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1. Introduction and statement of results. Let E be an elliptic curve
defined over a number field K. Set [K : Q] = m and denote by Ok the ring
of integers of K. Let p C Ok be a prime ideal which lies above the rational
prime p € Z, and denote by degy (p) the degree of p. If E has good reduction
at p, then we may consider E over the finite field Ok /p. If we denote by
ap(E) the trace of the Frobenius morphism, then the number of points on
E over Ok /p is

#E(Ok/p) = N(p) + 1 — ap(E),

where N(p) = pdex(®) is the number of elements of O /p. Moreover, we

have the Hasse bound
lap(E)| < 24/ N(p).
Let r, f € Z with f > 0. Define

7 (1) = #{p : N(p) <z, degg(p) = f and ap(E) = r},
and let

xT

() S dt
12(T) = —F—.
5 2¢/tlogt

In the case that K = Q, Lang and Trotter [12] made the following conjecture.
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CONJECTURE 1.1. If E/Q does not have complex multiplication, or if
r # 0, then there is a constant Cg, such that

r,1

g (v) ~ Cpyp - mo(x) ~ Cp - as x — 0o.

log x

Although the Lang—Trotter Conjecture remains open, there are many
partial results. For example, Elkies [7] proved that for any elliptic curve E/Q
there are infinitely many primes p such that a,(F) = 0. Moreover, there are
several results which verify that the conjecture is true in an average sense
over families of elliptic curves defined over Q (see [1], [3], [4], [8], [9], [10]).
For K # Q, less is known. In [5] David and Pappalardi proved the following
result.

THEOREM 1.2. Let K = Q(i), and let S, denote the set of elliptic curves
E:Y? = X3+ aX + B with a = a1 + agi, = by + bai € Z][i] and
max{|ai|, |az|, |b1|, |b2|} < xlogz. If r # 0, then

1 ,
S Z 7752(36) ~ ¢, loglog x,
Tl pes,
where
2
RN a(a—1- (7))
& q prime <q - 1)(q o (_71))
q>2
If r =0, then

\slm\ > gt (x) = 0().

In this paper we generalize David and Pappalardi’s result as follows. Let

{ai,...,amn} be an integral basis for Og. Given ¢ = (vy,...,vy) € Z™, put
|10]] := maxi<i<m |v;| and define R(7) := >, vjey. For v, € Z™ we write
Ey i for the curve

(1) Eyg:y* = 2%+ R(0)x + R(W)

with discriminant Az z = —16[4R(7)? 4+ 27R(w)?], and for ¢ € R we let
C = {(7,w) € (Z™)? : |5, |¥|| <t and Aggz # 0}

In this paper we prove the following theorem (the case of even r can be
handled in a similar way).

THEOREM 1.3. Suppose K is an abelian number field and r is an odd
integer. Then there are explicit constants D1 x and Dy o i (see Section
for details) such that for any € > 0,
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{ Dyy - mijp(z) if f=1andt> zlog®tex,
D, o g loglogx if f =2, m is even and t > /xlogx.

Moreover, if f >3, f|m and t > 1 then

= 3w (@ =oq).

Cel (5,@)eCy

REMARK 1.4. While we have not pursued this, it would be interesting
to have an explicit expression for the error term in the f > 3 case of Theo-
rem

The organization of the paper is as follows. In Section [2] we state Theo-
rem which is a more precise version of Theorem and show that it
follows from three key lemmas. Lemma [2.3] which is proved in Section
relates the desired average of the main theorem to a weighted sum of special
values of L-series. Lemma [2.4] which is proved in Section [6] gives estimates
for this weighted sum. Finally, Lemma [2.5] which is proved in Section
gives an Euler product representation for one of the constants appearing in
Lemma, Sections and [7] contain various technical results which are
essential to our proofs of the three key lemmas.

2. Proof of main theorem. In this section we prove a more precise
version of Theorem Let v, f,A,B € Z with r odd, f,A,B > 0 and
(A, B) = 1. Define A™A := 12 —4AS and for ¢ prime let

Ay = AZ’A’f = ord,(A™)), B, := ord,(B)

and

Ar,A,f/qu>

Yqg = Vr,A,fq =
q r.A,f.q ( q

Put

Qf,A,B,f :={q prime : ¢| B, ¢{2r and 0 < Ay < By},
QTZ,A,BJ :={q prime : ¢| B, ¢12r and A; > B},

and for g € QZA,B,f let

o vq if Ay is even,
710 if A s odd.
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We define constants for use in the cases f =1 and f = 2 respectively as
follows:

q(q +q)
kr,A,B =

qTQTAT’A 1
< 1l (1 " quq/g?lgqj —)1> " ;A(j/?—%q - 1>))

quf,A B1

[(Bo+1)/2) _ { By+2
< 1 ( Lq(B /2] t 3B Jg)/QJ 2 >
qtBa (q—1) U5 (¢*—1)
QGDTA B,1
q(q+q)

X H q2 _ 1‘1 ’

q|B

qlr

[Aq/2]+1 _ 1
q q
Cr = 4 - - -
o 11 (q—vq) 1:[ (qmqm(q—l))

ql s QEQT,A,B
gl2rAnA: oA,
< I <qu/2(q — ) + g — 1)

s a2 a =1 =)

r,A,B
214,

y H @18/ 21+ (g 4 1) (g Ba/2l — 1) + ¢Bat?
@B (g2 — 1)

>
qED;A’B

A

ql?“

Next we recall a classical result which gives a useful characterization of
abelian number fields.

Fact 2.1. Let K/Q be a Galois number field. Then K is abelian if and
only if there exists an integer By such that degy (p) depends only on the
residue class of p modulo By .

Suppose from now on that K is abelian. For Bx as above and f|m,
let afq,...,afs, be positive integer representatives of the reduced residue
classes modulo Bg that contain rational primes p which are unramified in
K and split into degree f primes in Q. Define
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4m 1T 7 I o —q—1) i
DT,I,K = <2> YY) k’r,alyi,BKa
31¢(Br) po \¢* =1/ o (a+1)a -1 =
qlr
and if m is even let
m q
D,k = < - >
37¢(Bk) q};[,( q—(7)
qlr
9 —g-1-(F))\ &
< 1l ( (4= D@ - 1) ) 2 rean

qf2rBg

We now state our main result.

THEOREM 2.2. Let K be an abelian number field, and suppose t > 21
Then

1 r
[ Z Wé;,m(x) = Dy1k - mi2(z) + O
(ﬁvw)ect

< N3 z3/2 logzv>

log“t! z t

for any ¢ > 0, and if m is even,
1 1
Tl Z wgiw(az) = D,k loglogz + O(l + \/Etng>
C:| @a@ec:
Moreover, if f >3 and f|m, then
1
G 2 @) =0).
! @m)ec

Recall that if x is a Dirichlet character, we have the Dirichlet L-series

— x(n)

ns
n=1

L(S7X) -

Given an integer d we let x4 be the Kronecker character xq(e) = (%) Set
B(r) := max{3,7%/4, A},

where Ay is the discriminant of K, and for k£ any positive integer let

(r2 — 4pf) /K% if K2 |r? — 4pT,

0 otherwise.

A(p) = di. s (p) = {

We utilize the following three lemmas in our proof of Theorem
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LEMMA 2.3. If f|m and t > 27, then

1 r
T 2 @)
t &w)ec
Z Z > L Xayp) logp
flogx
=1 k<2f B(r)<p<z/f
(k,2r)= p=ay ; (mod Bg)
k2|r2—4pf
Ly z 1
_Z S % Z L(laXdk(p))
=1 B(r)! k<2vS  B(r)<p<S'//
(k,2r)=1  p=ay,; (mod Bg)
k2|r2—4pf
« logp 2 ( L )dS]—iré’(x 0
SP s VSlog S Y
where
loglogz + (z%2logx)/t if f =1,
E(x,t) < 1+ (Vxlogz)/t if f =2,

1 if >3

The next lemma consists of a result of James [I1, Proposition 2.1] and
a straightforward generalization of a result of David and Pappalardi [5]
Lemma 2.2]. Denote by [C, D] the least common multiple of C' and D,

and let

where

Also, let

(2) T,A,B

where

Cy(a,n, k) =

7‘ A B
k:EN neN ngb B nk
r,A,B a
kT (n) = Z <n>
a€(Z/4nZ)
a=0,1 (mod 4)

(r?—ak? 4nk?)=4
4A=r?—ak? (mod (4B,4nk?))

> zn¢43nk2) $ (Z)CT<a,n,k>,

(kkz%\l neN a€(Z/AnZ)*

#{b € (Z/ABnk?7,)*
b= A (mod B) and 4b* = r? — ak? (mod 4nk?)}.
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Then we have the following estimates for the weighted sums of L-series
appearing in Lemma [2.3]

LEMMA 2.4. For every c > 0,

> % > L, Xayp)logp

k<2z B(r)<p<«l/f
(k,2r)=1 p=A (mod B)
k2|r2—4pf

B {KT,A73'33+O(ZL'/10gC$) if f=1,
- Crap VT +OG/z/logtz) if f=2.
Our third lemma gives an Euler product expansion for the constant

appearing in the f = 2 case of Lemma (for the f = 1 case see [11],
Theorem 1.1]).

LEMMA 2.5. We have
_ 2 q 9@ -a-1-(3))
CT’A’B‘sas(B)H(q—(;l))H( R )

B qf2rB
qlr

Proof of Theorem [2.3 First suppose f = 1. We combine Lemmas
and 2.4] to obtain

o Y @

€ (5,3)€Cy

0y

m 1 x
I )
S d 1
- Kra' -S40 T o —|—=——14dS
2 ) o5 oliags) s ous)

In [11] James proved that

2 q(q? —q—l)
Kyap = H( ) I ; brap,
36(B) .z gor (@ D@ = 1)

qlr

and thus 251:1 K41 ,;,Bx = ™Dy1,K /2m. Moreover, one can show that

xT

S 4/ 1 JE
L@ is=o(—Yr ),
B§T) log®S dS <\/§ log S ) <10g0+1 x)
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1 rl D1k [ v . d 1
Loy (= D el Yas
G4 (V0)ECy 2 llgz 5 d5 VSlog s

3/2
N O< \/51 x log:n)t
logtt! t
Integrating by parts gives
t.d 1 NZEERYS)
—(—— ) dS = — -2
ESdS<\/§10gS> S logz log?2 m1/2(%),
and our result follows.
Now suppose f = 2. Here Lemmas [2.3] and [2.4] yield
1 7,2
(U,W)€eCy
123
m 1 N
)
A VS ) d 1
£ (50l i )
i=1 B(T)2< log®S ) ) dS \ \/Slog S
+ O<1 + ﬁlogg”)
; .

It is easy to see that the first term in the brackets is O(1). Moreover, inte-

grating by parts gives

M d
VS —
3&2 is

1
VSlog S

(

(

V5 d
log¢S dS

Jas =

1

and

B(r)?
Therefore

1
a2
(T,0)€eCy
and since Lemma, implies that

§ Cr ,a2,i,Br —

our result follows.

VSlog S

1
—3 loglogz + O(1)

) s = O(1).

. m Lo C log1 0 \/Elogx
_27'&'(21 r,ag,i,BK) oglogx + 1+f ’

27TDT 2,K

)
m
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Finally, suppose f > 3. By @ and below, it suffices to show that
the sum on the right hand side of (9) is O(1); however, this follows easily

from . n

3. Counting curves. In this section we gather results that will aid us
in estimating the number of (v, W) € C; such that Ej ;5 reduces to a given
elliptic curve.

Note first that #{n € Z : |n| <t} = 2t + O(1). Moreover, given ' € Z™
there are at most two values of @ € Z™ such that Ay = 0. It follows that

(3) €| = 4™ 8™ 4 O™ ).

Let p C Ok be a prime ideal of degree f which lies above an unramified
rational prime p > 3. Recall (see [16]) that in order to reduce an elliptic
curve F/K modulo p one first obtains a minimal model for the curve at p,
and then reduces the coefficients of this model modulo p. We denote the
resulting curve by EP, and for v € O we denote by +P its image in Ok /p.
In order to obtain our estimate we will use the fact that if ord,(R(?)) < 4
or ordy(R(w)) < 6, then the model (1)) of Ej; is minimal at p.
Next note that since
pOk Cp C Ok,
we have
(Ok /pOk)
A = Ok/p,
w/0x) !

and therefore

Ip/pOK| =p" 7.

Set s = p™~f, and suppose {p1,...,ps} is a complete set of distinct coset
representatives for p/pOg. Fix v € O. Then for ¥ € Z™ we have

R(¥) =~ (mod p) & R(V) —v = p; (mod pOf) for some 1 <i < s.

If we define, for each 1 < ¢ < s, integers ¢;; (1 < j < m) by v+ p; =
Z;’Ll ci jo, then

(4)  #{Tez™:||7|| <tand R(®) =~*}
— Z#{(kly-.-ykm) czm: ‘Ci,]' +pkj| <tforalll1 <j< m}
=1
oQmym tmfl
ol
pf pf—l

when t > p.
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4. The average in terms of L-series. In this section we prove Lem-
ma We begin by recalling the Hurwitz class number (see, for exam-
ple, [13]), which is a weighted sum over the equivalence classes of binary
quadratic forms f(z,y) = ax® + bxy + cy? of a given discriminant. More
precisely, if we let Ay = b> — 4ac denote the discriminant of f, then for

A >0,
> o
Ap=—A

where

1/2 if some g € [f] is proportional to 22 + y?,

¢y =4 1/3 if some g € [f] is proportional to 2 + zy + y2,

1 otherwise.
The Kronecker class number K(—A), meanwhile, is simply the number of
equivalence classes of binary quadratic forms of discriminant —A. For our

purposes it will be more convenient to work with H(A) (note that H(A) =
K(—A)+ O(1)). We recall (see [5]) that

B h(—A/k?)
5) na=2 Y aramy

—A/k?=0,1 (mod 4)

where h(d) and w(d) denote respectively the Dirichlet class number of, and
the number of units in, the imaginary quadratic order of discriminant d.
Moreover, Dirichlet’s class number formula states that

w(d)d|'?

(6) () = 1

L(la Xd)'

Let p > B(r) be prime. Then 4p/ — 72 > 0, and for a positive integer k
with k2 | r? — 4p/ we have L(1, Xdy (p)) < logp (see [13] p. 656]). Noting that
di(p) = 1 (mod 4) since r is odd, we therefore obtain the following useful
estimate:

M Hw o= Y YT

k2|r2—apf

L(1 Xdk(p)) < pf/2 log? p.

Since p > 3, any elliptic curve over F,; may be written in the form
E.p:yP=2+ar+b (a,be Fpr).

Recalling that Eq y = Eqp over Fr if and only if there exists u € F;;f such
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that o/ = u*a and V' = 0, it follows that

#{(a' V') €F2) : By = Eap}
(pf —1)/6 ifa=0and p/ =1 (mod 3),
=< (p/ —1)/4 ifb=0and p/ =1 (mod 4),
(pf —1)/2 otherwise.
Following Schoof [15] we define N(r) to be the number of F,;-isomorphism

classes of elliptic curves with p/ + 1 — r points defined over F,s. Since p fr,
by Deuring’s Theorem (see [6] or [15, Theorem 4.6]) we have

N(r) = K(r? —4p’) = H(4p" — %) + O(1).
Letting
Tpr(r) i= #{(a,b) € B2y : # By p(Fpy) =p/ +1 -1},
we get the following result.

THEOREM 4.1 (Deuring). T, (r) = (p//2) - H(4p! —r%) + O(p/).

Proof. Let E denote an [F,s-isomorphism class of elliptic curves. Since

there are at most ten isomorphism classes containing other than (p/ —1)/2
curves F,p, we have

f_
L= Y 3 1="INe) + o0

Our result now follows from @ u
Proof of Lemma[2.3 Note first that

1 . 1
10,1 Z Wég,w(x):@ Z 1

C: (7,35)ECy

N(p)<z  (FW)€eC:
degp (p)=f ap (Ey,z)=r

For a prime ideal p of degree f lying above a rational prime p > B(r) we

have
Z 1= Z ’Ct(Ea,b)’7

(T,0)ECt (a,b) e]Fi f
p

E- =)=
a ( 'u,w) T #anb(pr):pf_i_l_r
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where

Ct(Ea,b) = {(17, ?E) S Ct : E;w = Ea,b}-

If ng = E,, then either R(?)P = a and R(w)? = b, or the model ({1]) is not
minimal at p. Since in the latter case we have R(?¥)? = R(w)? = 0, by
and Theorem [4.1] it follows that

> 1= (S5 ro(S) ) (B -+ ooh)

(U,W0)€eCy
ap (Eg g)=r

for t > p.

Next note that the conditions N(p) < x and degy (p) = f together imply
that p < 2'/7. Then our assumption that ¢t > 2!/, along with and the
fact that the prime ideals p lying above primes p < B(r) do not affect our
average, allows us to conclude that

5 (ol (o)
X (p;H(szf ) —|—O(pf))].

If p is unramified in K, then degy (p) = f if and only if there are g(p) = m/ f
primes in Ok which lie above p. It follows that

1 1 4mt2m t2m71
(w0 () ) (G + 0 (7))
1/f

X (gH(lef —r?) + O(pf)>].

Using the bound in @, we find that the summand on the right hand side

ofis

2pf nf

H(4pf — r2 1 log?
B ) o Ly e p),
D tpf/21



Frobenius distributions for elliptic curves 227

Since ¢t > 2/, we may therefore write

m f— 2
(9) . Z WE,f(CU)Zg Z M%—S(w,t)

C g f
| t‘ (U,0)€eCy B(r)<p<azi/f p
g(p)=m/f
where, by standard estimates,
1 log? p
(10) S(x,t) < Z (pf + tpf/2_1>
B(r)<p<z'/f
g(p)=m/f
loglogz + (z%/2logz)/t if f =1,
<9 1+ (Vxlogz)/t if f=2,
1 if f> 3.

Using the equality in @ we may rewrite the main term on the right
hand side of @ as

(1) SR D DI ce

27Tf ]' Xdk(p))

B(r)<p<zl/f k2|r2—4pf
g(p)=m/f

Since \/4pf —r2 = 2p//2 4+ O(1/p//?) and L(1, Xa,(p)) < logp, upon re-
versing the order of summation (and noting that we only need to consider

k <2y/x) in we obtain
L(1, X, () log p
) LY L ¥ el ¥y R

k<2\f B(r)<p<zl/f B(r)<p<z'/f k2|r2—4pf
g(p)=m/ | g(p)=m/f
k2|r2 —4pf

The error term in is easily seen to be O(1), and thus can be absorbed
into £(x,t). Moreover, partial summation allows us to replace the main term

of with
m 1
e - L(1 1
T/ log x 2 k > (1, Xy (p)) log p

k<2y/x  B(r)<p<az'/S
g(p)=m/f
k2|r2—4pf

Il

d 1
ﬂf S Z Z LQ » Xdi(p Ing ds(sf/2logs> ds.

B(r) k<2\f B(r)<p<s
g(p)=m/f
k2|'r2—4pf
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Setting s = S'//, and noting that k2 |r2 — 4p/ implies k < 21/S, we obtain

1 "y m[ 1 1
Vou Z EM(JL’):W[W Z T Z L(1, Xa;,(p)) logp

(e

(T,w)eCt k<2/z  B(r)<p<z'/f
g(p)=m/f
k2|r2—4pf
0 1 d 1
- S — L(1, Xay,( ))logp<> dS} + E(x,t).
k Z kP ds
B(r)f k<2v/S  B(r)<p<s'/f VSlog S
g(p)=m/f
k2|7’2—4pf
Observe that if p > B(r), then p { r. It follows that if k2|72 — 4p/,
then (k, 2r)=1. Our result now follows from the definition of as1,...,az¢,.

5. Computing C,(a,n, k). Let a,n,k € Z with n, k > 0. In this section
we give formulae for evaluating

Cy(a,n, k) = #{b € (Z/4ABnk*7)*
b= A (mod B) and 4b* = r%2 — ak? (mod 4nk?)}.
We utilize the following straightforward consequence of Hensel’s lemma.

LEMMA 5.1. Suppose N,s,L € Z with N odd and s,L > 0. Then for
any X € Z,
2°M? + NM = X (mod 2F)

has a unique solution M modulo 2%.

By the Chinese Remainder Theorem

r(a,n, k) Hd,ak

pprime
p|4Bnk?
where
(13) dpar() = 31
be(Z/p'Z)*

b=A (mod p‘1)
4b2=r2—ak? (mod p’2)

with ¢1 = ord,(B), l3 = ordy(4nk?) and £ = {1 + (5.
LEMMA 5.2. Let p be a prime such that p|4Bnk?.
(1) Ifp is odd and 1 = 0, then

r? — ak? 9 9
dpasn(n) = { 1+ <p ) if (r* —ak®,p) =1,
0

otherwise.
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(2) If p is odd and {1 > 0, then
a0 (n) = {pmin(h,éz) if 1% — ak? = 442 (mod pmin(él,b))’
P,a, =

0 otherwise.
(3) If p=2 and ¢; < 1, then

2min(€1+4,£—1) Zf T‘2 _ ak2 =4 (mod 2min(5,£g))’
0 otherwise.

dya(n) = {

(4) If p=2 and ¢ > 2, then

2min(€1+3,€2) if r2 — k2 = 4.A2 (mod 2min(€1+3,€2))’

0 otherwise.

dyar(n) = {

Proof. For the sake of brevity we only prove (4) (the other cases can be
handled similarly).

Let u = min(¢; + 3, ¢3). First suppose that there exists an odd integer b
such that

(14) b=A (mod 2) and 4% =% — ak® (mod 2).

Then b> = A? (mod 24+1), and therefore 442 = r? — ak? (mod 2%).

Now suppose 12 — ak? — 442 = 2% . s for some integer s, and let b € Z
be odd. Then b satisfies if and only if there is an integer M such that
b=A+2“M and

(15) 4A% 4 293 ANM + 2202012 = 2 — gk? (mod 2%2),

ie., 2037 UANM + 226+27u (2 = 5 (mod 227%). If 5 > ¢1 + 3, then by
Lemma this congruence has a unique solution M modulo 227% and
thus has exactly 2¢~(G1+2=u) — 9u solutions modulo 2¢. On the other
hand, if ¢35 < ¢1 + 3, then the congruence in question holds trivially, and so
has exactly 26~ = 2% solutions modulo 2¢. =

6. Averaging special values of L-series. In this section we prove the
f = 2 case of Lemma[2.4] (for the f = 1 case see [I1], Proposition 2.1]). In [5]
David and Pappalardi present a proof of the f = 2 case of Lemma when
K =Q(i), A= 3 and B =4, and our proof uses similar arguments.

Proof of Lemma[2.4) (for f = 2). Let U be a parameter to be determined
later. By [, (4.2)] we have

L(1, X (p) = Z(C%I?)):L = Z<dk¢(lp)>e_:[] + O(W)‘

neN neN
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Assume U > x7/%1og? z. Using |dy.(p)| < 4p®/k?, we obtain

1
(16) > z > L(1,Xay) logp
k<2yz  B(r)<p<vz
(k,2r)=1 p=A (mod B)
k2|r2—4p?

1 di(p)\ e Y VT
- Y T (M) o)
k<2yz B(r)<p<yz neN
(k,2r)=1 p=A (mod B)
4p?=r? (mod k2)

We first show that the part of the sum on the right side of with k
sufficiently large can be absorbed into the error term. Let V' be a parameter
to be determined later. Then

> S (%)

n
V<k<L2y/x B(r)<p<z

efn/U

(k,2r)=1 p=A (mod B)
neN 4p?=r? (mod k?)
e /U 1
< (logx) Z - Z z Z 1
neN V<k<2yz m</T

(k,2r)=1  4m2=r? (mod k?)
e~/U h e (Z/K*Z) : 4h? = r? (mod k2 x
gy Sy #re@nn (mod K)} V&

neN V<k<2\Z
(k,2r)=1

k k2

Denote by v(k) the number of distinct prime divisors of k. Then by the
Chinese Remainder Theorem 4h? = 2 (mod k?) has at most 2“(%) solutions
h when (k,2r) = 1, and therefore

(DS > (M) 0

n
V<k<2\z B(r)<p<yz

e—n/U

(k,2r)=1 p=A (mod B)
neN 4p?=r? (mod k?)
—n/U ov(k)
(&
neN V<k<2\/x

Since 2/(%) <« k€ for any 0 < e < 1 (see [14, Exercise 1.3.2]), it follows that

ov(k) T 1 1

(18) > TR S i dy < Ve—e
V<k<2\/z \%4
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To estimate the sum ZneN(e_"/U/n) we first note that if U > 1, then

o .
—1) 1 1
1—e VU1 ( R —
‘ z; Uil U 20

and hence
—n/U

(19) Yo © -

neN

2U
= —log(l —e V) <1 1
og(l—e ) <logU + Og<2U—1>
<logU + log2.
Upon supposing V > log®™)/2 z and U <« Ve, and yield
—n/U 21/(k) f
e x
1 :
(Vzx ogx)z - Z 13 < log®
neN V<k<2x
Then by and we conclude that
1
(20) > % > L1 Xay(p) logp

k<2yz  B(r)<p<vz
(k,2r)=1 p=A (mod B)

k2|r2—4p?
1 e /U di(p) Vv
— — 1 O .
Sares Y (Moo )
k<V neN B(r)<p<yz
(k,2r)=1 p=A (mod B)

4p?=r? (mod k?)

Next we show that the portion of the sum on the right hand side of
with n large can be absorbed into the error term. Note first that

E € —t/U gt =
n S UlogU ) e Ulog U
n>UlogU UlogU

Recalling that U > 27/161og?* z and V < 2./, we obtain

Syt oy (M)

k<V n>Ulog U B(r)<p<i/z
(k,2r)=1 p=A (mod B)
4p?=r? (mod k?)
JE
1 1
< Og%)<UlogU>(\/5 0g7) < log®x’

and combining this with yields
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(21) Z Z L(laXdk(p))logp

k<2yx — B(r)<p<yz
(k,2r)=1 p=A (mod B)

| =

k2|r2—4p?
1 e /U di.(p) NI
= —_— l *
Sy ey (MP)eero(i)
k<V n<UlogU B(r)<p< =z
(k,2r)=1 p=A (mod B)

4p?=r? (mod k?)

Since () is periodic modulo 4n, we can rewrite the innermost sum on the

right hand side of as

a
Z (n ) Z lOg b,
0e(Z/anT)" B(r)<p<y/7
p=A (mod B)
4p?=r? (mod k?)
dy,(p)=a (mod 4n)

which may be further rewritten as

3 (“) 3 U1 (VE, ABnk?,b) + O(log ),
a€(Z/4AnZ)* " be(Z/ABnk?Z)*
b=A (mod B)
4b°=r?—ak? (mod 4nk?)

where
$1(X,C,D):= > logp

p=X
p=D (mod C)

and the O-term comes from the primes < B(r) and the prime divisors of n
(recall that in the outer sum we have the condition (k,2r) = 1).
If (C,D) =1, then 1 (X,C,D) ~ X/p(C) (see [IT, Part 2, §8.2, Theo-
rem 5]). Defining
X

&E1(X,C, D) :=1(X,C,D) — m,

by our work above we find that

® T ()i (Snd)

B(r)<p<ya ae(Z/AnE)"
p=A (mod B)
4p?=r? (mod k?)
@ 2
- Z <n) Z &1 (Vx,4Bnk*,b) + O(logn).
a€(Z/AnZ)* be(Z/ABnk?7)*
b=A (mod B)

4b%>=r? —ak? (mod 4nk?)
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We now show that the contribution of the last two summands on the
right hand side of to the sum on the right hand side of can be
absorbed into the error term. Since

1 e /U 1 .
> 2 logn< >, 2 D e
k<V n<UlogU " k<V n<UlogU
(k,2r)=1 (k,2r)=1

< UlogUlogV,

the contribution of the O-term is < /z/log® x when U < v/z /log®™? x. Next
note that if we reverse the order of summation involving & (y/x, 4Bnk?,b)
in , then the sum on a has at most one summand. Thus

(23) > (Z) 3 &1(v/z,ABnk?,b)

a€(Z/AnZ)* be(Z/ABnk?Z)*
b=A (mod B)
4b°=r2—ak? (mod 4nk?)

< Z ’gl(\/E7 4Bnk2,b)]

be(Z/ABnk2Z)*

Applying the Cauchy—Schwarz inequality and the identity

B (C,D)
we obtain
e~ /U

€1 (v, 4Bnk?, b)|

LN SRS DD S

k<V n<UlogU be(Z/4Bnk?Z)*

(k,2r)=1
1 d(4Bnk?)\ /2
< Z kz< Z n2 >

k<V n<UlogU

><< 3 3 Sl(ﬁ,4Bnk2,b)2>

n<UlogU be(Z/4Bnk?Z)*

B N #(4Bn) (4Bn, k%) \?
B ( 2 ))>

k n?  ¢((4Bn,k?

1/2

k<V n<UlogU

(Y Y aWa 4Bnk2,b)2>1/2.

n<UlogU be(Z/4Bnk2Z)*
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Clearly

> > &(Vx, 4Bk b)?
n<UlogU be(Z/4Bnk?Z)*
< > >, &Wmnb)?

n<ABk2UlogU bE(Z/nZ)*
and the Barban—Davenport—Halberstam Theorem [2] asserts that if X >
Q > X/log" X for some £ > 0, then
YD) &(X s h)’ < QX log X.

s<Q be(Z/sZ)*

Assume from now on that

\/2E c+3)/2
It follows that

Z Z E1(Vz,n,b)* < (K*UlogU)v/z log

n<4Bk2UlogU be(Z/nZ)*

for k < V, and this, along with the inequalities ¢(k?) < k? and ¢(CD) <
C¢(D), implies that the right side of is

1/2
<<x1/4\/UlogUloga:(Zk‘>< 3 ;) .

k<V n<UlogU

This quantity is < 2'/4V?1og U+/U log x, which in turn is < /z/log¢ z for
our choice of U and V. Combining this with — we obtain

Z % Z L(l?Xdk(p))logp

k<2\/x B(r)<p<y/z
(k,2r)=1 p=A (mod B)
k2|r2—4p?

e—n/U a o L
A 2k 2w, 3, (3)ownn)
(kk2<r;/ n<U10g U a€(Z/AnZ)*

+o(3):

Our result therefore follows from the proposition below, which also implies
the convergence of the summation formula for Crap. =
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ProPOSITION 6.1. For any ¢ > 0,

Crap = Z 3 _n/Uk) 3 <Z>Cr(a,n,k;)

(kk2<§/ . n<UlogU a€(Z/AnZ)*
T

~0(i5)
log® x

when U and V' are chosen as in .
Proof. We begin with the identity

en 3 . anﬁ ;;/sz > <Z>C’T(a,n,k)

W (e

a 1
= ¥ i S 2 (n)oen+0()
(kkz%\rl ne a€(Z/4nZ)*

(see [B, p. 198]). Our first aim is to show that the terms in the sum on the
left hand side of with n large can be absorbed into the error term.
Recall that C.(a,n, k) = Hp|4Bnk2 dp ak(n). By Lemma do.qr(n) <

20rd2(B)+4 ord, (B)

and for odd p, dp 4 1(n) is at most p if p| B, and is at most 2

if p| nk and p t B. It follows that
Cr(a,n, k) < gr(nk)+4 B,
and thus

(28) > (“) Cr(a,n, k)‘ < 64B¢(n)2" "),
a€(Z/AnZ)* "
Since ¢(4Bnk?) > ¢(4B)p(n)d(k?), ¢(k?) = ko(k) and 2v(F) < ov(m)+vik)

by we have
—n/U

(29) Z Z n¢(4Bnk?)

kEN n>U log U
(k,2r)=

3y <Z>C’,~(a,n,k)

a€(Z,/AnT)*

v(k) efn/UQV(n)

<<Z2¢)ZT

n>U logU

As 2¥(F) « /2 the first factor on the right hand side of is a convergent
series, while

[e.9]

e~n/Ugr(n) 1 1 1
> < | e tVar=
Tl n VU logU UlogU \/UlogU log x
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We conclude that

a 1
(30) Z Z 4Bnk2) > (n>Cr(a,n,k)<<logcx.

keN n>UlogU €(Z/AnZ)*
(k,2r)=1 ac(®/ )

Next we show that the terms in the sum on the left hand side of with
n small and k large can be absorbed into our error term. By our arguments
above we have

1 e~V a
X Y e > (5)een
kE>V n<U log U a€(Z/4AnZ)*
(k,2r)
ov (k) e—n/Ugv(n)
<<Zk2¢>(k:) Z n
k>V n<UlogU
Since
ov(k) 1 2p 12 3v(k)
- — — 113
) kH<p—1>— Pl <=
plk plk
p>3
we have

ov(k)

s K —.
Ig‘:/k?qb(k) ]Z‘; k3

Using 3"(%) < k¢, we see that

ov (k) 1

(32) < —€’
k>V k2¢(k) &

Moreover, using partial summation and the fact that ) 2 () « TlogT
[17, Exercise 2, p. 53], we find that -

UlogU

e~/ Ugv(n) logU
> < +

n U
n<UlogU 1

< log? U.

Now f imply that
1 e /U a
Z E Z m Z (n)Cr(a,n,k) <

(kk>§/ n<UlogU a€(Z/AnZ)*
2r)=1

7t/U1 t *t/Ul t
(33) (e SO 2 )dt

t U

C Y

log€ x
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and combining this with yields

DS ;Z;z) > ()crenn

k<V n<U10gU a€(Z/AnZ)*

(k,2r)=
a 1
Z Z < ng( 4Bnk‘2 Z <n> Crla,n, k) + O(logc$>'

e S(B/Anz)

Our result now follows from and the definition of C, 4 g. =

7. Constructing a multiplicative function. In this section we con-
struct a function for use in the proof of Lemma[2.5 Let n and k be positive
integers, and suppose (k,2r) = 1. Define n’ by n = 2°"42(")p/  let

d2,a,k (TL)

D20kt g o k(1) £ 0,
62,a,k(n) = d2,a,k(1) a2, ’k( ) 7&
0

otherwise,
and define
OEEDY <n>62ak ] dpan(n
a€(Z/4nZ)* podd
a=1 (mod 4) pln

(r2—ak?n")=1
LEMMA 7.1. Let g be an odd prime and o a positive integer, and more-
over let 3 = ord,(k).
(1) cx(n) is a multiplicative function, and cx(1) = 1.
(2) Suppose q|B.
(a) If 28 > ordy(B), then

en(q®) = {qordq(B)qﬁ(qa) if 12 = 4A? (mod ¢°"4B)) and « is even,
0 otherwise.

(b) If 26 < ordy(B), then

2 AA2) /268N @
{qo‘“ﬁ ((T 44%/q > if 1> = 4A? (mod qw),

Ck(qa) = q

0 otherwise.
(3) Suppose q1 B.
(a) If q| k, then
2¢“ Y qg—1) if a is even,
ce(q®) = { e f :
0 if a is odd.
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(b) If ¢ 1k, then

-1
¢! () (g—1) if q|r and « is odd,
q
-1
c(g®) = —¢*! <<q> + 1> if ¢tr and o is odd,
¢ t(qg—-1) if |7 and « is even,
(¢ (g —3) if gt r and « is even.

Proof. For (1) we refer the reader to [4, pp. 173-174], where a similar
result is proved. Also, note that (5) follows immediately from (2) and (3).

For the remainder it will be convenient to note that by Lemma

(g”) = ) &) =

q

a€(Z/4q°L)* be(Z/q'Z)*
a=1 (rréod 4) b=A (mod ¢‘1)
(r*—ak®,q)=1 4b?=r2—ak? (mod ¢*2)

ak2=r2_4A2 (mod qmin(ll ,22))

where, as before, £1 = ord,(B), 3 = ord,(4¢“k?) = o+ 28 and £ = {1 + {5.
Using Lemma 5.2 again to evaluate the inner sum, we obtain

g > (a) if q| B,
a€(Z/4q°T)* q
a=1 (mod 4)
(r2—ak?,q)=1
(34) Ck (qa) = ak?=r2—4A2 (mod qmin(llsb))
a\” r? — ak? )
Z - I+ —— if ¢ 1 B.
a€(Z/4q“Z2)* q q
a=1 (mod 4)
\ (r2—ak?,q)=1

(2) If 26 > 41, then
ak? = r? — 4A% (mod ¢™(12)) o 12 = 442 (mod ¢").
Since ¢ |k and (k,2r) =1, by this implies that
gminté2) Z (a) if r2 = 442 (mod ¢"),
cx(q%) = ae(zjaqez) N4

a=1 (mod 4)
0 otherwise.

On the other hand, if 23 < ¢; and we write k = ¢®k;, then
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ak? = 1% — 4A? (mod qmin(zl’@))
2 _ 442 20 2 _ r? —4A° min(e,f1—23)
& r°=4A° (mod ¢*’) and aki = e (mod ¢ ).

Hence if 72 = 442 (mod ¢*?), then

fe min a “
culg™) = > (%)

aE(Z/4q°T)*
ak?=(r2—442)/¢*8 (mod 4g™in(®e1-25))

by , and our result follows.
(3a) Suppose ¢ 1 B and ¢ | k. Then ¢t r as (k,2r) =1, and so yields

a a® 20(q%) if « is even,
(@) =2 > <> :{ ¢(q”) ol
ac(zjagezy N4 0 if o is odd.
a=1(mod 4)
(3b) Suppose ¢t B and gt k. First consider odd a. Then by (34),

wr=e[-(57)+ 2 (7))

a€(Z/qZ)*

(S e taln

_ q

(- () v

On the other hand, if « is even, then
en(g”) = {qzj(q —1) . ifq|r,
“ " (a—-2)—q ifqtr.
(4) By definition
2 if2tBand a=1 (mod 4),
doar(l) =<4 if2 | B and a =1 (mod 4),
0 otherwise.
Set ¢; = orda(B), lo = orda(4 - 2"%2) = «a+ 2 and £ = {1 + ¢5. Suppose
f1 < 1. Since r and k are odd,
r? — ak? = 4 (mod 2™*(2+2)) = 4 =5 (mod 8),

and hence by Lemma [5.2(3),

a adgak(2a> . (3 )
cp(29) = — o L = —1)o . omn(3a
k( ) aE(Z/QZ"‘+2Z)*<2) d2’a’k(1) ae(Z/QZDé+QZ)* ( )
a=1 (mod 4) r2—ak?=4 (mod 2min(5,a+2))
— (—2)",

The proof is similar when ¢; > 1. u
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8. Computing the constant. In this section we prove Lemma[2.5] We
begin by recording several evaluations of dy, , 1 (n) which follow directly from
Lemma

LEMMA 8.1. Suppose p is a prime such that p 1 2n.
(1) If p| B and p{ k, then dy 4 1(n) = 1.
(2) Suppose p|k.

(a) If p| B, then

dp,a,k(n) = {
0 otherwise.
(b) If p{ Br, then dp, o 1(n) = 2.

If a = 3 (mod 4), or if (r2—ak?,n’) # 1, then by definition C,.(a, n, k) = 0.
We may therefore write

a
Can= X +5 g 2 (2] T1 dasto
keN ne a€(Z/AnZ)* p|4Bnk2
(k,2r)=1 a=1 (mod 4)
(r2—ak?n’)=1
If p| B and p { 2nk, then dy, ,(n) = 1 by Lemma (1) Moreover, if p|k
and p { 2n, then Lemma [8.1(2) implies that dp 4 x(n) = dp,qx(1). Hence

1 a
CraB= % m Z <n>d2,a,k(n)

pmin(ordp(B),ordp(kQ)) Zf r2 = 442 (mod pmin(ordp(B),ordp(kQ)));

(k,2r)=1 )
neN (T —ak2 /) 1
(T i) (T st
p odd plk

pln p2n

Next note that if p is prime, n € N and d,, 4 £(1) = 0, then since ord,(4k?) <
ord,(4nk?), by we have dj, o 1(n) = 0. It follows that we may rewrite
our last expression for C, 4 p as

1 a
> Fnd(ABnk?) > <n> d2,a,k(1)€2,0,%(n)

keN a€(Z/AnZ)*
(k,2r)=1 a=1(mod 4)
neN (r2—ak2,n’):1

(I dpas) (LT dpes()

p odd plk
pln pi2n

For odd primes p we see from that dp q%(1) = dp.1,%(1). Moreover, when
(k,2r) = 1 and a = 1 (mod 4), then dy4 k(1) is independent of k and a.
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Thus we may write

1
(35) Crap =dz1a(1) ) Tng(4Bnk?)
keN
(k,2r)=1
neN
(Hd,l,k )(Hd,l,k ) n).
pl(Bk) plk
pi2n pf2Bn

For ease of notation write v(C, D) for the number of distinct common
prime divisors of C' and D. If (k,2r) = 1, then by Lemma [8.1(2b) we have
that [T, pppn dpak(l) = ov(k)=v(k.2Bn) \oreover, it is straightforward to
check that
ov(k,B) . gu(k/(k,B).n)

2u(k,2Bn) _
ov((k,B?)/(k,B),n)

for odd k. This, together with , allows us to rewrite the expression for

Cr.a,B in as

21/(k)
(36)  d21a(1) > 9v(k.B) i (ABK?)

keN
(k, 27"):1

« Z TLp((B.5). przn Gp1 k(D)6 ((n, 4Bk2)) 20 (k.5 (k.B) )
neN ne(n)(n, 4Bk2)2v(k/(k.B).n)

ck(n).

Recall that if p is prime, n € N and d}, 4 4(1) = 0, then d, ,x(n) = 0.
Combining this with the fact that dp, (1) = dp1x(1) for odd primes p
yields the following useful lemma.

LEMMA 8.2. Suppose d,1 (1) = 0 for some odd prime divisor p of n.
Then cx(n) = 0.

For primes p such that p| (B, k,n) let
fop= {dp,l,k(l) if dp,1 k(1) # 0,
p7 -

1 otherwise.

By Lemma 8.2} if (k,2r) = 1, then

Ck ’I’L),

L8,k dp.1k(1)
dp1 k(1) )cx(n) = F————
11 ) ILpiBkn) Fok

pl(B;k)
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and combining this with and yields

d2,1,1(1) 2"W (4B, k) [L(s.x) o1k (1)
$(4B) ov(k:B) L (k2) (4B, k?)

(37) C’I‘,A,B =
keN
(k,2r)=1

n,4Bk> ov((k,B?)/(k,B),n)
> 11 > fo.k] ¢2) )(n, 4Bk2)2v(k/(k.B),n) cr(n)-
nen Wlp|(Bkn) Jp kIO,
Noting that the summand of the inner sum in is multiplicative in n, we
deduce that Lemma (5) allows us to rewrite this sum as

I1 o((q%, 4Bk?))2v((k,B)/(k,B).q")

3% Ly fola (e (g, BRI FEB ) (1)

q prime >0

- TS ey i)

gtk ~a>0

H( $((q”, 4BK?))2"((R5D/(5) ) ( a))
' oY C ord (k) q
qlk Na>0 L) 5.0qe) Joila®d(a™) (g™, 4BK2) 2/ (:B)a™) Co™s

- TI(E ity i @)

a>0

o((q™, 4BK?))2v(k:B*)/(k.B).q) o
ay Cgerda (k) (4
e L, (5kge) frilad(q®) (g, 4BK2)2/(k/(k.B).a) a
<Z> q- 4B))
alk Z a a’ 4B) a (qa)

a>0

Substituting into , we make our expression for C;. 4 g become
d2,1,1 <75 q“ 4B )
o) (S A
q

ov(k )¢((4B, kf?)) [ LB,k dp.1k(1)
20 B kp(k?) (4B, k?)

keN
(k,2r)=1

(¢, 4Bg?))2v((@".5%)/(a" B).a")

az>:0 [LiB.go) fokla "‘qﬁ( @) (g™ 4Bq2ﬂ)2”(qﬁ/(qﬁ B (1)
X H q 5
8 o
e a;) .45 @)

Since the sum on k in is a sum of multiplicative functions, we may
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rewrite it as

2[Hp\(B,q) dp,l,qﬁ (1>]¢((4B7 q2ﬂ))

@) I+ qﬂ?”(zB)qzl( Z;)(ﬁlB( qQ)ﬁ)
qf2r B>1 Z ) (q® 4B
6((4%, 4Bg?))da 5y (g%)

S M. Frarlao(a®) (@™, 4Bg)

where 6, p is equal to 1/2 if & > 0 and ¢ 1 B, and equal to 1 otherwise.
Substituting into , and noting that é(¢’)/¢’q*d(q®*) = 1/¢* if

a,j > 0, we obtain

o= iy (2 5 (S0 T(Z )
alr alr

A we S ()]

gi2rB La0 4 #(a”) ,8>1
)

X

1 Q
IS S e (e 0 )|
pritr 621 o1 T aar
af2r

Our result now follows from Lemma [7.1] and the formula for the sum of a
geometric series. m
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