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1. Introduction and statement of the results. In 1937 I. M. Vino-
gradov [28] proved that for every sufficiently large odd integer n the equa-
tion

(1.1) p1+p2+ps=n

has a solution in prime numbers. It is still not known whether every suffi-
ciently large even integer n can be represented as

(1.2) p1+p2 =n,

where pi,ps are primes. Denote by E(N) the number of even integers not
exceeding N and not representable in the form (1.2). Many researchers have
worked to obtain non-trivial upper bounds for this quantity. The most im-
portant result belongs to Montgomery and Vaughan [19]. They proved in
1975 that there exists an effective constant § > 0 such that E(N) < N2,
Another important approach for studying the equation (1.2) is by the
use of sieve methods. The strongest result in this direction belongs to Chen
[3]. Denote, as usual, by P, any integer with no more than r prime factors,
counted according to multiplicity. In 1973 Chen proved that every suffi-
ciently large even n can be represented as a sum of a prime and a P5. He
also proved that there are infinitely many primes p such that p 4+ 2 = Ps.
In 1938 Hua studied the equation

(1.3) pi+ps+p3=n

for solvability in prime numbers. By elementary considerations one may see
that necessary conditions for the solvability of (1.3) are n = 3 (mod 24) and
n # 0 (mod5). Denote by E1(N) the number of integers n < N satisfying
these congruences and which are not representable in the form (1.3). Hua [§]
proved the existence of a constant B > 0 such that E1(N) < N(log N)~5.
Schwarz [22] proved this estimate with arbitrarily large B > 0. In 1993
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M.-C. Leung and M.-C. Liu [14] showed that E;(N) < N'7° for some
6 > 0. Short-interval versions of this problem were considered by J. Liu and
T. Zhan [15] and Mikawa [16].

As a corollary to his theorem Hua established that the equation

(1.4) pi+ps+ps+pit+pi=n

is solvable in primes provided that n is sufficiently large and satisfies n = 5
(mod 24).

In 1939 van der Corput [26] established that there exist infinitely many
arithmetic progressions of three different primes. The corresponding ques-
tion for progressions of four or more primes is still open. In 1981, however,
Heath-Brown [6] proved that there exist infinitely many arithmetic progres-
sions of four different terms, three of which are primes and the fourth is Ps.

The work of Heath-Brown motivated the author to study additive prob-
lems with primes p such that p + 2 is almost-prime. In [21] Peneva and
the author proved that there exist infinitely many arithmetic progressions
of three different primes p1, p2, ps such that (p; + 2)(p2 + 2) = Pg. Later
the author used some ideas of Briidern and Fouvry [1] and Heath-Brown
and was able to impose a multiplicative restriction on p3 + 2 as well. It
was proved in [23] that there exist infinitely many arithmetic progressions
of three different primes pi, ps, p3 = %(pl + p2) such that p; + 2 = Ps,
p2 +2 = PL, p3 + 2 = Ps. Peneva [20] used the method of [23] to consider
the corresponding problem for the equation (1.1).

Recently the author considered the equation (1.4) for solvability in
primes of the type described above. It was established in [24] that if n is a
sufficiently large integer satisfying n =5 (mod 24) then (1.4) has a solution
in primes p1,...,ps such that each of the numbers p; + 2, p2 + 2, p3 + 2,
ps+ 2 is Pg and ps + 2 = P7. We should also mention the earlier result [13]
of Laporta and the author, which is somewhat related to [24].

In the present paper we study the equations (1.2) and (1.3) with variables
prime numbers of the type mentioned above. We prove that they are solvable
for almost all n satisfying some natural congruence conditions. The following
theorems hold:

THEOREM 1. Denote by IC the set of integers n for which the equation
(1.3) has a solution in primes p1, p2, ps such that py +2 = P5, po +2 = Pf,
p3 + 2 = Pg. Consider the set

F={n<N:n=3(mod24), n£0 (modb)}\ K
and let Y(N) be its cardinality. Then for arbitrarily large B > 0 we have

Y(N) < N(logN)™Z.
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THEOREM 2. Denote by Ko the set of integers n for which the equation
(1.2) has a solution in different primes p1,p2 such that p1 +2 = Ps, py + 2
= P7. Consider the set

Fo={n<N:n=4(mod6)}\ Ko
and let Yo(N) be its cardinality. Then for arbitrarily large B > 0 we have
Vo(N) < N(log N)~B.
From Theorem 1 we easily obtain

COROLLARY 1. For every sufficiently large integer n = 5 (mod 24) the
equation (1.4) has a solution in prime numbers p1,...,ps such that p1 + 2
=Py, p2+2=P5, p3 +2=Ps, ps +2=P5, p5 +2=Ps.

Proof. Consider the sets of primes
A={p<Iyn:p=11 (mod30), p+2="Ps}

and
A = {p < %\/EIPE 17 (mod 30), p+ 2 = Pz}.

Applying the arguments of Chen we establish that the cardinalities of 2 and
A" are > /n(logn) 2.
Suppose that n # 2 (mod5). Consider the set {n — p? — ¢* : p,q € A}.
It is not difficult to see that it contains > n(logn)~? distinct integers k
satisfying k = 3 (mod 24), k # 0 (mod 5). It remains to apply Theorem 1.
If n = 2 (mod5) then we consider the set {n —p? —¢®>:pc A, g€ A}
and then we proceed as in the first case.

Similarly, from Theorem 2 we obtain the following corollaries:

COROLLARY 2. For every sufficiently large integer n = 3 (mod6) the
equation (1.1) has a solution in prime numbers p1,ps,ps such that py +2 =
Pa, p2 +2="Ps5,p3 +2=Pr.

COROLLARY 3. There are infinitely many arithmetic progressions of three
different primes p1,p2,ps = 5(p1 + p2) such that ps +2 = Py, p1 + 2 = Ps,
p2 +2=Pr.

To prove the theorems we apply the method of [20], [23] and [24]. In
many places we omit the calculations because they are similar to those in
the papers mentioned above. We present only the proof of Theorem 1. The
proof of Theorem 2 is simpler and it was briefly explained in [25].

In Section 2 we introduce the notations and state a Proposition, which
is of some independent interest. It asserts that the expected asymptotic
formula for the number of the solutions of (1.3) in primes from arithmetic
progressions is valid “on average”.
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In Section 3 we prove Theorem 1. We consider the sum I' defined by
(3.3) and we show that it is not large. On the other hand, we estimate it
from below using the vector sieve of Iwaniec [10] and Briiddern—Fouvry [1].
We find that if the cardinality Y(N) of the set F were large then the lower
bound for I' would be considerably larger than I, which is not possible.
This proves the theorem.

In Sections 4 and 5 we prove the Proposition by means of the circle
method. We consider the minor arcs in Section 4. The crucial point is formula
(4.4) which gives a non-trivial estimate for a double exponential sum. The
idea is due to Heath-Brown, who pointed out to the author that non-trivial
estimates exist for such kind of sums. We also find an estimate for the mean
value of the same sum.

To treat the major arcs we work as in [13], [21], [23], [24]. We find
asymptotic formulae for exponential sums over primes lying in arithmetic
progressions. It appears that the error terms of these formulae are small “on
average” and applying the Bombieri—Vinogradov theorem we find that their
contribution is negligible. The computations are presented in Section 5.
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2. Notations and statement of the Proposition. The letter p is re-
served for prime numbers. Lower case Latin letters (except z,y, z and p) de-
note integers. Other letters denote real or complex numbers and the meaning
is always clear from the context. As usual, u(n), p(n), A(n), v(n) denote the
Mobius function, Euler’s function, von Mangoldt’s function and the number
of distinct prime factors of n, respectively; 74 (n) denotes the number of so-

lutions of the equation mj ... my = n in integers mq,...,mg; 7(n) = 72(n).
We denote by (mq,...,my) and [mq, ..., mg] the greatest common divisor
and least common multiple of my, ..., mg, respectively. For real y, z, how-

ever, (y, z) denotes the open interval on the real line with endpoints y and z.
Instead of m = n (mod k) we sometimes write for simplicity m = n (k). As
usual ||y|| denotes the distance from y to the nearest integer and e(y) =
exp(2miy). We write p || n if p' |n and p!*!{n. The Legendre symbol is de-
noted by (1—9) For positive U and V' we write U < V instead of U < V < U.

Suppose that A > 10000 is a constant. If not explicitly specified, con-
stants in O-terms and Vinogradov’s symbols are absolute or depend only

on A. Let N be sufficiently large and put X = /N and £ = log X.
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A central point in our paper is the study of the sum

(2.1) I(nyky, ko, ks) = > logpilogpslogps,
Pit+p3+pi=n
Pi+250 (mod kz)
i=1,2,3
where k1, ko, k3 are odd squarefree numbers and n < N. It is clear that

I(n; ky, kg, ks) = | Sk, (@) Sk, (@) Sk, (@)e(—na) da,

0
where
(2.2) Sk(a) = Z log pe(ap?).

p<X
p+2=0 (k)
Define
(23) Q — LlOOOA = X2£_2000A
q—1
a 1 a 1 1 1
(24) El: U U <___7_+_>7 E2: <__71__>\E1'
0O a0 q qT'q qT T T
(a,q):l

We have
(2.5) I(ny k1, ko, k3) = I + Iy,
where
(2.6) I = | Sk, (0)Sk, () Sk, (a)e(—na) da, j=1,2.

E;
Define

k 2
(27) () = 20 5T,
v(q) o q
(m,q)=1
m+2=0 ((k,q))
a
= Z Sky (a7 Q)Skz (a7 Q)Sks (CL, q)e (_n_> .
0<a<qg-—1 q
(a‘7q):1

The function ¢(g) is multiplicative with respect to ¢. Using the definition
(2.7) of si(a,q) and the properties of the Gauss sum (see, for example, Hua
[9], Chapter 7) it is not difficult to compute ¢(p').

We find that if n =3 (mod 8) and kq, k2, k3 are odd integers then

(2.9) t2)=1, t(4) =2, t@8) =4, t@2H=0 forl>3.
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Define
/ —n 2 n —1
e + (3(2) +3(=— +1
GO G
(210)  ho(p) = T
_3(7)]0_1 if pln
(p—1)° ’
( -9 n—4\ _ (=1 _
25 = (=1
211 ) ={ ,_,. @®-1
(F)p+1 .
=T if p|n—4,
ﬂ)
( p+1
p ; _
(212)  ha(p) = =T if pfn -8,
-1 if p|n—8,
-1 if ptn — 12,
(2.13) h3(p)_{p—1 if p|n—12.
If p > 2 and kq, ko, k3 are squarefree integers then we have
h(](p) ifp*klkgkg,
N hl(p) lpr klk?gkig,
(2.14) ha(p) if p* || k1kaks,
hg(p) lf p3 || k‘lkzk'g,,
tiph)y =0 ifl1>1.
We leave the calculations to the reader.
Define
(2.15) S =6(n; Qi k1, ko, ks) =8 [ (1+t(pin;ka ko, ks)).
2<p<Q
We write
Qi k1, ko, k
(216)  I(nska, ko, k) = T/ DB @ RLE2RS) oo 0 b b k).

47 p(k1)p(k2)p(ks)

The first summand arises from the application of the circle method. We
cannot find a non-trivial estimate for the remainder R for individual n, k1,
ks, k3, but we prove that it is small on average. We have:

PROPOSITION. Suppose that
(217) KlaKQ S X1/2£720000A’ K3 g X1/3£720000A
and let B;(k;), k; < K;,i =1,2,3, be complex numbers satisfying

(2.18) Bi(k) =0 if 2|k or p(k) =0;  [Bi(k)| < 7(k).
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Then for
u = Z ‘ Z kl /82 k2)/63(k3) (n;Q;k17k27k3)
n<N ki<K;
n=3(24) i=1,2,3
n#0 (5)
we have
(2.19) U< X34

For brevity we will write > " _ 5 to emphasize that the summation is
taken over the integers n satisfying n = 3 (mod 24) and n # 0 (mod 5).

To prove the Proposition we consider

(2200 h=> "

n<N

> Bi(kr)Ba(k2)Bs(ks)

ki<K;
i=1,2,3
T 6(”§Q;k17k2,k3)>‘
X I ——\/ﬁ s
(1 4V ok) (k) (ks)

(221) U= Z‘ Z ﬁl(k1)52(k2)ﬁ3(k3)12‘-

n<N k;<K,
i=1,2,3

Obviously

(2.22) U < Uy +Us.

We study U in Section 4 and U; in Section 5 and we prove that
(2.23) U, Uy < X3L74,

The estimate (2.19) is a consequence of (2.22) and (2.23).

Note that only in the proof of the inequality (4.4) do we need the tight
restriction on K3 imposed by (2.17). So the validity of (4.4) for larger values
of K3 would certainly imply an improvement of Theorem 1.

3. Proof of Theorem 1. Let F be the set defined in Theorem 1. We
put

(3.1) Qo= L06, 2y = 29 = X067 . x0.116,
Let R={p>1l:pitn—4}U{p>11:p|n—4, p=1 (mod4)}. We define

(3.2) By= H p, Po= H p, Pi= H p, i=1,2,3.

3<p<Qo Qo<p<Q Q<p<z;
pER
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Consider the sum

(33) I'= Z Z log py log p2 log p3 = Z w(n),
n€F  plipitpi=n ner
(pi+2, BoPoPi)=1
i=1,2,3

say. Suppose that w(n) > 0 for some n € F. Then there exist primes
P1, P2, ps satisfying the conditions imposed in the inner sum of formula (3.3).
For one of them, p; say, we should have (p; + 2, Hp <2, b) > 1, otherwise we
would have (p; + 2, Hp <., p) =1fori=1,2,3, which would contradict the
definitions of F and z;.

If p; = 2 then w(n) < £3 D nem?mita L

If p; > 2 then p; + 2 would have a prime factor p > 2 such that p|n —4
and p = 3 (mod4). Hence p3 + p3 = 0 (mod p), which implies p; = p3 = p
and, therefore w(n) < £3 2opin—a L.

Consequently,

(3.4) F<<£3( 3 1+Zf(n—4))<<x2c4.

m3+m3+4<N n<N

Now we will use the vector sieve to estimate I" from below. First we get
rid of the summands corresponding to integers n such that n — 4 has many
distinct prime factors. From this point onwards Z# stands for a sum over
n such that v(n —4) < Alog L. For technical reasons we sieve separately
by the primes from the intervals [3, Qo), [Qo, Q) and [Q, o). From the basic
property of Mobius’ function we get

(35) r 2 Z # Z logp1 logpg lng3 @1@2@3/11/12/13/14/15/16,

n€F  pi+pi+pi=n

where
= ), pd), i=123
d|(pi+2,B0)
(3.6) oo p(d) fori=1,2,3,
A = d|(pi+2,P:)
! pu(d) fori=4,5,6.
d|(pi—3+2,Po)
Define
Dy = Dy = X'/? exp(—4L"9),
(3.7) 1 2 p( )

Dy = X3 exp(—4£%%), Do = exp(£F).

By A (d) we denote Rosser’s weights of order D;, 0 < i < 3 (see Iwaniec
[11], [12] for the definition). In particular, we have

(3.8) NE(d) <1, AE(d)=0 ford>D;, 0<i<3.
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Denote
ME(d)  fori=1,2,3,
. A:I: _ d|(pi+2,P:)
(3:9) i S M) fori—4,5,6.
d|(pi—3+2,Po)

By the properties of Rosser’s weights (see Iwaniec [11], [12]) we have
A7 < A; < AF 1< < 6. We apply the inequality
Ay A A3 Ay AsAg > AT AT AT AT AT AL + AT A AT AT AT A

+ AT AGAZ AT AT AL + AT AT A AL AT AT
+ AT AT AT AT AG A + AT AT AT AT AT A
AT A AT AT AT AL

The proof is the same as in Lemma 13 of [1]. Using this inequality and (3.5)

we get

6
(3.10) <F2§:D—5Fh
=1

where
I = Z ’ Z log p1 log pa log ps &1 PoPs AT AT AF AT AF AL
neF  pi+pi+pi=n
The definition of the other sums I3 is clear. We change the order of sum-
mation to get

# _
=320 3 pm)n(na)nwa) Ay (d)M] (d2)M (ds)
neF  v;|Bo, d;|Po
di|Psi,1=1,2,3

X Ag (61)Ag (82)Ad (03)1(n; v181d1, vadada, v33ds),
where I(n; k1, ko, k3) is defined by (2.1).
Using formula (2.16) we split I} into two parts:
(3.11) n=r/+17

where I'] and I’ are the contributions from the main term and error term
of the formula (2.16) respectively.
Consider I'{". We write it in the form

=% ST )k vs k) R (s Qs ko K ),

’nej: kiSBODODi
i=1,2,3

where

nk) = D w@A ) (),

v|Bo, 6| Po, d|P1
véd=
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vi(k) = Yo uWA(O)AF(d)  for i =2,3.
VlBo,(Sl’Po,d"Pi
véd=k

Now we use (3.1), (3.2), (3.7), (3.8) and apply the Proposition to find that
(3.12) Iy < xX3c74.

Consider I']. Using the definitions (2.8) and (2.15) of t(¢) and &, respec-
tively, we find that if v; | By, d; | Po and d; | P;, i = 1,2, 3, then

&(n; Q; v161d1, v2d2da, v3d3ds)

=38 H 1+tp7n 7/1,7/2,7/3)) H (1+t(p7na61762563))
3<p<Qo Qo<p<Q

So, after some calculations we find that

(3.13) ri=2m>"va( I vem)H e 65 6;,

nerF 3<p<Qo
where

- () p(va) p(vs)

oty L L),

V1,V27V3\p

Wi = 3 A“f VA5 020 05) T (1 4t s 1,52, 64))

1)
samp,  PODe02)e0s) 2

A (d)
G = i i=1,2,3.
d% o(d)

We treat the sums I5,2 < ¢ < 7, in the same manner and we find formulas
similar to (3.11)—(3.13). Then we apply (3.10) to get

(3.14) I'>2rn Z#\/ﬁ( I1 vp(n))
neF 3<p<Qo
x (H*(n)(G1 G5 G5 + Gy G5 G + G G5 G5 — 561G GY)
+3H ™ (n)G G5 G ) + O(X3L™H).
Using (2.7), (2.8) we establish that
V) = _1’1)3 3 1.

1<mi,mz,m3<p—1
mi,ma,m3#p—2
m?—f—mg—f—mgzn (p)

This formula gives 0.001 < V,(n) < 3 for p = 3,5, 7 and 11. By the definition
of V,(n) and (2.14) we find another expression:
L+ h(p) | o1+ha(p) 1+ hs(p)

p—1 p-172  (p—1)p°

Vp(n) =1+ ho(p) — 3
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Using this formula and (2.10)-(2.13) we find that 1 —9(p—1)"! <V,(n) <
1+9(p—1)"! for p > 11. From the observations above and the definition
(3.1) of Qo we obtain

(3.15) (log£)? < [ Vu(n) < (logL)®.
3<p<Qo

We leave the computations to the reader.
Consider the other quantities included in formula (3.14). Obviously

(3.16) GEF< L, i=1,2,3.

We have log Dy /log Q@ — oo as X — oco. Hence we may expect that the
sums H*(n) can be approximated by

) — p(01) pu(92) 11(93) .
M= D etonetn , L (1m0 )

More precisely, we will prove that uniformly for n € F satisfying v(n —4) <
Alog L the following formula holds:
(3.17) HE(n) = Ho(n) + O(L24).

We present the proof of (3.17) at the end of this section.
The sum Hp(n) is much more easy to deal with. We use (2.8)—(2.14) and
after some elementary considerations we represent it as a product:

Ho(n) = [ Q+ho(p) ] Veln

Qo<p<Q plPo
pfPo
Now we are able to verify that
(3.18) (log £)™™ < Ho(n) < (log £)**

Using (3.14)—(3.17) we get
(3.19) rzom 3 (I ) Hemm+ 0(xX*L4),
neF 3<p<Qo
where
N=G,6,G +G/G,G5 +GG5G5 —2GG,G5.
Arguing as in Section 8 of [23] we get
(3.20) N> (log L)>L73.
Therefore using (3.15), (3.18)—(3.20) we find that
r>c7° Y "atoxic,

nerF
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We combine the last estimate with (3.4) to obtain
S Vn < X354
neF

Denote by Y#(N) the cardinality of the set {n € F : v(n —4) < Alog L}.
From the last formula we get

V#(N) <« X2£574/2,

It remains to notice that Y(N) — Y#(N) <« X2L£-Alg A+A-1 (see Hall and
Tenenbaum [5], Chapter 0, for example). Therefore

V(N) < X2L£574/2,
This proves Theorem 1.

It remains to establish the asymptotic formula (3.17). Consider, for ex-
ample, the sum H™ (n). We have

(3.21) HY(n)=H +H",

where in H’ we sum over 81, 62, d3 such that (81, d2), (61,93), (02, 63) < L84,
The sum H" is the contribution from the other summands. Using (2.10)—
(2.14) we may easily estimate the product from the formula for H*(n) to
get

2 2 2
H// <L Z Mw(((;ll))f;(((i2))g(§g3) 7_4(61)7_4 (52)7’4((53)((51, 527 53)
01,02,63|Po

(61,62)>L54
After some standard calculations, which we leave to the reader, we find that
(3.22) H' < L7244,

Consider now H'. We have [ [ ,.o(1+t(p)) = IloII1 112113, where II,
denotes the product of the primes dividing exactly v of the integers d1, d2, d3.
It is clear that ITs and II3 are actually functions of (d2,d3), (1,03), (01, d2).
Consider Iy and II;. For ho(p) defined by (2.10), we have 1+ ho(p) > 0 for
any prime p > @g. The product Py defined by (3.2) does not contain prime
factors p > 2 such that p|n — 4 and p = 3 (mod 4). Hence for any p| Py we
also have 1 4+ hy(p) > 0. We use the inclusion-exclusion principle and find
that

B 14+h(p) yr 14+ h(p) v 1+ hi(p) -,
oIl = &(n) H 1+ ho(p) H 1+ ho(p) H 1+ ho(p)ﬂ’

plo1 pld2 plds

where

(3.23) ¢m)= JI Q+ho)),

Qo<p<Q
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and where IT’ is actually a function of (d2,d3), (01, 93), (d1,92). So we may
write

3
(324) H = g(n) Z H((ég,ég) (51,53 51,52 H ( )>,
01,02,03|Po v=1
(6:,6,)<L54
1<i<j<3

where k arises from II’, IT5, I13 and where

k 1+ hl(p) . B
(3.25) w(k) = 4 o) g Ty 0280 = 1,

0 otherwise.

We may easily find an explicit formula for x(l1,(2,13). Then we use (2.10)—
(2.13) to find that

(326) R(ll,lg,lg) < (lllglg)lo

In fact, a much sharper estimate is available. We leave the calculations to
the reader.

We use (3.24) to represent H’ as follows:

(327) H =€&m) Y. Kl lls)
l1,l2,l3|Po
Iq,la,ls< L84

oy H(ver)

41,02,03|Po v=1
(62,63)=l1, (01,03)=l2
01,02)=l3
=§(n) E k(l1, 12, 13)
l1,l2,13]Po

I1,l2,l3<L54

x 3 H ()22

81,02,03]|Po
5150(”2,[3}),5250([l1,l3])
6350([l1,l2})
x Z p(h1) Z 11(h2) Z p(hs)
h1|(62/11,63/11) h2|(81/12,63/12) h3|(31/13,62/13)
=&)Y wlllals) Y p(ha)p(he)p(hs)DiDyDs,
l1,l2,13]Po hi|Po /1
l11,l2,15< <r6A 1=1,2,3
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where 5
Di= Ag(a)#, i=1,2,3
8|Po
6=0(0i)
and
(3.28) 01 = [laha,l3hs], 02 =[lihi,l3hs], 03 = [l1h1,[2h2].

It is not difficult to see that the function w(k) defined by (3.25) satisfies

wp)\ " logw, c
I 0-57) = ()
P log wy log wy

wi <p<ws

for some constant ¢ > 0 and for arbitrary 2 < w; < ws. Only at this point
do we use the fact that the integers n satisfy v(n —4) < Alog L. We note
that log Dy /log Q > /L. Therefore we may use Lemma 11 of [1] to get

(3.29) D; = & + O(1(0i) exp(—VL)), i=1,2,3,
where 5
Ei= Y, u(é)#, i=1,2,3.
5|Po
0=0 (0i)
It is also easy to see that the sums D; and &; defined above satisfy
(3.30) Dy, |Ei] < 1 (0i)7% (00)0; ' L.

We replace the product D1 D2 D3 from (3.27) by £1E2E5 and denote the new
sum by H*. Proceeding as in Section 7 of [23] and using (3.23), (3.26)—(3.30)
we get

(3.31) H = H* + 0L,
To study H* we apply the procedures above in reverse order and we obtain
(3.32) H* = Ho(n) + O(L™4).

Formula (3.17) for H*(n) is a consequence of (3.21), (3.22), (3.31) and
(3.32).

4. Proof of the Proposition—minor arcs. The object of this section
is to prove the inequality (2.23) for Us. We substitute the expression for I,
given by (2.6), in formula (2.21) and change the order of summation and
integration to obtain

Uy = ZN | Es K1 (@) Ko (@) Ks () e(—na) dal,

where
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(4.1) Ki(e) = > Bi(k)Sk(a), i=1,2,3.
k<K;
We apply the Cauchy and Bessel inequalities to get

42) W<NY ( | K1(@)ka(@)Ks()e(—na) da ’
n<N Es
< N | [K1(@)Ka(0)Ks(a)|* da
Es
< N(gggg 1KCs(@)])? | 1C1 () Ko ()] dar
0

< N (max [Ka(0))* (§ 1 ()] da + § Ko (@) dev).
0 0

To estimate the last expression we prove the inequalities

1

(4.3) VIKi(@)]* da < X2L10°7, i=1,2,
0
and
(4.4) max |C3(a)| < XL£L724.
aEFEy

Formula (2.23) for U, is a consequence of (4.2)—(4.4).

First we prove (4.3). Denote the integral on the left-hand side of (4.3)
by J. We use (2.2), (2.18) and (4.1) to get

=\ > Bilk)Bilka)Bi(ks)Bi(ka) Sk, (@) Sky (@) Sy (—@) Sy (— @) dev

= Y Bilk1)Bilk2)Bilks)Bi(ka)

ki,....ka<K;
1
x | > (logp1) ... (log pa)e(a(p? + p5 — p3 — pi)) dv
0 P1ye-,Pa<X

p;+2=0(k;),1<5<4

= Y Bilka)Bi(k2)Bi(ks) B (ka)

ki,....ka<K;

X Z (logp1) ... (logps)

P1,--Pa <X
p;+2=0 (k;),1<5<4

Pi+p3=pi+pi
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<L YT r(k) . 7(ka) > 1

ki,...ka<K; ni,...,na <X
n;+2=0 (k;),1<j<4
n?—f—ng:ng—f—ni

Y ( 3 T(kl))...( 3 T(k4))

ni,...,na <X k1<K; ka<K;
n%Jrng:nngni kilni+2 ka|ng+2

<Lt Y P+ 27 (e + 2)77(ns + 2)77 (na + 2).
ni,...,na <X
anrng:nngni
To estimate the last sum we apply the inequality zyzt < x* + y* + 2* 4+ t*.
Then we split the new sum into two parts to obtain

(4.5) Tt Y B +2) < X200 4 Ly,
ni,...,na <X
nf+n§:n§+nﬁ
where
(4.6) Up = > (1 +2).

ni,...,na <X
(n1—n3)(n1+n3)=(na—nz)(ns+nz)
n1#£N3, N1F£N4, N2FN3, N2F£Ng

We divide Uy into two subsums:
(4.7) Uy =U; + Us.

In the domain of summation of U; the condition n; # ng is replaced by
ni > ng, in Uy it is replaced by n; < ng.
Consider U;. We have

U, = Z Z 78(ny + 2)

hi,...,ha<2X n1,...,ma <X
hihz=hohy ni—nz=hi,n1+nz=hs
hlEhg (2),h25h4 (2) n4fn2:h2,n4+n2:h4

< Y P(h+hs+4)

h1,...,ha<2X
hihs=hzhy

= Z Z Ts(h1+h3+4)

kI<2X  hi,.ha<2X
hihs=hsohy
(h1,h2)=k, (h3,hs)=l

< > > 75 (hak + hgl + 4).
kA<2X ha,ho<(2X) /K5 ha,ha<(2X)/1

1hs=hahy
(h1,h2)=(h3,hs)=1
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The conditions (hl, hg) = (h3, h4) = 1, hlhg = h2h4 imply h1 = h4, hg = h3.
Hence

U < Z Z 78(h1k + hal + 4)

EJ1<2X  hy,ho<min((2X)/k,(2X)/1)

= Z 8(my + mao + 4) Z 1

ml,m2§2X k: 1<2X
hi, h2<m1n((2X)/k 2x)/1)
hlk mi, hzl mao

< Z 8 (my + mao + 4)7(my)7(ms).

m1,ma2<2X

Now we apply the inequality z8yz < 210 4+ y19 4+ 210 to get
(4.8) Ui < Z 0(my +mg +4) + Z 70(my)

m1,ma<2X m1,ma<2X
10 10
< § 7_10([) § 1 +X2£2 1 < X2E2 1.
1<4X+44 m1,mo<2X
mi1+mo+4=I

We treat U, similarly to obtain
(4.9) Uy < X2£2°1,

The inequality (4.3) follows from (4.5), (4.7)—(4.9).
Let us now prove (4.4). For simplicity we write K and (k) instead of K3
and (3(k), respectively. We decompose K3(«) into O(L) sums of the form

Y)=> 8(k) Y logpe(ap).

k<K Y <p<2Y
p+2=0 (k)

We may assume that X£ 72474 <Y < X/2, for otherwise we can use the
trivial estimate for K(a,Y). We have
(4.10) K(a,Y) = W(Y, K, a) + O(X*/?),

where

WY, K.a)= Y An ) ) B(k).

Y <n<2Y k<K
k|ln+2

We apply Heath-Brown’s identity [7] to decompose W (Y, K, «) into O(L")
sums of two types.
Type I sums are

Wy = Z Z ame(am?1?) Z B(k)

M<m<M,; L<I<L, k<K
Y <mlI<2Y k|ml+2

and
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wi= > > am(logle(am®®) > Bk

M<m<M; L<I<Li k<K
Y <mi<2Y k|mi+2

where
(4.11) My <2M, Ly <2L, MLx=Y, L>Y%% .| < m5(m)L.

Type II sums are

Wo= > > ambie(am®®) Y B(k),

M<m<M; L<I<L; k<K
Y <ml<2Y k|mi+2

where

(4.12) M, <2M, L <2L, MLxY, Y000l < <230yl/3

|am| < 75(m)L,  |bi| < 75(1)L.
Consider type II sums. We have

Wal< L Y 75(m)‘ 3 Zb,ﬁ(k)e(am%?)(.

M<m<M, L<I<L. k<K
Y <mi<2Y
ml+2=0 (k)

An application of Cauchy’s inequality gives

wat<mes Y| Y Y baweamte)|

M<m<M, L<I<L, k<K
Y <mi<2Y
ml+2=0 (k)

=ML ) > > bib,

M<m<M; L<li,lo<L; ki,ka<K
Y<lim,lom<2Y
lim+2=0 (kl), 1=1,2

x Bk1)B(ka)e(am? (1} — 13)).
Therefore, by (2.18) and (4.12),

(4.13) W' < ML*® )Y > (k)7 (ko) 75 (1) 75 (12) | V],
k1,ko<K L<l1,la<L1y

(k1k2,2)=(l1,k1)=(l2,k2)=1
ll Elz ((k’hkz))

where
V= > e(am?(13 — 13)),

M’ <m<M;
lim+2=0 (k?l), 1=1,2

(414) M/ :maX(Y/ll,Y/lg,M), M{ :mln(2Y/l1,2Y/l2,M1)

Note that if I; # Iy ((k1, k2)) then the system of congruences I;m+2 = 0 (k;),
1 = 1,2, is not solvable and, therefore, V' = 0. Using only the basic properties
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of the congruences we easily find that if the conditions imposed on [;, k; in
(4.13) hold, then there exists some integer hg = ho(l1,l2, k1, k2) satisfying
1 < hg < [k1,ke] and such that the system I;m +2 = 0 (k;), i = 1,2, is
equivalent to the congruence m = ho ([k1, k2]). In this case we have

vi=| > elam® - 1))
M’'<m<M]
mEho ([kthD

= Z e(aho + rlk1, ka2])? (17 — lg))’

H<r<H,
=1 Y ela(r®ky, kol® + 2horlky, ko)) (17 — 13))|,
H<r<H
where
M’ — hg M — hy
4.15 H="—""2 g =-1""°
(4.15) (1, ko] YT [k ko
The trivial estimate for the sum V is
M
V|« .
‘ ‘ [k17 kQ]

Note that, according to (2.17), (4.12) and our assumption ¥ > X L7244
we have [k, ko] < M L7204 If the upper bound for K given by (4.3) were
greater, for example X1/3%¢ for some ¢ > 0, then our method would not
work. Indeed, in this case the trivial estimate for V' would be |V| <« 1 for
some k1, ko and it would be difficult to find a non-trivial estimate for the
sum Ws.

We easily see that the contribution of the summands with I; = [ in the
expression on the right-hand side of (4.13) is

< M2[28 Z 7(k1)7 (k2) Z 7_52(1) < M2LL00.
ki ko <K [k1, ko] L<I<L,
By the last observation, Cauchy’s inequality and the estimate (4.13) we get
(4.16) |Wo|* < M*L2L2%°

caren( S TR S A0)d)

k1,k2 <K L<liy,l2<Ly
2
(X ek > VP
k1,ka<K L<ly,l2<Ly,l1#£l2
(k1k2,2)=1 (k1,01)=(k2,l2)=1

l1=l2 ((k1,k2))
< M4L2£200 + MQLQEQOOEO,



72 D. I Tolev

where

EO = Z [kl’ kQ] Z

k1,ko<K L<ly,l2<L1,l1#l2
(k1k2,2)=1 (k1,l1)=(k2,l2)=1
=12 ((k1,k2))
x> e(al(rf = r3) ke, ko) + 2holky, kol (r1 — 12))(IF — 13)).

H<ry,ra<H;

We have

417) Zo= > (ki k] >

k1,ko<K L<ly,l2<L1,l1#l2
(k1k2,2)=1 (k1,01)=(k2,l2)=1
llEl2 ((k1,k2))
x > e(alsisalkr, ko) + 2hosa[kn, k)17 = 13)) D) 1

81,82 H<ry,ro<H;

= 3 lkike >

r1+r2=s2
ky,ko<K L<ly,l2<Ly, 1 #l2
(k1k2,2)=1 (k1,01)=(k2,l2)=1
llglz ((k’hkz))
X Z e(a(s182[ky, ka]® 4 2hos1 [k, ko)) (13 — 12))
81,82:81=S82 (2)

2H<so+s1<2H;
2H<s2—s1<2H;

= > lkike >

k1,ko<K L<ly,l2<Ly, 11 #£l2
(k1k2,2)=1 (k1,l1)=(k2,l2)=1
11=l2 ((k1,k2))

X Z e(2ahosi [k, k2] (13 — 13))

‘Sl‘§2H172H

x 3 e(asisalkr, kol (1F — 13)).

s2:82=s1 (2)
2H—51<s9<2H;—s1
2H+s51<52<2H1+s5,

Define

(4.18) Ko = £54,
We divide the sum X into two parts:

(4.19) Yo =2X1+ Xs.

In X the restriction [k1, k2] < Ky is imposed on the domain of summation
over ky, ko, whilst in Xy we sum over k1, ks satisfying the condition [k1, ko] >
Ky. According to (4.17) and the definitions above, we put sy = 1 + 2t and
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obtain
(4200 X< Y [k kol >
k1,k2< Ko L<ly,l2<Ly,l1#l2
(k1k2,2)=1 (k1,01)=(k2,l2)=1
llglz ((k’hkz))
<> Y casil kG - B,
|s1|<2H,—2H H'<t<H/
(421) X< Y [k ko] >
k1,ko<K L<ly,lo<Ly,l1#l2
(k1ko,2)=1 (k1,01)=(k2,l2)=1
[k17k2}>K0 l1=l2 ((klakZ))
< 3 ’ ST e(2asi [k, ka2 - )1,
|s1|<2H,—2H H'<t<H!
where
(4.22) H' =max(H — s1,H), H; =min(H; — s1, Hy).
Consider first ;. We have
(4.23) 2 =54 5@,

where 29) and 252) denote the respective contributions of the summands
with s; # 0 and s; = 0 on the right-hand side of (4.20). Obviously

(4.24) 5 « MI2K?.

Using the well known estimate for the linear exponential sums and (4.12),
(4.14), (4.15), (4.20), (4.22) we get

sV N [huk) Y

k1,k2<Kjp L<ly,lo<Ly
l1#l2
. M 1
X min ,
2 ([’f‘lvk‘z] 12a(13 — l%)[’flvk‘zpsﬂ)

0<|S|§2M/[k‘1,k’2]

1
K3 in( M
<KD D 2 mm( ’||2a<1%—15>h2s||>

h<K2 L<§1,lzl§L1 0<|s|<2M

1702
DD ( S 1) O | ] A— —
HQOétthh SH
h<K2 tits L<ly 12<Ly 0<|s|<2M
li—la=t1,li+l2=t2
l1#l2

. 1
<Ky, ), ), omin (M’ m>

h<K2 0<|t:|<L 0<|s|<2M
1<ty <AL
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) 1
<K Y. Y Zm@”m)

h<KZ 1<t1,t2<4L 1<s<2M

1
< K3 Z 75 (m) min <M, —)
1<m<64K&L2M lorm|
Sm> 0
To get rid of 75(m) weights we apply Cauchy’s inequality. Then we use

Lemma 2.2 of Vaughan [27] and (2.3), (2.4), (4.12), (4.18) to obtain E%l) <
M?2[2L£~140A We leave the calculations to the reader. The last estimate and
(4.23), (4.24) give

(4.25) Y < MPL2L10A,
Consider now the sum Xy. According to (4.21) we have
4.26 S L Tz
(4.26) 2 <L max (T2 );
where

o= m = Yy >

k1,k2a <K L<ly,l2<L1,l1#l2
(k1k2,2)=1  (ki,l1)=(k2,l2)=1
T<[k1,k2]<2T  11=la ((k1,k2))

< Y ‘ S e(asilkr, koP (5 - B)t)].

|51|S2H1—2H H/<tSH{

The interval of summation over ¢ in the sum above depends on the other
variables, which is not convenient. To get rid of this dependence, we apply
Lemma 2.2 of Bombieri and Iwaniec [2] and estimate Eél) by means of the
mean value of a similar sum, in which the interval of summation over ¢t does
not depend on k;, l;, s1. In the new sum we may already extend the domain of
summation over k;,l;, s1. After that the quantity under consideration does
not decrease. More precisely, using (4.14), (4.15), (4.22) and the lemma
mentioned above, we obtain

42 sV < Y > >

k1,ka<K L<l,l2<L. |s|<2M/T
T<[k1,k2]<2T l1#£l2

x| /C(@)] ST e(@ne(2aslky ko (5 — 13)1)] df
—oco M/(AT)<t<4M/T
= | K0)z5(0,7) b,

where

(4.28) K(0) = min(15M/(4T) + 1, (x|0]) ", (x0) ~2)
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=9 = v, 1) = 3 > >

k1,ka<K L<ly,lo<L1 ‘S‘SQM/T

T<[k?1,k2]§2T 11l
X ( S eQaslki koP (3 - 13)t 4+ 01)].
M/(4T)<t<4M/T

From (4.27), (4.28) we get

(4.29)

SV <« £ max 52,
0<60<1

Consider Eéz). We have

(4.30) o = ( 3 1) 3

T<h<2T © kika<K  L<li,12<L:
[k1,k2]=h l1#l2

Y ] 3 e<2ash2(z§—z§)t+9t>(

|s|<2M/T  M/(AT)<t<4M/T

< > Tm >

T<h<2T L<ly,la<Ls
l1#l2
X Z ’ Z e(2ash?(13 — 12)t + 975)‘

|s|<2M/T  M/(AT)<t<4M/T

- 3 2m Z( 3 1)

T<h<2T t1,t2 L<ly,l2<Ly

11*l2=ltl¥l1+12=t2
1702
X Z ’ Z e(2ash?ttat + Ot)‘

|s|<2M/T  M/(AT)<t<4M/T

< Yo o) Y

T<h<2T 0<t1],|t2]| <AL

X Z ‘ Z e(2ash2t1t2t+9t)‘

|s|<2M/T M/(AT)<t<4M/T

< Yo )Y

T<h<2T 0<|t1],|t2|<AL

x> ( > e(2ash2t1t2t+0t)‘+ML2£3
0<|s|<2M/T M/(AT)<t<4M/T

< ML2.3 + 589,
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where
3
o= % )
T<h<2T
X 3 73(ym\)\ 3 e<2ah2mt+9t)(.
0<|m|<32ML2/T M/(4T)<t<4M/T

We use the Cauchy inequality to get
(43 EPr<(X e > mh)
T<h<2T 0<|m|<32ML2/T
< MLL0p(
2
DO S| Y cantmion)

T<h<2T 0<|m|<32ML2/T M/(AT)<t<AM/T

For the last sum we have

432 2V = Y >

T<h<2T 0<|m|<32ML2%/T

% Z e((2amh? + 0)(t; — t2))

M/(4T)<t1,t2<4M/T

< D 2

0<|m|<32ML2 /T M/(AT)<ty,ta<AM/T

x‘ S e((2amh2)(t1—t2))‘

T<h<2T

M?L? M
< T +T Z Z ‘ Z e(2amh?l)
0<|m|<32ML2/T 0<|l|<4M/T T<h<2T
M2L2 M
—X
T + T 2

<

where

20 = 3 T(\sy)] 3 e(asfﬂ)(.

0<|s|<256M2L2/T? T<h<2T
By Cauchy’s inequality we obtain

(4.33) (2?2 <« ( > 72(8))

1<s<256M2L2 /T2

(] ces))

1<s<256M2L2/T2 T<h<2T
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M2L? 22
< L Z Z e(as(hy — h3))
1<s<256M2L2 /T2 T<hy,ha<2T
MALY ML
T3 L7+ T2

= = > Yo e(as(hd - h3)).

1<s<256M2L2/T? T<hy,ha<2T
h1#hsa

Applying the estimate for the linear sums again we get

‘256” :‘ Z ( Z 1) Z e(asmyms)

my,ma T<hy,ho<2T 1<s<256M2L2/T?
hi—ha=m1, h1+ha=mg
h1%hs

< Z ‘ Z e(asmlmg)‘

0<|m1|,|ma|<AT 1<s<256M2L2/T?

. M?[2 1
< 2 “"““( 77 ’|am1m2||)

1<my,mo <4T

. M?L? 1
< Z T(m)mln (T’W)

1<m<16T?2

< 3589,

where

Now we proceed as in the estimation of EF) to get
(4.34) S8« MEL2L2504,
The inequalities (2.17), (4.12), (4.18), (4.26), (4.29)—(4.34) imply
(4.35) Ty < MPL2L7124,
Taking into account (4.12), (4.16), (4.19), (4.25) and (4.35), we find that
(4.36) [Wy| < X £50734,

Let us now estimate type I sums. Consider, for example, the sum Wj.
According to (2.18) and (4.11) we have

(4.37) W1 < £* max X,
1/2<T<K
where
Yy =23(T) = Z 7(k) Z 75(m)‘ Z e(am?1?)|,
T<k<2T M<m<M; L’<l§L’1
(k72):1 (m,k}):l ml-l-QEO (k)
and

(4.38) L' = max(L,Y/m), L} =min(Ly,2Y/m).
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For any m coprime to k we define m by mm =1 (k), 0 <m < k. Let
(4.39) R=(L'+2m)/k, Ri=(L}+2m)/k.
By Cauchy’s inequality we get

(440) (mR<( X ) Y Tg(m))

T<k<2T M<m<M,

D ‘ S elam?(—2m + rk) )‘2)

T<k<2T M<m<M; R<r<R;
(k,2)=1 (m,k)=1

<«MTL™ Sy ( S elam?(r?k? — 4mm))(2

T<k<2T M<m<M; R<r<R;
(k,2)=1 (m,k)=1

— MTEIOO Z Z

T<k<2T M<m<DM;
(k,2)=1 (m,k)=1

x Y elam® (K3 (r — r3) — 4mk(ry — 1))
R<7’1,T2§R1

< M2LTLY00 4 MT£100\2§1)|,

where
1
-y 5
T<k<2T M<m<M;
(k,2)=1 (m,k)=1
x> elam®(B2(r} —r3) — 4mk(ry — r2))).
R<ri,mo<R;
r1F#Tr2
We have

(441) |z = ‘ D

T<k<2T M<m<M;
(k,2)=1 (m,k)=1

X Z e(am? k:23182—4mk231)) Z 1‘

51,52 R<ry,re<Ry
s1#0 r1—T2=S1

r1+r2=s2

T<k<2T M<m<M;
(k,2)=1 (m,k)=1

X Z e(am?(k%sy sy — 4mksy))
$1,82: 8170

2]%<81-|—827 82—81§2R1
S1=82 (2)
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< Z Z Z ‘ Z e(am2k23132)‘

T<k<2T M<m<M; 0<|s1|<10L/T s2:82=51 (2)

(k,?)zl (m,k):l 2R—51<52<2Rj—s1
2R+S1 S82§2R1+Sl
< E E E ‘ g e(2am2k:281t)‘.
T<k<2T M<m<M; 1<s1<10L/T R<t<R;
(k‘,2):1 (m,k):l R—s1<t<R1—s1

First we consider the case
(4.42) MT < K,,

where K is defined by (4.18). We apply Cauchy’s inequality, Lemma 2.2 of
Vaughan [27] and also (2.3), (2.4), (4.11), (4.18), (4.42) to get

X 1
(4.43) \E()]<< Z Z Z mln< ”2am2k28’>

T<k<2T M<m<M; 1<s<20L

< Z 7'3(71) mln( Ta ||> < X2 3004

1<n<640K2L
Hence, by (4.11), (4.40), (4.42), (4.43) we find that
(4.44) Yy < XL if MT < K,.

Consider now the case
(4.45) MT > K.

Using (4.38), (4.39), (4.41) and Lemma 2.2 of Bombieri and Iwaniec [2] we
obtain

4.4 > 2
(4.46) |¥57] < £ max Iy,

where
52 = 50,1)

T<k<

k<2T M<m<M; 1<s

Z ‘ Z e(2ak*m?st + Gt)‘.

10L/T L/(AT)<t<AL/T

It is clear that

Z?EQ) < Z 7(h) Z ‘ Z e(2ah?st + 1925)‘.

MT<h<4MT 1<s<10L/T L/(AT)<t<4AL/T

Hence an application of Cauchy’s inequality gives
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(4.47) (22 <<( PO 1)

MT<h<4MT 1<s<10L/T

1> > Y canzron))

MT<h<AMT 1<s<10L/T L/(AT)<t<4L/T

<MmLct Yy > > e((2ahs + 0)(ty — t2))

MT<h<AMT 1<s<10L/T L/(4T)<ty,to<AL/T

<ML Y | Y kst -t)

1<s<10L/T L/(4T)<t1,t2<4L/T MT<h<4MT

273
ML s 4 mLcs s,

<

DY S ‘ 3 e<2ah2s(t1—t2))(.

1<s<10L/T L/(AT)<t1,t2<AL/T MT<h<AMT
t1#to

For the last sum we have

E?()B’) = Z Z ( Z 1) ‘ Z e(2ah23t)’

1<s<10L/T O<|t|<4L/T  L/(AT)<ty,t2<AL/T MT<h<AMT
t1—ta=t

1<u<8L/T 1—ta2=
t1+ta=u

L 2
<% Z Z ’ Z e(2ah st)‘
1<s<10L/T 1<t<AL/T MT<h<AMT
L 2
< T Z T(m)‘ Z e(ah m)‘
1<m<80L2/T?2 MT<h<4MT
Hence
L2
3
(448) (5P« ﬁ( 3 TQ(m))
1<m<80L2/T?

X ( Z ‘ Z e(ath)r)

1<m<80L2/T2? MT<h<4MT
L4 3 2 2
< L > > e(a(h? — h2)m)
1<m<80L2/T2 MT<hi,ho<4MT
LSM
T5

A
3 3 v (4)
< L0+ L7557,
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»® = 3 ‘ ST ela(hl - hm)|.

MT<hy,ho<AMT  1<m<80L2 /T2
h1£hs

So we get as before

(4.49) Z = 3y ( 3y 1)

0<|s1],|s2|<8MT TM<hi,ho<4dMT
hl—hgisl
hi1+ha=s3

X ‘ Z e(asisam)

1<m<80L2/T?
E e(oaslsgm)‘

< Y

1<51,50<8MT 1<m<80L2/T?2

< > ‘<L2 ! )
min | —, ————
T?" ||laesysz ||

1SS1,52S8MT

< ) 7(s)min <;—Z ’;—80 < MPL2L27504,
1<s<64M2T?
Using (2.17), (4.11), (4.18), (4.40), (4.45)~(4.49) we find that
(4.50) Y < XL if MT > K.
Hence by (4.37), (4.44) and (4.50) we obtain the estimate
(4.51) W] < X L2764,

We treat type I sums W/ in the same way and we find that
(4.52) Wi < XL£264,

The estimate (4.4) follows from (4.10), (4.36), (4.51) and (4.52). Now the
proof of the estimate (2.23) for Us is complete.

5. Proof of the Proposition—major arcs. In this section we prove
that for the sum U, defined by (2.20), the estimate (2.23) holds. However,
now we do not need such a restrictive upper bound for K3, as in Section 4.
Now we assume that

(5.1) K; < X/2,£7200004 y —q 93,
According to (2.4) and (2.6) we have

(5.2) L=> Y Hg),

g<Q 0<a<g-1
(ayQ):l
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where
1/(q7) a a
(5.3) H(a,q) = S Sk, (a + a> Sk (5 + a>

—1/(q7)
X Sks (2 + oz)e(—n<g + oz))da
q q

and where Si () is defined by (2.2). Denote

5 e o

z<y (I,h)=1

M(a) = Z 2\;% e(am), A(y,h) = max max

p<z
p=l(h)
and let si(a,q) be defined by (2.7). We write
a sk(a, q)
5.4 S<—+a>: M(a)+ G(ask,q,a).
(5.4 (2 (@) + Gl ka0

For a, a, q satisfying
(5.5) lal <(gr)7!, 0<a<q¢<Q, (a,q) =1
and for k < X1/2£-200004 e have

X2
(5.6) Glask,q,0) < (1+ AX, [k, q]))—

The calculations are similar to those in Section 4.1 of [21], so we do not
present them here. We define

(5.7) (o, q,a Z Bi(k)G(a; k,q,a), i=1,2,3.

k<K;

By (5.6) we get

max |IIi(a, q,a |<<—Z Z )1+ A(X, [k, q]))
(5 5) <@ k<K;
X? 3
<3 B+ A,

.
h<K;Q

Applying Cauchy’s inequality and Bombieri—Vinogradov’s theorem (Chap-
ter 28 of Davenport [4]) and using (2.3), (5.1) we get

(5.8) max ITi(e, q,a)| < X L7004 j =123,
(5.5)

Define
(5.9) S =Sk, (g + a), M; = MM(a), G =S — M,.
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We use (5.2)-(5.4), (5.9) and the identity

818283 = MiMoMs + 5185203 + S1G2 M3 + GiMaMs
to get
(5.10) L=J+ 1+ J2+ Js,

where

1/(q7)

iy =Y 3 | MleMge(—n<g + a>) da,

q<Q 0<a<q—1 —1/(qT)
a,q)=1

and where Jq, J> and J3 are the contributions of the other summands.
Consequently,

(5.12) Uy <U + Z1 + 25 + Z3,

where

T S(n; Qs ki, k2, ks)
lz;{l 1(k1)B2(k2) 53(k3)< 4\/_ o(k1)p(ka)p(ks) ) 7
i=1,2,3

n<N

Zi= )

n<N

Z B1(k1)B2(k2)Bs(ks)
Tk

1/(q7) a
X Z Z S 51$2g36<—n<5 + Oé)) do s

q<Q 0<a<qg—-1 —1/(qT)
(a,q)=1

the definitions of Z5 and Z3 are clear. First we show that
(5.13) Z, < X34, i=1,2,3.
Consider, for example, Z;. We have

<Y Y Y% l/iqT)nl(gm)

9<Q 0<a<g—1 n<N'—-1/(q7)

(a,q)=1
a a
X Ko <— +a>F3(a,q,a)e<—n<— —}—a)) dal,
q q

where C;(a) are defined by (4.1) and I3(a,q,a) by (5.7). We apply the
Cauchy and Bessel inequalities to get
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1/(q7) a
S K1 (— +a>
q

—1/(q7)

X Ko <g + a)]},(a,q,a)e(—n(% + a>> da

1/(q7) a a 2
Kl(a + a)’CQ (5 +Q>F3(047qaa)

<Xy Y | da

q<Q 0<a<qg—1 —1/(q1)
a,q)=

ZP<?xry Y N}
q<Q O(S(Iaqs)q:—ll n<N

2

2

< Q*X? max |T3(, q,a)|*\ 1K1 () KCa()]? da

(5.5)

<« QX max |Ty(a, g, ) | (1K (@)]* + [Ka(a)]*) dor

(5.5)

We use (4.3), (5.8) and the estimate (5.13) for Z; follows. To treat Z; and
Z3 we also need the inequality

ﬂ > Bik)M;
0

k<K,

O e = O ey =

4
do < X2L£Y0%74(q),

whose proof is easy. We leave it to the reader to verify that the estimate
(5.13) holds also for Z5 and Zj.
Consider the quantity J’ defined by (5.11). Using (2.8) and (5.9) we get

/ 1 1/(q7) .
h= o(k1)p(k2)o(ks) q;?t@_l/S(qT)M (a)e(—na) do.

It follows from (2.9)—(2.14) that for squarefree odd integers ki, k2, k3 we
have

(5.14) t(q) < 7°(q)q " (k1,q)(k2, @) (K3, q).

We also apply the well known formula
1/(qr) -

(5.15) | M3(a)e(—na)da = Z\/ﬁ + O((qr)Y?),
~1/(q7)

whose proof is available in Vaughan [27], Chapter 2, for example.
We use (2.3), (5.14) to estimate the contribution to U’ arising from the
error term in (5.15). We leave this computation to the reader. We find

(5.16) U <"+ x°c74,
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where

Z ﬁz k2)ﬂ (ks )(Zt(q)_e(n;Q;kl,kg,ky,))‘-

n<N k<K, ka)o(ks) \ o=
=1,2,3

To estimate Z/l” we apply some arguments of Mikawa [16]. Consider the
function

(k) = {0 if k£ has a prime divisor > @,
1 otherwise.
Let
(5.17) M=X2%Q"" and T=38 H .
p<@Q
By the definition (2.15) of & we get

S-Y ta)= Y ta¥@+ Y Ha¥(e.

q<Q Q<q<M M<q<T
Therefore
(5.18) U < U+ U,
where

g TR
=X 2 2 ettt 2 OO

Here and later Z;S &, means that we sum over squarefree odd integers k
only.
Consider U*. Using Cauchy’s inequality we get

(5.19) U2 < xicH Z k1k2k3 Z] w(q)

n<N Q<q<M

i= 1,2,3
1
— X4£14 !/ 7
kz_ Fikaks®
i=1,2,3

say. We use the definition (2.8) of ¢(g) to represent the sum § as

5= Z ‘Zn(r)e(—m‘ ’

b
n<N reX

where
X={a/q:Q<q<M,1<a<q-1, (a,q) =1}
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and

n(a/q) = sk, (@, q)sk, (a,q)sks (@, )¥(q).
For any r € X we set 6, = min{|[r —7'[| : 7" € X, ' # r}, soif r = a/q
then 6, > (¢M)~1. We apply the dual form of the large sieve inequality (see
Montgomery [17], Montgomery—Vaughan [18]) to get

(5.20) F<<Y (N+5 )P < Y (N +gM)¥(q)w(q),
rex Q<g<M
where
’W(q> - w(q;k17k27k3) = Z ’8761 (CL, q)skz(a7Q)Sk3(a7Q)’2'
O?a%qfl
a,q)=1

This function is multiplicative with respect to ¢ and we may easily compute
w(p') for prime p. So we establish that if k1, ko, k3 are squarefree odd integers
then @(q) < ¢~ 27%(q)(k1, q)(k2, q)(k3, q). Now we use (5.17), (5.19), (5.20)
and after some straightforward calculations we get

(5.21) U < X274
Consider U**. We apply the estimate (5.14) to get
3 3
ok 3 T (Q) T(k)(k7q) 3 7
(522) U™ <XL Y V(o)== (Z — ) <X,
M<q<T k<X

where

(5.23) T= ) W(q)Tg(Q) < > ¥(qr---a0)

M<q<T q M<qrgo<T 119
< Z (q1) (99)
M< <T q1---99
q1...99>

q1<q2<...<qo
(g)\® v
< <Z ((D) > (@)
q<T q M/9<q<T 1
As in Mikawa’s paper [16] we find that

S w(g)/q < exp(—VL)

M1/9<q<T
and obviously > .1 ¥(q)/q < L. Hence using (5.22), (5.23) we get
(5.24) U™ < X3074.

The estimate (2.23) for U; is a consequence of (5.12), (5.13), (5.16), (5.18),
(5.21) and (5.24).
Now the proof of Theorem 1 is complete.
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Added in proof (September 2000). After the present paper was submitted for pub-
lication Professor H. Mikawa sent to the author the manuscript On exponential sums over
primes in arithmetic progressions. In this article he establishes non-trivial estimates for

the sums
SoAd) > Am)e(an),

(d,e)=1 n<z,n=c(d)

where « belongs to the set of minor arcs, ¢ # 0 is a fixed integer, A is any well-factorable
function of level z*/9 (logz) P and B > 0. This result implies a slight improvement of
Theorem 2 and Corollaries 2 and 3. The method can be used to improve also Theorem 1.
However the calculations will be quite difficult.

The author would like to thank Professor H. Mikawa for informing about his result
and sending the manuscript.



