N,{f(n)}€I}> 1

N T kes ax

for infinitely many N € N. Thus (f(n))n>0 is not uniformly dis-
tributed modulo one.

#{n:0<n< Ny, f(n)el} >

> he = \(I)

2. ¢* =o0. Then h - f*(a) € Z for all a > 1. Hence

le
Z > Ih-fr @] =
k:Ok’al

and ng:_ol e2mih-f*(a) — ¢ for all k € Ny. This contradicts the uni-
form distribution modulo one of the sequence wy by Theorem 2.

In both cases we have obtained a contradiction, so there exists an a’ with

1<d <q¢*suchthat h- f*(a/) €7Z. m

functions.

We close this section with a quantitative result for strongly @-additive
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A vector a = (v, ..., as) with irrational components «; is said to be
of approzimation type n if i is the infimum over all reals ¢ for which there
exists a positive constant ¢ = ¢(o, &) such that ||h - | > ¢/r(h)? for all
h € Z°\ {0}. Here r(h) is as in the proof of Theorem 1.

THEOREM 3. Let Q) be a Cantor base and let f : Ny — R® f(n) =
(fi(n),..., fs(n)), where each f; is strongly Q-additive and ¢* :=lim infy>¢ g
< o0. If there exists an integer a with 1 < a < q* such that f*(a) is of
approximation type n, then for every e > 0 we have

1 ry—1 L
DN(CUf) <<57‘f’5 W where LN =4 Z qx
N k=0

and ry is minimal such that Q, > V/N. (In the special case qo = q1 =
- =q we have 1/Ly <, 1/logN.)

Proof. From the Erdés—Turan—Koksma inequality, we obtain for all H €N,
1
Diy(wy) <s 5 + >

Z 2mih- f(n)
0<||hHoo§H

1 o(ny
Sr gt 2 gy epela(r(h) )
0<|[hllcc<H

H\_/

<5 f ﬁ + (1 4 log H)® exp(—cLy H~>*01t<)),

where we have used inequality (10). With the choice H = LLS\}/ )/ ang)J
we obtain

(14 log H)® exp(—cLyH 2514y

1 3 2_
< <257710gLN) exp(—cL?VE €/n+25n)

1 s 2 1
< (28’[’] log LN) exp(—cL?Va +5) <<575 Ey

and hence the result follows.

For the special case ¢ = g2 = -+ = ¢ we note that ry > lol%g/; nd
hence Ly > 221(1’5;;

3. Results for different, pairwise coprime Cantor bases. Now
we turn to the case where Q) = {no.q11,--- %, QW = = {¢s,0,qs,1,--- }
are different, but pairwise coprime, which we deﬁne by the condition
gcd(Q,i“),le)) =1 for all u,v € {1,...,s}, u # v, k,I > 0. We provide
an upper bound for Weyl sums, from which we deduce distribution proper-
ties of wy.
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We need some further notations: for u € {1,...,s},1 > 0,a > 0 we
define

00 (a) == fP(a+1) — fP(a) - fP(1),
50 (hy) == max{4[|h, 0L (a)]?: 1 < a < qug — 2},

(we set (51(Ll)(hu) := 0 for ¢,; = 2) and then

(l)(h ) {maX{(Sg)(hu)/qZ I 51(Al+1)(hu)/q3 l+1} if this expression is # 0,
Ty = ) ,
L (£ (1) = quatd ()12 lse.

Note that unless Q) reduces to the ordinary g-adic case we cannot omit the
superscript (1) for strongly Q-additive f, in &(Ll ),TQ(LZ) since the values over
which a ranges may vary with [.

For strongly Q-additive functions we set in addition 6} (a) := fi(a+1)—

fala) = fa(1).

PROPOSITION 1. Let QW ....Q®) be pairwise coprime Cantor bases
and let £ : Ng — R®, f(n) = (fi(n),..., fs(n)), where each f, is Q-
additive. For allh = (hq,...,hs) € Z°\{0}, if for all1 <wu <'s with h,, # 0
we have
(13) iT(l)(hu) =00, then 1 N_le27rih'f(") =o(1)

=0 b ’ N n=0

In particular, the sequence wy is uniformly distributed modulo one.

REMARK 2. In a way, the first line in the definition of qul) (h) measures
how much the functions f,, are locally additive, modulo (1/h)Z: the first
line covers the additivity local to the digit ranges while the second considers
additivity with respect to the consecutive digit functions.

In view of Proposition 1 this means that for good equidistribution con-
vergence we are looking for f, that are Q-additive without being “too much”
additive overall.

Proposition 1 generalizes [8, Theorem 1], which deals with the special
case of ordinary weighted g,-ary sum-of-digits functions. We will prove the
proposition at the end of this section. First, we use it to show the following
theorem.

THEOREM 4. Let QW ....Q®) be pairwise coprime Cantor bases and
let f:Ng— R, f(n) = (fi(n),..., fs(n)), where each f, is strongly Q-
additive. Assume that each Cantor base Q™) satisfies (6) and has at least
one finite accumulation point. Then wy is uniformly distributed modulo one
if and only if for all uw € {1,...,s} the uth coordinate sequence (fu(n))n>0
s uniformly distributed modulo one.
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Proof. Necessity is obvious because each component of a uniformly dis-
tributed sequence has to be uniformly distributed.

Now assume that each sequence (fy,(n))n>0 is uniformly distributed mod-
ulo one. Set ¢ as in (5) (with infinite value allowed). By Corollary 1, for all
1 < u < s and for all integers h # 0 there exists some j with 1 < j < ¢
such that hf(j) € Z. We will show that the divergence condition in (13)
holds.

First we argue that for this it is sufficient that there exists some a with
1 <a+1 < g such that ho}(a) & Z, or alternatively that there is a finite
accumulation point ¢, < ¢& with h(q, — 1)f(1) € Z. Either of those two
conditions implies there is an Iy with qulo)(hu) # 0 and ¢y, < g

Now in case the first condition holds, since 57Sl)(hu) is increasing as a
function of ¢, ; (though not necessarily as a function of {) there is a ¢}, = gy,
such that 51(Ll)(hu) > &(LIO)(hu) for all I with ¢,; > ¢, and by our assumption
of (6),

(1) (I+1)
Zﬂ(bl)(hu) > Z max{ O ghu), ou_ (k) } > 50 (n,) Z % = 0.

2
>0 1>l qu,l qu,l—i—l 1>l qu,l
Qu, 124, Tu 12y

In the second case, we have

STt 0(he) > 70 () Y 1= o0,

>0 >0
Qu,l:q';

We are now going to prove that one of these two conditions is always
true.

If ¢ = 2 Corollary 1 shows that hf; (1) ¢ Z for all nonzero integers h
and we are done in view of the second condition.

On the other hand, if ¢} > 3 we choose the minimal j with 1 < j < ¢}
such that hf(j) € Z and distinguish the following cases:

o It j > 1 then ho(j — 1) = h(f;(j) — il — 1) — f3(1)) ¢ Z since
hfi(j —1) € Z and hf;(1) € Z and we are done as the first condition
is satisfied.

e For j = 1 we assume that none of the two conditions holds, which
implies on the one hand that

ht,,(a) = h(fy(a+1) = fi(a) — fi(1)) € Z
for all @ with 1 < a+1 < ¢, and on the other hand that
W, —1)fa(1) € Z
for all finite accumulation points ¢, < ¢i. Therefore we have
exp(2mih(fy(a+1) — fi(a) — fu(1))) =1,
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and, by induction, exp(2wihf;}(a)) = exp(2mihaf;(1)) for all 0 <
a < ¢'. We now consider h’ = h(q), — 1), where ¢, is any of the
finite accumulation points. Then also h'6(a) € Z and hence again
exp(2mih/ f(a)) = exp(2miak/ f(1)) for all 0 < a < ¢, which equals 1
since h(q), — 1) f*(1) € Z. But this contradicts our assumption that for
all nonzero integers h’ there exists some j with 0 < j < ¢} such that
Wfii) ¢ Z.

REMARK 3. That one finite accumulation point is needed in the con-
dition for the Cantor base can be seen with the following counterexample
to the second case of the “sufficient” direction. Consider f(n) = sg(n)A,
A= 10 27K where @Q contains enough ¢; of the form 2¥ + 1 to satisfy
the divergence condition in (13).

Proof of Proposition 1. We use a technique developed by Kim [13], ad-
vanced by Drmota and Larcher [4] and further generalized by Hofer [8, 9].
To present the proof in convenient units we will highlight the main steps in
several lemmas.

Our goal is to prove the convergence to zero of the Weyl sum given
in the proposition. We fix an h € Z® \ {0} and introduce the notations
gu(n) == exp(2mihy fu(n)) for 1 <u < s and g(n) :=[]._; gu(n).

The first step is to apply the following lemma, a version of the Weyl-
van der Corput inequality, to g(n). The appropriate choice of K will be
determined at the end of the proof.

LEMMA 1 ([7, pp. 10-11]). For integers N > K > 1 and a sequence a,
of complex numbers with |a,| < 1 we have

N-1 K N—k+1

2 9N? 4N
(Zan S?*?Z’ > WM('
n=0 k=1 n=0

Terms of the form c(k) = ), Gnap4r as in Lemma 1 are called cor-
relation functions. We will use several of them, sometimes based on other
correlation functions. (To ease notation we will omit the bracketing of single
upper indices of functions since confusion with powers can be ruled out, i.e.,
fi(x) can be clearly distinguished from f(x)?. We will keep the brackets for

constants, however.) For every coordinate u € {1,...,s} we set
1 R-1
(pﬁu(k’) = R;gu(n)gu(n+k) for0<k<R<N,
K-1
K.R ! N~ 3R ok
Doy () =72 D P, (K) @1, (k+r)  for ref0,1} and 0< K <R <N,
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R
Up(k):= > gn)gn+k) for0<R<N.

n=1
Furthermore, an additional upper index [ > 0 will denote shift by [ digits,
R,
e.g., PIL(k) = O, (QM™).
Observe that in applying Lemma 1 to g(n) the innermost sum ranges over

terms of the form [[, gu(n) gu(n + k). Our aim will be to move the product
over all v € {1,...,s} outside all sums For this we will use recursions
holding for the correlatlon functions @ To formulate them we will define

several more correlation type functlons al ,ﬁ , which are simpler in that
they are only local to a digit range {0,...,q,; — 1} (for some u,l > 0). For
any u, the actual coefficients of the recursion are then defined in terms of
ag-l) and ﬂ](-l) and also of shape similar to correlation functions. With a fixed
digit place [ > 0 and fixed u € {1,..., s}, we set

1 QU,l_j_]-
l y . .
af) = — 9L(i) (i + ),
Qu,l i—0
Qu,1— 1
gL (1) gL (i + § — quy),
wl = Qu,l— J
for 0 < j < gy, and
Qu,1— 1
N0) (1
)‘(l = Z a az+r+ﬂ )ﬂz—zr)
Qu,l i—0
Qu,l— 1 1 q'u.,l_lT ()
N . l l
=— > o'l W =— 3 8V,
Qul i—0 Qu,l i—0

for r € {0,1}.

LEMMA 2. For fited v € {1,...,s}, any l > 0,r € {0,1}, and q := qu
we have the recursion in [,

(14) @%ﬁ,q]%,l(r) _ /\(l)@K,R,lH(O)

r

DI 0) + VTG + B,

where \ElH( )| < 2/K. Furthermore, for the two-step recursion in l, with
¢ = Quiqu+1, we get the bound

'K,q' Rl K,R,I+2 K,R,1+2 7
@37 ()] < Pg)|@2,u *2(0)] + o |‘15 )+ e
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where
D ._ |)\£l) )\(()l—f—l) (l) )\(z+1) 7(11) A§l+1)|,
07("1) — |)\£l} M(()z+1) + M(}) M(l+1) ,(,l) (z+1)|
+ |)\$l) Z/(gl-i-l) + Mg) (I+1) n u(’) z+1)|
and

PV 4 o® <170, /g2,

Proof. In view of the locality of the correlation function @5 to the digit
range {0,..., g, — 1} it is tedious but not difficult to prove these recursions
in the same way as the ones in [8] for the ordinary g¢-adic case, with only

minor adaptation. In particular, this also applies to the two-step recursion.

Since the very last inequality, the estimate of pg) + 07(« ), is crucial to the

proof we turn to it now. We have
I+1) I+1) I+1
A+ o < DOIIAGT 4+ g™+ 1y )
+ (O] + DDA+ 168D+ )

and
1 Qu,l_l ; .
DL+ 16O+ 100 < — 3 (11 +189]) (1,1 + 180, < 1,
W i=0

for r € {0,1}. There are two cases to distinguish: either at least one of
5&”(%@) # 0, &SIH)(hu) # 0 holds, or both quantities are zero. Assume the
former, say 51(})(hu) # 0, so there exists at least one a with 1 < a < g,y — 2
such that heg)(a) ¢ 7. This, together with the inequality

Ir+ 56?0 <r 45— 4s)0)2 for0<s<r,

leads to a bound on |all)\

qu,l72

)= = 2mih( £ (i+1) =11 (@)
Q| = e
’ ! ‘ Qu,l ;
< i|62wih(f£l)(1)_fqgl)(o)) n e2“ih( «Sl)(a+1)—f1§”(a))| . M
! qu,l Qu,l
= 7’1 +e 2mih( (l)(a‘i’l)*ffal)(a)*,ﬂgl)(l))| n M
Qu,l Gul
N N LA O] &
< — —4 ‘
(:Iu,l qu,l

Inserting this into the above formula and using trivial estimates for the other
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exponential sums «;, §; gives

176 (a)|2
4725 ,

O+ 160+ 0 < 1

so that after minimizing over [,l + 1 and all a € {0,...,q,; — 1} we get

0] (I+1) O]
pg) 4 O'T(‘l) S 1— max{5u (hug, 6u (hu)} —1_ Tu ghu)
qu,l qu,l

for this case. In the second case, proceed analogously to [8, p. 42]. =

In order to be able to apply the recursions in Lemma 2, the next result

shows that we can replace K, R by their nearest multiples of qu) for any
z > 0, introducing an error term.

LEMMA 3. Let R > K, and firu € {1,...,s}, 2 > 0 such thatQ,(zu) <K.
Then, setting @ := qu), L:=|K/Q|, M :=|R/Q], we have
5.(0) = 23,,9% (0) + O(Q/K).
Proof. This can be shown quite easily by applying the triangle inequality
and trivial estimates to [#f, (k) — #Fs’ (k)| and &5, (k) — 8F0 M (k)] (ct.
the first part of the proof of [13, Prop. 1]). =

At the end of the proof we will, for each u € {1,..., s}, choose appropri-
ate qu) = R, for & etc. Depending on them and K (which we will also

1w’
determine there) we set

S S K
Fi:=][Ru F ::ZR—.
u=1 u=1"4

We now return to the Weyl sum of f(n). Using Lemma 1 and our notation
we obtain the inequality

N-1 ) K
K’ Zg(”)‘ S2N? AN D [ Wy g1 (K)]-
n=0 k=1

Lemma 4 makes the connection to the correlation functions @;.

LEMMA 4. For arbitrary R, > K, 1 <u < s of the form R, = Qtu)> we
have

k-1 (k)| = N [] [#7% (k)| + O(NFz + Fi(1 + F)).
u=1

Proof (cf. [13, Prop. 2]). We start by observing that, for r,, := n mod R,
(i.e., ry, =n(mod Ry,),0 < r, < R,), whenever r, + k < R, we can reduce
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the argument in the following expression to its remainder modulo R, (cf.
[13, Lemma 6]; this is where we use the Q,-additivity of f,). We have

g(n) g(n+ k) = exp (2711 Z fuln + k) — fu(n)>
u=1

= exp (27ri i: fulry + k) — fu(%))

S
= H gu(ru) gu(ru + k) = G(T)7
u=1
with » = (r1,...,75). Our aim is now to bound the terms in ¥y_;_1(k)
where the above reduction is not possible. We define
R:={r:0<r;<Rjforalll<j<s},
Ro:={r:0<r;<Rj—Kforall1<j<s}, Ri:=R\Ro.

Then
N—k—1
Un_g-1(k) = Z g(n) g(n + k)
n=1
N—k-1 N—k=1
= g(n)g(n+k)+ Z Jg(n+k)
reRo n=l1 €ER1 n=1

(here and in the following the primed sums denote summation over those n

where 7, = nmod R, for all u € {1,...,s})
N—k—-1 N—k-1
/ /A —
=) G(r) 1+ (9(n) g(n + k) = G(r))
reER n=0 recRy n=0
=: 214+ 2.

Now by the Chinese remainder theorem, using the condition that the Cantor
bases are coprime in the sense given previously, the number of summands
of the primed sums is (N — k — 1)/F; + O(1), so that

2= X Tt ot + 015 +0)

reRu—l
= HR |15 (1 ( ) NH\@Ru )| + O(FY).

It remains to estimate |Xs|, for which we need a bound on the size of |R;|.
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We have

Ri| <) |{r:0<ry <Ry, Rj— K <r; <Ry}

u=1
< ZK H R; = 1 Fy,
j=
J#u
so, by trivial estimates,
N—k-1 N
o] < 2<2 — 1) | <2FKN B Fy).
ol < > > 2% ’R1’<F1+O( ))_ 2N + O(F1F2)
reR1 n=0
Altogether,
Wy _i1 (k)| < NH |17 (ru)| + 2N Fy + O(Fi (1 + Fy)),

which concludes the proof. =

We have now arrived at an inequality of the form

2 2N
‘Z ‘ ZH@ k)| + O(N2Fy + NFi(1 + F))
k=1u=1
4N? 1

= by
K < 313

Lemma 4 brought the product in front of the inner sum; we now bring it in
front of the outer sum using Holder’s inequality:

S K
zy < KO TT (S o)

u=1 k=1

Sl & 1/(s+1)
<K]] <K Z @?,ZUC)P) (since |®1] < 1)
u=1
1/(s+1)
<K H (@K mops2)

The final lemma of the proof will use the recursions of Lemma 2 to give
the asymptotics of |@2(0)].

) +O(N2Fy + NF\(1+ Fy)).

LEMMA 5. Fizu € {1,...,s} and set

,_.

l
T

m—

l\Q\H

s(m) = su(m
=0 u:
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Then, for any K, R,,t > 0, and Q(u) :Q < K <Ry, we have
[855,7(0)] = O(e**™) + O(Q/K).

Proof. Set

5@ (m) = 5—> 1€1{0,1}.

Then at least one of exp(—s(®(t)) < exp(—s(t)), i = 0,1, holds. We first
assume it is the one with s(0)(¢).

Let t> 0. First we apply Lemma 3 to reduce the expression to |¢§£’QM(O)|

+ O(Q/K) with L, M > 1 as in Lemma 3.

Now, with Sy := |@§5’QM(0)], Tyt = \@gS’QM(l)\, the two-step recur-
sion of Lemma 2 can be written in matrix form as

Ty) ~ \p o) \1,) W, \1
2
= M) (Sé(tz);2> + 77 (1) ;
T, ngf)_gL 1

and by applying the recursion repeatedly,
_ —j—1
52t> G (S e 1 :
<TIME e |+ —— I M* (]
= (2t)
<T T j=1 QQJ oL 5o 1

By the bound on p, +0, in Lemma 2, by [13, Lemma 5] and 1 —z < exp(—z)
and also the trivial bounds S,T < 1 we altogether get

t t ;
7 L es(—s(t—)
s(t § : s(t—7) —s(t) E
5275 <e - —J <e ( [ (u) >7

_ ) Jj=1 Qz(j—l)

IN

and so Sy = O(e_s(t)), since
es(t)=s(t—7)
Qs

_ e1/4 J _ 1
~ \min, qZJ 377

If exp(—s1)(t)) < exp(—s(t)), we can proceed analogously, after initially
applying a one-step recursion from Lemma 3. This does not change the
asymptotics. =

which proves the claim.
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Collecting all the results, altogether we get, for g > 0,
N-1
‘ D g(n)
n=0

(u) +92 1/(s+1) 1

=O<N2 [H3n<e_5"(t0)+2t;(> +og P +N(F1(1+F2))>7
where we can take the minimum over all u since we can use the trivial
bound 1 for the remaining factors in Y.

Now we return to fixing the quantities K, R, and ty. Since the goal
is to have o(N?) on the right side of the last equation, F, should be o(1),
considering the N2 term, hence Fy = o(NN). This can be achieved by choosing
R, = o(N'/%) and K = o(min, R,), e.g., by setting

R, := max{Qtu) : qu) < NY*=¢ t>0}, K :=min|R.?],

‘ 2

for some fixed € > 0. Finally, ¢y is determined by ngg /K = o(1) for all u,
e.g., we can set

to := max{t : max ng) < K179,
u

Since t( is ultimately an increasing function in N and s, (t) diverges, the sum
N1 Zg:_ol exp(2rih - f(n)) is o(1) and thus f(n) is uniformly distributed
modulo one by Weyl’s criterion. This closes the proof of Proposition 1. =
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