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Congruences for

(A+ A2+ mB2)P/2 and (b+ Va2 + b2)P~)/* (mod p)
by

Zu1-HoNG SuN (Huaian)

1. Introduction. Let Z and N be the sets of integers and positive
integers respectively, i = v/—1 and Z[i] = {a + bi|a,b € Z}. For a,b € Z,
a+ bi is called primary if b =0 (mod 2) and a =1 — b (mod 4). When 7 or
— is primary in Z[i] and a € Z]i], one can define the quartic Jacobi symbol
(2), as in [S2,[S4]. For the properties of the quartic Jacobi symbol one may
consult [IR], [S4, (2.1)—(2.8)] and [S4, Propositions 2.1-2.6].

For any positive integer m and a € Z let (%) be the Legendre—Jacobi-
Kronecker symbol. (We assume (%) = 1.) For convenience we also define
(ﬁ) = (%) Then for any two odd numbers m and n we have the following
general quadratic reciprocity law:

(1.1) (m) B (—l)mT_lnT_l(%) ifm>0orn>0,
' n —(-1)™7 "7 (&) ifm <0andn <0
Let a,m, A, B,C,D € Z and let p be an odd prime such that ap=C?+
mD?. In Section 2 we obtain congruences for (‘“7 ”‘4;‘*'7”32)(10 —b/2 (mod p)
using only the quadratic reciprocity law. This generalizes the result for m=1
in [S5]. For example, if p = C? 4 2D? is a prime of the form 8k + 1, then

(3 VTP = { (*%2) (mod p) it (§) =1,

T (2GER) BRADL (mod p) if (&) = 1.

Suppose p is a prime of the form 8k + 1. In Section 3, using Western’s
formula for octic residues, we determine (b + v/a2 + 2)P=1/4 (mod p) pro-
vided that p = 22+ (a® +b%)y? # a® + V%, a,b, 2,y € Z, 2t a, 4| b and a? +b?
is a prime. See Theorems 3.1 and 3.2. For instance, if p # 17 is a prime of
the form 8%k + 1 and so p = C? + 2D? for some C, D € Z, then
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(4+V17)P"D/4 =1 (mod p)

17

For b, c € Z the Lucas sequences {U,(b,c)} and {V,,(b, c)} are defined by
Up(b,c) =0, Ui(b,c) =1, Upyi(b,c)=>0bUy(b,c)—cUy,—1(b,c) (n>1),
Vo(b,c) =2, Vi(b,e) =b, Vpia(b,c) =0Vy(b,c) —cVp—1(b,e) (n>1).
Let d = b? — 4c. Tt is well known that for n € N,

(1.2) Un(b,c) = { A" - ()" td o,
n(byn-1 if d =0,
(1.3) V(b c) = <b+‘/g> + (b_‘/g> .
2 2

Let p be an odd prime. In Section 2 we obtain a criterion for U,_1)/4(24,
—mB?) =0 (mod p) (if p=1 (mod 4)) in terms of binary quadratic forms,
in Section 3 we derive a criterion for p|U,_1)/5(2b, —a®) (if p =1 (mod 8),
21{a, 4|band a® + b? is a prime), and in Section 4 we pose five conjectures
concerning V{;,,1)/4(k, —1) (mod p) (if p = 3 (mod 4)) and qi?/# (mod p)
(if p=1 (mod 4) and ¢ = 3 (mod 4)), where [z] is the greatest integer not
exceeding .

Throughout the paper we use (m,n) to denote the greatest common
divisor of integers m and n.

2C - 3D
& p=2>+ 17y (z,y € Z) and (—1)¥ = <03>

2. Congruences for (44 +mB W)(p_l)ﬁ (
bers A, B,C, D and m it is clear that
(2.1) (A2 4 mB?)(C* 4+ mD?*) = (AC — mBD)? + m(AD + BC).
LEMMA 2.1. Suppose A,B,C,D,m € Z, A24+mB? #0, C?> +mD? > 1,
(A,B) = (C,D) =1, 24C%?+mD? and (A? + mB?% C? + mD?) = 1. Let
5 _{1 if A24+mB? >0 or AD + BC >0,
7\ -1 if A2+ mB? <0 and AD + BC < 0.

mod p). For complex num-

Then
(—1)*75%Im(ABEBOY  if AD 4 BC =0 (mod 2),
S AD+BCN\ _ ) apipe 54 _ 4
o\ rmD? (49555%) if AD + BC' =1 (mod 4),
(—1)im/AD(ZAD=BCY it AD 4 BC =3 (mod 4).

Proof. 1f q is a prime with ¢ | (AD+ BC,C*+mD?), then D*(A%+mB?)
= B2C?+mB?D? = B%(C?+mD?) = 0 (mod q). As (A2+mB?, C?+mD?)
= 1, we have ¢ A2 +mB? and hence ¢ | D. Thus, C?> = —mD? = 0 (mod q)
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and so ¢|C. Since (C,D) = 1, this is impossible. Therefore, (AD + BC,
C? +mD?) = 1. By symmetry, we also have (AD + BC, A2 + mB?) = 1.

Suppose AD + BC = 2%mn; (24 n;) and A% + mB? = 2%n (2 1 n). By
(1.1) and (2.1) we obtain

AD + BC 221
C? + mD? C?2 +mD?

ni ni-1 c2imp?-1 (C? + mD?
= _ = (—1) 2 2 _
C? + mD? ny

B (_1)n1 1 C2+mD2 1 [ A? + mBz> ((A2 + 77’LBQ)(C2 + mD2)>

ny
2%) ( (AC — mBD)? + m(AD + BC)2>
1

(

& T

() G )(“‘C )
1)n1 CLENTLE 1<22 n

n1 1 C’2+mD2 1

n1 1 C2+mD2—1 2
n

I
T

Bo(~ <”1)

ni n

n 1 ngfn AD+BC
-y (2 (2} (a220)

Hence

AD + BC
(22) (CQerD?>

_ (—1)”1;1.<02+m§’2>m 2 “ AD + BC
N (C% +mD?)n ny n

If 2| AD + BC, as (AD + BC, A2 + mB?) = 1 we have 2 { A + mB>.
Thus, a =0, n = A2 + mB? and 21 (C? + mD?)n. By (2.1) we have

(C* +mD*n
= (A% + mB?)(C* + mD?) = (AC — mBD)* + m(AD + BC)?
(1 (mod 8) if AD + BC =0 (mod 4),
- {1+4m (mod 8) if AD + BC =2 (mod 4).
Thus,
n1—1 (C24mD?)n—1 o1
0 ()
) @ 1 if AD + BC =0 (mod 4),
- ((02 + mD2)n) - { (225) = (~1)™ if AD + BC =2 (mod 4).

Hence, by (2.2) we deduce the result.
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Now assume AD+BC =1 (mod 4). Then a; =0andny = AD+BC =1
(mod 4). Observe that

() (252) - () (252

_ (AD+ BC\“[AD + BC
() ()
_ [AD+ BC
<A2+m32)'

Again by (2.2) we deduce the result.
Finally we assume AD 4+ BC = 3 (mod 4). Then A(-D)+ B(-C) =1
(mod 4). From the above we deduce
AD+ BCY\ (_1)02+W’£D271 A(—=D)+ B(-C)
\c2+mD?) — A? + mB? '
As (C,D) =1 and 21 C? + mD?, we see that % = [2]D (mod 2).
So the result follows. The proof is now complete.

LEMMA 2.2. Let C,D,m € 7Z with (C,D) = 1 and C? + mD? ¢
{3,5,7,...}. Then

1 if 4|D,

D
(-1 5] 4 24 D.

Proof. Set D = 2%Dq (2 { Dy). If 4| D, then C? + mD? = C? = 1
(mod 8) and so

D N_ (Do \_(CHmD?\_(C\_,
C2+mD?) \C?2+mD?) Dy “\Dy)

If 4| D — 2, then C? + mD? =1+ 4m (mod 8) and so

D _ 2Dy _ 2 C? + mD? —
C24+mD?) \C2+mD%) \1+4m Dy R

If 24 D, then

Db
C? + mD?
D1 24mp2-1 [ C? + mD? p-1 24mn2-1 ( C?
= (-1 D7) — () -
— (_1)%-702?“1 = (~1)"= 5],

So the lemma is proved.
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LEMMA 2.3. Let b,c € Z and n € N. Let p be an odd prime such that
pte(0® —4c). Then

p|Un(b,c) < 5 =" (mod p).

(b—l-\/b2—4c>2n .

Proof. From (1.2) we have

plUn(bc) & (b”gj) (b‘“fjc)nmod D)

- <b+\/l;2—740>2": (bQ—(lj—zlc))":Cn (mod p).

This proves the lemma.

For complex numbers A, B and m it is clear that

A+VA2 +mB? (A + By/—m +VAZ ¥ mB2>2
2 N 2 ’

(2.3) (A+ By/—m)

Now using Lemmas 2.1-2.3 and (2.3) we deduce the following main re-
sult.

THEOREM 2.1. Let p be an odd prime, a,m,C;D € Z, a > 0, 2 { a,
(C,D) =1 and ap = C?> + mD?. Let A, B € 7Z with (A,B) =1, pt mB and
(A2 +mB? ap) = 1. Suppose that &g is given in Lemma 2.1. Let

(-1)=m if 2|D,
(—1)% 15 if 24 D,
1 if AD+ BC =0,1 (mod 4),
Jp =< (=)™ if AD+ BC =2 (mod 4),
(-D)IZP if AD 4+ BC =3 (mod 4),
_ J000nda(4555%)  if AD+BC #3 (mod 4),
000102 (S22¢) if AD+ BC =3 (mod 4).
Then
<A +VA? + mB? > (p=1)/2
2
_ g(D(ADa+BC)) (mod p) if (A2+;nBQ) =1,
- S(D(AD;-BC))D(A:F\/élé-kmB?) (mod p) if (A2+m32) 1.
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Moreover, if p=1 (mod 4), then

p ’ U(p—l)/4(2A7 _mBQ)

A? + mB? D(AD + BC) 2BCD
<~ — =1 cmd e\ —— = .
p a p

Proof. As (%) =1 and (Vz)? = z- 2P~ D/2 = (%)\/E (mod p) for
x € Z, using the binomial theorem and Fermat’s little theorem we see that
(A+ BvV—m+ A2+ mB2)"
= AP + (BvV/—m)P + (/A2 + mB?)?

A? B?
=A+ By-m+ (—l—m) V A% + mB? (mod p).
p
Thus,

(A+ By/=m+ VA2 + mB2)
A+ By=m + VA2 + mB?

A+ By=m+ (ARE) VAT B2

B A+ By=m + VA2 + mB?

- { A-—VA2¥mB? (mod p) if (7A2+;"BQ) = -1,

<A+ By—=m + VA2 +mB2>p1
2

By=m
1 (mod p) if (%) =1

Hence applying (2.3) we obtain

A+ VAZ ¥ mB2\ P12
—m)P=1)/2
(A+ BvV—m) < 5 >

By/—m
1 (mod p) if (A2+mB2) =1.

{ A—VA2+mB? (mod p) if (A2+mB2) -1

As (C/D)? = —m (mod p), replacing /—m with C/D in the congruence we
have

(A + \/m)“"1>/2< BC\ P12
A+ )

2 D
B A—\B//g/-i-DmBQ (mod p) if (A2+mB2) =1,
~ | 1 (mod p) if (A2+;"BQ) =1.
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Using Lemmas 2.1 and 2.2 we have

(A+ BC D)2 = (f‘HJT/D) _ (g) <AD;;BC>

() @) (70
- (B) () (i) (35

_ E(D(AD+BC>) (mod p).

a

Now combining the above we deduce

(A + VA + m32><7’1>/2

>
[ £(BABLEO (116q p) if (45205 = 1,
= | <(RADEBON DAVIEREY) (04 ) i (AmBY) —

Since ap = C? + mD? we see that (%) =1 and so

2 2

2\ (p—1)/2
= (_mf > =1 (mod p).

(A + \/m) (p=1)/2 (A - \/m) (p=1)/2

We also have

D(A+ VA2 + mB?) D(A—-+A2+mB?) —mB?D?

BC ‘ BC = pree - (medp)
Therefore,
<A - \/m> w-ur
2
[ e(PAEEE) (mod p) if (A5) =1,
= E(1)(A13a+130))D(Aer/gxéJrW) (mod p) if (A2+;"B2) = -1

Now we assume p = 1 (mod 4). From the above and Lemma 2.3 we see
that
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p|Ugp-1)/4(24, —mB?)

(p—1)/2
& (A+ VA2 +mB2)P~D/2 = (B~ 1/1 = (BDC) (mod p)

A+ VAZ fmB2\PV2  /9BCOD
& 5 = » (mod p)
<ZBC’D) <D(AD + BC)>
= )
P a
_ | 1 (mod p) if (%) =1,
B —D(A_“§é+m32) (mod p) if (7‘42*;”32) =1

Since p{ mB(A? + mB?) we have A # £/ A2 + mB? (mod p) and so A% +
mB? — Av/A2 + mB2 # 0 (mod p). Thus

<D(A —VAZ ¢ mB2)>2 242 + mB? — 2AVA? + mB?
BC - —mB?

—/AZImB2
D(A \/é40+ B%) 2 41 (

# 1 (mod p)

and so mod p). Hence,

p ’ U(p—l)/4(2A7 _mBQ)

A% + mB? D(AD + BC) 2BCD
= — | =land e ———= | = .
p a p

The proof is now complete.

REMARK 2.1. From (2.1) we see that (AD + BC,AC — mBD) = 1
implies (AD + BC, (A? + mB?)(C? + mD?)) = 1. Thus, according to the
proof of Lemma 2.1, we may replace the condition (A?4+mB?, C2+mD?) = 1
with (AD + BC,AC — mBD) = 1 in Lemma 2.1. Hence, by the proof
of Theorem 2.1, we may replace the condition (A% + mB2, ap) = 1 with
(AD + BC,AC —mBD) =1 in Theorem 2.1.

COROLLARY 2.1. Let p be an odd prime, m € {2,4,6,...} andp = C*+
mD? for some C,D € Z. Suppose A,B € Z, (A,B) =1, pt B(A? + mB?)
and AD + BC # 3 (mod 4). Then

(Ai\/m>(pl)/2

2
1-()P p-1m (A2 2
(-1)" = 3 2 (fﬁ;}BBC;) (mod p) if (7‘4 +;”B ) =1,
= 1-(=)” D1 m D(AFVAZfmB?
(1) 7T (4RE) PG ™ (mod p)

()
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Moreover, if p=1 (mod 4), then

p|Ugp-1)4(24, —mB?)

- A2 +mB?*\ ) d(—l)li(El)D oo1m (AD+BCY _ (2B (m
P - A24+mB2) \ p c)
Proof. For p =1 (mod 4) we have (%) = (%) = (%) = (%) and
(%) = (§) = (%) = (%2) = 1. Thus, taking a = 1 in Theorem 2.1
we deduce the result.

wlz

COROLLARY 2.2. Let p be a prime of the form 8k+1 and so p = C*+2D?
for some C,D € 7. Suppose A,B € 7, (A,B) = 1, pt B(A%2 + 2B?) and
AD + BC # 3 (mod 4). Then

(A% /A2 y2B2)@" D

_ (ﬁ?@%@) (mod p) if (A2f232) =1,
== 2
(ﬁg_g%g) A:F\/A +2B2) (mod p) if (A2-£)QB2) = _1.

Moreover, if p=1 (mod 4), then
p|Up-1)/4(2A, —2B?)

N P 1 and AD+BCY\ (B 2
A212pz) M\ azieBr) ~\p)\c)
Proof. If2J(D,thenp:CQ—|—2DQE1+2:3(mod8) Thus 2| D.
Now putting m = 2 in Corollary 2.1 and noting that (A +2BQ)

we deduce the result.

(7rt2p2)

For instance, if p = C? + 2D? is a prime of the form 8k + 1, then

(24) (VNP2 = {(20+3D) (mod p) if () =1,

17

(20;;3D)(31Ff) (mod p) i (%) -1

and
(25)  plUp-1)/4B3,-2) & p|Up-1)/4(6,-8)
o @) — 1 and <201+73D> _ (2)
COROLLARY 2.3. Let p=1,3,7,9 (mod 20) be a prime different from 7.
(i) If p = 1,9 (mod 20) and hence p = C? +5D% with C,D € Z and
C+ D=1 (mod 4), then

(1:|:\f> p- 1/2 (51( ) (mod p) Zf(g
2 51 (SER) (1 F V6) (mod p) if (&) = 1
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and

6 C+D v1p(C
P‘U(p—l)/4(2,—5) & (p) =1 and 51< 5 > = (-1) 41D<5>7

where 61 = 1 or —1 according as 41 D — 2 or 4| D — 2.
(i) If p = 3,7 (mod 20) and hence Tp = C? +5D? with C,D € 7 and
C+ D =1 (mod 4), then
(1 + \/g>(p—1)/2_ {51(046@) (D(C+D)) (mod p) if (g
= C+D) .
2 0 (S2) (HEH) 2L F VE) (mod p) i (5) = 1.
where 61 = 1 or —1 according as 41 D — 2 or 4| D — 2.
Proof. If p = C? + 5D? with C,D € Z and D = 2%Dy (2 { Dy), then
Cy — _(5)_ (C 2D\ _ (2°t1\ (Do) _ (2\otl —
cearly () = (&) = (¢) = (5) and (57) = (5)(5*) = () (&) =
(—1)=D(atD)/4 — (_1)(P=DD/4 Thys, puttinga = A=B =1and m =5
in Theorem 2.1 we deduce (i). Taking a =7, A= B =1 and m = 5 in
Theorem 2.1 we deduce (ii).

COROLLARY 2.4. Let p = 1,2,4 (mod 7) be an odd prime and hence
p=C?+7D? for some C,D € Z. Suppose C + D =1 (mod 4). Then

(1+ 2\/5)(1?*1)/2
= D=1, 04Dt (mod p) if p==+1 (mod 8),
- D D
(—1) P yoep=t D( 1+2v/2) (mod p) if p==+3 (mod 8).
Moreover, if p=1 (mod 4), then

7

Proof. Takinga=A =B =1 and m =7 in Theorem 2.1 we obtain the
congruence for (1 +2v/2)®~1/2 (mod p). For p = 1 (mod 8) and D = 2%D,
(21 Dy), it is clear that

e (5)-(8)-(F27) - (@) - v (§)
(5)- (%)= (&) - (557) - (5)

Thus, by Theorem 2.1 we have

Pl Up-1)4(2,=7)

o 8|p—1and (—1) 5P <22D> _ (_1)<c—1>/2<0>_

plUp-nyya(2,=7) & 8|p—1 and (—1)" T +5F= = (_1)<01>/2<C>.

This completes the proof.
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COROLLARY 2.5. Let p=1,3 (mod 8) be a prime and hence p = C? +
2D? for some C,D € 7.

(i) Ifp=1 (mod 8) and C + D =1 (mod 4), then

(2+ \/§)(p*1)/4

_ ) (= 1)(©*-1)/8 (£) (mod p) if p=1 (mod 24),
T (~D)@EDBE(2YD (1% /3) (mod p) if p=17 (mod 24)

and so

c -
PlUp-15(41) < <3) = (—1)(C*-1/8,

(ii) Ifp=3 (mod 8), p>3 and C =D =1 (mod 4), then

(2+ \/g)(p+1)/4
_ (—1)(0_1)/4(%) (mod p) if p=19 (mod 24),
T (D)@Y B (1 4+ /3) (mod p) if p=11 (mod 24).

Proof. If p=1 (mod 8), then 2| D. If p = 3 (mod 8), then 2 { D. Thus,
putting A = B =1 and m = 2 in Corollary 2.1 we see that

1+/3\ P /2 B (%) (mod p) if (%) =1,
< 2 ) - ((”TD)%(HE\@) (mod p) if (3) = -1
If p=1 (mod 3), then 3| D and (%) —1)P=D/2(2) = (—1)P=D/2 1f
p =2 (mod 3), then 3|C and ( )= (- ( )/2(5) —(=1)P=D/2_ Thus,
(%) (mod p) if p=1 (mod 24),
143\ D2 (2)Z(1FV3) (mod p) if p=17 (mod 24),
< 2 ) ] (2) (mod p) if p=11 (mod 24),
($)5(1FV3) (mod p) if p=19 (mod 24).

If p =1 (mod 8), by [S5, p. 1317] we have 2(P~1/4 = (—1)(02*1)/8
(mod p) and so

1:|:\/§ (p—1)/2 2:|:\/§ (p—1)/4
7)) -5
= (=)@ -D/8(2 £ /3)P= D/ (mod p).

Thus, from the above we obtain the congruence for (24 +1/3)®~1/4 (mod p).
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Applying Lemma 2.3 we see that
Pl Up-1ys(4,1) & (2+v3)P"D/* =1 (mod p)
& p=1 (mod 24) and (—1)<021>/8<§

o (C> _ (—1)e-ss,

) =1 (mod p)

3

Now assume p = 3 (mod 8) and C = D =1 (mod 4). By [S5 p. 1317]
again, we have 2(P—3)/4 = (—1)(0_1)/2+(02_1)/8% = (—1)(€-D/4D & (mod p).
Thus,

(2 + /3)PHD/4
(p+1)/2 (p—1)/2
_ o)/ (1i2\/§> _ 5(p-3)/4 (HE2\/§> (1+V3)
(p—1)/2

— (_1)(0—1)/4g <1i2‘/§> (1£V3)

(—1)©DAL(D) (1 £ /3) (mod p) if 24|p — 11,
= (CDEVAZ(§)EQ = V3)(1+ v3) = (=1)CD/Y(§) (mod p)

if 24|p —19.

So (ii) is true and the proof is complete.

We note that we have proved Corollary 2.5 using only the quadratic
reciprocity.
COROLLARY 2.6. Let p = 1,19 (mod 24) be a prime and hence p =
C? +2D? = 22 + 3y? for some C,D,x,y € Z.
. 2_
(i) Ifp=1 (mod 24) and C+D =1 (mod 4), then (—1)C~D/8(§) =
(—1)v/4.
(ii) If p = 19 (mod 24) and C = 1 (mod 4), then (—1)(C=D/4(§) =
(_1)30/4-&-1.

Proof. If p =1 (mod 24), then clearly 4 | y. In [L] E. Lehmer showed that
(24++/3)P=D/% = (—1)¥/* (mod p). If p = 19 (mod 24), then clearly 4 | z and
p = 7 (mod 12). By [Lem| Ex. 6.30, p. 206] or [S4, Theorem 8.1(2) (with
m =4, n =2, d=3)] we have (2 + v/3)P+D/4 = (~1)#/*+1 (mod p). Now
comparing the above results with Corollary 2.5 we deduce the corollary.

3. Congruences for (b+ Va2 + b2)®P~1)/4 (mod p)

LEMMA 3.1 (Western’s formula ([HW, (2.9)], [Lem| pp. 296-298])). Let
p and q be distinct primes of the form 8k +1. Suppose ¢ = a® +b* = % +2d>
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with a,b,c,d € Z. Then for j € {0,1,...,7} we have

pa-1)/8 — (m_b)d)j (mod q)

ac

i\
o P8 — b)) P/ (e — dy/=2) P12 = ( 1_*;) (mod p).

THEOREM 3.1. Let p and q be distinct primes of the form 8k+1. Suppose
p=C?+2D? =2+ qy? and ¢ = a® +b*> = ® +2d? with a,b,c,d,C, D, x,y
€Z and a =1 (mod 4). Then

(b—ix/y>(p_1)/4 _ (_1)by/4<dC - CD> (x + byi>4 (mod p)

a q a

and so

] —cD
» | U(p—l)/8(2b, _a2) N <1‘ +abyl> _ (_1)(17—1)/8-‘1-17?//4 (dc’qc> .
4

Proof. It is easily seen that
—2i(a — bi)(b—iv/—a? — b2) = (v/—a2 — b2 — a + bi)2.
Thus
(—=20) =D/ (g — bi)@=D/4(p — /g2 — p2)P-1D/4
— (V@ B —at bi)e

By [S6, Theorem 5.1(ii)] we have

(:c/y—a—i—bi) _(z—ay+byi> :<_1)by/4<:c+byi> ( x )
p 4 P 4 a 4 —a+ bi 4.

Since p = 1 (mod 8), applying [S6, Lemma 6.1] we deduce

(x > (p—1)/2
——a-+bi
Yy

= (—1)/4(_ 2 p2\(p-1)/8  (_1ybysa [ L 1 by x
= (20) /4 (a? = 2) 0 (T (L) o ).

Note that (z/y)? = —a? — b* (mod p). From the above we derive

(_

—

Y= 1/8o(=1/4 (g _ pi)P=D/A(p — gz gy) (P14
(z/y — a+ bi)P~1/2

_ (o (—1)/A(_ 2 pay(p—1)/8(_1yby/a [ L+ 0y x
= (2a) (—a* —b7) (—1) ( - >4<a+bi>4 (mod p).
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Therefore,

)
= oP=D/4(g2 1 p2)-D/4(_1)by/4 <m + byz’) ( x > (mod p).
4 4

TN AN SR A
(3.1)  (a®+b) (a — bi) b—i

a —a+ bi
Clearly ¢ f z. Suppose z(4~1/4 = (%)k (mod gq) for k € Z. Then

B - B b\* a—byd\*
PO = e a0 = (D) = (TR0 o o)

Hence, appealing to Lemma 3.1 we have

.\ 2k
(a2 4+b%)P=D/8(q—bi) P~ D/ (e —d\/=2) P~ 1)/2 = (_\;2@) = i* (mod p).

As ?D? — d?C? = 2D? — d*(—2D?) = qD? (mod p) and 2D? — d?C? =
—2d?D? — d*C? = —pd? (mod q), we see that (c?D? — d>C?,pq) = 1. Set
D =2°Dy and ¢D — dC = 2" A with 21 ADy. Then (A, pq) = 1. Thus,

)

-(5)(5)-(5)6) - (2)(5)

_ (02 ;OQDQ) <O2 4:42D2> _ (gi) (i) ((02+2d2)f402 —|—2D2))

_ <Z><(CC+2dD)2zz(cD—dC)2> _ <Z) _ (fql) _ <w;dc>

Note that (%)2 = —2 (mod p). From the above we deduce
(a® + )P~ D/8(q — pi)P=D/A = (¢ — gy/=2)~ (P 1)/2;k

_ (C_dC/D>¢k _ <CD_dC>zk (mod p).

p q
Substituting this into (3.1) we see that

b—ia/y) "V
a
E<M>Z~—kq(p—1)/4(_l)by/4(x+byi> < d ) (mod p).
4 4

q a —a+ b
From [S5], Corollary 4.6(i)] we know that ¢~1/4 = (%) (mod p). As zla—1/4
= (%)k (mod ¢) we have z(¢=1)/2 = (—1)* (mod ¢) and so (%) = (1)
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Thus ¢®P~V/4 = (5) = (—1)* (mod p). Since ¢ = a? + b and a — bi is
primary in Z[i], we have z(4=1)/4 = (g)k = (—i)* =47 (mod a — bi) and so

(a bl) = i~*. Thus,

=1/ L k= (—1)k kR =
q (—a—i—bi)Z =(-D%- "4 1 (mod p)

and therefore

(b—m/y><p1>/4 _ (_1)by/4(cD - dC> (:1: + byi>4 (mod p).

a q a

(=avmi)a =

Note that (%)2 = a® + b* (mod p). From Lemma 2.3 and the above we
deduce

P Up—1)/8(20, —a?) & (b+ Vb2 +a2)P D/ = (—¢?)P=D/E (mod p)

VaZ £ p2)\ (p—1/4
o (W) = (~1)®=D/8 (mod p)

- (_1)by/4<chC> <x+byi)4 (16D (mod p)

q a

o <J3+byl> :(_1)(p1)/8+by/4<c‘D_dC>.
4

a q

This completes the proof.

COROLLARY 3.1. Let p # 17 be a prime of the form 8k + 1 and so
p = C?+2D? for some C,D € Z. Then

(44+V17)P" D4 =1 (mod p)

2C -3D
& p=2?+ 17 (z,y € Z) and (—1)Y = <Cl73>

and so

p| U(p—l)/8(87 _1)

20 - 3D
& p=2>+ 17y (v,y € Z) and (—1)P~ /5 = <C 5 )

17
Proof. If (%) = —1, then

pot _ GEVITP 4+ (VITP 45 V1T
(VI = 4417 4+V1T 0 4+VIT
—(AF V17)? £ 1 (mod p)
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and so (4 + VIT)P™/2 £ 1 (mod p). If (&) = 1, by [Bi] or [S5, p. 1324
we have

(4+ \/ﬁ)(pfl)/2 =1 (mod p) & p=2z>+17y* (z,y € Z).

Assume p = 2 + 17y? for some z,y € Z. Taking g =17, a=1,b=4,c=3
and d = 2 in Theorem 3.1 we deduce

(4 +£VI7)@D/4 = (1) (201_73D> (mod p).

By Lemma 2.3 we have
P Upony/s(8.~1) & 4+ VI /4 = (~1)#=D/% (mod p).
Thus the result follows.

COROLLARY 3.2. Letp =1 (mod 8) be a prime such that p = C?+2D? =
x? + 257y? # 257 for C,D,x,y € Z. Then

AC' — 15D
(16 + v/257)(P~D/4 = <C2575> (mod p)

and so

257

Proof. Taking ¢ =257, a =1, b= 16, c =15 and d = 4 in Theorem 3.1
we obtain the result.

4C — 15D
PV -1) = (2] = (o

COROLLARY 3.3. Let p # 73 be a prime of the form 8k 4+ 1 such that
p=C?+2D? =22+ 73y for C,D,x,y € Z. Then

6C—D>_{1 if 3|y,
73 -1 if 3=

Proof. Taking g =73, a=-3, b=8, c=1 and d = 6 in Theorem 3.1
we see that

T + 8yt x + 8yt _ 6C — D
Dl U(p—l)/8(]-67 -9) & < 3 ) = < — ) = (_1)(17 1)/8 <73)
4 4

Since

p|Up-1)5(16,-9) & 3|zy and (_1)<p—1)/8<

(%)'4:1 4 i3]y,

(x+8yi> ()i =) =1 if3]a,
3 . (1281 4:(1(13Z))4:Z' 1f3\£6—y7
(1581')4: (%)4:4 if 3|z + v,

from the above we deduce the result.
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COROLLARY 3.4. Let p # 41 be a prime of the form 8k + 1 such that
p=C?+2D? =22 +41y? for C,D,xz,y € Z. Then
4C—-3D\ (1 if 5]y,
41>_{—1 if 5.
Proof. Taking g =41, a=5,b=4, c=3 and d = 4 in Theorem 3.1 we
see that

x + 4yi sas (AC — 3D
p|Up-1)8(8,-25) < ( : >4=(—1)<P )/&+y — )

plUp-1)8(8,-25) < 5|zy and(_l)(p—l)/8+y<

Since x # +2y (mod 5) and

(%).4:1 , 51

<x+4yi> (%), = (%)4:._1 if5 ]z,
5 4 (5 4:(2(15z))4:_i 5|z -y,
(1—541‘)4:(%)421‘ if 5|z +y,

from the above we deduce the result.

COROLLARY 3.5. Let p # 89 be a prime of the form 8k 4+ 1 such that
p=C?+2D? =22 +89y? for C,D,z,y € Z. Then

Pl Up-1y/8(16,—25)

& 5|azy and (1)(1’—1)/8(209D> :{ if 5y,

89 -1 if 5.
Proof. Taking g =89, a=05,0=8,c=9 and d =2 in Theorem 3.1 we
see that

PlUp—1)8(16,-25) < < - )4:(_1)(11 )/ (89 '

Since x # +y (mod 5) and

(%)4 if 5|y,

(a;—i—8yi) B (8;)4:(@4:—1 if 5|,
5 - (121)4:(1(151'))4:_2. if 5|z — 2y,
(35, = (), =i if5la+2y,

the result follows.

LEMMA 3.2 ([E], [S1} Proposition 1], [S2, Lemma 2.1]). Let m € N and
a,b € Z with 24 m and (m,a® +b?) = 1. Then

a+bi\*>  [(a®+0b
m ), - m '
THEOREM 3.2. Let A,B € 7 be such that 2 { A and A* + 16B? is a
prime, and let p =1 (mod 8) be a prime such that p = :L'2+(A4—|—1632)y2 #*
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A* +16B2 for x,y € Z. Assume A* + 16B? = ¢ + 2d? and p = C? + 2D?
with ¢,d,C, D € Z. Then

T Ao (h— dC —cD

and

dC —c¢D A
4 B _ ~1)/8
plUp-1)38B,—A%) & (-1) y<A4+1GB2> = (-1 (p)
Proof. Putting ¢ = A* +16B2, a = A% and b = 4B in Theorem 3.1 we
see that
4B —iz/y (p=1)/4 By dC —cD x + 4Byi
( A2 ) CUP a1 ), (medp).
From Lemma 3.2 we have
<:L‘+4Byi> B <m2—|—1632y2> B <p—A4y2> B <p> B <A>
A2 A A A A p)
Thus,
(p—1)/4
" _ (_q)By( A€ =D
<4B Zy) =(-1) <A4—|—16B2 (mod p)
(p—1)/4
& _\By[ dC —cD
4B+zy> (-1) <A4+16B2 (mod p).

and so

[

Since (iz/y)? = A* + 1682 (mod p), we deduce
/ 59 (p— dC —c¢D
Applying Lemma 2.3 we see that

p|Up-1)s(8B, —A")

dC —¢D _ _ A

dC —¢D _ A
© (_1)By<A4+16B2> = (=) 8<p)'

This proves the theorem.

COROLLARY 3.6. Letp =1 (mod 8) be a prime such that p = C?+2D? =
22+ 97y% £ 97 for C,D,x,y € Z. Then
(44+/97)P~ D/ = (—1)v (605D

97 > (mod p)
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and so
6C — 5D D
—81) & (=) — (—)e-D/B3+y [ £
Proof. Taking A =3 and B =1 in Theorem 3.2 we obtain the result.

COROLLARY 3.7. Letp =1 (mod 8) be a prime such thatp = C?>+2D? =
x? + 337y% # 337 for C,D,x,y € Z. Then

12C - 7D
(16 + v/337)P~ D/ = [ ="} (mod p)
337
and so
12C - 7D s (P
Pl U(p_l)/8(32, -81) & <337> = (_1)(1) )/ <3 )
Proof. Taking A =3 and B = 4 in Theorem 3.2 we obtain the result.

COROLLARY 3.8. Letp =1 (mod 8) be a prime such that p = C?>+2D? =
x? + 641y # 641 for C,D,x,y € Z. Then
(4 +v641)P~D/4 = (—1)v (1006;121D> (mod p)
and so
10C — 21D
_ T AP - n/s+y (P
R (2):
Proof. Taking A =5 and B =1 in Theorem 3.2 we obtain the result.

4. Five conjectures

CONJECTURE 4.1. Let p = 3 (mod 8) be a prime and k € 7 with 2 1 k.
Suppose p = x% + (k? + 1)y? for some x,y € Z. Then

(Bzty)?-1
(1) o)/ 1 —
Vipsnya(2k, ~1)={ 1<27—1y>§ 2 (mod p) R =5,T (mod 8),
P12

(=1) s 2tD/% (mod p)  ifk=1,3 (mod 8).
In the case k = 1, Conjecture 4.1 was proved by the author in [S6] and
by C. N. Beli in [B].
CONJECTURE 4.2. Let p =3 (mod 4) be a prime and k € Z with 21 k.
Suppose 2p = 2% + (k? + 4)y? for some z,y € Z.
(i) If k=1,3 (mod 8), then
Vips1y/a(k, —1)
(Bxly2-1
_ ) (=) (=2)PtD/* (mod p)  if k=1,11 (mod 16),

—1
(Pzrw)’1

—(=1)" = (=2)®*D/* (mod p) ifk=3,9 (mod 16).
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(ii) If k =5,7 (mod 8), then
Viprny/alk, —1)
(Bry)2-1
_ ) (=) —20tY/4 (mod p)  ifk=5,15 (mod 16),

= (p*I.)Q_l
—(~1) w20t/ (mod p) if k= 7,13 (mod 16).

In the case k = 1, Conjecture 4.2 was stated by the author in [S3| [S6]
and proved by C. N. Beli in [B].

Conjectures 4.1 and 4.2 have been checked for all 1 < k < 100 and
p < 20000.

Inspired by [S6l, Conjectures 9.1-9.9], we pose the following conjectures.

CONJECTURE 4.3. Letp =1 (mod 4) and ¢ = 3 (mod 8) be primes such
that p = ¢ + d*> = 2% + qy? with ¢,d,z,y € Z and q|cd. Suppose ¢ = 1
(mod 4), = 2%x¢, y = 2%y and 19 = yo = 1 (mod 4).

(i) If p=1 (mod B), then
L = { H(-1 (mod o) i 2 = e (mod o),

T F(-1)E@/EH/AL (mod p)  if 2 = +d (mod g).
(ii) If p=>5 (mod 8), then
LS — {:l:g (mo? p) ) zfx = +c¢ (mod q),
F(—1)@=3/8% (mod p) if 2 = +d (mod g).
CONJECTURE 4.4. Let p = 1 (mod 4) and ¢ = 7 (mod 16) be primes

such that p = ¢ +d* = 2% + qy?® with ¢,d, z,y € Z and q|cd. Suppose ¢ = 1
(mod 4), x = 2%, y = 2%y and xo = yo = 1 (mod 4).

(i) If p=1 (mod 8), then

=178 = { (—D¥* (mod p)  if q|d,
—(=1)¥/* (mod p) if q|c.
(ii) If p="5 (mod 8), then
mod p)  if q|d,
mod p) if q|c.

CONJECTURE 4.5. Let p = 1 (mod 4) and ¢ = 15 (mod 16) be primes
such that p = ¢ + d*> = 22 + qy? with c,d,z,y € Z and q|cd. Suppose
r=2%, y=2% andzo=yp =1 (mod 4).

(i) If p=1 (mod 8), then ¢?~1/8 = (—1)¥/* (mod p).
(i) Ifp =5 (mod 8), then P~/ =¥ (mod p).

Conjectures 4.3-4.5 have been checked for all primes p < 200000 and
q < 200.
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Added in proof. We have the following generalization of Conjectures
4.4 and 4.5.

CONJECTURE 4.6. Let q be a prime of the form 8k + 7. Then there exist
disjoint subsets Sy, S1,S2 of {oo} U {k €Z/qZ : (%) = 1} such that for
any primes p = ¢ + d? = 22 + qu® with ¢,d,x,y € 7, x = 2%z, 28y and
c=x0=yo =1 (mod 4),

(—1)¥/* (mod p)  if ¢/d € Sp,
PV = _(—1)¥/4 (mod p)  ifc/d € Sy, forp=1 (mod 8),
£(-1)%/42 (mod p) if £c/d € Ss,
and
2 (mod p) if ¢/d € Sp,
P8 = —¥ (mod p) ifc/d € S, for p="5 (mod 8).
i% (mod p) if £c/d € Sa,
Here we identify ¢/d with oo when q|d, and identify a with a+qZ. Moreover,
|So| = [S1| = |S2] = (¢+1)/8, a/b € Sy U Sy implies (aflbi)4 =1, and
a/b € Sy implies (“Zbi)4 =—1.

For q = 23 we have Sy = {oc0, £10}, S1 = {0,£7} and Sy = {1,5,—9}.
For g=31 we have Sy={0, 00, 1}, S1={+7,4+9} and So={-2,3,10,—15}.
For ¢ = 47 we have Sy = {0, 00, £4, £12}, S} = {£1, £10,£14} and Sp =
{-6,-7,8,—11,—-17,—20}.
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