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1. Introduction. Let Z,N,Q be the sets of integers, positive integers
and rational numbers respectively. Let (a, b, c) be a primitive Pythagorean
triple such that

(1) a?+ v =c%  a,bceN, gcd(a,bc)=1, 2|a.
Then we have

(2) a=2uv, b=u?®—-2v%  c=u?+°
where u, v are positive integers satisfying

(3) u>v, ged(u,v)=1, 2|uv.

In [7], Terai conjectured that the equation

(4) 2?2+ =¢*, wxyz€eN,

has only the solution (z,y,z) = (a,2,2). This conjecture was proved for
some special cases. But, in general, the problem is far from solved. In this
respect, the author [3] proved that if b > 8- 105, b = £5 (mod 8) and c is a
prime power, then (4) has only the solution (z,y, z) = (a, 2,2). Afterwards,
Cao and Dong [1], Yuan [8] showed that the condition b > 8- 10% can be
eliminated from the result of [3]. In addition, Cao and Dong [1], Yuan and
Wang [9] proved that if b = +5 (mod 8) and either b or ¢ is a prime, then
(4) has only the solution (z,y,2) = (a,2,2). In this paper we consider the
case of b # £5 (mod 8). We prove the following result.

THEOREM. If b = 7 (mod8) and either b is a prime or ¢ is a prime
power, then (4) has only the solution (x,y,z) = (a,2,2).
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2. Preliminaries
LEMMA 1 ([5, pp. 12-13]). Ewvery solution (X,Y, Z) of the equation
X?24+v?2=2% X,Y,Z€eN, gd(X,Y)=1, 2|X,
can be expressed as
X=2s, Y=r’-5% Z=r>4+3s
where r, s are positive integers satisfying
(5) r>s, ged(r,s)=1, 2|rs.

LEMMA 2 ([5, pp. 122-123]). Let n be an odd integer with n > 1. Every
solution (X,Y, Z) of the equation

X?24Y2=2"  X,Y,Z€Z, gd(X,Y)=1,
can be expressed as
Z=r’+s% X+YV_1=XM{r+svV—1)", X, e{l, -1},
where r, s are positive integers satisfying (5).
LEMMA 3 ([5, Theorem 4.2]). The equation
X24yvt=2 XY, ZeN, gd(X,Y)=1,
has no solution (X,Y, 7).
LEMMA 4 ([4] and [6]). The equation
1+X%2=2Y", X, YneN, X>1,Y>1, n>2,
has only the solution (X,Y,n) = (239,13,4).

LEMMA 5 ([2, Lemma 1]). Let D be a positive integer, and let p be an
odd prime with ptD. If the equation

(6) X?24+DY?=p? XY, Z€Z, gdX,Y)=1, Z>0,
has a solution (X,Y, Z), then it has a unique solution (X1,Y1,Z1) such that
X1 >0,Y1 >0 and Zy < Z, where Z runs through all solutions (X,Y, Z) of

(6). (X1,Y1,21) is called the least solution of (6). Moreover, every solution
(X,Y,Z) of (6) can be expressed as

Z=7it, X+YV-D=XM(X1+XY1V-D), teN, A\, € {-1,1}.

3. Proof of Theorem. Let (z,y, z) be a solution of (4) with (z,y, z) #
(a,2,2). Since b = 7 (mod 8), we see from (2), (3) and (4) that ¢ = 1 (mod 8)
and 2 |y.

We first consider the case that 2|y and 2| z. By Lemma 1, from (4) we
then get

(7) z=2rs, W2 _ 2 A2 p2y 2
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where 7, s are positive integers satisfying (5). Since (z,y,z2) # (a,2,2), if
y =2, then z > 2 and z/2 > 2. By (4) and (7), we get

(8) r2+s2:cz/2202>b2:(r2—52)22(T+s)2>r2+32,

a contradiction. Similarly, if z = 2, then y > 2 and y/2 > 2. Hence, we
deduce from (2) and (4) that

9) w2 =c=c*? =22 +bv > b¥/?
> b2 = (u? —vH)? > (u+v)? > u? 407,
a contradiction. So we have y > 2 and z > 2.

If b is a prime, then from (7) we get 7 = s + 1, b¥/2 = 25 + 1 and
c#/? = 25% + 25 + 1. This implies that

(10) 14 bY = 2¢7/2,
Since 2|y, by Lemma 4, we find from (10) that either z/2 = 2 or (b, ¢, y, 2) =

(239,13,2,8). When z/2 = 2, by Lemma 3, we see from (2), (4) and (10)
that y > 6 and

(11) 2ut + 4uv? 4 20" = 2(u? +0?)? = 2¢% = 2¢7/2
> b >0 = (u? —0v?)°
> (u+v)% > du® + 6uv? 4 4v,
a contradiction. When (b,¢) = (239,13), b and ¢ do not satisfy (1). Thus,

the Theorem holds for this case.
If ¢ is a prime power, then

(12) c=p",

where p is an odd prime and k is a positive integer. We see from (1), (4)
and (12) that the equation

(13) X2+ vY2=9p%, XY, Z€Z, gd(X,Y)=1, Z>0,

has two solutions (X,Y, Z) = (a, 1,2k) and (x,b¥=2)/2, 2k). Let (X1,Y1, Z1)
be the least solution of (13). By Lemma 5, if (X1,Y1, Z1) # (a, 1,2k), then
we have

(14) 2k =Z1t, teN, t>1,
(15) a+\ b2 = )\1(X1 + A Y7V —b2)t, A1, Ao € {—1, 1}

By (15), we get 2{/t. So we have t > 3. Since X% + b?Y? = p?1, we infer
from (2) and (12) that

(16) u2 +U2 —¢c :let/Q > p3Z1/2 — (X12 + b2Y12)3/2 > b3 — (u2 . ,U2)3
> (u+v)3 > u? 403,
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a contradiction. This implies that (X1,Y7,Z1) = (a, 1, 2k). Using Lemma 5
again, we get

(17) sk=2kt, tEN, t>1,
(18) =+ bW=2D/2y/p2 = Aj(a+ Ao/ —b2)", Ay, Ao € {—1,1}.
Since 21b, we find from (18) that 24¢ and

(t—1)/2
- t —2i— i
(19) bW=2/2 = N\ \y } : <2¢+1>at 2i-1(_p2)i,
i=0

Since ged(a,b) = 1 and y > 2, we see from (19) that b|¢. Further, using
the same method as in the proof of [3, Theorem|, we can deduce from (19)
that b¥=2)/2|t. So we have t > b(¥=2)/2 Therefore, by (7), (12) and (17),
we obtain

(20) W=0?-5)2>r+s)>ri+s°= c*?

(y—2)/2
:pzk/szkt:Ct>bt2bby

)

whence we get
(21) y > bv=2/2,
However, since y > 4 and b > 7, (21) is impossible. Thus, under the hy-
pothesis, (4) has only the solution (z,y,z2) = (a,2,2) satisfying 2|y and
2| z.

| zWe next consider the case that 2|y and 21z. If b is a prime, then from
(2) we get
(22) wu=wv+1, b=2v+1, c¢=24+20+1, v=23(mod4).
On the other hand, by Lemma 2, we see from (4) that
(23) c=r%+s%
(24) T4+ Y21 = M\ (r+ dasvV—1)%, A, A € {—1,1},
where 7, s are positive integers satisfying (5). From (24), we get

(2—1)/2
z —2i— i
(25) by/2 = )\1)\28 Z <22 n 1> r* 2 1(_82) )

=0
We see from (25) that s satisfies either s =1 or b|s. When s = 1, we infer
from (22) and (23) that r? = 2v(v + 1). This implies that v is a square with
v = 3 (mod4), which is a contradiction. When b| s, we have s > b. Hence,
by (22) and (23), we get
202+ 20+ 1=c=r*+5">s>>b"=2u+1)? =4 + 4+ 1,

a contradiction.
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If ¢ is a prime power, then ¢ can be expressed as (12). Moreover, by

the above analysis, (13) then has two solutions (X,Y,Z) = (a, 1,2k) and
(2,272 2k), (X1,Y1,Z1) = (a,1,2k) is the least solution of (13) and z
satisfies (17). So we have z = 2t and z is even, a contradiction. Thus, under
the hypothesis, (4) has no solution (z,y, z) satisfying 2 |y and 21{z. To sum
up, the Theorem is proved.
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