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1. Introduction. In 1975, Erd6s and Selfridge [2] resolved an old con-
jecture that a product of two or more consecutive positive integers is never
a perfect power. In other words, the equation

(1.1) Ag=nn+1)-(n+k-1) =1y

in positive integers n, y, kK > 2, [ > 2 has no solution. Erdos and Selfridge
observed at the end of their paper [2, p. 300] that

4! 6! 10!

23, =122, = =1720%
3 5 7

They conjectured that these are the only cases in which a product of k — 1
distinct integers taken out of k (> 3) consecutive positive integers can be a
perfect power. In other words, the conjecture says that the equation
(1.3)  Ap(ip) =n(n+1)---(n+ig—1)(n+ig+1)---(n+k—1)

=y, 0<ip<k,

(1.2)

in positive integers n, y, k > 3, [ > 2 has only the solutions given by
(1.2). We note that Ag(ip) is the product Ay with one term missing. This
conjecture was confirmed by the present authors in [6, Theorem 1] and
[8, Theorem 1].

In [6] and [7], we considered equations analogous to (1.1) and (1.3) when
the terms of the product are taken from an arithmetic progression with
common difference greater than 1. For any integer n > 1, we write P(n) for
the greatest prime divisor of n and w(n) for the number of distinct prime
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divisors of n. We put P(1) =1 and w(1) = 0. We consider

(1.4) A=nn+d) - (n+ (k—1)d) = by,

(1.5)  A(ig) =n(n+d)---(n+ (ip — 1)d)(n+ (ip + 1)d) - -- (n+ (k — 1)d)
=byl, O0<ig<k—1,

in positive integers b, n, d > 1, k > 3, y and [ > 2 such that P(b) < k and
ged(n,d) = 1. These conditions on b,n,d, k,y and [ will be assumed from
now on. There is no loss of generality in assuming that [ is prime, which we
suppose throughout the paper. A well known conjecture in combinatorial
diophantine analysis states that (1.4) never holds.

Let | = 2. Then Shorey and Tijdeman [14] proved that (1.4) implies that
k is bounded by an effectively computable number depending only on w(d).
It has been proved in [7], [4], [5] and [13] that (1.5) with b = w(d) = 1
and k > 6 does not hold. Further the authors proved in [7] that (1.4) with
w(d) =1 and k > 4 is not possible.

Let k = 3. Then (1.4) implies that

n:2y8, n+d:y%, n—|—2d:2y§,

which gives y2 —yo = 1, y2 + yo = d and hence n = (d — 1)?/2. Since
n+d= y%, we get d? — Zy% = —1. It is not known whether this Pell’s
equation has infinitely many solutions in d,y; with d prime. Thus the case
k = 3 remains open.

For [ > 3, we define D1 > 0 as the maximal divisor of d with all prime
factors of D; congruent to 1 (mod!l) and we put

d = D1Ds.

The following result for k£ > 4 was shown by the authors in [6, Theorem 2].
The result for £ = 3 is due to Gy6ry [3].

THEOREM A. Suppose (1.4) holds with k > 4 or (1.5) holds with k > 9.
Let 1 >3 and d > 1. Then Dy > 1. Further (1.4) with k =3 and P(b) < 2
does not hold.

Thus under the hypothesis of Theorem A, equations (1.4) and (1.5) imply
that P(d) > 21+ 1 > 7. Thus equations (1.4) and (1.5) have no solution if
d = 223057 for positive integers «, 3,~. Our aim in this paper is to cover
the small values 4 < k < 8 in the above result for (1.5) when b = 1. Thus
we prove

THEOREM. Equation (1.5) with 4 < k <8 1 >3,b=1and d > 1
implies that D1 > 1.

When k = 3, equation (1.5) with b = 1 becomes n(n + 2d) = y'. We
see that (n,d) = (1, (y' — 1)/2) with odd y > 1 are all solutions to (1.5)
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with D7 > 1. Thus there are infinitely many values of d satisfying (1.5) with
D> 1.

Now we give a plan of the proof of the Theorem. We assume that (1.5)
holds with b= D; = 1. For 0 < j < k and j # i, we write

(1.6) n+jd = ajxg- where a; is Ith power free and P(a;) < k.
The main thrust of the paper lies in analyzing the properties of a;’s. Since
k < 8, we see that a;’s are composed only of the primes 2, 3, 5 and 7.
A careful analysis enables us to determine the divisibility of a;’s by these
primes. In the majority of cases we find that one of the a;’s equals 1. In these
cases we use a fundamental and elementary approach of Erdés and Selfridge
(Corollary 1). When none of the a;’s equals 1, we use identities (2.9) or (2.10)
to form equations of the form

Azl + Byl = CZ' or Azl + Byl = C2?

in z,y, 2z with A, B, C involving only a;’s. Now we apply results on several
generalized Fermat equations resulting from contributions on Fermat equa-
tions (see Lemmas 1-3) to bound [ < 7. We exclude these small values of [
by a congruence argument and by Lemma 5. Thus the elementary method of
Erdés and Selfridge combines well with contributions on Fermat equations.
This feature appeared for the first time in [6, pp. 385-387] and it has been
considerably developed in the present paper. For the case [ = 3, we use an
old result of Selmer [9] where equations of the form

>+ m1y3 + m223 =0

for several integral values of mi, mgy are solved (see Lemma 4). Also in
some cases, we bound z,y,z using Lemma 5 and then exclude them by
computation (see Lemma 6).

We refer to [10]-[13] for information on equations (1.1), (1.3), (1.4), (1.5)
and their generalizations. We thank Professors M. A. Bennett, K. Gyory and
L. Hajdu for sending us a copy of [1], from which Lemma 1 is taken. We
also thank Professor L. Hajdu for bringing to our attention the right use of
Selmer’s result. Finally, we thank the referee for his useful comments.

2. Preliminaries. We shall always assume from now on that 4 < k < §,
>3, b=1and d> 1. Let 2=p; < ps < --- be the sequence of all primes.
By [6, Theorem 4|, we see that A(i) is divisible by a prime > k. Thus
(2.1) n+ (k=1)d > plpy-

We assume from now on that (1.5) holds with b = 1. By (1.6), we write

. O )
(2.2) aj =pt - -pﬂ&)(f)l b with

0<aj, <l,0<j<k, 1<r<mn(k)and j# i,
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(2.3) Aj = p?j’l - -pf](",:)(f)fl with
Bjr =ordy, (n+jd), 0 <j <k, 1 <r<mn(k)and j # ip.
We note that 3;, = «;, (modl) for 0 < j < k,1 <r < w(k) and j # io.
Thus A; = ajté- for some integer ¢t; > 0 with 0 < j < k and j # ip. We
observe the following distribution of the powers of the primes 2, 3, 5, 7 among
the a;’s. If k = 7,8 and there is a j such that 2 divides only A;, Aj12, Aj14
and Aj¢, then
(24) (g1, 0542,0, Qjta1, @jye,)
{(1,2,1,2),(2,1,2,1)} if I =3,
€< {(2,1,1,1),(1,2,1,1),(1,1,2,1),(1,1,1,2)} ifl =5,
{(1,3,1,2),(1,2,1,3),(3,1,2,1),(2,1,3,1)} ifl=71.
If 5 <k <8 and 2 divides only A;, Aj42 and Aj4 for some j, then
{(0,1,2),(2,1,0),(1,1,1)} ifl=3,
(2.5) (o1, 20, 54a1) € 4 {(1,3,1),(2,1,2)} if | =5,
{1,5,1),(2,1,4), (4,1,2)} ifl="T.
If k=7,8 and 2 divides only A;, A;14 and Aj;6 for some j, then
{(2,0,1),(0,2,1),(1,1,1)} ifl=3,
(2.6) (01,5441, 05461) € § {(2,2,1),(1,1,3)} ifl =5,
{(2,4,1),(4,2,1),(1,1,5)} ifl="7.
If k=7,8 and 3 divides only A;, A;,3 and Aj;¢ for some j, then
{(1,1,1)} if =3,
(27) (g agraz asios) € § {(3,1,1),(1,3,1),(1,1,3)} ifl =5,
{(5,1,1),(1,5,1),(1,1,5)} ifl="7.
If 4 <k <8 and 3 divides only A; and one of A3 or Aj ¢, then
{(2,1),(1,2)} ifl =3,
(2.8) (a2, j432) or (aj2,05162) € { {(4,1),(1,4)} ifi=5,
{(6,1),(1,6)} ifl=T1.
We define

k—1
S =] &

=0

i

and let T'(i) be the set of primes dividing S(i). We follow some notation
used in [1]. We denote the identity

(2.9) (ig—ig)(n+i1d)+(i2—’i1)(n+’i3d) = (ig—il)(n—l-igd) with i1 <19 < 3
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by [i1,12,43]. If p,q,r, s are non-negative integers with ¢r # ps and p + s =
q + r, then we denote the identity

(2.10) (n + qd)(n +rd) — (n + pd)(n + sd) = (qr — ps)d*> # 0
by {p,q,r,s}.

3. Lemmas. The first lemma is part of [1, Proposition 3.1].

LEMMA 1. Let I > 7 be prime and A, B co-prime positive integers.
Then the following equations have no solution in non-zero co-prime inte-
gers (x,y, z) with vy # £1:

(i) Az! + By! = 22, P(AB) < 3, p|xy for each p € {5,7}.
(ii) Az! 4+ By' = 22, P(AB) <5, T|xy and | > 11.
(iii) 2! + 2% = 322 with p|xy for each p € {5,7}.

The next lemma is [6, Lemma 13].

LEMMA 2. Let I > 5. Let a, b, ¢ be non-zero integers such that either
P(abc) <3 ora, b, ¢ are composed of 2 and 5. Then the equation

az! — by' = ¢z
has no solution, in non-zero integers x, y, z with
ged(aat, byt c2') =1, ordy(by') > 4.

The following result is [1, Proposition 6.1], which is based on classical
arguments.

LEMMA 3. Let C be a positive integer with P(C) < 5. If the equation
2’ +y° = CZP

has solutions in non-zero co-prime integers x,y,z, then C' = 2 and x =
y = +£1.

It is a well known old result that the cubic equations

3

243 =2 and 2% +¢y3 =223

have no non-trivial solution. Selmer [9] made an extensive study of several
cubic equations. Lemma 4 is a part of his work. We refer to [9, Tables 2¢
and 4°].

LEMMA 4. Let m1 and mo be positive integers such that mi; = mg =1
or my1 < ma. Then the equation

(3.1) 2® +myy® 4+ mezd =0
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has no solution in non-zero integers x,y,z with ged(x,y,z) = 1 whenever
(mq, ma) belongs to

H, ={(1,1),(1,2),(1,3),(1,4),(1,5),(1,10),(1,25),(1,45), (1, 100),
(2,9),(3,7),(4,7),(4,9),(5,9), (5,12), (5,18), (5,21), (5,28), (5, 36),
(6,25), (7,9), (7,36), (9, 20), (9, 25), (12, 25), (25, 28), (25, 36)}.

For a proof of the next lemma, see [6, Lemmas 4-6].

LEMMA 5. Suppose (1.5) holds with b = 1. Let I be an integer with

1<l <1 and
_{1 if 11d,
L1 dfr)d.
For any k > 0, define

. l K
"= mm(l’(/—a DO (5 + 1)(l’)1/l>
and assume that
(n+ (k—1)d)*=t/!
k: .

Then for no distinct I'-tuples (iy,...,iy) and (j1,...,Jp) with iy < -+ < iy
and j1 < --- < jy, the ratio of the two products a;, - - - @, and aj, - “aj, 18
an lth power of a rational number.

Further let H(d,k,pr,,...,pr,,) denote the number of a;’s composed of
Pry <+ < Pr,,. Then
(3.3) <H(d’ b p
where the left hand side is zero if H(d,k,pr,,...,pr,) < 1.

(3.2) Dy < Kof

/_

REMARK 1. For several values of [ and I’ that we come across, we can
choose x suitably so that kg > .7. We give here the values of k for the
following pairs (,1’) so that ko > .7 :

o 5.5if (I,1) = (I, 1);

o 7.5if (1,1') = (3,2);

o 7.25if (1,I') = (I,2) with [ > 5;

o 7if (I,I') = (5,3) or (I,I') = (7,4);
o 15.5 if (I,1') = (5,4);

o 9 if (I,I') = (7,5).

Further for (1,1") = (7,6), we take k = 23 to get o > .73.

REMARK 2. Suppose (1.5) holds and b = D; = 1. For | > 3 and k > 4,
we see that
(n+ (k—1)d)V > (k+1)71 > 1.5kl
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by (2.1). Thus (3.2) is satisfied with I’ =1 and k¢ = .7 by Remark 1. Hence
by Lemma 5, we conclude that all a;’s are distinct. This fact will be used
throughout the paper.

As a consequence of Lemma 5, we get

COROLLARY 1. Suppose (1.5) holds with b = 1, and one of the a;’s is
equal to 1. Assume that for some integers r,s with 1 <r < s <1 —1, there
exist tuples (i1, ...,4,) and (j1,...,Js) with i1 < -+ <, and j; < -+ < jg
such that a;, - - - a;, = aj, ---ajstl for some rational number t. Then

(3.4) D1 > kof(n + (k —1)d)' /!

where kg is calculated with ' = s. In particular, if k < 1+ 1, then (3.4)
holds with s = k — 2.

Proof. Let aj, = 1 for some jpo with 0 < jo < k. Then we see that
iy -+ @i, @, aj, = aj, - - a;,tt where aj, occurs s — r times. Hence (3.4)
follows by Lemma 5 with I’ = s. This proves the first statement. For the
second, we write

{0,1,.‘.,k—1}—{i}:{hl,.‘.,hk_Q}U{jo}.

Since aj, = 1 we find by (1.5) that ap, - - - ap,_, is also an Ith power. Thus

k;—2tl

Ahy = Ohy_y = A for some positive integer ¢t. Hence (3.4) follows as

above with ' =k —2since k <[l+1. =

Whenever there exist integers r, s with the property mentioned in Corol-
lary 1, we say that an (r, s)-product exists. Thus if an (r, s)-product exists,
then (3.4) holds.

COROLLARY 2. Suppose (1.5) holds with b =1, and
(3.5) H(d, k, py,,pry) > [(V (1 +812) —1)/2].
Then

kD, \ Y02
W) :

Proof. By (3.5) we see that (3.3) does not hold with " = 2. Thus by

Lemma 5, we have

n+(k:—1)d<<

D1 > kof(n + (k—1)d) =21k,
By Remark 1, kg > .7, which gives the assertion. m

LEMMA 6. Assume that (1.5) holds with 4 < k < 8 and b = 1. Let
D1 = 1. Suppose there exists j with 0 < j < k, j # ig, such that either
aj, Q541,042 OT Qj, 042,043 OT Qj,Aj42,Aj+4 are all composed of 2 and 3.
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Further assume that one of the following properties is satisfied:

(i) (3.5) holds for some p,, and py,.
(ii) There exist distinct tuples (i1,i2) and (j1,72) with i1 < iy and j; <
jo such that a; a;, = aj a;,t' for some rational number t.

Then [ # 3.

Proof. Suppose (1.5) holds, D; = 1 and [ = 3. Let aj,a;+1,aj42 be

composed of 2 and 3 for some j with 0 < j < k, j # ip. Then
(3.6) ajm? + aj+2x§?+2 = 2aj+1x§?+1.
We use the facts that

ged(n + jd,n+ (j +2)d) =1 or 2,

ged(n +jd,n+ (j + 1)d) = ged(n+ (j + 1)d,n + (j + 2)d) = 1,
a;’s are distinct and cube free. Further if (aj,aj42) = (aj42,a;), then the
above cubic equation remains the same due to symmetry. Thus we assume
a; < ajto to list the triples (aj, aj4+1,aj42) as follows:

(aj> Aj41, aj+2) € {(1,2%, 3ﬁ)7 (1, 3ﬁ7 2%),(2,1, 22)7 (22> L,2. 3ﬂ)7
(27 1, 3ﬁ)7 (27 1, 223ﬁ)> (27 1,2 36)5 (2> 3, 22)> (27 325 22)}

with 1 < a, 8 < 2. For these values, we divide the terms in (3.6) by their

ged, say g, to get equations of the form (3.1) with the three terms pairwise
co-prime and (mq,mg) from the set

{(1,1),(1,2),(1,3),(1,4),(1,6),(1,9),(1,12), (1, 18), (1, 36),
(2,3),(2,9),(3,4),(4,9)}.
Note that g = 1,2. In the other two cases we form equations
(3.7) aj:c? + 2aj+3x§?+3 = 3aj+2x§?+2, ajac;-’ + aj+4x§?+1 = 2aj+2x§?+2

and dividing out by the gecd, say ¢, we get cubic equations as in (3.1)
with (mq, mgo) listed above. We note that in these cases g € {1,2,3,6} or
g € {1,2,4}. Further we may assume that in the cubic equations formed as
in (3.1), two terms are positive and one term is negative.

On applying Lemma 4 we see that we need to consider only those
(m1,m2) from

Hy ={(1,6),(1,9),(1,12),(1,18),(1,36),(2,3),(3,4)}.

For each of the above pairs, we write equation (3.1) where we observe that
every term is bounded by n + (k — 1)d. Now we use Corollary 2 if (i) holds
and Lemma 5 with I’ = 2 if (ii) holds to get

max(|z], |yl, 2]) < 30k/7.
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For 4 < k <8, |z| < 30k/7, |y| < 30k/7 with ged(z,y) = 1, we check that
(3.1) is satisfied only when
(ml’mQ) € {(17 6)’ (179)7 (2a 3)’ (374)}

Further we see that
j + 2

9max(|z|, y|, |2])3g > n+ (j +2)d > =—= —l (n+ (k—1)d) > — pﬁ( )+
Hence we find that max(|z|, |y|, |z]) > 1. Thus we have
o (m1,ms) = (1,6), (z,y,2) = (37,17, —21);
o (m1,mg) = (1,9), (96 y,2) = (17,-20,7), (1,2, =1);
o (m1,m2) =(2,3), (2,9,2) = (5, =4, 1);
o (m1,mg) = (3,4), (,y,2) = (7,5, 2)
Let (m1,m2) = (1,6), (z,y,2) = (37,17,—21). By (3.1), we see that we

need to consider only the first equation in (3.7) and we get aj+2x§?+2 = 2¢213.
Then n + (j + 2)d is divisible by 6 and hence we get aj+3 I,n+ (j+3)d
odd and 2xj+3 =g17% or g373 Hence g = 2. Since ajx < aj+3$?+3, we see
that ajx =2-17% and a3+3x 3= = 373. Thus

(n+ jd,n+ (j+2)d,n + (j + 3)d) = (2-17%,2%213,37%),

giving d = 13609 = 31-439. Thus Dy > 1, a contradiction. By a similar argu-
ment we find that if (m1,ma) = (1,9), (z,y,2) = (17, —-20,7) then we have

en+jd=9-Tn+(+1)d=4-103n+(j+2)d = 17° with
d=913 =11-83;

en+jd=2-9-Tn+(+2)d=203n+(j+4)d =217 with
d=913=11-83.

Then we check that there exists a term of A(i) having a prime factor > k
which divides the term to a power which is not a multiple of 3. This con-
tradicts (1.5). For instance, in the latter case we find that n + (j + 1)d
=19 -373 and n + (j + 3)d = 3 - 2971. Since one of these terms is cer-
tainly a term of A(i) we get a contradiction to (1.5). We check that the
case (x,y,2) = (1,2,—1) does not give rise to any possibility. Let (m1, ms)
=(2,3),(z,y,2) = (5,—4,1). Then we get

en+jd=3,n+(+1)d=4% n+ (j+2)d=3-5 with d = 61;

en+jd=6n+(+2)d=2-43 n+(j+4)d =25 with d = 61;

en+jd =18, n+ (j+2)d =4-43 n+ (j +3)d = 3.5 with
d=119="7-17.

Hence Dy > 1. Let (mq,m2) = (3,4), (z,y,2) = (7, —5,2). Then we have

en+jd=25n+(G+1)d=3-5%n+(j+2)d=2-7 with d = 311;
e n+jd=2"n+(j+2)d=6-5% n+(j+4)d =22 73 with d = 311;
o n+tjd=25 n+(j+2)d =2-53 n+(j+3)d = 72 with d = 93 = 3-31.
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The last case is excluded since D1 > 1. In the other two cases, as before we
find a prime > k dividing A(%) to the power not divisible by 3.
This proves the lemma. =

4. Listing A;’s. Fix 4 < k < 8 and suppose (1.5) holds with b = 1. For
a prime p we define

Cp(r)={A; |0<j <k, j#ig, j=r (modp)} for0<r <p.

We observe that p divides either all A; € Cp(r) or none. Let {q1,...,qn} C
{P1y- s Pry} With ¢n < --- < g and 0 < 7rp < ¢, 1 <t < h. We call the
set Cyy(r1) U --- Uy, (rp) the class Cqy,. q,(r1,...,7p). Thus if an Aj is
in this class, then j # iy and j = r; (mod¢;) for some ¢ with 1 < ¢ < h.
We denote by L;, the set of classes Cy, . g, (71,...,73) for all {q1,...,qn} C
{p1,- s Pry} and for all 0 <7y < g, 1 <t < h, 1 < h < (k) satisfying the
following conditions:

(i) Either each A; with j # ig occurs in some class Cy, . g, (71,...,78),
or Aj, = 1 for some jo with 0 < jo < k and each A; with j # ig, jo
occurs in some class Cy, .. g, (71, .. .,73). Further every Cy, (r,,) with
|Cy,. (1)| =1 is contained in Cy, (ry) for some v # u,1 <v < h.

(ii) No class Cy;.... q,(71,...,ry) contains ¢t (> 4) consecutive A;’s with
their greatest prime factor < ¢. Also no class contains three con-
secutive A;’s composed of only 2. By t consecutive A;’s we mean
A]’O, Ajo-i-la ey Ajo+t—l for some jo.

From now on we suppose that a1, ..., a;,—1,ai+1,...,ar—1 are all dis-
tinct. This implies that A1, ..., Ajj—1, Aig+1, - - - , Ax—1 are all distinct. Fur-
ther we see that

(4.1) at most one A; with 0 < j < k,j # ig is an [th power.

Suppose {q1,...,qp} is the set of all primes dividing A;’s. We observe that
this set is non-empty and ¢;’s are co-prime to d. For a prime g,, the set
of A;’s divisible by ¢, is given by C, u(nﬂo)) for some 0 < m(LO) < @ with

1 <u < h. Thus it is clear that all A;’s greater than 1 can be put into a

class C = qu,m,qh(rgo), .. ,1"20)) for some 0 < rff” < qu,1 < u < h. In this
class, if an A; is omitted, then it must be 1 as it is not divisible by any of

the ¢,’s. If one A; is omitted in C' and |Cy, (r&o))] =1 for some 0 < r) < Qu

with 1 <u < h, then C, (r&o)) is contained in C, (r,(,o)) for some v # u and
1 < v < h by equation (1.5) with b = 1 and (4.1). Suppose C' contains ¢
(> 4) consecutive A;’s with P(A;) <t,say As,..., Ast¢—1. Then we observe
that

(n+sd)---(n+ (s+t—1)d) =by' with P(b) <t.
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Now we apply Theorem A to get D; > 1. If C contains three consecutive
Aj’s with P(A;) <2, then as above we get an equation (1.4) with P(b) <2,
which is impossible by Theorem A. Thus in these cases the Theorem is true
and we may exclude them from our consideration. So we see that C' € L;,.

We illustrate the construction of L; by an example. We take k = 6,19 = 1.
We have {q1,...,q,} € {2,3,5}. It is clear that h > 1. Suppose {q1,...,qn}
= {3,5}. Then there are at least two A;’s which are equal to 1, contradicting
their distinctness. Thus {q1,...,qn} # {3,5}. By Theorem A, {qi,...,qn}
# {2,3} or {2,5}. Thus h # 2. Now we take h = 3. We check that only

(4.2) 027375(0, 0, 0); 0273’5(0, 2, 0) and A3 = 1; 027375(1, 2, 0) and A4 =1

satisfy (i) and (ii). Thus L; consists of three elements given by (4.2).
Suppose (1.5) holds with [(k —1)/2] < 79 < k — 1. Then we set

bj:ak_l_j for0<j<k, j#k—1—1g.

We write k — 1 =tg+tip with 0 <ty < pand t{ > 0. Let 0 < r <ty. Then
we see that

Cp(T) = {A,, Argpy.. ., Ar+t1p} —{A; }

We define
C;/)(T) = {Bk—l—m Bk—l—r—pa ) Bk—l—r—tlp}

= {Bto—ra Bty—r4ps-- -, Bto—r-i-tlp}‘

We observe that Cp(r) is transformed to Cj(r). Thus both Cy(r) and
C,(to — r) have the same set of suffixes. Let to < r < p. Then Cp(r) =
{Ar, Ay, Apr—1)p) and this is transformed to Cp(r) = {Biy—rip,
Big—rt2p; -+, Big—rtt,p}- Thus Cy(r) and Cp(to — 7 + p) will have the same
set of suffixes. This shows that the set of C,(r) for 0 < r < p is in 1-1
correspondence with the set of C’;(r) for 0 < r < p. Hence the list L;C_l_io
formed by the procedure above with the b;’s satisfies L%_l_io = L;,. On
the other hand, we see that there is a 1-1 correspondence between the lists
L;%lfio and Lj_1_;, by replacing b with a. Further the suffix of the missing
term Aiy = bk—l—io is

k—l—iogk—l—[g] < [E]
2 2

Thus while preparing the lists we may assume that
k—1
(4.3) 1<i4p < [T}

We recall from Section 2 that for any ¢ with 0 <i < k, T'(7) denotes the
set of primes dividing the product S(i) of all a;’s with j # i. We now use
(4.3) to find T'(). Thus if k = 4, then ip = 1 and T'(1) € {{2}, {3},{2,3}}.
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If k=5, then ig < 2 and T'(1) € {{2},{2,3}} and T(2) = {2,3}. If &k = 6,
then ip < 2 and |T'(ip)| > 2. If k =7, then ip < 3 and |T'(ip)| > 2. If k = 8,
then ig < 3 with |T'(i9)| > 3, by Theorem A.

We use these facts while preparing the list L;,. We present the list L;,
with iy satisfying (4.3) and 4 < k < 8 in Tables 1-5.

The tables should be read as follows. Let k = 6, ig = 1. We have three
elements of L;, given by (4.2). Consider the second element in (4.2), viz.
C2:35(0,2,0) and A3 = 1. This is the possibility of 2 dividing Ay, Az, Ay,
3 dividing As, As, 5 dividing Ag, A5 and A3 = 1. This is tabulated under the
columns of primes 2, 3 and 5 in Table 2. Further As = 1 is given in the last
column of Table 2. For convenience, we write this element as 2 : Ag, As, Ay;
3: A, As; 5 : Ao, As; A3 = 1. We will also be using this notation for all other
cases. If in some case a prime does not divide any of the A;’s we put — in
the column under this prime. If no A; equals 1, we put — in the last columns
in Tables 1-4. We refer to “Assertions on the tables” for * and *x appearing
in the last column of the tables, and to Section 6 for an explanation of the
last two columns in Table 5.

Table 1
— — k=4 — — — k=5 —
10 2 3 — 10 2 3 —
1| Ao, Az — As =1k || 1 | Ao, A2, Ay | Ao, A3 —
1 — Ap,As | Ao =1 %% || 2 Ao, Asg Ap,As | A1 =1
1| Ao, A2 | Ao, As — ok 2 Ao, Ay A1, Ay | A5 =1
— — — 2 Aq, As Ap, Az | Ay =1
- - - 2 Aq, As A1, As | Ap =

Table 2. k=6

2 3 5 -

.
o

1| Apg, A, Ay | Aa, As | Ap, As | A3 =1 %
1 As, As Ao, As | Ag,As | Ay =1+
1| Ao, A2, Ay | Ao, As | Ao, As | — *x

2 Ao, Ay Ao, Az | Ag,As | A1 =1x
2 | A1, A3, As | Ao, As | Ao, As | As =1 %
2 Ag, Ay Ay, Ay | Ag,As | A3 =1+
2 | Ap, As, As - Ao, As | Ay=1

2 - A1, Ay | Ao, As | Az =1

2 | A, A3, As | A1, Ay - Ag=1

2 | A1, A3, As | Ao, A3 - As=1

2

A17A37A5 A17A4 AO,A5 — k¥
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Table 3. k=7

No. | 49 2 3 5 —

1 2 Ag, Ayg, As A1, Ay Ao, As | Az =1

2 2 Ag, Ay, Ag Ao, Az, Ag | Ao, As | A1 =1

3 2 Ag, Ay, Ag Ao, Az, As | A1, A6 | As =1

4 |2 Ay, Az, As Ar, Ay Ao, As | A =1

5 2 A1, As, As Ao, Az, Ag | Ap,As | Ay =1

6 2 Ay, As, As Ao, Az, Ag | A1, A6 | Ax=1

7 2 Ay, As, As Ay, Ay A1,A6 | Ap =1

8 | 3| Ao, As, A Ag | As, As | Ao, As | A1 =1

9 3 | Ag, Az, Ay, Ag A, Ay — As =1

10 | 3 | Ao, As, As, Ag | A, As = A =1

11| 3 | Ao, As, A, Ag - Ao As | Ar =1

12 | 3| Ao, Az, As, Ag N Ay Ag | As =1

13 | 3 | Ao, A, As, Ag | Ao, Ag | Ao, As | A =1

14 | 3 | Ap, Az, Ay, Ag Ao, Ag A1,A6 | As =1

15 | 3 | Ao, As As, Ag | A1 As | A, Ag | A5 = 1

16 | 3 | Ao, Az, As, A | A1, Az | Ao, A5 | —

17 | 3 | Ap, Az, Ay, Ag Ag, As A1, Ag -

Table 4. k=38

No. | i¢ 2 3 5 7 —
1 2 | Ay, As, As, Ay — A1, Ag | Ao, A7 Ayg=1
2 2 Ao, As, As Ao, Az, Ag | Ao, As | Ao, Az A =
3 2 Ag, Ayg, As Ao, Az, Ae | A1,A6 | Ap, A7 | A5 =1 %
4 2 Ag, Ay, Ag A1,A4, A7 | Ao, As | Ao, A7 Az =1
5 2 | A1, As, A5, A7 | Ao, As, As | Ao, As | Ao, A7 Ayg=1
6 2 | A1,As, A5, A7 | A1, A4, A7 | Ao, As | Ao, A7 Ag =1
7 2 | A1, A3, A5, A7 | Ao, A3, Ag | A1, A | Ao, A7 | As =1 *x
8 3 A1, As, Az A1, Ay, A7 | A1, A6 | Ao, A7 | Ao =1 %
9 3 Aq, As, Az A1,A4,A7 | As, A7 | Ao, A7 Ag =1
10 | 3 | Ao, A2, Ay, Ag | A1, Ay, A7 | A1, Ag | Ao, A7 | As =1 %%
11 | 3 | Ag, Az, Ay, A | A1, Ay, A7 | Az, A7 | Ap, A7 As =1
12 | 3 A1, As, Az Ag, As A1,A6 | Ao, A7 | Ay =1 %
13 | 3 Ay, As, A7 Ao, Ag As, A7 — Ayg=1
14 | 3 | Ao, Ao As, Ag | AsAs | A Ag | — Ar =1
15 | 3 | Ap, Az, Ay, Ag Ag, As As, Az — A =1
16 | 3 | Ap, Az, Ay, Ag Ag, As — Ao, A7 A =1
17 | 3 | Ao, Az, Ay, Ag | A1, Ay, Az - Ap, A7 As =1

13
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Table 4 (cont.). k=38

No. | 79 2 3 5 7 —

18 | 3 | Ao, A2, A4, As — Ao, As | Ap, A7 | A1 =1
19 | 3 | Ao, Az, A4, As - A1, Ag | Ao, A7 | As =

20 | 3 Aq, As, Az Ao, As Asy A7 | Ao, A7 | Au=1
21 | 3 | Ao, Az, A4, As Ao, As Ao, As | Ap, A7 | A1 =1
22 | 3 | Ao, Az, A4, As Ao, As A, A6 | Ap, A7 | As =1
23 | 3 | Ao, Az, A4, As Az, As Ao, As | Ap, A7 | A1 =1
24 | 3 | Ao, Az, A4, As Aa, As As, A7 | Ao, A7 | A1 =1
25 | 3 | Ao, A2, A4, As | A1, As, A7 | Ay, As — As =1
26 | 3 | Ao, Az, As, Ag | A1, Ay, A7 | Az, Az — As =1
27 | 3 - Az, As A1, Ag | Ao, A7 | Au=1

Table 5. k=8

No. | ig 2 3 5 7 {p,q,r, s} -
Ao, Az, Ag, As | Ao, Az, As | Ao, As | Ao, A7 | {0,2,5,7} (ii)
A1, A, As, A7 | A1, Ay, Ay | Ar,Ag | Ao, A7 | {0,1,6,7F | (1) *x
Ao, Az, As, As | A1, Ay, A7 | Ao, As | Ao, A7 | {0,1,6,7} | (ii)
Ao, Az, Ay, Ag | A1, Ay, A7 | Ao, As - {0,1,4,5} (i)
Ao, Az, Ay, Ag | A2, As | A1, Ag | Ao, A7 | {0,1,6,7} | (iii) *x

G W N
WlWw|w|(N |-~

Assertions on the tables. (i) The combinations marked * and #x in
Tables 1-5 are the only cases with H(d, k, pr,,pr,) < 3 for every (pr,,pr,) €
{(2,3),(2,5), (3,5)} while for all other combinations we have H(d, k, py,, pr,)
> 3 with (pr,,pr,) = (2,3) or (2,5) or (3,5).

(ii) Let [ = 3. For the combinations marked #x* in Tables 1-5 we check
using (2.4)—(2.8) that property (ii) of Lemma 6 holds. For instance, take the
combination

{2: Ao, Aa, Ay, Ag; 3: Ao, As; 51 Ay, Ag; T2 Ag, A7}

from Table 5. Then a1 = 5%:3, ag = 29213922 g5 = 3.2, gg = 2%46,15%6.3,
We use (2.4) with [ = 3 to get ag) = a6,1, 22+ as2 = a13+ as3 = 3.
This gives asas = ajagt'.

(iii) One can check easily that for all the combinations listed in Ta-
bles 1-5, there exists 7 with 0 < j < k such that either aj,aj41,a;42 or
@j, @42, Q43 OT Gj,aj4+2,aj4+4 are all composed of 2 and 3. Here no suffix of
a’s equals ig.

LEMMA 7. Suppose (1.5) holds with 4<k <8, and b= D, =1. Then [ #3.

Proof. Suppose | = 3. From Tables 1-5, Assertions (i)—(iii) and Lem-
ma 6, we find that we need to consider only the combinations marked *. We
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proceed as follows. We consider the combination
2: Ao,AQ,A4; 3 AQ,A5; 5 Ao,A5; A3 =1
in Table 2. Then a3z = 1. Since a4 is divisible only by 2, we have ay 1 # 0. Also
(0,1, 2,1, 04.1) € {(1,1,1),(0,1,2)}, (a2, a25) € {(1,2),(2,1)}. First we
consider (ag1,a21,41) = (1,1,1). We use (2.9) with [i1, iz, i3] = [2,3,4].
This gives a cubic equation (3.1) with (mq,m2) = (1,3) or (1,9). The case
(1, 3) is not possible by Lemma 4. The case (1,9) occurs when a9 2 = 2. Then
we consider (2.9) with [0,2,3] to get (3.1) with (m1,m2) = (1,5) or (1,25)
both of which are excluded by Lemma 4. Below we depict this sequence
pictorially:
[2,3,4] — (1,3) or {(1,9) — [0,2,3] — (1,5) or (1,25)}.
Let (ap1,a21,041) = (0,1,2). Then [iy,i2,i3] = [2,3,4] gives the equa-
tion (3.1) with (mi,ma) = (2,9) or (2,3). By Lemma 4, (2,9) is excluded.
When (2, 3) occurs, we have ap 2 = 1. In this case we continue with [0, 2, 3]
which gives (3.1) with (my, m2) = (9,20) or (9,100). The former is excluded
by Lemma 4. In the latter case, we take [3,4,5], which gives (3.1) with
(m1,m2) = (1,45), which is not possible. We depict this sequence pictori-
ally as
[2,3,4] — (2,9) or

{(2,3) — [0,2,3] — (9,20) or {(9,100) — [3,4,5] — (1,45)}}.

We give such sequences for all other combinations marked *. Also we take
from (2.4)—(2.8) only the right choices for a’s.

2: A3,A5; 3: AQ,A5; 5 Ao,A5; A4 =1
[2,3,4] — (1,3) or (4,9) or {(1,9) — [0,2,3] — (1,5) or (1,25)} or
{(3,4) — [0,3,5] — (1,10) or {(2,5) — [0,4,5] — (5,18)}}.

2: Ao,A4; 3: Ao,Ag; O Ao,A5; A1 =1
[1,3,4] — (1,1) or (1,4) or (4,9) or
{(1,9) — [1,3,5] — (6,25) or {(5,6) — [0,1,4] — (1,100)}}.

2:A1,A3, A5; 3: Ag, As; 5: Ag, As; Ay =1
If (a11,031,a51) = (1,1,1), then
[1,3,4] — (1,1) or {(1,9) — [0,1,4] — (1,5) or (1,25)}.
If (a1,1,0a31,051) = (2,1,0), then [1,3,4] — (1,2) or (2,9).
2: Ay, Ayg; 3: A1, Ay 5 Ag, Asy As =1
[1,3,4] — (1,3) or {(1,12) — [0,1,3] — (5,9) or (9,25)} or
{(3,4) — [0,1,3] — (1,5) or (1,25)}.
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2: Ao, Ay, Ag; 3: Ag, Az, Ap; 51 A1, Ay T: Ag, A7 As =11

If (04071,04471,046’1) = (0,2,1), then [3,4,5] — (1,3). If (04071,044’1,01671)
= (1,1,1), then

[0,1,3] — (5,28) or (25,28) or {(5,196) — [3,4,7] — (7,9)} or
{(25,196) — [3,4,7] — (7,9)}.

2:A1,A5,A7; 3: A1, Ay, A7 5 A, Ag; T Ap, Ary Ag =1
If (a11,0a51,a71) = (0,2,1), then
[1,2,4] — (1,10) or
{(1,50) — [0,2,5] — (5,21) or (5,147) — [1,2,7] — (4,7)}.
If (11,051,a71) = (1,1,1), then [2,4,5] — (4,9).
2:A1,A5,A7; 3 Ay, A5y 5 Ay, Ag; T Ag, A7y Ay =1

If (041,1701571,(17,1) = (0,2,1), then [2,4, 5] — (1,3). If (alyl,am,am) =
(2,0,1), then

[4,5,6] — (6,25) or (5,18) or
((5,6) — [0,4,7] — (3,7) or {(1,21) — [4,5,7] — (7,36)}} or
{(18,25) — [0,4,7] — (3,7) or {(1,21) — [4,5,7] — (4,7)}}.
If (a11,051,a71) = (1,1,1), then
[4,5,6] — (5,12) or (12,25) or (5,36) or (25,36). m

5. Proof of the Theorem when one A; equals 1. We suppose
throughout this section that (1.5) holds and b = D; = 1. By Lemma 7,
we have | > 5. Further we suppose that one of the A;’s is equal to 1. We
know that all a;’s are distinct by Remark 2. First we show that

(5.1) k>6,l=5ifk=6,71=5,7Tifk=8;1=>5if k=8 and 74d.

Let k = 4. Then k <[+ 1. Hence (3.4) is valid with s = k —2 = 2. Thus
using (2.1) we get
4> 70(n+ (k—1)d)""%" > 7052
This is not possible. Similarly k& = 5 is also excluded. Next we consider

k=8, 7td. Then § = 1. Suppose [ > 7. By (2.1), Remark 1 and Corollary 1,
we have s =k —2 =6 and

8>.70-11"5 fori>11; 8>.73-11 forl=T1.

This is not possible. Thus [ = 5. The assertion follows similarly in the other
cases.
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Let k =6 and [ = 5. First we consider the two cases in Table 2 where
5 does not divide any A;. We give the details for the case
2: Al,Ag,Ag,; 3: Al,A4; AO = 1.

By (2.5), we see that (as,as) takes the values from {(23,2),(2,22)}. Hence
az = a3 or a5 = a?. Thus the assumptions of Corollary 1 are satisfied with
r=1and s = 3 or 2. Hence by (3.4), we get

k=6>rof - 7°°
with s = 2, 3. This is not possible. In the other case we have a1 = as, which
contradicts the distinctness of a;’s. Next we take the remaining cases in
Table 2 where 5 divides Ag, As. Hence 6 = 1. Further since & <[+ 1, (3.4)
is valid with s = k — 2 = 4. Let us consider the case

2: Ay, Ag, Ay 31 Ao, As; 51 Ag, As; A = 1.
Suppose P(A(i)) = 7. Then we find that 7| (n + 3d) since otherwise n + 3d
=1 as n + 3d is not divisible by 2, 3 or 5. Further
(n,n+2d,n+3d,n+4d,n+5d) = (20015%3 20213022 7hsa 9bir 3052505
We find that 16 < n + 4d = 2ﬁ4’1, giving 50’1 = Qaqp1 = 2, ﬁ271 = Qg1 = 1
and hence oy = 2. Since n + 2d = 2 - 3722 > 6, we get B22 > 2, giving
B5,2 = as2 = 1 and hence ap 2 = 4. Thus
(a0, az,as, a4,as) € {(2%-5,2-34,1,22,3.5%),(2%-5,2-34 1,223 .5)}.

We use (2.9) with [2, 3, 4] to obtain

342h + 225 = a3,
Now we observe that z° = 0,£1 (mod11) and 11 divides at most one of
9, x3,x4. Hence this equation is impossible by congruence mod 11. Thus

we have P(A(i)) > 11. Then we find that (3.4) does not hold. This is a
contradiction. All the cases in Table 2 are excluded similarly.

Let k =7 and | = 5. We need to consider all possibilities in Table 3
except the 16th and 17th cases. First we consider all the cases from 7 to 15.
Then we find that there exist at least two a;’s which are powers of 2 only.
We take one case for illustration, say the 8th:

2: A(),AQ,A4,A6; 3: AQ,A5; 5: A07A5; Al =1.
Then (as,a6) € {(2,2?%),(22,2)} by (2.4). Thus either ag = aj or a4 = a?.
Hence (3.4) is valid with s = 2, which is not possible since
7<.79-11°7% for s<3.

The other cases are excluded similarly. Next we consider cases 1-6 in Table 3.
Then we have 5{d. Hence § = 1. We find that in these cases the following
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equalities hold:

apga1a4as = aétl; apasasag = aﬁitl; apai1asag = aﬁitl;

apailaqas = agltl; apasasg = azlltl; apaiazaeg = aétl,
respectively, which satisfy the assumption of Corollary 1. But (3.4) is not

satisfied with s = 4, a contradiction.

Let k=8 with | =5,7. In cases 13 to 26 of Table 4, we find that there
exists an (r,s)-product with s < 3 if [ = 5 and s < 4 if [ = 7 since there
exist at least two a;’s which are powers of 2 only. This is also true for the
27th case, since then there exist at least two a;’s which are powers of 3 only.
On the other hand, we see that

8<.70-11"% forl=5s<3andl=7,s<4.

This contradicts (3.4). Now we consider the combinations numbered 1 to 12
in Table 4. By (5.1), we see that [ = 5 for all these cases, since 7td. We
consider the 10th case in Table 4,

2:Ap, Ao, Ay, Ag; 3 Ay, Ay, Ay B0 Ay Agy T Ag, Ay As = 1.

First we use (2.9) with [i1, i2,43] = [2,4, 5] to get

20‘2’1_1353 + :Ug = 3"4’2“20‘471_1382.
By (2.4) and (2.7), we see that ag 1,41 € {1,2} and a2 € {1,3}. Sup-
pose ap 1 = 1. Then we get an equation as in Lemma 3 with C' = Jaaztl
204171 £ 2 which is a contradiction. Thus ag; = 2. Then by (2.4), ag1 =
ag1 = ag1 = 1. Now we apply (2.9) with [4,5,6] to get

304295 4 56352 — g2
Using congruence mod 11, we see that (a2, a63) € {(1,4),(3,1)}. Thus
(ao, a1, az, a4, a5, ag,a7) € {(2-7%04,3.5,2%.2.3,1,2.5% 33 . 707.4),
(2-7904,33.5 9% 2.3,1,2.54 3.7974), (2.7%04 3.5 22 2.33 1,2.5,3.7974)},
In these cases we find that
arag = asb';  agar = asT  agar = a1a6(7/5)l,

respectively. This contradicts Corollary 1 as earlier. The other cases are
excluded similarly. »

6. Proof of the Theorem when no A; equals 1. We suppose
throughout this section that (1.5) holds and b = D; = 1 and none of the
Aj’s is 1. We know that all a;’s are distinct by Remark 2. First we use
Lemmas 1 and 2 to bound [. Then for the small values of | we use the same
strategy as in Section 5. Further by Lemma 7, we have | # 3.



On a diophantine equation 19

Let k = 4. Then from Table 1 we have
2: Ao,AQ; 3: Ao,Ag.

We use (2.9) with [0,2, 3] to get an equation as in Lemma 2 with ordy(By')
> 1 — 2. Thus by Lemma 2, we conclude that [ = 5. Then we get

2’ 4 y° = 233325 or o 4285 =335

The first equation has no solution by Lemma 3. The second equation is
impossible by using congruence mod 11.

Let k = 5. Then from Table 1 we have
2: Ao,AQ,A4; 3: Ao,Ag.

We apply (2.9) with [0, 2,4] to get an equation as in Lemma 2 with ordz(by')
> [—5. Hence by Lemma 2, we get [ < 7. We observe that (3.2) with D; =1
is satisfied for [ = 5 only when I’ < 3, and for [ = 7 only when I’ < 4. On
the other hand, by (2.5), we get

apas = a%tl if [ = 5; aoagag = ajitl or apgaz = a%tl or agaz = aitl if 1=7.
This contradicts Lemma, 5.

Let k = 6. We have
{2 : Ag, Az, Ayg; 3 Ag, Az; 51 Ao, As,
2: Al,Ag,A5; 3: A17A4; 5 AQ,A5.

For the first case we apply (2.10) with {0,2,3,5} to get an equation of the
form (i) of Lemma 1 and hence we have [ = 5. In the second case we first
apply (2.10) with {0,1,4,5} to conclude that a1 = as1 =1, a3 =1—2.
Then we apply Lemma 2 to conclude that [ = 5. Since 5 divides Ay, A5, we
have 5td and hence § = 1. Suppose P(A(i)) = 7. Let us consider

2: A, Ay, Ay; 31 Ag, As; 51 Ag, As.

Since not both n+2d and n+4d can be high powers of 2 we see that 7 divides
either n+2d or n+4d. Then n+3d = 3%2 > 3 implies that ag2 = 4. Similarly
n+5d = 5%3 > 5 gives a3 = 4. Suppose 7| (n +2d). Then n + 4d = 2041,
implying that iy 1 = 2, by (2.5). Thus (a3, as, a5) = (34,22, 5%). We use (2.9)
with [3,4,5] and a congruence argument mod 11 to exclude this possibility.
If 7| (n + 4d), then n 4 2d = 221 implies that as = 2 or 23, by (2.5). Thus

(a2) ag, a5) € {(25 34) 54)5 (237 345 54)}

We use (2.9) with [2,3,5] and a congruence argument mod 11 to exclude
these possibilities. Thus we have P(A(i)) > 11. Then (3.2) is valid with
" = 4. We use (2.5) to see that apagasas = ajitl, a contradiction to Lemma 5.
The other case in (6.1) is excluded similarly.

(6.1)
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Let k = 7. In Table 3, we take the last two possibilities where no A;
equals 1. For these cases we apply (2.10) with {0,1,4,5},{1,2,5,6}, respec-
tively, to get an equation of the form (i) of Lemma 1. Hence we conclude
that { = 5. Then 6 = 1. Hence (3.2) is satisfied with I’ < 4. We find that in
these two cases

apas = ajaqt’  and aijag = a2a5tl,
respectively, which contradicts Lemma 5 when [ = 5.

Let k = 8. We give in Table 5 the choice of {p,q,r, s} in (2.10) and the
equation we get in Lemma 1 to conclude that [ < 7 in cases 1,3 and [ =5
in cases 2, 4, 5. We consider the first three cases in Table 5. We show that
P(A(i)) > 13 arguing as in the case k = 6. Thus (3.2) is valid for all I’ < 4
ifl=5andl'=6if [ =T.

We give the details for excluding the first case in Table 5. The other
cases follow similarly. Let [ = 5. We have

(a0, az, as, as, as, ag, a7) € {(2- 3352037904 22 3,2 5%:3 2.3 7974),
(2-335%037%04 9 3 92 553 9.3 7O7.4) (2.3.5%03790.4 92 33 9 5A53 9.3 7OT4)
(2-3-5%0:3720.4 9 33 92 5053 9.3 7O7T.4) (2.3.570.37%04 92 3 9 553 9.33 7ATA)
(2359087204 2 3 9% 5253 2. 33 7074},
Then we find that
apa4as5a7 = agagtl; apgaoasa7 = a§a4tl; apasay = a§a4tl;
apasay = agagtl; apaoasay = agaitl; apa4asay = ag’agtl,

respectively. This contradicts Lemma 5.

Let | = 7. Then we find that agagzasasagar = agtl, contradicting Lemma 5
with I = 6.

Next we consider the 4th and 5th cases in Table 5. Then [ = 5 and
(3.2) is valid with I’ < 3. Using (2.4)—(2.7), we find that in the 4th case
aijagar = agtl or a%tl and in the 5th case ajag = asast’ or ajag = agart!,
contradicting Lemma 5 with I’ = 3,2, respectively. =
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