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Hybrid mean value for a generalization

of a problem of D. H. Lehmer

by

Huaning Liu and Wenpeng Zhang (Xi’an)

1. Introduction. Let q > 2 be an odd number and c be any integer
with (c, q) = 1. For each integer a with 1 ≤ a ≤ q and (a, q) = 1, we know
that there exists one and only one b with 1 ≤ b ≤ q such that ab ≡ c mod q.
Let N(q, c) be the number of cases in which a and b are of opposite parity,
that is,

N(q, c) =

q
∑′

a=1

q
∑′

b=1
ab≡cmod q
2∤a+b

1,

where
∑′q
a=1 denotes summation over all a such that (a, q) = 1. For c = 1

and q = p an odd prime, D. H. Lehmer [3] asked to find N(p, 1) or at least to
say something nontrivial about it. In [6] and [7], the second author proved
that

(1) N(q, 1) =
1

2
φ(q) +O(q1/2d2(q) ln2 q),

where φ(q) is the Euler function, and d(q) is the divisor function. For any
nonnegative integer n, let

N(q, 1, n) =

q
∑′

a=1

q
∑′

b=1
ab≡1mod q
2∤a+b

(a− b)2n.
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The second author [8] proved the following asymptotic formula:

N(q, 1, n) =
1

(2n+ 1)(2n+ 2)
φ(q)q2n +O(4nq2n+1/2d2(q) ln2 q).

For any fixed positive integer c with (c, q) = 1, let

E(q, c) = N(q, c)− 1
2
φ(q).

The second author [11] showed that for any odd prime p,

p−1
∑

c=1

|E(p, c)|2 = 3
4
p2 +O

(

p exp

(

3 ln p

ln ln p

))

.

This proves the error term in (1) is the best possible. In [12], he found a
close relation between the error terms E(q, c) and the classical Kloosterman
sums

K(m,n; q) =

q
∑′

b=1

e

(

mb+ nb

q

)

,

where e(y) = e2πiy, and obtained the following hybrid mean value formula:

q
∑′

c=1

E(q, c)K(4c, 1; q) =
4

π2
qφ(q)

∏

p‖q

(

1− 1

p(p− 1)

)

+O(q3/2+ε),

where 44 ≡ 1 mod q, ε is any fixed positive number, and ∏p‖q denotes the
product over all prime divisors of q with p | q and p2 ∤ q.

It is natural and interesting to study the hybrid mean value between the
error terms in this problem of D. H. Lehmer and other arithmetic functions.
Professor Todd Cochrane introduced a sum analogous to the Dedekind sum
as follows:

C(h, q) =

q
∑′

a=1

((

a

q

))((

ah

q

))

,

where a is defined by the equation aa ≡ 1 mod q and

((x)) =

{

x− [x]− 1/2 if x is not an integer,
0 if x is an integer.

Then he suggested studying the arithmetical properties and mean value
distribution properties of C(h, q). The second author and Y. Yi [14] proved
that |C(h, k)| ≪

√
k d(k) ln2 k, and obtained some interesting hybrid mean

value formulae between Cochrane sums and Kloosterman sums (see [9], [10]
and [13]).
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Now we consider a generalization of this problem of D. H. Lehmer. For
any integer k ≥ 1, let

M(p, k, c) =

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1
a1···akb≡cmod p

2∤a1+···+ak+b

(a1 + · · ·+ ak − b)2,

E(p, k, c) =M(p, k, c)− (3k
2 − 5k + 4)p− 2k − 2

24
p(p− 1)k.

In this paper, we use the Fourier expansion for character sums and the mean
value theorems for Dirichlet L-functions to study the hybrid mean value of
E(p, k, c) and the k-dimensional Cochrane sums

C(c, k, p) =

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

((

a1
p

))

· · ·
((

ak
p

))((

a1 · · · akc
p

))

,

and give two interesting asymptotic formulae. Namely, we prove the follow-
ing:

Theorem 1. For any prime p ≥ 3, we have the asymptotic formula
p−1
∑

c=1

E(p, 1, c)C(c, 1, p) = − 5
144
p4 +O(p7/2+ε),

where ε is any fixed positive number.

Theorem 2. For any prime p ≥ 3 and integer k ≥ 2, we have
p−1
∑

c=1

E(p, k, c)C(c, k, p)

= − 2
k−2(k2 − k + 2)ζ2k+1(2)pk+3

π2k+2

[

k+1
∑

i=0

Cik+1(−2)iCk(i)
]

×
∏

p1∤2p

(

1− 1− C
k
2k

p21

)

+
2k−1(k+1)pk+3

π2k+4

[ k
∑

i=0

Cik(−2)i
Dk(2, i)

23i+1
+
k
∑

j=0

Cjk(−2)j+3
Dk(2, j+1)

23j+4

]

×
∏

p1∤2p

Dk(p1, 0) +O(p
k+5/2+ε),

where ζ(s) is the Riemann zeta-function,
∏

p1∤2p
denotes the product over
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all different primes p1 with p1 ∤ 2p,

Ck(i) =
1

2i+1

[(

1− 1
22

)

Ckk+i +
Ck2k
22

]

,

Dk(p, i) =
∞
∑

n=0

Ckk+n
p4n

i+n
∑

j=0

p2jCk−1k+j−1,

and Cnm = m!/n!(m− n)!.

2. Some lemmas. To prove the theorems, we need the following lem-
mas.

Lemma 1. Let χ be a primitive character modulo q with χ(−1) = −1,
and q ≥ 3 an odd number. Then

q
∑

a=1

aχ(a) =
qi

π
τ(χ)L(1, χ),(2)

q
∑

a=1

(−1)aχ(a) = 2(1− 2χ(2))i
π

τ(χ)L(1, χ),(3)

q
∑

a=1

(−1)aaχ(a) = q(1− 2χ(2))i
π

τ(χ)L(1, χ),(4)

q
∑

a=1

(−1)aa2χ(a) = q
2(1− 2χ(2))i

π
τ(χ)L(1, χ)(5)

+
q2(8χ(2)− 1)i

π3
τ(χ)L(3, χ) +O(q2),

where L(s, χ) is the Dirichlet L-function corresponding to χ, τ(χ) =
∑q
a=1 χ(a)e(a/q) is the Gauss sum, and |τ(χ)| =

√
q.

Proof. For any odd character χ modulo q, it is easy to show that

(6)

q
∑

a=1

(−1)aaχ(a) = q
2

q
∑

a=1

(−1)aχ(a),

q
∑

b=1

(−1)bχ(b) = 2χ(2)
(q−1)/2
∑

b=1

χ(b).

From [2] we have the identity

(7) (1− 2χ(2))
q
∑

c=1

cχ(c) = χ(2)q

(q−1)/2
∑

c=1

χ(c).
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On the other hand, from Theorems 12.11 and 12.20 of [1] we know that if
χ is a primitive character modulo q with χ(−1) = −1, then

(8)
1

q

q
∑

b=1

bχ(b) =
i

π
τ(χ)L(1, χ).

This yields formulae (2)–(4).

For any odd primitive character χ modulo q, we also have

q
∑

a=1

(−1)aa2χ(a) =
q
∑

a=1
2|a

a2χ(a)−
q
∑

a=1
2∤a

a2χ(a)(9)

=

q
∑

a=1
2|a

a2χ(a)−
q
∑

a=1
2|a

(q − a)2χ(q − a)

= 2

q
∑

a=1
2|a

a2χ(a)− 2q
q
∑

a=1
2|a

aχ(a) + q2
q
∑

a=1
2|a

χ(a).

Noting that

q
∑

a=1

aχ(a) =

q
∑

a=1
2|a

aχ(a) +

q
∑

a=1
2|a

(q − a)χ(q − a) = 2
q
∑

a=1
2|a

aχ(a)− q
q
∑

a=1
2|a

χ(a),

from (8) and (9) we get

q
∑

a=1

(−1)aa2χ(a) = 2
q
∑

a=1
2|a

a2χ(a)− q
q
∑

a=1

aχ(a)(10)

= 8χ(2)

q/2
∑

a=1

a2χ(a)− q
2i

π
τ(χ)L(1, χ).

Noticing the Fourier expansion for character sums which was first given
by Pólya [5]:

∑

0<n≤qy

χ(n) =



























τ(χ)

π

∞
∑

n=1

χ(n) sin(2πny)

n
+O(1) if χ(−1) = 1,

τ(χ)L(1, χ)

πi
− τ(χ)
πi

∞
∑

n=1

χ(n) cos(2πny)

n
+O(1)

if χ(−1) = −1,
where χ is a primitive character modulo q, and y > 0 is a real number, by
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Abel’s identity we have

q/2
∑

n=1

n2χ(n) =
q2

4

∑

0<n≤q/2

χ(n)− 2
q/2\
0

u
∑

0<n≤u

χ(n) du

=
q2(χ(2)− 2)i

4π
τ(χ)L(1, χ)− 2

q/2\
0

u
∑

0<n≤u

χ(n) du

=
q2(χ(2)− 2)i

4π
τ(χ)L(1, χ)− 2q2

1/2\
0

s
∑

0<n≤qs

χ(n) ds

=
q2(χ(2)− 2)i

4π
τ(χ)L(1, χ)

− 2q2
1/2\
0

s

[

τ(χ)L(1, χ)

πi
− τ(χ)
πi

∞
∑

n=1

χ(n) cos(2πns)

n
+O(1)

]

ds

=
q2(χ(2)− 1)i

4π
τ(χ)L(1, χ) + 2q2

τ(χ)

πi

∞
∑

n=1

χ(n)

n

1/2\
0

s cos(2πns) ds+O(q2)

=
q2(χ(2)− 1)i

4π
τ(χ)L(1, χ) +

q2τ(χ)

2π3i

∞
∑

n=1

χ(n)(cos(πn)− 1)
n3

+O(q2)

=
q2(χ(2)− 1)i

4π
τ(χ)L(1, χ)− q

2τ(χ)

π3i

∞
∑

n=1
2∤n

χ(n)

n3
+O(q2)

=
q2(χ(2)− 1)i

4π
τ(χ)L(1, χ) +

q2(χ(2)− 8)
8π3i

τ(χ)L(3, χ) +O(q2),

so from (10) we obtain (5).

Lemma 2. Let p be an odd prime. Then

E(p, 1, c) =
1

p− 1
∑

χ(−1)=1
χ 6=χ0

χ(c)
(

p
∑

a=1

(−1)aaχ(a)
)2

− 1

p− 1
∑

χ(−1)=−1

χ(c)
[(

p
∑

a=1

aχ(a)
)2

+
(

p
∑

a=1

(−1)aa2χ(a)
)(

p
∑

b=1

(−1)bχ(b)
)

−
(

p
∑

a=1

(−1)aaχ(a)
)2]

+O(p),
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where
∑

χ(−1)=1, χ 6=χ0
denotes summation over all nonprincipal even char-

acters modulo p, and
∑

χ(−1)=−1 denotes the summation over all odd char-

acters modulo p.

Proof. From the definition of M(p, 1, c) we get

M(p, 1, c) =

p−1
∑

a=1

p−1
∑

b=1
ab≡cmod p
2∤a+b

(a− b)2 = 1
2

p−1
∑

a=1

p−1
∑

b=1
ab≡cmod p

[1− (−1)a+b](a− b)2

=
1

2

p−1
∑

a=1

p−1
∑

b=1
ab≡cmod p

(a− b)2 − 1
2

p−1
∑

a=1

p−1
∑

b=1
ab≡cmod p

(−1)a+b(a− b)2.

By the orthogonality relation for character sums modulo p we easily deduce

M(p, 1, c) =
p− 2
12
p(p− 1)− 1

p− 1
∑

χ 6=χ0

χ(c)
(

p
∑

a=1

aχ(a)
)2

+
p− 1
4

− 1

p− 1
∑

χ 6=χ0

χ(c)

×
[(

p
∑

a=1

(−1)aa2χ(a)
)(

p
∑

b=1

(−1)bχ(b)
)

−
(

p
∑

a=1

(−1)aaχ(a)
)2]

.

Note that

(11)

p
∑

a=1

(−1)bχ(b) = 0 if χ(−1) = 1

and

(12)

p
∑

a=1

aχ(a) = 0 if χ(−1) = 1 and χ 6= χ0.

This yields the conclusion of Lemma 2.

Lemma 3. Let p be an odd prime and k ≥ 2 be an integer. Then
E(p, k, c)

=
−1
2(p− 1)

∑

χ(−1)=−1

χ(c)
[

(k + 1)
(

p
∑

a=1

(−1)aχ(a)
)k(

p
∑

b=1

(−1)bb2χ(b)
)

+ k(k − 3)
(

p
∑

a=1

(−1)aaχ(a)
)2(

p
∑

b=1

(−1)bχ(b)
)k−1]

.
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Proof. From the definition of M(p, k, c) we get

M(p, k, c) =

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1
a1···akb≡cmod p
2∤a1+···+ak+b

(a1 + · · ·+ ak − b)2

=
1

2

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1
a1···akb≡cmod p

[1− (−1)a1+···+ak+b](a1 + · · ·+ ak − b)2

=: P (p, k, c) + E(p, k, c).

By the orthogonality relation for character sums modulo p we deduce

P (p, k, c) =
1

2

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1
a1···akb≡cmod p

(a1 + · · ·+ ak − b)2

=
1

2(p−1)
∑

χmod p

χ(c)

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1

χ(a1) · · ·χ(ak)χ(b)(a1+ · · ·+ak−b)2

=
1

2(p− 1)

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1

(a1 + · · ·+ ak − b)2

=
k + 1

2(p− 1)

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1

b2 +
k(k − 3)
2(p− 1)

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1

a1b

=
k + 1

12
p(2p− 1)(p− 1)k + k(k − 3)

8
p2(p− 1)k

=
(3k2 − 5k + 4)p− 2k − 2

24
p(p− 1)k.

On the other hand, from (11) we have

E(p, k, c)= − 1
2

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1
a1···akb≡cmod p

(−1)a1+···+ak+b(a1 + · · ·+ ak − b)2

= − 1

2(p− 1)
∑

χmod p

χ(c)

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

p−1
∑

b=1

(−1)a1+···+ak+b

× χ(a1) · · ·χ(ak)χ(b)(a1 + · · ·+ ak − b)2
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=
−1
2(p−1)

∑

χ(−1)=−1

χ(c)
[

(k+1)
(

p
∑

a=1

(−1)aχ(a)
)k(

p
∑

b=1

(−1)bb2χ(b)
)

+ k(k − 3)
(

p
∑

a=1

(−1)aaχ(a)
)2(

p
∑

b=1

(−1)bχ(b)
)k−1]

.

This proves Lemma 3.

Lemma 4. Let p be an odd prime and h be an integer with (h, p) = 1.
Then

C(h, k, p) =
ik+1

πk+1(p− 1)
∑

χ(−1)=−1

χ(h)τk+1(χ)Lk+1(1, χ).

Proof. From the orthogonality relation for characters modulo p we have

(13) C(h, k, p) =

p−1
∑

a1=1

· · ·
p−1
∑

ak=1

((

a1
p

))

· · ·
((

ak
p

))((

a1 · · · akh
p

))

=
1

p− 1
∑

χmod p

{ p−1
∑

a1=1

χ(a1)

((

a1
p

))}

· · ·
{ p−1
∑

ak=1

χ(ak)

((

ak
p

))}

×
{ p−1
∑

ak+1=1

χ(ak+1)

((

ak+1h

p

))}

=
1

p−1
∑

χmod p

{ p−1
∑

a=1

χ(a)

(

a

p
− 1
2

)}k{

χ(h)

p−1
∑

ak+1=1

χ(ak+1h)

((

ak+1h

p

))}

=
1

p−1
∑

χmod p

χ(h)

{ p−1
∑

a=1

χ(a)

(

a

p
− 1
2

)}k+1

.

For χ(−1) = 1, it is easy to prove that

(14)

p−1
∑

a=1

χ(a)

(

a

p
− 1
2

)

= 0.

If χ(−1) = −1, then

(15)

p−1
∑

a=1

χ(a)

(

a

p
− 1
2

)

=
1

p

p−1
∑

a=1

aχ(a).

Combining (8), (13), (14) and (15) we immediately obtain the conclusion of
Lemma 4.
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Lemma 5. Let q, k, i be integers with q ≥ 3, k ≥ 1 and i ≥ 0. Then we
have the asymptotic formulae

∑

χmod q
χ(−1)=−1

χ(2i)|L(1, χ)|2k+2

= Ck(i)ζ
2k+1(2)φ(q)

∏

p|q

(

1− 1
p2

)2k+1
∏

p∤2q

(

1− 1−C
k
2k

p2

)

+O(qε)

and

∑

χmod q
χ(−1)=−1

χ(2i)Lk+1(1, χ)Lk(1, χ)L(3, χ) =
φ(q)

23i+1
Dk(2, i)

∏

p∤2q

Dk(p, 0)+O(q
ε).

Proof. We only prove the second formula, since the first one can be
deduced similarly. Let dk(n) be the kth divisor function (i.e., the number of
positive integer solutions of the equation n1 · · ·nk = n), and define τk(n) =
∑

d|n d
2dk(d). For any nonprincipal character χ modulo q, and parameter

N ≥ q, applying Abel’s identity we have

L(s, χ) =
∞
∑

n=1

χ(n)

ns
=
∑

1≤n≤N

χ(n)

ns
+ s

∞\
N

∑

N<n≤y χ(n)

ys+1
dy

=
∑

1≤n≤N

χ(n)

ns
+O

(√
q log q

Ns

)

.

Noting that for (ab, q) = 1, by the orthogonality relations for character
sums modulo q we get

∑

χmod q
χ(−1)=−1

χ(a)χ(b) =







1
2φ(q) if a ≡ b mod q,
−12φ(q) if a ≡ −b mod q,
0 otherwise.

Then

Σ :=
∑

χmod q
χ(−1)=−1

χ(2i)Lk+1(1, χ)Lk(1, χ)L(3, χ)

=
∑

χmod q
χ(−1)=−1

χ(2i)

[

∑

1≤n≤N

χ(n)

n
+O

(√
q log q

N

)]k+1

×
[

∑

1≤m1≤N

χ(m1)

m1
+O

(√
q log q

N

)]k[
∑

1≤m2≤N

χ(m2)

m32
+O

(√
q log q

N3

)]
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=
∑

χmod q
χ(−1)=−1

χ(2i)

(

∑

1≤n≤N

χ(n)

n

)k+1(
∑

1≤m1≤N

χ(m1)

m1

)k(
∑

1≤m2≤N

χ(m2)

m32

)

+O

(

q3/2 log2kN log q

N

)

=
∑

χmod q
χ(−1)=−1

χ(2i)
∑

1≤n≤Nk+1

χ(n)dk+1(n)

n

∑

1≤m≤Nk+1

χ(m)

m

∑

d|m

dk(m/d)

d2

+O

(

q3/2 log2kN log q

N

)

=
φ(q)

2

∑

1≤n≤Nk+1

(n,q)=1

∑

1≤m≤Nk+1

(m,q)=1
m≡2inmod q

dk+1(n)

n

∑

d|m dk(m/d)/d
2

m

− φ(q)
2

∑

1≤n≤Nk+1

(n,q)=1

∑

1≤m≤Nk+1

(m,q)=1
m≡−2inmod q

dk+1(n)

n

∑

d|m dk(m/d)/d
2

m

+O

(

q3/2 log2kN log q

N

)

=
φ(q)

2

∑

1≤n≤Nk+1

(n,q)=1

dk+1(n)

2in2

∑

d|2in

dk(2
in/d)

d2
+O

(

q3/2 log2kN log q

N

)

+O

(

φ(q)
∑

1≤n≤Nk+1

dk+1(n)

n
Σ1

)

+O

(

φ(q)
∑

1≤n≤Nk+1

dk+1(n)

n
Σ2

)

where

Σ1 =
∑

1−2in
q
≤l≤N

k+1
−2in
q

l 6=0

∑

d|lq+2in dk((lq + 2
in)/d)/d2

lq + 2in
,

Σ2 =
∑

1+2in
q
≤l≤N

k+1+2in
q

∑

d|lq−2in dk((lq − 2in)/d)/d2

lq − 2in .
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Hence

Σ =
φ(q)

23i+1

∞
∑

n=1
(n,q)=1

dk+1(n)τk(2
in)

n4
+O

(

q3/2 log2kN log q

N

)

+O(Nε).

Now taking N = q3/2, we immediately get

(16) Σ =
φ(q)

23i+1

∞
∑

n=1
(n,q)=1

dk+1(n)τk(2
in)

n4
+O(qε).

Noting that dk(p
r) = Ck−1k+r−1 (see [4, 6.4.12]), from the properties of

multiplicative functions we have

(17)

∞
∑

n=1
(n,q)=1

dk+1(n)τk(2
in)

n4
=

∞
∑

n=1
(n,2q)=1

dk+1(n)τk(2
in)

n4

+

∞
∑

n=1
(n,2q)=1

dk+1(2n)τk(2
i+1n)

(2n)4
+ · · ·+

∞
∑

n=1
(n,2q)=1

dk+1(2
jn)τk(2

i+jn)

(2jn)4
+ · · ·

=

[ ∞
∑

n=1
(n,2q)=1

dk+1(n)τk(n)

n4

]

×
[

τk(2
i) +
dk+1(2)τk(2

i+1)

24
+ · · ·+ dk+1(2

m)τk(2
i+m)

24m
+ · · ·

]

=: S1 · S2.

By applying Euler products we get

S1 =
∏

p∤2q

[

1 +
dk+1(p)τk(p)

p4
+ · · ·+ dk+1(p

n)τk(p
n)

p4n
+ · · ·

]

(18)

=
∏

p∤2q

[

1 + · · ·+
Ckk+n

∑n
j=0 p

2jCk−1k+j−1
p4n

+ · · ·
]

=
∏

p∤2q

[ ∞
∑

n=0

Ckk+n
p4n

n
∑

j=0

p2jCk−1k+j−1

]

=
∏

p∤2q

Dk(p, 0).
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On the other hand, it is not hard to show that

S2 = τk(2
i) +
dk+1(2)τk(2

i+1)

24
+ · · ·+ dk+1(2

m)τk(2
i+m)

24m
+ · · ·(19)

=
i
∑

j=0

22jCk−1k+j−1 +
Ckk+1

∑i+1
j=0 2

2jCk−1k+j−1
24

+ · · ·+
Ckk+m

∑i+m
j=0 2

2jCk−1k+j−1
24m

+ · · ·

=

∞
∑

n=0

Ckk+n
24n

i+n
∑

j=0

22jCk−1k+j−1 = Dk(2, i).

Then from (16)–(19) we get the second formula of Lemma 5.

Lemma 6. Let p be an odd prime. Then

∑

χmod p
χ(−1)=−1

|L(1, χ)|4 = 5π
4

144
p+O(pε),

∑

χmod p
χ(−1)=−1

χ(2)|L(1, χ)|4 = π
4

36
p+O(pε),

∑

χmod p
χ(−1)=−1

χ(4)|L(1, χ)|4 = 11π
4

576
p+O(pε),

∑

χmod p
χ(−1)=−1

L2(1, χ)L(1, χ)L(3, χ) =
7π6

4320
p+O(pε),

∑

χmod p
χ(−1)=−1

χ(2)L2(1, χ)L(1, χ)L(3, χ) =
π6

1080
p+O(pε),

∑

χmod p
χ(−1)=−1

χ(4)L2(1, χ)L(1, χ)L(3, χ) =
11π6

23040
p+O(pε).

Proof. Taking k = 1 in Lemma 5, we have

∑

χmod p
χ(−1)=−1

χ(2i)|L(1, χ)|4 = C1(i)ζ3(2)p
∏

p1∤2p

(

1− 1− C
1
2

p21

)

+O(pε)

= C1(i)ζ
3(2)p

∏

p1∤2p

(

1 +
1

p21

)

+O(pε)
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=
4

5
ζ3(2)C1(i)p

∏

p1

(

1 +
1

p21

)

+O(pε)

=
4

5

ζ4(2)

ζ(4)
C1(i)p+O(p

ε) =
1

18
π4C1(i)p+O(p

ε).

Noting that

C1(i) =
1

2i+1

[(

1− 1
22

)

C11+i +
C12
22

]

=
1

2i+1

[

3(1 + i)

4
+
2

4

]

=
5 + 3i

2i+3
,

we obtain the first three formulas of the conclusion.

On the other hand, from the definition of Dk(p, i) we have

D1(p, i) =
∞
∑

n=0

C11+n
p4n

i+n
∑

j=0

p2j

=
∞
∑

n=0

n+ 1

p4n
p2(n+i+1) − 1
p2 − 1

=
1

p2 − 1

[

p2i+2
∞
∑

n=0

n+ 1

p2n
−
∞
∑

n=0

n+ 1

p4n

]

=
1

p2 − 1

[

p2i+2
1

(1− 1/p2)2 −
1

(1− 1/p4)2
]

.

Therefore

D1(p1, 0) =
1

p21 − 1

[

p21
1

(1− 1/p21)2
− 1

(1− 1/p41)2
]

=
1

(1− 1/p21)3
[

1− 1

p21(1 + 1/p
2
1)
2

]

=
1− 1/p61

(1− 1/p21)4(1 + 1/p21)2

and

D1(2, i) =
1

22 − 1

[

22i+2
1

(1− 1/22)2 −
1

(1− 1/24)2
]

=
22i · 1600− 256

675
.
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Then we get
∑

χmod p
χ(−1)=−1

χ(2i)L2(1, χ)L(1, χ)L(3, χ) =
p

23i+1
D1(2, i)

∏

p1∤2p

D1(p1, 0)+O(p
ε)

=
22i · 1600− 256
675 · 23i+1 p

∏

p1∤2p

1− 1/p61
(1− 1/p21)4(1 + 1/p21)2

+O(pε)

=
22i · 25− 4
23i · 42 p

∏

p1

1− 1/p61
(1− 1/p21)4(1 + 1/p21)2

+O(pε)

=
22i · 25− 4
23i · 42

ζ2(2)ζ2(4)

ζ(6)
p+O(pε) =

(22i · 25− 4)π6
23i · 6 · 2160 p+O(p

ε).

This yields the last three formulas of Lemma 6.

3. Proof of the theorems. In this section, we complete the proof of
the theorems. For any prime p ≥ 3, note that

τ(χ)τ(χ) = pχ(−1).
Then from Lemmas 1, 2, 4, 6 and the orthogonality relation for character
sums modulo p we get

p−1
∑

c=1

E(p, 1, c)C(c, 1, p)

=
1

π2(p− 1)
∑

χ(−1)=−1

τ2(χ)L2(1, χ)
[(

p
∑

a=1

aχ(a)
)2

+
(

p
∑

a=1

(−1)aa2χ(a)
)(

p
∑

b=1

(−1)bχ(b)
)

−
(

p
∑

a=1

(−1)aaχ(a)
)2]

+O(p5/2+ε)

=
p4

π4(p− 1)
∑

χ(−1)=−1

(−2 + 4χ(2)− 4χ(4))|L(1, χ)|4

+
p4

π6(p− 1)
∑

χ(−1)=−1

(2− 20χ(2) + 32χ(4))L2(1, χ)L(1, χ)L(3, χ)

+O(p7/2+ε)

= − 5
144
p4 +O(p7/2+ε).

This proves Theorem 1.
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For any prime p ≥ 3 and integer k ≥ 2, from Lemmas 1 and 3–5 we have
p−1
∑

c=1

E(p, k, c)C(c, k, p) = − ik+1

2πk+1(p− 1)
∑

χ(−1)=−1

τk+1(χ)Lk+1(1, χ)

×
[

(k + 1)
(

p
∑

a=1

(−1)aχ(a)
)k(

p
∑

b=1

(−1)bb2χ(b)
)

+ k(k − 3)
(

p
∑

a=1

(−1)aaχ(a)
)2(

p
∑

b=1

(−1)bχ(b)
)k−1]

= − 2
k−2(k2 − k + 2)pk+3
π2k+2(p− 1)

×
∑

χ(−1)=−1

(1− 2χ(2))k+1|L(1, χ)|2k+2 +O(pk+5/2+ε)

+
2k−1(k+1)pk+3

π2k+4(p− 1)

×
∑

χ(−1)=−1

(1− 2χ(2))k(1− 8χ(2))Lk+1(1, χ)Lk(1, χ)L(3, χ)

= − 2
k−2(k2 − k + 2)pk+3
π2k+2(p− 1)

k+1
∑

i=0

Cik+1(−2)i
∑

χ(−1)=−1

χ(2i)|L(1, χ)|2k+2

+O(pk+5/2+ε)

+
2k−1(k+1)pk+3

π2k+4(p−1)
∑

χ(−1)=−1

[

k
∑

i=0

Cik(−2)iχ(2i)+
k
∑

j=0

Cjk(−2)j+3χ(2j+1)
]

× Lk+1(1, χ)Lk(1, χ)L(3, χ)

= − 2
k−2(k2−k + 2)ζ2k+1(2)pk+3

π2k+2

[

k+1
∑

i=0

Cik+1(−2)iCk(i)
]

∏

p1∤2p

(

1− 1−C
k
2k

p21

)

+
2k−1(k + 1)pk+3

π2k+4

×
[ k
∑

i=0

Cik(−2)i
Dk(2, i)

23i+1
+
k
∑

j=0

Cjk(−2)j+3
Dk(2, j + 1)

23j+4

]

∏

p1∤2p

Dk(p1, 0)

+O(pk+5/2+ε).

This completes the proof of Theorem 2.
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