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On the fundamental units of some
cubic orders generated by units
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1. Introduction. Let ¢ be a cubic algebraic unit. Let IT,(X) = X3 —
aX?4+bX —c € Z[X], with ¢ € {&1}, be its minimal polynomial. Let €, ¢ and
¢’ be the three conjugates of ¢, i.e. the three distinct complex roots of IT.(X).

If € is not totally real, it is known that in general € is a fundamental unit
of the cubic order Z[e] (see [Nag], [Lou06], [Lou08a] and [Loul()]).

Now, assume that e is totally real. It is known (see [BHMMS]|, [MS] and
[Loul2]) that in general there exists n € Z[e] such that {e,n} is a system of
fundamental units of the cubic order Z[¢]. There are two different situations
in which we might be able to make such a unit 7 explicit.

On the one hand, we might search for it of the form re + s. For example,
if we want € — 1 to be also a unit, we are led to consider the parametrized
families of cubic polynomials IT;(X) = X3+ (I —1)X?2—1X —1,1> 3, and
(X)) = X3 — kX% — (k+3)X — 1, k > —1, the latter being associated
with the so-called simplest cubic fields (see [Ennl]). In that situation, we
would try to prove that {¢,e — 1} is a system of fundamental units of the
order Z[e]. This is the approach developed in [Ennl], [Enn2] and [Tho]. We
will improve on Ennola’s result in [Enn2], who proved that we can take
a =1 in the following theorem (from a computational point of view, in the
case that M = O is the maximal order of Fj, the calculation of the index is
explained in [Ennll, Proposition 3.1]):

THEOREM 1.1. Let F; be the non-Galois totally real cubic number field
generated by a root € of I(X) = X3+ (1 —1)X2 —1X — 1,1 > 3. Then
{€,e—1} is a system of fundamental units of the totally real cubic order Zle].
Moreover, let M be an order of Fy containing Z[e] and set a = 2 —2\/7 =
1.244 . ... If the index (M : Z[e]) is less than or equal to 1*/4, then {e,e —1}
is a system of fundamental units of M.
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On the other hand, we might assume that Q(e) is Galois and that Zl[e] is
invariant under the action of the Galois group Gal(Q(e)/Q). In that situation
we might expect that we can take for n any of the two conjugates € or ¢’ of e.
In [Loul2] we proved that if the order Zle] is invariant under the action of
Gal(Q(e)/Q), then the index (U, : (—1,¢,€')) is less than or equal to 3, where
U, is the group of units of Z[e]. While trying to prove that this index was
equal to 1, we realized in [LL] that it seldom happens that Z[e| is invariant
under the action of Gal(Q(e)/Q). Essentially, it happens if and only if €
is a so-called simplest cubic unit. Hence, we had not considered the right
problem: this order Z[e] is too small.

In the present paper, we deal with the larger order Zle, €/, €”]. This totally
real cubic order is invariant under the action of Gal(Q(¢e)/Q), and its group
of units is of rank 2. Since € and € are multiplicatively independent units of
this order (see Lemma [£.1]), it is natural to ask whether {¢,¢'} is a system
of fundamental units of Zle, €, €’]. In the literature we found several papers
in which the authors claimed that {e, €'} is indeed a system of fundamental
units of Zle, ¢/, "], provided that e ranges in several peculiar families of
cubic units defined by parametrized families of cubic polynomials (see [Kish],
[Tog04], [Tog06] and [Tog08]). However, there are serious gaps in their proofs
(see Section . In the present paper, we will fill in these gaps and prove:

THEOREM 1.2. Let €, € and € be the three real roots of any one of the
following parametrized families of Q-irreducible cubic polynomials of dis-
criminants a square (for n € 7):

(X)) =X —n(n*+n+3)(n® +2)X? — (n® +2n* +3n +3)X — 1,

E.(X)=X3 - -2 +3n-3)X? —n’X -1, n#1,2,

@, (X) = X3+ (n® +2n5 — 3n° + 3n? — 403 + 5n% — 3n + 3)X?

— (n® = 2)n*X — 1.
Then {1,¢,€%€'} is a Z-basis of the totally real cubic order Z[e, €'], and {e, €'}
is a system of fundamental units of Zl[e,€'].

To prove Theorem we develop a general machinery which could be
used to obtain similar results for various families that might crop up in the
future, as in [Thal.

Combining our ideas for proving Theorems and we derive a

stronger statement (similar results can be obtained for the other two fami-
lies):

THEOREM 1.3. Let €, € and €’ be the three real roots of =, n > 3. Let
M be an order of the cyclic cubic field Q(e) containing the totally real cubic
order Z[e,€']. Set a« =4 — /28/3 = 0.94494 . ... If the index (M : Z[e,€']) is
less than or equal to %no‘, then {e, €'} is a system of fundamental units of M.
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From a computational point of view, in the case that M = O is the
maximal order of the cyclic cubic field K = Q(e), the index (M : Z[e, €']) =
fzjeer/ fx = (n? +3)(n* — 3n + 3)/fx can be calculated by using [WasI,
Theorem 1] to determine the conductor fx of K. (The same remark applies
to the @,,(X)’s by using [Kish, Theorem 1].)

2. Sketch of proof. Let ey, ..., e, be n elements of a number field K of
degree n with complex imbeddings o, 1 < k < n. Their discriminant is the
rational number d(ey, ..., e,) == (det [ox(e;)]1<ki<n)?. It is equal to 0 if and
only if e, ..., e, are Q-linearly dependent. If e;, = €*~1, 1 < k < n, for some
€ € K, then d(eq,...,e,) = d(1,¢,...,€" 1) is equal to the discriminant d.
of the minimal polynomial IT.(X) € Q[X] of € if this minimal polynomial
is of degree n, i.e. if K = Q(¢), and is equal to 0 otherwise. If M is a free
Z-module of rank n of K, then dy; = d(ey,...,e,) does not depend on the
Z-basis {e1,...,e,} of M. It is called the discriminant of the module M.
In particular, dzjq) = do if K = Q(a). If M C N are two free Z-modules
of rank n of K, then the index (N : M) is finite and dp; = (N : M)?dy.
Hence, dy divides dj;. If O is the maximal order of K, then dp = dg,
the discriminant of K. Finally, if K is a cyclic cubic field of conductor
fx > 1, then dg = f7 and for any free Z-module M of rank 3 of O we
have dy = (O : M)2dg = ((O : M) fx)?. Hence, dys = f3, is the square of
far > 0, the conductor of the cubic module M, and fx divides fa;.

Now, to simplify, assume that K is totally real, which will always be the
case in the present paper. Let M be an order of K. The unit group Ups of M
is of rank n — 1. The regulator of the order M is defined by

Reg(M) = Reg(el, RN En—l) = ]det [log ‘Uk(el)ngk,lgnfl‘ >0

(notice that we do not take into account one of the n embeddings of K,
namely o,, which may be chosen arbitrarily). It does not depend on the
system of fundamental units {e1,...,€,} of M.

Our first main tool is the following result of T. W. Cusick (we will explain
in Section [3] how a misunderstanding of Proposition [2.1] created gaps in the
proofs of the three items of Theorem in [Kish], [Tog04], [Tog06] and
[Tog0§|, gaps that will be filled in the present paper):

PROPOSITION 2.1 (see [Cus]). For any order M of a totally real cubic
number field there exists a unit ep; of M such that

(1) Reg(M) > - 108 (dey /4) > - Tog?(dr /4).

Our second main tool is built from the results of the second author
in [Loul2]:
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PROPOSITION 2.2. Let € be an algebraic cubic unit with minimal poly-
nomial IT(X) = X3 — aX? 4+ bX — ¢ € Z[X], ¢ € {£1}, of discriminant
d. = —4a3c — 4b3 + a®b? + 18abc — 27c¢2. Assume that Q(¢) is Galois, i.e.

de = f2% is a square. Let ¢, ¢ and €' be the three conjugates of €. Then

1
(2) Reg(e, ') < Zlog2(4d€).

Proof. Since d. and Reg(e,€’) remain unchanged if € is changed into
any of the units +e, +1/e, £€¢, +1/€', £€”, +1/€”, we may assume that
e>1>|€]|>1]€"| >0, as in [Loul2]. Using ee’e” = +1, we have

ot <1og\e 1oge'|>
log |¢'| log|€”|
= (log [¢e])? + (log |¢[)(log |¢']) + (log [¢'])?,
(log|el)(log |€']) + (log |¢'])* = —(log |€'|)(log |¢"]) < 0,
Reg(e, ¢) < (log |e])?.
By [Loul2, Lemmas 7-9], if IT.(X) # X3 — 20X2 — 9X — 1 (for which

holds true), IT.(X) # X3 —9X? + 6X — 1 (for which (2) holds true as well)
and Q(e) is Galois, then

de > min(4(e — 1)%, €2, (€ — 1)4/62) =(e—1)*/e =((e—1)/e)*® > €2/4

for € > 3.49. Now, by [Loul2, Lemma 4], if e < 3.49, then I1.(X) = X3 —
2X2 - X +1, X3 —3X2+1or X3—3X2— X +1, and (2) holds true in
these three cases. m

Reg(e, €') ==

Let €1 and €2 be multiplicatively independent units of a totally real
cubic order M. In practice, ¢; and e are defined as any two of the three
real roots of a parametrized family of irreducible polynomials IT,(X) =
X3 —a, X% +b,X £1 € Z[X] with positive discriminants, and we take
M = Zle1, 2] = Zler, €2, €3], where €3 = a,, — €1 — €2 is the third real root
of IT,(X). (Or, as in the situation of Theorem €1 and ey are of the
form re + s € Zle] for some totally real cubic unit e which is a root of a
given parametrized family of irreducible cubic polynomials I7,,(X), and we
take M = Zle].) Let Ups be the group of units of M. How could one prove
that {e1, €2} is a system of fundamental units of the order M (whose unit
rank is equal to 2)? To begin with, one would try to prove that the index
(Unr = (—1, €1, €2)) is uniformly bounded. Notice that (see e.g. [Was2, Lemma
4.15])

(3) (Upr : (—1,€1,€2)) = Reg(eq, e2) /Reg(M).

Hence using Propositions [2.1| and we might expect to obtain a uniform
bound on the index (Ups : (—1,€1,€2)).
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For example, if € is as in Proposition [2:2] then

) Reg(e, €
(Uggeen : (~1,6,€)) = Reg(g%[e,e?])

- (210g(4d>>2 _ (210g<2f>>2
- log(dz[evg]/ﬁl) B lOg(fZ[e,e’}/Q) 7

fe= (Z[ﬁael] : Z[E])fl[e,e’]'
Hence, the unit index (Uzjc ¢ : (—1,¢,€')) is small as soon as the order index

(Z[e, €] : Z[e]) is not too large. More precisely, for any given integer N > 4,
we see that

by and , and

(Z[e,e’]:Z[e])<i(2fe)1_2/\/ﬁ implies  (Uggeer : (~1,e,€)) < N.

If, as explained in Section |8 we do not know beforehand a formula (in terms
of the coefficients of I1.(X) = X?—aX?+bX —c) for the discriminant dzj 1,
at least we will be able to compute it for the three families considered in
Theorem [1.2

3. Mistakes in the literature. In this section, we let the assumptions
and notation be as in Proposition [2.2]

LEMMA 3.1. Let a be a cubic algebraic number of minimal polynomial
II(X) = X3 —aX? +bX — ¢ € Z[X], of discriminant d,. Assume that
Q(a) is a cyclic cubic field, i.e. d, = f2 is a the square of some positive
integer fo. Let a, o/ and o' be the three conjugates of o.. Then the conductor

fzja,e divides ged(fa, a® — 3b,b* — 3ac).

Proof. Since both d(1,a,0?) = d, = f2, d(1,a,d’) and d(1,a, a?a)
divide dz[q,a = f%[a o]’ the desired result follows. Indeed, because of

/

1 o «
det [1 o o' | =(a+a"d +ad")—(a*+a"+a?) =b— (a® - 2b)
1 o «
and
1 a o
det [1 o o2 | =aad’ (0" +a+d) - (a?a? + o?a" 4 o?a?)
1 o o

= ca — (b* — 2ca),

we have d(1,a,a’) = (a® — 3b)? and d(1, a, a?a’) = (b> — 3ac)?. =



288 J. H. Lee and S. R. Louboutin

In [Kishl (2.2), proof of Theorem 2], [Tog04, p. 67, line 9, displayed for-
mula for a lower bound for Rp, and (2.7) of the proof of Lemma 2.4}, [Tog06),
(2.7) of the proof of Lemma 2.2] and [Tog08|, first assertion of Theorem 2.1],
it is wrongly asserted that Cusick’s result (Proposition yields

(4) Reg(Zle, ) > 1 log*(de/4) = | log(f./2).

Actually, Cusick proved a much weaker result: there exists some unit €ps in
M = Z]e, €] such that

1 1 1
Reg(Z[E, 6/]) Z TG 10g2 (dEM /4) Z TG logQ(dZ[e7€/]/4) = Z 10g2(f2[676/]/2)

(since dzj o divides e, this latter lower bound is indeed weaker than (4))).

Let us give an explicit example showing that can indeed be violated.
The conductor fr > 1 of the cubic field K := Q(e) divides fz ], and
fzje,en) divides A := ged(fe,a? — 3b,b% — 3ac) (see Lemma . Hence, if
A = p is a prime number, then frx = fz ) = A = p. Therefore, Q(e) is
the only cubic cyclic field K, of conductor p, whose regulator Reg(K),) is
given in [Cohl Appendix B.4] if p < 43, and Zle, €] is its ring of algebraic
integers, which yields Reg(Zle, €']) = Reg(K),) and makes it easy to check
whether ([4)) is satisfied. For example, if IT,(X) = X? — 19196 X2 + 83X + 1,
then f. = 5552687, A = 7, Reg(Zle, €']) = Reg(K7) = 0.525... and () is
blatantly violated.

4. Lemmas on cubic units. In this short section we state four useful
results on cubic units. Lemma is an explicit formula for the roots of a
cubic polynomial with three real roots. It will be used to compute asymp-
totics for regulators in parametrized families of cubic fields and numerical
values of such regulators. Lemma [4.3] is a formula for the complex conju-
gates of a cubic algebraic number. Lemma [£.4] gives a Z-generating system
for the cubic or sextic order generated by all the complex conjugates of a
cubic algebraic number. At the end of the paper we will show that if this
order is sextic, then the Z-generating system is a Z-basis (see Lemma .

LEMMA 4.1. Let € # £1 be a cubic unit. Assume that Q(e) is Galois.
Then € and € are multiplicatively independent.

Proof. Set X =logle| and Y = log|€’|. According to the beginning of the
proof of Proposition Reg(e,€') = X2+ XY +Y?% = ((2X +Y)2+3Y?)/4
isequal toOifand only if X =Y =0. u

LEMMA 4.2. We have P(X) = X3 —aX?+bX —c = Q(3X — a)/27,
where Q(Y) = Y3 — 3pY — q with p = a® — 3b and q = 2a® — 9ab + 27c.
Moreover, dg = 27%*dp = 27(4p3 — ¢?). Finally, if dp > 0 and q # 0, then
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p > 0 and the three real roots of P(X) are

1 1 4p3 — g2 2k
€k : <a+2H\/ﬁcos<arctan< P 3 a >+ 37r>>’ ke {0,1,2}.

q

LEMMA 4.3 (see [Loul2l proof of Proposition 10]). Assume that I1(X) =
X3 —aX?+bX —c € Z[X] is Q-irreducible and of discriminant A = —4a3c—
463 + a%b% +18abc — 27¢* = D? = (—D)? a square. Set x(D) = 2a® —6b € Z,
y(D) = —(2a® — 7Tab+ 9c + D) € Z and 2(D) = a*b + 3ac — 4b* + Da € Z.
Then o and

ra? 4+ y(D)a + z(D)
B 2D
and o' = a(—D) are the three real roots of II1(X).

LEMMA 4.4. Let o, o and o be the three complex conjugates of a cubic
algebraic number o. Then {1,a,a?,d/,ad’, a o/} s a Z-generating system
of the cubic or sextic order Zla,a'] = Z[a o a].

Proof. Since a + o + o € Z, we do have Z]o, /] = Z[a, o/, &"]. Since
a” € Z+Za+Za and o™ € Z + Za' + Za'? for n > 0, we see that
{exs = aka'l; 0 < k,1 < 2} is a Z-generating systern of Z[a, a} We prove
that we can dlspense with ego = a?, eq 2= aa’? and €22 = (& 20/, Indeed,
let IT,(X) = X3 —aX?+bX —c€ Z[ | be the minimal polynomial of a.
Then o’? = o>~ (a? —aa+b—c/a) = a*+o/a — (a2—aa+b) =(a—a)d —
(a? —aa+b). Hence aa’? = (aa —a?)a’ — (a® —aa? +ba) = (aa—a?)a’ +c
and a?a? = (aa? — a3)d/ + ca = (ba — c)a’ + ca. =

5. Proof of Theorem We assume that [ > 3. We will use:

LEMMA 5.1 (see [Ennll Theorem 4.1]). Let O be the mazimal order of
the cubic number field generated by a root € of II(X) = X3+ (1 — 1)X? —
IX —1,1> 3. None of the units te, £(e—1), £e(e—1) and £(e—1)/e is a
non-trivial power in O, and none of the units €2(e—1) and e(e—1)? is a fifth
power in O. Hence, 2, 3 and 5 do not divide the index (O* : (—1,¢,e — 1)).

The discriminant d; of IT;(X) is given by d; = (1> + 3] —1)? — 32. Clearly,
it is positive and not a square. Hence II;(X) has three distinct real roots
and K = Q(e) is not Galois. With the notation of Lemma we may
assume that € = ¢y, € = € and €’ = e3. We obtain ¢ = —[ + O(l%),
€ =1+7—%+#+0(#) and €' = =} + O(3) (see also [LouO8D]). Hence,

1 1 -1
Reg(e, e — 1) = |det oglel logle 1|
log |¢'| log e’ — 1]
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logl—l—0(3) logl+O(3)
= |det | | 1 2, 2 1
1oz +O0(m) —logl—7+3E+0(x)

3logl 9logl 1
= log? 1 + T o +O<l2>

is asymptotic to 16 log? d;. After having computed by hand an admissible
constant k in this O( 12) error term and having done on a desk computer an
exact computation of Reg(e,€') (by using Lemma and by noticing that

here ¢ = —20% — 312 + 31 + 29 < 0 for all [ > 3) for the small values of [
9logl
2[2

for which the now explicit expression —
3<I< e2r/ 9, we deduce that

+ 7z is non-negative, i.e. for

3logl
T
Using and , and noticing that dy; = d;/(M : Zle])? < 4d; /1%, we

obtain
Reg(e, e — 1) <logl+3/(2l)>2
O : {-1l,e,e—1)) = < <.
SO D= "Reat0t) = \ Tiog(a/i)
Indeed, with our choice of a we have
VT 9 3 VT s 3 3(WT-1) 1
vV a _ 2 Moe(d /1 AvVIiT Y -
1 log(d;/1°%) —logl 5] = 4 log(d;/1%) — 5= 57 +O<l2> >0
for [ > 3. Using Lemma [5.1] the desired result follows.

Reg(e,e — 1) < log?l +

6. Proof of Theorem Let us consider the family of cyclic cubic
fields studied in [Kishl:

LEMMA 6.1. Forn € Z, the cubic polynomial @,,(X) is Q-irreducible, of
discriminant d, = f? a square, with f,=(n?+1)(n?+3)(n* +n3+4n? + 3).
Let €, € and € be the three real roots of ®,(X). Then {1,¢,e%'} is a
Z-basis of the order Zle,€'] and this order has discriminant dgje ) = fé[“,]
= dn/(n* 4+ 1)2, with fzp. ) = (n? + 3)(n* + n® + 4n® + 3). Moreover, the
unit index (Uzjeen : (—1,¢,€)) is less than 3.

Proof. We know that {1,¢,e2, ¢ €€, e?€'} is a Z-generating system of
Zle, '] (Lemma [4.4)). Notice also that Z[e] = Z + Ze + Ze?. Set

e —(n—1e—n ne + (n+1)e+1

n?+1 n?+1
Since €3 = ae® — be + ¢ and ¢t = (a® — b)e? + (c — ab)e + ac, we deduce
that € = z€® + ye + 2z yields e = (az + y)e2 + (z — br)e + cx and €2 =
(a(az +y) + 2z — bx)e? + (cx — blax + y))e + c(ax + y). Using Lemma
we then obtain ¢ = —ng + P(e) with P(e) € Z[e], e€ = —m + Q(e) with

o = and 1 = =nn+e€e+ 1.



Fundamental units of some cubic orders 291

Q(e) € Z[e], and

(5) 2 =ng— (n+1)(n>+n+3)e—1.

Hence, {1,¢,€%, 10,1} is a Z-generating system of Z|e, €/]. Since n; — nny =

e+ 1€ Z, {1,6,€3,m0} is a Z-generating system of Z[e, €']. Since € =

(n?24+-1)no+(n—1)e+n, {1,¢e,m0} is a Z-generating system of Z[e, ']. Finally,

by , {1,¢,€%€'} is a Z-generating system of Z[e, '] and the expression for

its discriminant follows from the last assertion of the proof of Lemma [3.1
As in the proof of Theorem with the notation of Lemma we

may assume that € = ¢y, € = ¢; and €’ = €. Noticing that ¢ > 0 for

n > 0and ¢ < 0 for n < —1, we obtain € = n® + O(n?) = n5(1 + O(%)),

1 1 1 1 1 1 1 1
¢ T +0(5) = —2z(1+0(3)), € = =35+ O(55) = =72 (1+0(3))
an

1 1 !
Reg(e, €') = |det < ogle|  logle |)‘

log [¢'| log|€”|

5log|n| + O(%) —2log |n| + O(%)
= |det

—2log|n| + O(%) —3log|n| + O(%)

log |n
= 191log? |n| +O< el |>
n
In fact, we have the more precise asymptotics

81 1
Reg(e, €') = 19 logﬂ In| + M + O<Og’n>_
n

n2
Since
1 dzc.e 1 24 3)(pd 3 4n2 13
Reg(Z[E’EI])ZﬁlogQ%:ZIOgQ (n*+ 3)(n —|-2n +4n? + )7
we have

, Reg(e, €) 19 1
A = < —
(UZ[E,E} < 17676 >) Reg(Z[e, 6/]) — 9 +O 10g|n| )

and (Uzjee) @ (—1,6,€)) < 3 for |n| large enough. After having computed
by hand an admissible constant x in this O(1/log |n|) error term and hav-
ing done on a desk computer an exact computation of Reg(e, ¢') (by using
Lemma for the small values of n for which the now explicit expression
e 10gnln| is not smaller than 3, i.e. for |n| < /8, we deduce that the last
assertion holds true for any n € Z (notice that here ¢ < 0 for all n € Z<_;
and ¢ > 0 for all n € Z>(). =

Let us now consider the family of cyclic cubic fields studied in [Tog04]
and [Wasl]:
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LEMMA 6.2. Forl # n € Z, the cubic polynomial =, (X) is Q-irreducible,
of discriminant d, = f2 a square, with f, = (n—1)(n?+3)(n®>—3n+3). Let e,
€ and €' be the three real roots of Z,(X). Then {1,¢, e%€'} is a Z-basis of the
order Zle, €'] and this order is of discriminant dzj. o) = f%[“/] =d,/(n—1)2,
with fze e = (n? +3)(n? — 3n + 3). Moreover, for n # 1,2, the unit index
(Uze,en : (—1,€,€)) is less than 3.

Proof. The proof is the same as that of Lemma Set

2 -1
n—1"

no =

We obtain € = 1o+ P(e) with P(e) € Zle|, e€/ = —no+Q(€) with Q(e) € Z|e],
and

(6) e =ng — (n* +1)e — 1.

Hence, {1, ¢, €2, 10} is a Z-generating system of Z[e, €']. Since €2= (n—1)ny+1,
{1,e,m0} is a Z-generating system of Z[e, €']. Finally, by @, {1,¢,e%¢'} is a
Z-generating system of Z[e, €] and the expression for its discriminant follows
from the last assertion of the proof of Lemma

With the notation of Lemma we may assume that € = ¢y, € = €
and €’ = eo. We obtain e =n —|—O( 3= (1—1—0( ), € =-1+0(%) =

_%(1+0(%))’ +O( )_ 1 +O( )) and
log le| log|e
Reg(e, ¢') = |det
eg(E,ﬁ) € (]0g|6 10g|€//’>'

3log |n| + O( ) —log|n!—|—0(%)
= |det

—log|n|+O(%) —2log|n|+0(%)
1
= Tlog?|n| + O<ogn|n|>.

In fact, we have the more precise asymptotics

! 1
Reg(e, ¢') = Tlog? |n| — 90T;S|”| N 0( og |n’>.

n2
Since
1 dzfee; 1 (n? 4+ 3)(n? — 3n + 3)
Zle, €']) > — log? —< — Zpg?
Reg(Zle, €]) > 608" —, 1108 5 :
we have

Reg(e, € 7 1
e (L) = getin s < Lo )
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and (Ugeen @ (—1,6,€)) < 3 for |n| large enough. As at the end of the
proof of Lemma we deduce that the last assertion holds true for any
1,2 # n € Z (notice that here q < 0 for all n € Z<p and ¢ > 0 for all
n € Z>1). Indeed forn =2, ¢e? =ng—(n?>+1)e = €2 —5¢—2 = 1% is a cube,
where ) = €2 —4e —2 € Ze ] C Zle, €] (check that ¢o(z) = 23 — 322 —dx — 1
divides (2% — 4z — 2)% — (22 — 5z — 2)). =

REMARK 6.3. Write fz o = (n? 4 3)(n? — 3n + 3) = 9°b, with § = 0 if
nZ0 (mod 3) and § = 1if n =0 (mod 3) (hence, ged(b,3) = 1). According
to Lemma and [Wasl, Theorem 1], if b is squarefree, then Z[e, €] is the
maximal order of Q(e).

Let us finally consider the family of cyclic cubic fields studied in [Tog06]:

LEMMA 6.4. For n € Z, the cubic polynomial ¥, (X) is Q-irreducible,
of discriminant d, = f? a square, wz’th fon=0*-n+ 1)(n3 +n—1)
x (n* 4+ 2n% +4n? +3n 4+ 3)(n* —n3 +n? —3n+3). Let e, € and €’ be the
three real roots of W,,(X). Then {1,¢,€%¢'} is a Z-basis of the order Z[e €
and this order is of discriminant dygjc ka o = n/(n —n+1)2, with
fzjee) = (0 —n+ 1)(n* 4+ 2n® + 4n? 4+ 3n + 3)(n* — n® + n® — 3n + 3).
Moreover, the unit index (Ugje e : (—1,¢,€)) is less than 3.

Proof. Here again, the proof is the same as that of Lemma Set

e+e—n and n?e2 +n?e4+n—1
S n prm—g

n3+n—1 o n3+n—1

We obtain €’ = 1o+ P(€) with P(¢) € Z[e], e = —nn1+Q(€) with Q(e) € Z[e],
and

= n27]1 + 1.

m=

(7) €2 =n + ne.

Hence, {1,¢,¢2,m0,m} is a Z-generating system of Z[e, €']. Since ny — n?m
=1 € Zle, {l,6,€?,m} is a Z-generating system of Z[e,€']. Since €2 =
(n®+n—1)m —e+mn, {1,e,m} is a Z-generating system of Z[e,¢]. Fi-
nally, by @, {1,¢,€%€¢'} is a Z-generating system of Z[e,¢/] and the ex-
pression for its discriminant follows from the last assertion of the proof
of Lemma [3.1]

With the notation of Lemma we may assume that e = ¢g, € = €1 and
¢’ = €3. We obtain e = —n® 4+ 0(n®) = —n®(1+0(-3)), € = 1 +O0(35) =
A (14+0(5)), € = =35 +0(57) = =35 (1 + 0(5)) and

n’

|y (10slel toziel
log |€'| log |€”]
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et 8log|n| +O(-5) —3log|n|+ O()
—3log|n| + O(#) —5log |n| + O(%)
1
= 491og? |n| + O( ogln|>'
n
In fact, we have the more precise asymptotics

241 1
Reg(e, €') = 491og? [n] + ——o Il o( 0g \n\)
n

n3
Since
1 d €€’
Reg(Zle, ¢]) > - log? =1
_ 12 (P =m0t +20° + dn® + 30 4 3)(n* —n® +n® — 30 + 3)
_4 g 2 )
we have

Reg(e, ) 49 1
/ 1 _— < —

Usteer (0D = Reg(aler ) = 25 \logll)

and (Uz, e : (—1,¢,€)) < 3 for |n| large enough. As at the end of the proof

of Lemmal6.1], we deduce that the last assertion holds true for any 1 #n € Z

(notice that here ¢ < 0 for alln € Z). =

LEMMA 6.5. In the situation of Lemmas[6.1], and[6.4), the unit index
(Uzje,en = (—1,€,€)) is odd.

Proof. This index is even if and only if €, —¢, ¢ or —€ is a square, which
implies that ¢ or —e is totally positive. If IT.(X) = X3 —aX?% 4 bX — c, this
implies a > 0, b > 0 and ¢ > 0, or a < 0, b > 0 and ¢ < 0. Since in our
situations we have ¢ = 1 > 0, we only need to notice that a <0 or b < 0. m

7. Proof of Theorem Let us come back to the proof of Lemmal[6.2}
Since n > 3, we have Reg(e, €') < Tlog?n, dzjc o] = ((n?+3)(n*—3n+3))?
16,8 and dy = dgjeen/ (M : Zle,€])? > 4n®~2*. Hence,

81
Reg(e, €) < 16Reg(e, €) 16-7

Reg(M) ~ log2(dyr/4) ~ A(d—a)2

Uy : (=L e€)) =

8. Conclusion and open problems

8.1. Remarks on Godwin’s example. Let us consider the family
of cyclic cubic fields (introduced in [God]) associated with the polynomi-
als IT,(X) = X3 — X2 — ®-Llx 4 52 with b odd, of discriminant dj =
(b(27b% + 1)/4)? a square (in fact, in [God] it is assumed that b = B2
is a square). If € denotes any of its three real roots, then its conjugates
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are ¢ = (62 — U419 — 32-0) /b (by Lemma [1.3) and ¢ = 1 — 6 — ¢. Set
= (3¢ —1)/(30 — 1). After a little computation we found that
6 3 27b+1
— g2 _ g2
Ty T 2
and that € is a cubic algebraic unit of the minimal polynomial

M (X) =X —mX?—(m+3)X -1 withm=—-3(9+1)/2.

Hence, Godwin’s cubic fields are simplest cubic fields and he should have
cited [Cohn| for the evenness of the class number and [Sha] for the funda-
mental units.

8.2. The discriminant of the sextic order Zle, ¢, €] when Q(e) is
not Galois

LEMMA 8.1. Let a, o and " be the three complex conjugates of a cubic
algebraic number a.. Assume that the cubic extension Q(a)/Q is not Galois.
Then {1,a,a?,d/,ad’, a2’} is a Z-basis of the order Z[o, '] = Z[a, o, o]
and d(1, «, a2 o, ad a2o/) =d3.

Proof. The normal closure N of the cubic number field Q(«) is a sextic
number field with Galois group the permutation group Sz = {o;; 0 < i < 5}
of order 6, where g =1d, 01 = (1,2), 02 = (2,3), 03 = (3,1), 04 = (1,2,3)
and o5 = (1,3,2). Here, S3 acts on the three roots a1 = «a, as = o
and oy = o by permutation of the indices. The first assertion of the
lemma follows from Lemma To compute d(1,a,a? o, ad’,a?a’) =
det [Try/q(min;)]1<ij<6, where m1 = 1, m2 = a, 3 = a? ny=da,n5 = ad
and ng = a’a/, we notice that

TrN/Q okt E oi(a) oZ ag) l

(a a _|_ Oélo/k) + (Ozko//l + ala”k) + (a/ka//l + o/lo//k)

is a symmetric polynomial in o, o/ and o”. Hence, it can be expressed as
a polynomial in Z[a, b, c], where I1,(X) = X3 — aX? + bX — ¢ € Z[X] of

discriminant d, = —4a®c — 4b% + a2b% + 18abc — 27¢? is the minimal
polynomial of a. We deduce that d(1, a, a2, o/, e, a?a’) is equal to
6 2a 2a% — 4b 2a 2b ab — 3c
2a 2a% — 4b U 20 ab — 3c Vv
2a% — 4b U W ab — 3c 1% X
det ,
2a 2b ab—3c 2a2—4b ab—3c 2b% — dac
2b ab — 3c Vv ab—3c  2b% — 4dac Y

ab — 3c %4 X 20% — 4ac Y A
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where U = 2a® — 6ab+ 6¢, V = a®b — ac — 20, W = 2a* — 8a%b + 8ac + 4b2,
X = a®b — a’c — 3ab® + 5be, Y = —2a’c + ab® — bc and Z = —2a3c +
a’b? + 4abc — 2b3 — 3¢?, and any mathematical software yields the desired
result. m

This lemma raises the following more general question:

QUESTION 1. Let « be an algebraic number of degree n. Let ag, 1 <
k < n, be its complex conjugates. Assume that the normal closure N =
Q(a1, ..., ap) of Q(a) is of degree n!. Is the discriminant dzjq, ... q,) of the
order Z[aq, ..., ay] an explicit perfect power of d,? And can one exhibit a
Z-basis of this order?

8.3. System of fundamental units for some totally imaginary
sextic orders. Let ¢ > 1 be a real cubic unit of negative discriminant
—de < 0. Then K = Q(e) is not normal, the conjugates of € are €, n and
7} for some non-real algebraic unit 7. The normal closure N = Q(e,n)
of K is a totally imaginary sextic field. The unit rank Ujp; of the sex-
tic order M = Zle,n] = Z[e,n, 7] is equal to 2, and using |n| = 1/\/e we
have

Reg(e, n) =

det <2log\e\ 2log |n|

" =31og?e £0.
2log || 210g|77!>|

Hence, € and n are multiplicatively independent, and it is natural to ask:
QUESTION 2. Is {¢,n} a system of fundamental units of this order?

Recall that gives (Ups @ (—1,€,m)) = Reg(e,n)/Reg(M). Since de >
€2/3 (see [Lou06, Theorem 2] or [Loul0, Theorem 1]), we have

3
Reg(e,n) < ZlogQ(Bde).

On the other hand, dy; = dgj. ;) = d?. Using [CF] and [Sil] we deduce that
Reg(N) > log? dg. Hence, if we could adapt the proofs of these papers
to the case of arbitrary modules M of N, we could expect a lower bound
Reg(M) > log?dy; = 9log®d,. and we we would end up with a uniform
bound on (Ups : (—1,€,m)). At least, let us give here a precise general result:

THEOREM 8.2. Let € > 1 be a real cubic unit of negative discriminant
—d. < 0. Let n be any complex conjugate of €. Let N = Q(e,n) be the nor-
mal closure of the cubic field K = Q(e). Let L = Q(v/—d¢) be the imaginary
quadratic subfield of N. Assume that Up, = pr, = {£1} and € is the fun-
damental unit of the order Z[e] (see [Lou06l Theorem 4] and [Nag] for a
characterization). Set M = Z[e,n]. Then (Upr : (—1,€,m)) divides 9.
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Proof. We adapt the proof of [F'T), Theorem 43]. We stick to their nota-
tion: o is the generator of Gal(/N/L) such that o(e) = 7 and 7 is the non-
trivial element of Gal(N/K). Then Ky = Q(n) and K3 = Q(7). Since € is
the fundamental unit of the order Z[e], it follows that n and 7 are the funda-
mental units of Z[n] and Z|n], respectively. Now, if 3 € Uy, then Ny,1(8) €
Up = pur = {£1}. Hence, if a € Uy, then o = +altTaltoTl+o?T,
Now, we claim that o7 € Z[e], a’*°" € Z[n] and o't7°" € Z[7], which
will yield a® € (—1,¢,1)), and will give the desired result (in our sit-
uation we cannot use [FT]’s last argument to prove that this index di-
vides 3, for € could be a cube in K without being a cube in Zle]). So, let
=" cpiem ki€t be in Zle,n], ar; € Z. Since () = € and 7(n) = 7,
we have

147 _ Ktk o V=1 | 'l Kk [\
a T = E aggap e (TN 4T ) + E agap € " ()"
1<k Lk I'<m 1<k Lk’
<l

Since np = 1/e € Zle] (for e is a unit of this order) and n™ + 7" =
Trgg(€") — €" € Zle] it follows that a'*™ € Z[e]. The proofs of the other
two claims are similar (for example, to prove a!™™ € Z[n], notice that
Zle,n] = Zle,n,n] = Z[n,n] for Trgg(€) = e+n+7 € Z, and that o7(n) =17
and o7(7) =¢€). m

This also leaves open the following question (we know the answer if M
is a totally real cubic order, by [BHMMS], [MS| and [Loul2]):

QUESTION 3. If € is a given unit of a totally imaginary sextic order M,
does there always exist a second unit 7 € M such that {e,n} is a system of
fundamental units of this order?

8.4. The discriminant of the cubic order Zle, ¢, ¢’] when Q(e) is
Galois. Let € be a cubic algebraic unit. Assume that Q(e) is Galois. We
know that {1,¢,€2, €, e, e2e'} is a Z-generating system of the order Z[e, €]
(Lemma [4.4)). Lemma gives some information on the conductor of this
cubic order.

QUESTION 4. Is it possible to derive (from Lemma ) an expression
for a Z-basis of this order and/or to compute its discriminant and conductor?
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