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On the irrationality of factorial series
by

JAROSLAV HANCL (Ostrava) and ROBERT TIIDEMAN (Leiden)

1. Introduction. Let (b,)>2; be a sequence of integers. In the present
paper we study the irrationality of R := ) 2 | b,/n! and, more generally, of

by
R = —_——

sz:l Hr]yzl(‘m +b)
where a and b are given positive integers. In 1761 Lambert [10] proved the
irrationality of e = 1 4 > >°,1/nl. In 1873 Hermite [9] established the
transcendence of e, which implies the irrationality of Y 2, m™/n! for any
nonzero integer m. In 1869 G. Cantor [2| showed that if 0 < b, < n, then
R is irrational if and only if b,, > 0 infinitely often and b, < n — 1 infinitely
often. On the other hand, if b,,/(n — 1) is constant for n larger than some nyg,
then R € Q. This is an exceptional case in many results.

Oppenheim [12] showed that both the condition of b, > 0 and the con-
dition of b,, < n — 1 can be relaxed. For example, it follows from his results
that if |b,| < n for every n, then R is rational if and only if b,/(n — 1) is
ultimately a fixed integer. Thus if |b,| < n — 1 for every n and R € Q,
then b, is ultimately equal to 0. The results of Oppenheim were extended
by the authors [8] who showed that if ntb, for all n, b, = o(n?) and
liminf,, . |bn|/n = 0, then R is irrational. They further proved that R
is irrational if (by,)2° ; is a monotonic sequence of positive integers such that
bn, = O(n?) and ged(bp,n — 1) = o(by). Tijdeman and Yuan [14] extended
another result of Oppenheim by showing that R is irrational if b, = O(n)
and the sequence (b, /1) ; has an irrational limit point. See also Han¢l [6]
and [7].

Erdés and Straus [5] started a series of results in which the size of the dif-
ference b, +1 — by, is a relevant factor. They used such results to establish the
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irrationality of R in case (b,)5 ; represents a multiplicative or other arith-
metic function. It follows from their result that if b,, > 0 for all n, b, 11 —b, =
o(n) and liminf, . n/b, = 0, then R is irrational. The authors [8] showed
that the condition liminf,, . n/b, = 0 can be replaced with the necessary
condition that b,/(n — 1) is not ultimately constant. Tijdeman and Yuan
[14] showed that, moreover, the condition b, > 0 for all n can be dropped:
if bp41 — by, = o(n), then R € Q if and only if b,/(n — 1) is ultimately a
fixed integer. These results generalize Erdés’ result [3] that > >2 | p,/n! € Q,
where {p,}°°; is the sequence of consecutive prime numbers.

In fact Erd6s claimed the irrationality of > 00 pF/n! ¢ Q for k =
1,2,..., but unfortunately he proved only the case ¥ = 1. Oppenheim
[12] showed that > >, endy/n!, > 07 epon/n! and Y 2 endy/n! are ir-
rational for all choices of &, € {—1,1}, where d(n),o(n), #(n) denote the
number of divisors, the sum of divisors, and the Euler function of n, respec-
tively. A special case was treated by Erdés and Kac [4]. Erdés and Straus
[5] proved that the numbers 1, Y%, o, /n!, 307 ¢n/n! and Y 07 | by/nl,
where |b,| < n'/27¢ for all large n and b, # 0 infinitely often, are linearly
independent over the rationals. Most of the results mentioned were stated
in greater generality in the original papers than above.

Tijdeman and Yuan [14] started to compare second order differences (cf.
the proof of their Theorem 4.3). In the present paper we pursue this idea by
studying Kth order differences. For doing so we have to impose stronger reg-
ularity conditions on the numbers b,,. Nevertheless the results are valid for
a wide class of sequences (by,)22 ;. Corollary 3.1 precisely states for which
polynomials P(x) with integer coefficients > 2, P(n)/n! is rational. Sec-
tion 3 further provides a method to establish the irrationality of a large

class of numbers
o0

Z f(N)

N
N=1 Hn:l(an +b)
where f(IV) is an integer-valued function satisfying f(N) = (aN + b)F(N)
+ O(1) and F is a smooth function which does not grow faster than a
polynomial. In particular it yields the irrationality of the following numbers:

o] na oo o ﬁn o0 ex o ,yn
Z[n—|](0z20)7 Z[lil ](ﬂ>0), Z[panilg)](o<7<1)'
n=1 " n=1 ’ n=1 ’

In Section 4 the linear independence over the rationals of such numbers is
treated. For example, linear independence is shown for the numbers

- [
1, e ZW forala e Ry, a € Z.
n=1

The results remind us of the result by Loxton and van der Poorten [11]
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who proved by Mahler’s method that > [na]3™ is transcendental for «
irrational and 3 algebraic with 0 < |3] < 1.

2. Basic lemmas. Let a > 0 and b be integers such that an + b # 0
for every positive integer n. Let {b,}72; be a sequence of integers. We in-

vestigate under what conditions
o0

0 R bN

N=1 Hfj:l(‘m +b)

is irrational. Since all terms are rational, we may neglect the terms with
an + b < 0 and assume without loss of generality that b > 0.
The following lemma dealing with the sum

@) Z Hn y(an+0b)

is crucial. We denote the set of posmve integers by N.
LEMMA 2.1. If R*=p/q for some peZ, qeN, then qRy €Z for all N.
Proof We have

N-1 N-1
pH an+b —qu nl;[Jrlan-i-b +qZ m

and the ﬁrst two terms are integers. =

REMARK. If g divides Hf:lz_ll(an +b), then we need not multiply by ¢ to
obtain integers and can conclude that R}, itself is an integer. If ¢ is coprime
to a, this is the case for sufficiently large N. In particular, it is the case if
a = 1, hence for sequences > >, b,/n!.

The following consequence of a theorem of Oppenheim implies that R*
is irrational if b, = o(n), but not ultimately constant 0.

LEMMA 2.2 (Oppenheim [12, Theorem 8]). If |b,| < an + b for all
n > ng and liminf, . |b,|/n = 0, then R is rational if and only if b, =0
for all n > nyg.

The next lemma displays some well known properties of Stirling numbers
of the second kind.

LEMMA 2.3. Let K be a nonnegative integer. Put

S(r,K) K|Z < )]

Then S(r,K) = 0 if r < K, S(T‘,K) =14r =K and S(r,K) € N if
r>K>0.

For a proof see [1, Section III.2].
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The following lemma gives partial fractions of the denominator of R*.

LEMMA 2.4. Leta > 0,b, N and s > 0 be integers such that a(N +1i)+b
#0 fori=0,1,...,s. Then

1 1< e 1
3) To@N+)+d) s §%<_1) <2> aN1i)1b

1=
Proof. We prove the identity by induction on s. For s = 0 identity (3)
is trivial. Suppose that it holds for s = n. Then
1
[T (a(N +1) +b)

(2

1 < 1 B 1 )

~ (n+D)a\ITio(a(N +4) +b) [} (a(N +1i) +b)
1 . (n 1

- (n+ 1)lant! <;(_1) <z) a(N+1i)+b

‘g“”i‘l(/f i)

_ 1 1 N (_1)n+1
 (n+Dlam P \aN+b  a(N+n+1)+b

' g—l)i((?) () s

n+1
1 (n+1 1
- —1)° -
(n+ 1)lantt ;( ) ( i )a(N—f—i) +b

This completes the induction step. m

The last lemma of the section will be used for all theorems except for
Theorem 3.1 and Theorem 3.2. We use the convention that an empty product
equals 1.

LEMMA 2.5. Let K>0, a>0 and b be given integers such that an+b#0
for everyn € N. Let H : R — Ry be a K times continuously differentiable
function such that H(x) # 0 for x > zy. Suppose we have

K M]’T+O(H(N)>

7! NE+1

(4 HN+j)=
r=0
forj=0,1,...,K as N — o0
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and
(5) H(T)(N):O<H]E7]:[)> forr=0.1,.... K as N — oo,
Put
K K\ H(N+j+s)
Ri(N) = (-1)]'(,) — :
jz::() J SE% gjjﬂij (an + b)
Then

6)  Ri(N)=(-D)XHE(N)+OHN)NE)  as N - .
Proof. Let N be sufficiently large. Note that for j = 0,1,..., K, by (4)

and (5),
K+1 S\
(7) H(N +j) = O<H(N) > %(%) ) = O(H(N)el/N)y
r=0
=0O(H(N)) as N — oo.
Write
(8) RE(N) = Rk 1(N) + Ry o(N) + R 3(N)
where

Rigy (V) = 3" (1) (4 )mrv+
K

K .
Fia) = > () 3 e

J s=1 Lln=N+j (CLTL + b)

oo

K .
S S e I D

J s=K+1 n=N+j (cm + b)

J"+OHN)NTET

r!

& <K> K HO(N)

K HO(N) & :
=> HT(N) > (-1y <K>y +O(H(N)N~F1

~)EHE(N)+ O(H(N)N"EY)  as N — .

—~

We now turn to Rj ,(N). By Lemma 2.4, (4), (7), Lemma 2.3, and (5),
we have



388 J. Han¢l and R. Tijdeman

K K
Rica) = >0 () 2

" :(_Di <8 ; 1) a(N + Z1+ j)+b
-3 () 5 B

S G oS )
-3 ()

S i i () o ()
- éé T :<—1>Z 7Y

Bt (o (5)

[l
Q
M=
=
4=
NE
VR
Z|>
N——— IS
3
+
Q
N
==
=
N———

ﬁ
I
(=]
i
=
1
+

Thus
(10) R o(N) = o(ﬁﬂf)

Finally we estimate R} 3(NV). By (7) there exists a constant ¢ > 1 such
that H(n+1) < cH(n) for all sufficiently large n. Hence H(N+s) < ¢*H(N)

for every positive integer s. It follows that
oo

, B H(N+s) \ _ -~ H@)e!
RK,3(N)—O(S;1HN+S 1(n+b)> O<s=§(:+1 N )
Hence
(11) R;(,g(N) :O<Jf\§gi3> as N — oo.

The combination of (8), (9), (10) and (11) yields (6). =

REMARK. In applications of Lemma 2.5 the integer K is usually chosen
as the smallest nonnegative integer such that H5)(N) — 0 as N — oo.
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3. Irrationality. The next lemma implies that >~ ; P(n)/n! for P(x)
€ Q[z] is a linear combination over Q of 1 and e.

LEMMA 3.1. Let a > 0 and b be integers such that an + b # 0 for every
n € N. Suppose that P(x) = Z;TF:O a;z’ is a polynomial with rational coeffi-
cients. Let d be the least common denominator of ag, a1, -..,ar. Then there
exist rational numbers Qy and Q1 such that

[e.9]

P(N 1
3 % TN -
vt =i (an +b) N=1 (an+b)
where
(12)  a"dQy
T iy k k-N-1
_ A T—i+h—k z h _
= ai Z<h>a (=b Shk:z H na)
i=0 k=0 h=k N=1 n=0
and

T i .

I3 . .

(13) aTdQr=> a;) Y <h> e G I )
i=0  k=0h=k

are integers.

Proof. We can write

i k
(14) Zb% H (. —m+1) +b).

On substituting = = —b/a r for r =0,1,...,4 into equation (14) we get

(15) (—g+r>i:ki bi,kﬁ (a<—2+r—m+1>+b>

=0 m=1
Zi: b; ra® r
= ik
— (r—k)

We consider (15) as a system of ¢ + 1 equations with ¢ + 1 unknowns
bio,bi1,...,b;;. Using the fact that » < ¢ we find that the solution of this
system for k =0,1,...,4 is given by

(16) bise = 1o (1) (k) <—§ e j)

We write
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From this, (14) and (16) we obtain

PO) 5~ 5, 32 M0V —m 1) +0)

N=1 Hr]:[=1(6m +b) i =0 Nt Hfz\f:l(an +b)
) .

T ) k k—N-— T ) 0o 1
=> @) bip Y, (b—na)+ Y aiy bix Y —xmp——
i=0 k=0 N=1 n=0 0 k=0 Nemy1lln=1 (an+0)
ad 1
= Qo+Q1 )

N
o =1 (an +0)
where Qo and @ are rational numbers. We have, by (16) and Lemma 2.3,

- mia (S () e

h=0

“ma () () e (e

J=0

i . i—h
1\ 1 b
- — (-2 h, k
> (a)ar(a) s
h=k
where S(h, k) is an integer. Note that the exponent of a in (1/a*)(=b/a)i=h
has minimal value —i, viz. if h = k. Hence a'b;} is an integer for

)i
1
0,1,..., k. We deduce that da” Qy and da” @ are the integers given by (12)
and (13), respectively. m

THEOREM 3.1. Let a > 0 and b be integers such that an+b # 0 for every
neN. Let P(z) = Y., a;a’ € Z[z]. Then

. P(N)
R = —_—
sz:l Hfzvzl(an +b)

s rational if and only if

DN L, (K[ b :
(17) QlZZGiZm‘ (_1)]<'><_E+k_j> =0.
=0 k=0 7=0
Proof. 1t is obvious that R* is absolutely convergent. It follows immedi-
ately from Lemma 3.1 that if (17) holds, then R* € Q. On the other hand,
suppose (17) does not hold. By Oppenheim’s theorem (Lemma 2.2) we know
that

> 1
Nz::l Hivzl(cm +b)

is irrational. Hence, by Lemma 3.1, R* is irrational. =
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COROLLARY 3.1. Let P(x) = Y. a;a’ € Z[z]. Then Y %_, P(N)/N!
is rational if and only if ZiT:() a; Zz;:o S(i, k) =0. If ap > 0 and a; > 0 for
i=0,1,...,T—1, then > 5_,; P(N)/N! € Q.

Proof. Apply Theorem 3.1 with a =1, b =0, and Lemma 2.3. =

REMARK. We recall that > >, (n — 1)/n! = 1 € Q. Hence the condition

on the nonnegativity of the coefficients in the second statement cannot be
dropped.

COROLLARY 3.2. Let a > 0 and b be integers such that an +b # 0 for
every n € N. Let P(z) = ZiTzo a;x’ € Zlz]. If atar(b — 1)T then R* is
wrrational.

Proof. Observe that, by (13) and Lemma 2.3, the terms in a’'Q; are
divisible by a unless h = k, ¢+ = T. Hence, by Lemma 2.3 again,

TQl_aTZ< ) )T S(k, k) = ap(1 —b)" mod a. =

THEOREM 3.2. Let a > 0 and b be integers such that an+b # 0 for every
n € N. Let P(x) = ZZT:O a;x' € Q[x]. Let f: N — Z be a sequence such that
f(N)=P(N)+o(N) as N — co. Suppose
= N

S g

N=1 Hn:l(an +b)
Then

f(N)=P(N)—Q1 forall N

where Q1 is given by (13).

Proof. We have, by Lemma 3.1,

e} o0

fFIN) O P(N) J(N) = P(N)
];Hff:l(awb) o) N:1<an+b+Z 1, (an +b) an+b)

_ SR S F(N) = P(N)
Q°+Q1N21Hn 1(an+b +Nzl (an+b)
_ Qi + (f(N) = P(N))
= Qo +Z H 1(an +b) .

The numerator of the last fractlon is a rational number which is o(N) as
N — oo and has a denominator which is independent of N. Hence, by
Lemma 2.2, Q1 + f(N) — P(N) = 0 for N > Np. It follows that f(NN) =
P(N)— Q1. =

COROLLARY 3.3. Under the conditions of Theorem 3.2 we have P(N) =
@1 mod 1 for all N and therefore dQ € 7Z.
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THEOREM 3.3. Let a > 0 and b be integers such that an+b # 0 for every
n € N. Let P(z) = Zz‘T:O a;x' € Rlz]. Let f : N — 7Z be a sequence such that
f(N)=(aN+b)P(N)+O(1) as N — co. Suppose

o0

S g
N=1 Hn=1(a” +b)
Then ar,ar_1,...,a1,a0 € Q.
Proof. Suppose
i JN)
S ILli(an+b) 4

where p and ¢ > 0 are coprime integers. Let U be the largest index ¢ with

a; ¢ Q. Let d be a common denominator of ayy1,...,ar. Put Pi(x) =
v a;zt and Py(z) = (ax+b a;z*. Then we have by Lemma 3.1,
i=0 i= U+l

N = dTd — Py(N) + Py(N
Ty = ati 3 — )5 aTdIN) — PN + Po(V)
N=1 (an+b) N=1 [[=1(an +b)
f(N) = Py(N)) +a"d
:andQZOJqu a” )N 2(N)) + a” dQ2,
N=1 Hn:l(an + b)

where Q20 and ()21 are rational numbers corresponding to P> according to
Lemma 3.1. From this and Lemma 2.1 we deduce that for every positive
integer N the number

. L f(N + Py(N +s) + Qa,
Ry = QaTdZ(:) ( i—)[NJrsz(in_i_Z)) =

is an integer. From the definition of P, P> and the assumption on f it follows
that

o0

Pi(N + s) <1>
T 1

=qa d +0O[( = |.
N q Z N_—&-s 1an b) N

This combined with Lemma 2.5 applied to H(X) = ga?dP;(X + j) implies
that the number
U

Ry = 07 () i
j=0 J
1 1
= (-1)YqaTaPV(N) + O <N> = (-1)Ya’Ulday + O (ﬁ)
is an integer. This is a contradiction for a sufficiently large number N. =

COROLLARY 3.4. Let P(x) = Z;io a;z' € Rlx] with nonnegative coeffi-
cients and ap > 0. If >N _; [P(N)]/N! € Q, then T =0 and [ag] = 0.
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Proof. Suppose Y x_; [P(N)]/N! € Q. It follows from Theorem 3.3 with
[P(N)] = N(XL, aiN*=1) + (ag + O(1)) that ar,ar_1, ..., a; are rational.
Therefore we may assume without loss of generality that ap € Q. Let d
be the common denominator of ar,ar_1,...,a9. By Theorem 3.2 applied
with f(N) = [P(N)] we obtain P(N) — [P(N)] = @ for all N where @
is a rational number. Hence @1 equals ag — [ag]. It follows that [P(x)] =
Zle a;z’ + [ag] € Q[z]. Since [P(x)] has nonnegative rational coefficients
and ar > 0, we deduce by applying Corollary 3.1 to d[P(z)] = L, da;z’ +
dlap] € Z[z] that T'= 0 and [ap] = 0. =

REMARK. The corollary implies that for any positive integer K the sum
>0 | [Bnf]/nlis a strictly increasing function of 8 > 0 which does not take
rational values. This phenomenon will be met several times later on.

THEOREM 3.4. Let K > 0, a > 0 and b be given integers such that
an+b # 0 for everyn € N. Let F: Ry — Ry be a K+ 1 times continuously
differentiable function such that

F(N
(18)  F(N + ) Z i +O<N§(+)1>
for7=0,1,..., K as N — o0,

(19) F(’")(N):O< > forr=0,1,..., K as N — oo,

NK+1|F(K)(N)|

m FE) () = ' _
(20) pm FERN) =0, Jim %
(21) lim sup N|FE) (V)| = cc.

N—oo

Let f : N — 7Z be a sequence such that

[e.e]

. f(N)
=S 1
N=1 Hfmvzl(an +b)

is absolutely convergent and f(N) = (aN+b)F(N)+O(1) as N — co. Then
R* is irrational.

Proof. Let N be sufficiently large. Suppose R* = p/q where p and ¢ > 0
are coprime integers. Put

K
. (N S
=2 () S o

n N+](

.
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By Lemma 2.1, R} (N) is an integer for every positive integer N. We have,
by Lemma 2.5,

R}<N>=§:<‘”j<?>i i ) +O<%>

=0 o ILLi—ny; (an+D)

= (1 FOW) + 0 ek + )

= C0<F0) (140 S ) ) <O (%)

By (20) the right-hand side tends to 0 as N — oco. Since ¢R}(N) is an
integer, we infer that R} (N) = 0 for N > Nj. It follows that

0=(140(1)NFE(N)+0O(1) for N > Ny,
which contradicts (21). =

COROLLARY 3.5. Let o € R>g, v € R>o. If > N_; [W"N?]/N! € Q, then
a=0 and [y] =0.

Proof. If o ¢ Z, then apply Theorem 3.4 with a =1, b =0, K = [a],
f(N) = [yN%], F(N) = yN°"L. If a € Z, then apply Corollary 3.4 with
T=am

REMARK. It is remarkable that Corollary 3.5 holds for all & > 0 and
v > 0 so that Y X_; [YN®]/N! is a strictly monotonic function of v and ~
missing all rational values.

COROLLARY 3.6. Let o € R>o\ Z, v € Ry. Then
o
> [yN*log N]/N! ¢ Q.
N=1
Proof. Apply Theorem 3.4 with a = 1, b = 0, K = [a], f(N) =
[YN®log N], F(N)=~vN°"llogN. u
Theorem 3.4 is not strong enough to prove that Y x_; [Nlog N|/N! is
irrational. For such series we provide a variant of Theorem 3.4 where con-
dition (21) becomes weaker, but conditions (18) and (19) become stronger.

THEOREM 3.5. Let K > 1, a > 0 and b be given integers such that
an+b# 0 for everyn € N. Let F: Ry — Ry be a function such that
= F(N
(22) F(N—l—m)zz%xr forz =0(N) as N — oo,
r=0 ’

(23) FUY(N)=0 (r! FJ&;p) uniformly forr =0,1,... as N — oo,
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efHFUO ()|

i (K) () = S A N4
(24) leH;oF (x) =0, zan;o Fa) 00,
(25) lim 22| F%) (2)| =
Let f: N — Z be a sequence such that
- f(N)
R := Z

o T (an + )
is absolutely convergent and f(N) = (aN+b)F(N)+O(1) as N — oco. Then
R* is irrational.

Proof. Let N be sufficiently large. Suppose R* = p/q where p and ¢ > 0
are coprime integers. Conditions (22) and (23) imply conditions (18) and
(19). Hence, by Theorem 3.4, we may assume without loss of generality that

(26) NFEE(N) =0(1).
Observe that by (23) and (22), for = o(N),

(27) F(N +z) < i |[EM(N)] % = O<F(N) i <%>) = O(F(N)).

r=0 r=0
Put
L | Z FIN +j+s)
R, (V) = <—1>J( ) s |
JZ;B — T1225 (an + b)

By Lemma 2.1, R}, (V) is an integer for every positive integer N. We
have, by Lemma 2.5,

K-1 o0 ;
(28) R i(N) = Z(—l)j<Kj_1)Z ﬂfﬁi{;sjb) +O<%>

j=0 s=0 n=N+j
_ (L E-1p(E-1) (N ) 1
(—1) F (N )+O< NE +N
Put
N

29 t=1
(29) * {minmem,m R

N
i minge vz (@5 [P0 (l’)l/F(m))l/Q} '
It follows from (25) and (24) that ¢ = o(N) as N — oo. Hence, by (27),
similarly to (28),

_l’_

(30) qR%_l(Nth)=(—1)K_1qF(K_”(N+t)+0<FJ\(7]I\<7) Jif)

is an integer.
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We apply the Mean Value Theorem to (30) and (28). Hence there exists
a real number 7 with 0 < 7 < t such that
M(N) :=qRg_(N +1t) — qRg_1(N)
_ F(N) 1
— K-1 K
= (-1)E gt FEN(N +7) + O<W - N)

is an integer. It follows from (29), (27) and (24) that, for some positive
constant c,

tNF|FEIN +7)] NEHPE(N + 7))
F(N) ~ F(N) mingepy oy (5 FE) (@) /F(2) 2
(N + )M FE(N 4 7))
> .
_C< FIN+7) —o00 as N — oo

Hence, by (26) and ¢t = o(N),
(31)  M(N)=(-1)E"11+0(1)gtFE)(N +7) + O(1/N) — 0.

Thus, since M (N) represents an integer, M (N) = 0 for N > Nj. It follows
from (31), (29) and (27) that

0= Nt|FE(N 4+ 1)+ O(1)
N2 FE(N + 1)
~ mingepyon (22 |F (2)])1/2
> (N + 1) [FE(N 4+ 1))2 + 0(1),
which contradicts (25). =

+0(1)

COROLLARY 3.7. Let o € R>g, S € R, B #0, v € Ry. Suppose 3 >0
whenever o = 0. Then

>, [yN*logh N
N=1 ’

Proof. Apply Theorem 3.5 witha =1, b=0, K =[a]ifa & Zor 5 > 0,
and K = a — 1 otherwise, f(N) = [yN®log? N], F(N) = yN* 'log® N. =

COROLLARY 3.8. Let o« € R, 0< 3 <1, ye€R,. Then

2. [yN®exp(log® N)]

Proof. Apply Theorem 3.5 with a = 1, b = 0, K = [a], f(N) =
[YN®exp(log? N)], F(N) = yN® !exp(log’ N). =
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4. Linear independence. The method from the previous section en-
ables us to prove the linear independence of the considered sums. Recall
that Theorem 3.1 precisely states when

[e.e]

P(N
3 (V)

N=1 Hr]yzl(‘m +b)
for P(z) € Z[z] is rational.

THEOREM 4.1. Let a > 0 and b be integers such that an+b £ 0 for every
n € N. Suppose that P(x) = Z;TFZO a;x" € Zlx] and that

oo

P(N
3 (V)

N=1 ngl(an +b)

is irrational. Let W be a set of functions F' : Ry — Ry which have the
following properties:

(i)

(32) F(N+z) = i
r=0

F) (N)
]

" forxz=o0(N) as N — oo,
7!

(i)
(33)  FU)YN)=O(r'F(N)/N")  uniformly forr =0,1,... asn — oo,

(iii) either there exists a positive integer K such that

F(x .
B FO@ =o(t), EE —o(FO@)),  lim 2P (@) = oc
or
(35) K =0, lim F(z)=0, lim 2F(z)= o0,

(iv) for every pair of functions F,G € W with corresponding integers
K > L one has lim,_.oo G¥) (2)/F®)(2) = 0 fork =0,1,...,K; for
every pair of functions F,G € W with F # G and corresponding
integers K = L one has either lim, ..o G®)(2)/F®)(z) = 0 for
k=0,1,...,K orlim, ... F®(2)/G*)(2) =0 fork=0,1,..., K.

Suppose that for every function ' € W there exists a function f : N — Z
such that

)

is absolutely convergent and

F(N) = (aN +b)F(N)+ O(1)  as N — oc.
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Then the numbers

L0\ ) H S o )
szlnﬁ:l(amm (Few) szlnileamb)

are linearly independent over the rationals.

Proof. Suppose that there exist functions fy := P, f1, fo,...,f;r € W
such that the numbers
i fi(IN)
N

N=1 [[=i(an +b)

(1=0,1,..., M) and the number 1 are linearly dependent over the rationals.
Then there exist integers Ag, A1, ..., Ay, p and ¢ > 0, not all zero, such that

3 -3 3

(cm + b)
It is excluded that Ay = --- = Ay = 0. Without loss of generality we
may assume that Ai,..., Ay are all nonzero and M > 0. Lemma 3.1 and

equation (36) imply

o0

p
f_A I
q OJVZlHnmmb = e
:12_1_172% ZZ mfm(N)

q 2 N 1Hn 1(an+b e | 1(an—|—b)

where p1,p2,q1 > 0 and ¢go > 0 are suitable integers which do not depend
on N. Thus

L p n p2+Q2Z Am fm(N)
A= q1q2q<q Q1> Z H (an+b)

| _(an+0)

is an integer.

By Lemma 2.1, for every positive integer N the number

S p2+Q22 mfm(N+5)
N q; HN+S(an+b)

is an integer. Moreover

SM A Fn(N + 5) 1
(37) N—QIQQQ§ Hf:”r]f,l(an—i—b) +O< >
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Without loss of generality we may assume by (iv) and (iii) that if K is the
integer corresponding to Fjs, then

(38)  lim ) (2)

- =0 fork=0,1,...,Kand m=0,1,..., M — 1.

z)
Let L be a nonnegative integer with L < K. We deduce from (37) that
L

Ry )= S (s

=0

= qmqé(—l)j (f) i (Z”%}vfﬁfﬁw SR j)> +0 (%)

s=0 n=N (an + b)

is an integer as well. From Lemma 2.5, (32), and (33) we deduce that

M M 1
Ry(N) = (1) 1050 3 AnFP(N) + 37 O(Fp(N)N-E71) + 0<N>.
m=1

m=1

Hence, by (38),

M
(39) Ri(N) = (-1 qa2q Y AnESP(N) + O(Fay(N)N"E71) + O(1/N).
m=1

We distinguish two cases.

(a) Suppose limsupy_, N]F]g{)(]\f)\ = 00. Then we put L = K and
find by (38) that

Rje(N) = (—1)Kq1qquMF§f)(N)(1+o(1))+0(FM(N)N—K—1)+o<%)_

Hence we derive a contradiction in the same way as we did in the last lines
of the proof of Theorem 3.4.

(b) Suppose limsupN_}ooN|F]g()(N)| < o0, ie. F(K (N) =0O(1/N) as
N — oo. Note that K > 1 in view of (35). By (27) and (38) We see, for
m=1,....,.M and = o(N), that F,,,(N + z) = O(F,,(N)) = (N))
Put L = K — 1 in (39). Hence

M
Ry 1 (N) = (-1 'q1q2¢ Y A F{FD(N) + O(Fa (N)N~5) + 0 (%) ,

m=1
Define ¢ as in (29). We apply the Mean Value Theorem to the integer
M(N) := Rj;_{(N +t) — Rj;(N). We obtain

M
M(N) = (-5 q1g2qt >~ A EI (N +7) + O(Fp(N)N ) + O %)

m=1
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for some 7 with 0 < 7 < ¢. By (38) we have

NEK N
The further proof proceeds as that of Theorem 3.5 from the introduction of
M(N) on. =

M(N) = (—1)K_1q1q2qt(1+o(1))AMFA(f)(N+T)+0<FM(N) L >

REMARK. It follows from a repeated use of de I’'Hopital’s rule that con-
dition (iv) can be relaxed. If

)
ach—{go C:(T)Eg =0 and xlggo G(K_l) (l‘) =%

then lim, oo F®) (2)/G®)(z) =0 for k=0,1,..., K. (See Theorem 5.13 in
[13], with A =0 and a = c©.)

COROLLARY 4.1. The numbers 1, e and Y 2 | [n*]/n! (o € R4, a € Z)
are linearly independent over the rationals.

COROLLARY 4.2. Let «y,...,ap be positive real numbers and let
Pi, ..., Py be nonzero polynomials with integer coefficients such that the
numbers «,, deg P,, are distinct and nonintegral. Then the numbers 1, e
and Y 3_1 [N*" Py, (N)]/N! (m = 1,..., M) are linearly independent over
the rationals.

Proof. Apply Theorem 4.1 with P(z) = 1 and F,,(X) = 2%~ 1P, ()
form=1,....M. n

COROLLARY 4.3. The numbers 1 and > .2 | [n(logn)®]/n! (a € R) are
linearly independent over the rationals.

REMARK. Conditions (i), (ii) and (iii) of Theorem 4.1 are satisfied by a
large class of functions comprising

vz (> -1, a € Z, vy € R}) with K = [o] + 1,
vePloen)® (0 <a <1, BeRy, veR,) with K =1,
v(logz)* (a#0, yeRy)with K=1ifa>0, K=0if a <0,
Y(loglogx)® (a#0,yeR;y) with K =1ifa>0, K=0if a <0.

It is therefore possible to apply Theorem 4.1 to sums and products of such
functions and polynomials provided that condition (iv) is satisfied.

ExXAMPLE 4.1. The numbers

> [(log n)1/? > e
oy ey

n=1 n=1

are linearly independent over the rationals.
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