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Distribution of integers that are
sums of three squares of primes

by

JIANYA L1u and TAO ZHAN (Jinan)

1. Introduction. In 1938, Hua [7] proved that almost all integers n
satisfying some necessary conditions are sums of three squares of primes:

(1.1) n = pi +ps + pi-
To be more precise, let
H={n>1:n=3 (mod24),n #0 (mod5)},

and let E(IV) be the number of n € $) not exceeding /N that cannot be repre-
sented as (1.1). Then Hua’s result actually states that E(N) < Nlog™* N
for some positive constant A. Later Schwarz [16] proved that Hua’s estimate
holds for arbitrary A > 0. And in 1993, Leung and Liu [10] improved the
upper bound of F(N) to N 1=9 where § > 0 is some computable absolute
constant depending on, among other things, the constants in the Deuring—
Heilbronn phenomenon. Recently, Bauer, Liu, and Zhan [1] have dealt with
this problem via a different approach without the Deuring—Heilbronn phe-
nomenon, and established E(N) < N77/80+¢ where ¢ > 0 is arbitrary.
In this paper, we make the following improvement.

THEOREM 1. Let N > 2, and E(N) as above. Then for any 6 > 47/50
we have

(1.2) E(N) < N°.

We prove our Theorem 1 by the circle method. The main difficulty arises
in treating the enlarged major arcs, and it is overcome in Theorem 2 in
Section 2, whose proof forms the bulk of the paper, Sections 2-5.
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To get our improvement in Theorem 1 (also in Theorem 2) we use, in
addition to the aforementioned approach of [1], some observation of Liu and
Liu [11]. Here, as in [1] and [11], the possible existence of a Siegel zero does
not have special influence, hence the Deuring—Heilbronn phenomenon can
be avoided. The key point is that there are three prime variables in our
problem, and we can take advantage of this by saving the factor r, L/2te i
Lemma 2.1 below. With this saving, our enlarged major arcs can be treated
by the large sieve inequality, Gallagher’s lemma, and classical results on
the distribution of zeros of L-functions (see Lemmas 2.2-2.5). The novelties
described above not only give better results (note that Theorem 2 holds
with P = N3/25—¢ ), but also lead us to a technically simpler proof.

We conclude this introduction by mentioning that the distribution in
short intervals of integers n that can be represented as (1.1) has been studied
by the authors [12] and Mikawa [13].

Notation. As usual, ¢(n), p(n), and A(n) stand for the functions of
Euler, Mé&bius, and von Mangoldt respectively, d(n) is the divisor function,
and d, (n) is the generalized divisor function which is defined as the number
of representations of n as a product of v positive integers. We use x mod ¢
and x? mod ¢ to denote a Dirichlet character and the principal character
modulo ¢, and L(s, x) is the Dirichlet L-function. For integers a,b, ... we
denote by [a,b,...] their least common multiple. N is a large integer, and
L =1logN. And r ~ R means R < r < 2R. If there is no ambiguity, we
express ¢ + 6 as a/b+ 0 or 0 + a/b. The same convention will be applied
for quotients. The letter £ denotes a positive constant which is arbitrarily
small.

2. The circle method and preliminaries. In order to apply the circle
method, we set

(2.1) P = N3~ Q=N/(PL®).

By Dirichlet’s lemma on rational approximation, each a € [1/Q,1 + 1/Q)]
may be written in the form

(2.2) a=alqg+A [N <1/(¢Q)

for some integers a,q with 1 < a < ¢ < @ and (a,q) = 1. We denote by
M(a, q) the set of « satisfying (2.2), and define the major arcs 9 and the
minor arcs m as follows:

(2.3) m=) J Maq, m=[1/Q1+1/Q\M

g<P a=1
(a,q)=1

It follows from 2P < @) that the major arcs M (a, q) are mutually disjoint.
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For x mod ¢, define

q ah2
20 Cea =X me(M) Claa) =0

h=1
If x1, x2, x3 are characters mod ¢, then we write

q
23 Bl = 3 o -2 )Cla.a00w a0k,
Zinit
and
_ 0.0 0 _ B(n,q)
(26)  B(n,q) = B(n,g,x°,x"x"), &(n,P)=> :

Our Theorem 1 is a consequence of the following

THEOREM 2. Let M be as in (2.3) with P determined by (2.1), and for
M =NL"® let
(2.7) S(@)= Y (logpep’a).

M<p2<N
Then for N/2 <n < N, we have
(2.8) | 5%(@)e(—na)da = %6(71, P)nt/2 + O(NY2L4).
m
We will prove Theorem 2 in Sections 3-5, where we will need the following

preliminaries.

LEMMA 2.1. Let x; mod r; with j = 1,2,3 be primitive characters,
ro = [r1,72,73], and X the principal character mod q. Then

1 ~1/2
Z s03((]) ’B(na q, X1X07 X2X07 X3X0)‘ < To [2te 10g30 xz.
q<z
rolq

Proof. This is implied in Leung and Liu [10], so we may be brief. By the
proof of Lemma 6.7 of [10], the quantity under consideration is

)

< E : |B(naUTOaX1X07X2X07X3X0)’ § |B(Tl, Q)‘
3 3
¢ (uro) S C)
(g,m0)=1

u|o

where x" is the principal character modulo urg, and
1 if 247,
oc=4 2 if4|rg,
4 lf 2 || To-
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By (2.5) and Vinogradov’s bound
IC(x.a)l < ¢'?d(q), xmodg, (g,0)=1,

we have
B(n,urg,
3 | B(n, urg X13X ;x2X”s x3x°) << S (urg) V2 < 1 134
u|o ¥ (UT(]) ulo

By Lemma 6.3(c) of [10] we have |B(n,p)|/¢3(p) < 30/p for all prime p, and
consequently,

> [B(n,9)] < Z [B(n,9)] << 11 (1+ > < log™ z.

3
g</(uro) 90 9 = p<a
(@ro)=1

Collecting the above estimates, we get Lemma 2.1.

LEMMA 2.2. Let P>2 and T > 2, and k=0 or 1. Then

> X (3|

q<P xmodq—T
Here and in what follows, the sum Y.* is over all primitive characters.

dt < P>Tlog***+V(p2T).

LEMMA 2.3. Let P> 2,T > 2, and a,, with m =1,2,... be a sequence
of complex numbers. Then

. T M0+Ma ( ) Mo+M
>3l X \dt<< > (P 4 m) .
q<P xmodq—T "' m=DMj m=DMy

LEMMA 2.4. For T > 2, let N*(a,q,T) denote the number of zeros of
all the L-functions L(s,x) with primitive characters x mod q in the region
Res > a, |Ims| <T. Then

N*(a,q,T) < (qT)*2=2/510g°(¢T).
LEMMA 2.5. Let T > 2. There is an absolute constant co > 0 such that
meodq L(s,x) is zero-free in the region
Res > 1— cy/max{logq,log?° T}, |Ims| <T,
except the possible Siegel zero.

Lemmas 2.2-2.5 are well known results in number theory. For the proofs
of Lemmas 2.2-2.4, see for example pp. 640 and 642, 634, and 669 in Pan
and Pan [14]. For Lemma 2.2, see also Bombieri [2], and for a slightly weaker
form of Lemma 2.4 which suffices for our purposes, see Huxley [9]. For the
proof of Lemma 2.5, see Satz VIIL.6.2 in Prachar [15].
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3. An explicit expression. The purpose of this section is to establish
an explicit expression for the left-hand side of (2.8) (see Lemma 3.1 below).
In Sections 4-5 we shall estimate this explicit expression to obtain (2.8).
Define

V)= > e(mPN),

(3.1) M<m2<N
WA = Y (ogp)x®e®@) —d Y e(m’),
M<p?2<N M<m?2<N

where d,, = 1 or 0 according as x is principal or not. Also, define

— —1/6+¢ * Y
J=)r ZTMQ%Q)\W(X, If

r<P x mod
RPRYGe) Lo
K= r 5 30 f wienPan)
r<P xmodr —1/(rQ)

Now we state the main result of this section.

LEMMA 3.1. Let n, 9N be as in Theorem 2. Then

S S3(a)e(—na) do
m

= ge(n, P)nt/2 + O{(JK? + JK + J)L*} + O(NV2L%),
where &(n, P) is as in (2.6).

Proof. Introducing Dirichlet characters, we can rewrite the exponential
sum S(«) as (see for example [3], Section 26, (2))

a C(q,a) 1
3.2 S——i—)\): V) + — Cx,a)W(x, A).
32 (q v(q) *) so(q)xr%:dq Wb A
Thus,
(3.3) S S3(a)e(—na)do = Iy + 31, + 315 + I3,

m
where
1 q ‘ an 1/(aQ) ‘
I; = ) Z C3J(q,a)e<——> S V3TI(\)
o< U ot R

x{ 3 C’(X,a)W(X,)\)}je(—n)\)d/\.

x mod q

We will prove that Iy gives the main term, and Iy, Is, I3 the error term.
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We begin with I3, the most complicated one. Reducing the characters in
I3 into primitive characters, we have

B(n, q,X1 X27X3)
BI=1> > 2 X
q<P x1modgq x2modq x3modgq
1/(4@)
< W(xl,wv(m,A>W<X3,A>e<—m>cu'
—1/(¢Q)

IN

)DD VDI DD VD DD

r1<P ro<P r3<P xi1modr; x2modrs xsmodrs g<P

rolg
" |B(n, g, x1x% x2x°, x3x°)|
©3(q)
1/(¢Q)
< b W Oax® N W (ex®, - W (xsx®, M) dA,
-1/(q@Q)

where x° is the principal character modulo ¢ and ro = [ry,72,73]. For ¢ < P
and M < p? < N, we have (¢,p) = 1. By (3.1), we then have W (x;x’, \) =
W (x;, ) for the primitive characters x; above. Using this and Lemma 2.1,
we obtain

1/(ro@)

Ll< S S Y ST ST ST i

rlgP ’I”QSP T?,SP X1 modh X2 modrz X3 modr3 71/(7‘0Q)

B n,dq, 07 07 0

3
= ©*(q)
Tolg
S AD I IID SERED DD DD Ol
ri1<P ro<P r3<P x1 modry x2 modrse x3modrs
1/(roQ)
X S W (x1, M- W (x2, M| - [W(xs, A)| dA.
—1/(roQ)
If we apply the inequality
(34) T81/2+5 < r;1/6+5r;1/6+5T51/6+a

to the above quantity and use Cauchy’s inequality, then we get
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(3.5) ]13]<<L30{Z7“1_1/6+6 S max \W(Xl,)\)\}

<P 1 mod [A<1/(r1Q)
» 3 1/(r2Q) 1/2
{3 ST (] Weera) T
ro<P xz2modry —1/(r2Q)
s . 1/(r3Q) 1/2
A T (] e Ea)
rg<P x3modrz —1/(r3Q)
= JK2L*,

Similarly, we can bound I5 and I; in terms of J and K, to get

1/Q 1/Q

30 2 1/2 2
(3.6) |Lo|+|L| <L {JK( I vl d>\> 7§ vl d)\}.
-1/Q ~1/Q
By partial summation,
N1/2
(3.7) V)= | e(w?)du+O(1+ |AN)
M1/2
Z m~Y2e(m\) + O(1 + |\|N).
M<m<N

Using this and the elementary estimate
(3.8) > mTY%e(mA) < min(N'/2, MTV2N Y,
M<m<N

one easily gets

1/Q 1/Q
| voyPdy< | {min(N, M7HAT2) + (14 [AN)?}dd < L.
-1/Q ~1/Q
It thus follows from (3.5) and (3.6) that
(3.9) \Is] + || + || < {JK? + JK + J}L*.

It remains to compute Iy. Substituting (3.7) into Iy, we have

1/(qQ)

S { Z m_l/Qe(m)\)}ge(—n)\) d\

-1/(qQ) M<m<N
1/(¢Q)

+O{ Z |B( n( (; S ‘ Z m_l/Qe(m)\)rd)\}.

q<PpP —1/(qQ) M<m<N

1 B(n,
(810) Io =g ; ¢(3 (5)



214 J. Y. Liu and T. Zhan

By (3.8) and Lemma 2.1 with ro = 1, the O-term in (3.10) can be estimated
as

B(n,q) ¢ T
<3 U] N | Mo <t
©3(q)
q<P 0 1/VMN

Now we extend the integral in the main term of (3.10) to [—1/2,1/2]; by a
similar argument we see that the resulting error is

1/2
<L | MTPPTPa < MT(PQ)PLY < NYVALTH,
1/(PQ)

where we have used (2.1). Thus the main term of (3.10) becomes
1 3 B(n,q)

3
8 = ¢’(a)

By (2.6), the first sum above is &(n, P). The second sum can be calculated
as

Z (mlmgmg)*l/Q + O(N1/2L74).

M<myi,ma,m3<N
mi+ma+msz=n

= Z (m1m2m3)71/2 —|—O(M1/2)

1<mi,mz,m3<N
mi+ma+msz=n

I°(1/2) 1 -1 -
== 1+O0(mn Y%} +Oo(NY2L*
= 2mnt/? + O(NY2L7%),
on appealing to Lemmas 7.17 and 7.18 of Hua [8]. Thus (3.10) becomes
(3.11) Ip = %6(71, P)n'/2 + O(NY2L).

Lemma 3.1 now follows from (3.3), (3.9), and (3.11).

4. Estimation of J. We have
J < Lmax Jp
R<P

where Jgi is defined similarly to J except that the sum is over r ~ R.
The estimation of Jg falls naturally into two cases according as R is small
or large. For R > L%, where B is some positive constant, one appeals
to contour integration, mean-value estimates for the Dirichlet L-functions
or their derivatives, the large sieve inequality, and Heath-Brown’s identity.
While for R < L%, one uses the classical zero-density estimates and zero-free
region for the Dirichlet L-functions.

We first establish the following result for large R. In Lemma 4.5 we shall
consider small R.
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LEMMA 4.1. Let A > 0 be arbitrary. Then there exists a constant B =
B(A) > 0 such that when LP < R < P,
Jr < NY2[=4
where the implied constant depends at most on A.

To prove this result, it suffices to show that

4.1 max )| <« RY6—eNY/2p—A
(4.1) z;% z:d [AI<1/(r Q) WAl

r~R x mo
holds for L? < R < P and arbitrary A > 0. Let
(4.2) WA = Y (Am)x(m) = d)e(m’).

M<m2<N

Then
(4.3)  W(x,A) - ==>" > (logp)x(pe(p¥r) < N'/*.

722 M<p2i<N
Thus (4.1) is a consequence of the estimate
4.4 max )| < RY6—ENV2LA
T S S N

where R < P and A > 0 is arbitrary.
Let M2 < uw < N2 and let My,..., My be positive integers such
that

(4.5) 27O0NMY2 < My ... My <u and 2Mg,...,2Myo < ul'/®.
For j=1,...,10 let
logm if j=1,
a;(m)=1 1 if j =2,3,4,5,
u(im) if 7 =16,7,8,9,10.

We define the following functions of a complex variable s:

a;(m)x(m
£ = fi(s0 = 3 B ) Pl = Ai(s). - fuols)
mNMj
Now we recall Heath-Brown’s identity (see Lemma 1 in [6]) for & = 5:
5

gy = DY (V=1 ()= ()0 (8) 4 S (s)(1 — c(£)C ()
(s Z(g)( DI 66 () + S - G

where ((s) is the Riemann zeta-function, and G(s) = >, /5 p(m)m™
The reason why we choose k = 5 is that the identity with k < 4 will give
weaker results, and when k£ > 6 it produces the same estimate as in the case

S
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k = 5. Equating coefficients of the Dirichlet series on both sides provides an
identity for —A(m). Also, for m < u the coefficient of m~* in

—%’<s><1 ~({(5)0(s))°

is zero. Thus,

5 /s o
A(m)zzl(j)vn S (ogma)ulmyar)- - u(may).

my...Mmz25;=m
Mjt1,...,M2; <U

Applying this identity to the sum
(4.6) > Alm)x(m),
M/2<m<u

one finds that (4.6) is a linear combination of O(L'?) terms, each of which
is of the form

o(u; M) = Z Z ay(my)x(mq)...a10(mio)x(mio)

my~M;y mio~Mio
M1/2<m1...m10§u
where M denotes the vector (M, ..., Mig). By using Perron’s summation
formula (see for example, Lemma 3.12 of [17] or Theorem 2, p. 98 of [14])
and then shifting the contour to the left, the above o(u; M) is

14+1/L+4T
1 u® — M*/? N1/2[2
T g M g o (V)
1+1/L—iT

1/2—iT 1/244T  141/L+iT

:%{ i+ 0+ }+O(N1§L2>,

1+1/L—iT  1/2—iT 1/2+iT

where T is a parameter satisfying 2 < T' < N'/2. The integral on the two
horizontal segments above can be easily estimated as

o

U u® NY2[
F(o+iT,x)|— NU=o)/2p —
1/2§?§¥+1/L’ (o £3T, )| T < 1/2§?§¥+1/L TSTT

on using the trivial estimate
F(o 4T, x) < [fi(o 24T, x)[ ... | fio(o T, x)|
< (M}T°L)M}~° ... M};° < NU=9)/2f,
Thus,

1 w24t p(/2+it) /2 N1/212
F{-+1 .
<2+zt,x> 2+ dt~|—O< T )
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Since R > LB (so x # x°), in (4.2) we have

WOeA) = > Am)x(m)e(m?))

M<m?2<N
N1/2

= [ ewna{ > Amxm)},
M1/2 M/2<m<u

and consequently W(X, A) is a linear combination of O(L!Y) terms, each of
which is of the form

N1/2 ) T 1 N1/2
S e(u?)) do(u; M) = 5 S F(§ + it,x) S w2 e(u?N) du dt
M1/2 i -T M1/2

NL/212
+o< 1+ |)\|N)>.

By taking T = N'/? and changing variables in the inner integral, we deduce
from the above formulae that

T n
(L.,
S <2+zt,x>
T
N

t
X S 1)3/46(4—10gv + /\v>dv dt' + N3z
/I
M

(47) WA < L' max

where the maximum is taken over all M = (M, ..., Mjg). Since

d t d? t
o < ogv + Av) - + 02 ( ogv + )\U) 102

by Lemmas 4.4 and 4.3 of [17], the inner integral in (4.7) can be estimated
as

N N
4. M3 mi
(48) < mm{(\t +1)1/2’ mln |t+47r)\v|}

<{N“ﬁﬂwuw2ﬂwsm
NYAL2 /|t if To < |t|<T,

where Ty = 8w N/(RQ). Here the choice of Tj is to ensure that |t + 4w v| >
|t|/2 whenever |t| > Tp; in fact,

|t + 4w v| > |t| — 4dx|v|/(rQ) > |t|/2 + To/2 — 47N/ (RQ) > |t|/2.
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It therefore follows from (4.7) and (4.8) that the lemma (more precisely, the
< in (4.4)) is a consequence of the following two estimates: For 0 < T7 < Tp,
we have

2T

CONDYID D

r~R xmodr T)

1
F<5 + it,x> ‘ dt < RYS—eNY4(Ty +1)V/2L~4,

while for Ty < Ts < T', we have

2T,

(4.10) > 3|

r~R xmodr Ts

1
F(5 + it, x) ’ dt < RVS—sNVAT, =4,

Both (4.9) and (4.10) are deduced from the following bound.

LEMMA 4.2. Let F(s,x) be defined as above. Then for any R > 1 and

T3 > 0,
I

< (RT3 + RT)/PN3/20 L N4 e,

27

@1 > S

r~R xmodr T3

Now we can complete the proof of Lemma 4.1 immediately.

Proof of Lemma 4.1. By taking T3 = T in Lemma 4.2, the left-hand
side of (4.9) is now

< (R*Ty + RT}PN3/? 4 NVA)Le « RYO=ENVA(Ty +1)1/2L74,

provided that L? < R < P = N3/?=¢ with a sufficiently large B. Here
LB < R guarantees that N'/*L¢ is dominated by the quantity on the right-
hand side. This establishes (4.9). Similarly we can prove (4.10) by taking
T3 =T5 in Lemma 4.2. Lemma 4.1 now follows.

Lemma 4.2 has been established in Section 5 in [11]; here we provide
its proof for completeness. Actually it will follow from the two propositions
below.

PROPOSITION 4.3. If there exist M; and M; with 1 <1 < j <5 such
that M;M; > N'/5, then (4.11) is true.

Proof. Without loss of generality, we may suppose that ¢ =1 and j = 2.
Using Perron’s summation formula and then shifting the path of integration
to the left as before, we get
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1/24+1/L+iN

1 1 1 2M1)Y — MP
f1<—+it,x>=—. S L/<—+it+w,x>(1)—1dw
2 ) ) 2 w
1/241/L—iN
+ O(L?)
1 —iN iN  1/241/L+iN
_ 2
—%{ | o S + S }+O(L).
1/241/L—iN —iN iN

Here one notes that the function ((2M7)Y — M{¥)/w has a removable singu-
larity at w = 0. Thus, on the above vertical segment from —iN to ¢N, we

have oMW _ B .
(2M1)" — My
w 1+ |v]
where w = u + v. If we use the well known bounds (see for example [14],
p. 271, Exercise 6 and p. 264, (13))

P21 log? (rft]) for 0 <o <1, [t] > 2,
logQ(T|t|) for o > 1, |t| > 2,

the contribution from the horizontal segments can be estimated as

L'(o+it,x) < {

MU
(1=(1/2+u))/2 N 17(1/2+u)1 2(+(N g
< 0<ug1/241/L (N +[t]) og”(r(NV + [t[)) N

< L? max  pYOTURNTVZmupre 2
0<u<1/241/L

Therefore, we have
1 N
fi (5 + z‘t,x> < SN

<<L{]§[

—-N

1 dv
L' =+it+1 L?
(2“ +”’X>'1+|v|+

4 1/4
1 dv
L' =+it+i — L?
<2+2 +zv,x> 1"“”’} +
4
dt

by Hoélder’s inequality. Thus,

, 2T 1
> > fl(§+z’t,x)
r~R xmodr T3
>‘<2T3
<> Y | at

r~R xmodr T3
{51
[v|<6Ty  6T5<|v|<N

= X1 + X5 + R*T3 L5,

Y dw

1+ |v]

+ R’T, L8

1
L/(§ + it + iv,x)
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where Y7 and Y5 denote the contributions from the two integrals within the
braces respectively. Clearly,
4
1
L <§ + tw, X)

2T5+v

R =D D M

dw

|v|<6T5 r~R xmodr Ts+wv
8T3 1 4
<t | Y S (G rien)|
\v\§6T3 r~R xmodr —8T3
< R’°T,L%3

on using Lemma 2.2 in the last step. To bound X5, one first changes the
order of integration to get

273

e fay 1 Jp(grien)

T3 r~R xmodr 6T5<|w—t|<N

4 dw

1+ |w—t]

Now 675 < |w — t| < N implies that either 675 +¢t < w < N + ¢ or
—N+t<w< —6T54+t So, on using T35 < t < 273, one deduces that in
either case |[w—t|—|w|/2 > |w|/2—|t| > 0, and this shows that |w—t| > |w|/2.
Consequently, by Lemma 2.2,

( + 1w, X)

Collecting the above estimates for X1 and X5, one obtains

Arguing similarly, we also have
(5]
+ 2t x

flo(len)- ¥t

M3...M10<m§28M3...M10

2T

SR LT D)) e
3

r~R xmodr =

4
dw

< R*T,L'3.

275

(4.12) > 3|

r~R xmodr T3

dt < R’T5L'3.

275

(4.13) > Z | |f

r~R xmodr T3

dt < R*T5L'3.

Since

with b(m) < dg(m), one has by Lemma 2.3,
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fio(do)

=3

2T

@14 Y S

r~R xmodr Ts

dt

Z (R2T3 + m)dg(m)

m

<
Ms...M1o<m<28Ms...M19

N1/2
R%*T5 + Ms ... Myo)L¢ R%T. Le.
< ( 3+ M;s 10) <<{ 3+M1M2}

One thus concludes from Hélder’s inequality and (4.12)—(4.14) that

2T
< + it, X> ‘ dt

>
(> >l

r~R xmodr T3
r~R xmodr T3

Ax sl

r~R xmodr T3

Ay g

r~R xmodr T3

4 y1/4

dt}

4 y1/4
dt}

2 N1/2
dt}

(g
f(pom)

fio(de)

7j=3

< (R*T3)Y?S R*Ty + N2 /LC
My My

< (R*Ty + RT,)2N3/20) ¢,
since My M, > N'/5. This proves Proposition 4.3.
PROPOSITION 4.4. If there is a partition {J1,J2} of the set {1,...,10}

such that
1T M5+ [ M < N30,
JjeN1 JE€J2

then (4.11) is true.
Proof. For v = 1,2 define
b, (n)x(n
)= 1] fits )= D, %

JEJY nN,

where N, =[]
that

jes, Mj and b,(n) < Ldigp(n). Applying Lemma 2.3 we see
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1
( + it x) ‘ dt
1 2 N1/2
( + it X) dt}
{ 2T3

2 1/2
( + 1t, X) dt}
r~R xmodr Ts

<{rn+ Y !bl(n)|2}1/2{R2T3+ 3 |b2(n)|2}1/2Lc

n< N1 n< No

2T

(415) > Z |

r~R xmodr Tj

(> >

r~R xmodr T3

< (R2T3 + Nl)l/Q(RQTs + N2)1/2LC
< (R*Ts + RT31/2N3/20 + NV
since N1 + Ny < N3/107 and Ny N, < NY/2. This proves Proposition 4.4.

Proof of Lemma 4.2. In view of Proposition 4.3, we may assume that
M;M; < N5 for all i, j satisfying 1 < i < j < 5. It follows that there is
at most one M; with 1 < 5 < 5 such that M; > N0 Without loss of
generality, we can suppose this exceptional M; is M, so for j = 2,3,4,5 we
have M; < N1/10_ From this and the assumption that Mg, . .., My < Nl/10
we deduce that M; < N1/10 holds for j =2,3,...,10.

Although M; may exceed N'/10_ it is bounded from above by the inequal-
ity My My < N/5. From this and the assumption MY?2 « My ... My <
Nl/z, we see that there is an integer [ with 2 <[ < 8 such that

My...M; <NY> but M...M; >N,
Take Nl = M1 .. .Ml+1 and N2 = Ml+2 . Mlg. Then
N5 < Ny K NYPMypy < NYENI0 <« N3O,

and
N, < N2 /Ny « N3/10,

Thus N; + Ny < N3/10_je., the assumption of Proposition 4.4 is satisfied.
Lemma 4.2 now follows from Proposition 4.4.

Now we treat the case R < LB.

LEMMA 4.5. Let A > 0 and B > 0 be arbitrary. Then for R < LB, we
have

Jp < N4

where the implied constant depends at most on B.
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Proof. We use the explicit formula (see [3], p. 109 and 120, or [14], p. 313)
u? U
4.16 A(m)x(m) = dyu — —+0{<—+1>102 uT}
19 3 A > 5oy (7+1) e

where p = (+i7 is a non-trivial zero of the function L(s, x),and 2 < T < u is
a parameter. Taking T = N'/6 in (4.16), and then inserting it into W (x, \),
using MY/? <u < N2, M = NL72, and (2.1) we get

N1/2
WoeN) = § e d{ 3 (Am)xm) -6, }
M1/2 n<u
N1/2
= | e@®) > wrldu+ O{N'3(1+|AN)L?}
M1/2 ly|<N1/6
< NY2LP N NWED2 4 O(NT/18),

|y|<N1/6

Now let n(T) = ¢z log™*° T. By Lemma 2.5, 1\ moa g (8, x) is zerofree
in the region o > 1 —n(T), |t| < T except for the possible Siegel zero. But
by Siegel’s theorem (see for example [3], Section 21) the Siegel zero does not
exist in the present situation, since » < L?. Thus, by Lemma 2.4,

1—n(N'/6)
Z N(,B*l)/2 < L° S (N1/6)12(17a)/5N(a71)/2 dov
YI<N/S 0

< LEN-TNY9/10 exp(—csL'/?).
Consequently,
(4.17) > Z max  [W(x,\)| < NY/2L=4,

r~R xmodr IN<1/(r Q)

where R < P, and A > 0 is arbitrary. Lemma 4.5 now follows from (4.17),
(4.2), and (4.3).

5. Estimation of K. In this section, we estimate K by establishing the
following Lemma 5.1. We remark that in proving Lemma 5.1 we need not
distinguish the two cases R > L” and R < L? as in Lemmas 4.1 and 4.5,
since we need not save a factor L~ on the right-hand side of (5.1).

LEMMA 5.1. We have
(5.1) K<« L°

where ¢ > 0 1s some absolute constant.
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Proof. By the definition of K and (4.3), we have

RPRYGe) o
K —1/6+4¢ ( 2 )
< Lmax dor > VW oGy P dx
- r~R xmodr —1/(rQ)
RPRYGe) Lo
—1/6+e 774 2
<<L%13§Zr Z ( S W (x, )| d)\) + 1.
- r~R xmodr —1/(rQ)
Thus to establish (5.1), it suffices to show that

RV 1o
(5-2) > 2 ( b weeNP dA) < RYS—=Le
r~R xmodr —1/(rQ)
holds for R < P and some ¢ > 0.
By Gallagher’s lemma (see [4], Lemma 1), we have

/@)
63 | WP
-1/(rQ)

< (%) : _OS; | ngw (A(m)x(m) — 5X)(2dv
M<m?<N

N

() 1| X wonm-aa

M—-rQ v<m?<v+rQ
M<m?<N

Let X = max(v, M) and Y = min(v + 7@, N). Then the sum in (5.3) can
be written as

(5-4) Y. (Am)x(m) = dy).

X<m2<Y

Using Heath-Brown’s identity to this sum, and applying Perron’s formula
as before, we see that (5.4) is a linear combination of O(L!?) terms, each of
which has the form

1 - /1
M) = — | F=+i
o(u; M) 27r§ (2—Ht,x>

Yy (/2+it)/2 _ x(1/2+it)/2 N1/2[2
. t+0 :
1/2 4t

where M, F(s, x) are as in Section 4, and T is a parameter satisfying 2 <
T < N'/2. One easily sees that



Sums of three squares 225

y (1/2+it)/2 _ x(1/2+it)/2
1/2 4 it

w342 gy,

t
u_3/4e<— log u> du.
a7
The integral can be easily estimated as
< Y1/4 o X1/4 < (U + TQ)1/4 o Ul/4 < ,U1/4{(1 + TQ/U)1/4 _ 1}.

Since v satisfies M —rQ < v < N, and rQ < 2RQ < 2PQ = 2NL™ % =
2M L~ the above quantity is < v=%/*RQ < M~3/*RQ. On the other
hand, one has trivially

y(A/2+it)/2 _ x(1/2+it)/2 y1/4 N1/4

12+t ST T

DO =

SZ
SZ

DN =

Collecting the two upper bounds, we get
y(A/2+it)/2 _ x(1/2+it)/2 N1/4
in ( M—3*R
21t < m1n< Q, 1]

RQ N1/4
N3/t )

< L? min <

Taking
T=NY%2  Ty=N/(QR),

we see that

RQL? I
o(u; M) < AL S F<§+zt,x>‘dt
[tI<To
+NVALE | F< + it, X)‘t +O(L?).
To<|t|I<T ‘ ‘
Consequently, (5.3) becomes
/@) 1 2
W(x, A2 d\ < N~Y2L30 max F(=+it,x)|dt
M 2
—1/(rQ) [t|<To
N3/2[30 < S F(l dt\ 2
=+ AP max + it X> ‘ >
@r e\, 316 f
NLSO

NGO
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1

F<1 it )‘dt N N1/2R[15
2 [t] Q

Now the left-hand side of (5.2) is

< N~V/Ap15 ml\z/}x Z Z* S

r~R xmodr |t|<Ty

N3/41,15 %
+ Wmﬁxz Z S

r~R xmodr To<|t|<T

Thus, to prove (5.2) it suffices to show that the estimate

2T

(5.5) > Z |

r~R xmodr T;
holds for R < P and 0 < Ty < Tp, and

2T,

5 X Y|

r~R xmodr Ts

holds for R< Pand Ty < Tp <T.

The estimates (5.5) and (5.6) follow from Lemma 4.2. The proof of
Lemma 5.1 is complete.

1
( + it x> ‘ dt < RYS—eN/4Le

( + it x) ‘ dt < RYS=5(RQ)N—3/*T,L¢

Proof of Theorem 2. By Lemmas 3.1, 4.1, 4.5, and 5.1, we get (2.8). This
proves Theorem 2.

6. Proof of Theorem 1. Let B(n,q) be as in (2.6), and define
B(n,?2) B(n, 23)> ( B(n,p)>
H(n,X):< + TR Vi bl 14 .
20) s ) AL (5
Then by (4.1) in Mikawa [13],

(6.1) mm,x)> [ (1——) 10;1)('

2<p<X p

To derive Theorem 1 from Theorem 2, we need to show that S(n, P) >
log % n for almost all n € $ N (N/2, N]. This has been established in
Lemma 6.1(ii) of [1] by comparing &(n, P) with IT(n, P3/?).

LEMMA 6.1. If N° < X < NY/*=¢ for some positive constant (3, then

> 180, X) — Mn, X)) < N'TEX 12,
N/2<n<N

Now we can give
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Proof of Theorem 1. Let N be a sufficiently large integer, and n € N
(N/2,N]. Let

r(n)= Y.  (logpi)(logps)(logps).
n=p}+p5+pj
M<pi<N
Then
(6.2) r(n) = SSS(a)e(—na) do = S + S,
0 M m

where 9, m, and S(a) are as in (2.3) and (2.7).

To estimate the contribution from the minor arcs, one notes that each
a € m can be written as (2.2) for some P < ¢ < @ and 1 < a < ¢ with
(g,a) = 1. We now apply Theorem 2 of Ghosh [5], which states that, for
a €m,

(63) S(Oé) < N1/2+E(P_1+N_1/4+QN_1)1/4<<N1/2_3/50+2€.

Also, we easily derive the following mean-value estimate for S(«):
1

(6.4) V1S(a)[*do < L* > 1 < Nt
0 mi+mi=m3+mj
m3<N

It therefore follows from Bessel’s inequality, (6.3), and (6.4) that

Z HF <<S]S(a)|6da

N/2<n<N m m
1
< {max 1S(@)?} {15 ()* do < N3=3/50%5,
acm
0

Therefore, for all n € N (N/2, N| except for a subset &(N) of cardinality
O(N47/50+7) "wwe have

(6.5) ‘ i ( < N'-=,
m
The contribution from the major arcs can be handled by Theorem 2 and

Lemma 6.1. By Lemma 6.1 and (6.1), for all n € $ N (N/2, N] except for a
subset §(N) of cardinality O(N*7/50%22) we have

(6.6) S(n, P) > log *n.

We therefore conclude from Theorem 2, (6.2), (6.5), and (6.6) that
r(n) > nt?log™®n foralln e {HN(N/2, N} \ {EN)UFN)}.

Since #{&(N)UF(N)} < N*7/50+7¢ Theorem 1 clearly follows.
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