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Eight cubes of primes and powers of 2
by

ZuixiN L1u and GUANGSHI LU (Ji'nan)

1. Introduction. In 1951 and 1953, Linnik [16], [17] proved that each
large even integer N is a sum of two primes and a bounded number of powers
of 2,

(1.1) N =pi+po+ 2% + oo 4 2%,

where p and v, with or without subscripts, denote a prime number and a
positive integer respectively. Later Gallagher [3] established a stronger result
by a different method. An explicit value for the number k£ of powers of 2
was first established by Liu, Liu and Wang [21], who found that k£ = 54000
is acceptable. This value was subsequently improved by Li [12], Wang [30]
and Li [13]. In 2002, Heath-Brown and Puchta [6] applied a rather different
approach to this problem and showed that &k = 13 is acceptable. In 2003,
Pintz and Ruzsa [25] announced that k = 8 is acceptable.

In 1999, Liu, Liu and Zhan [22] proved that every large even integer N
can be written as a sum of four squares of primes and a bounded number of
powers of 2,

(1.2) N =p2 4 p3+p2+p2 4+ 2 -+ 2%,

Later Liu and Liu [I8] showed that & = 8330 is acceptable. This value was
subsequently improved by Liu and Lii [23] and Li [14].

In 1938, Hua [7] proved that each large odd integer is the sum of nine
cubes of primes. It seems reasonable to conjecture that every sufficiently
large integer satisfying some necessary congruence conditions is the sum of
eight cubes of primes, i.e.

3 3 3
(1.3) N =pi+py+--+1s
but unfortunately, such a conjecture is out of reach at present.
2010 Mathematics Subject Classification: Primary 11P32, 11P05, 11P55.

Key words and phrases: additive theory of prime numbers, circle method, exponential
sums over primes.

DOI: 10.4064/aal45-2-6 [171] © Instytut Matematyczny PAN, 2010



172 7Z. X. Liu and G. S. Lu

Motivated by this conjecture and the above works of Linnik and Gal-
lagher for two primes and powers of 2, and the result of Liu, Liu and Zhan
for four squares of primes and powers of 2, we extend the above results
and to sums of eight cubes of primes and powers of 2, i.e.

(1.4) N=p+ - 4pd+27 4 2%,

In 2000, Liu and Liu [20] proved that such a k exists.

In this paper we bound the value of &k in (1.4) by proving the following
theorem.

THEOREM 1.1. FEwery large even integer is a sum of eight cubes of primes
and 358 powers of 2.

There are other approximations to the conjecture , and our theorem
can be compared with them. In [31], Wooley got an upper bound for the ex-
ceptional set for : he showed that with at most O(N'1/36+¢) exceptions,
all positive even integers not exceeding N can be written as in . Later
Kumchev [I0] improved this estimate to O(N?3/84+¢), Roth [28] proved that
every large integer N can be written as

(1.5) N=m?+pd+-- +p}

with a positive integer m. Briidern [I] combined the circle method with
sieves to show that ([1.5)) is solvable when m is a product P, of at most four
primes. Kawada [9] improved the above P; to Ps.

Notation. As usual, p(n) and A(n) denote the Euler totient function
and the von Mangoldt function, respectively. We write IV for a large integer,
and L = log N. Further, » ~ R means R < r < 2R, and A < B means
c1A < B < ¢ A. The letters € and A denote positive constants, which are
arbitrarily small and arbitrarily large, respectively.

2. Outline of the method. Here we outline the proof of Theorem [I.1]
In order to apply the circle method, we set

(21) P = Nl/g—?&‘, Q — N8/9+€.

By Dirichlet’s lemma ([29, Lemma 2.1]), each a € [1/Q,1 4+ 1/Q] may be
written in the form

(2.2) a=alqg+ A, A <1/9Q,

for some integers a,q with 1 < a < ¢ < @ and (a,q) = 1. Denote by M(a, q)
the set of a satisfying (2.2), and define the major arcs M and the minor
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arcs C'(M) as follows:

(2.3) M:= ] | M9, C(M):[
e

It follows from 2P < @) that the major arcs M(a, q) are mutually disjoint.
As in [27], let § = 1074, and

N 1/3 56

As usual in the circle method, let

(2.5) S(a) = (logpe(p®a), T(a)=">_(ogp)e(p’a),

1 1
Q’1+Q} \ M.

p~U p~V
(2.6) Gla)= > ea)= Y  e(2%),
20N v<log, N
and
(2.7) re(N) = Z (logpy) ... (logps).

N=p3+--+p3+2v1+4... 42
P1,e-pa~U, ps,...,pg~V

Then 7, (N) can be written as
1
(2.8) re(N) = | $%()T*(a)G*(a)e(—Na) da
0
={§+ | }s“a)T (@G @)e(-Na) da.
M OM)
To handle the integral on the major arcs, we prove the following lemma.

LEMMA 2.1. Let M be as in (2.3), with P and Q determined by (2.1).
Then for N/2 <n < N, we have

ie(n)J(n) +Oo(UViL™h.

(2.9) S 54(a)T4(a)e(—na) da = 38

M
Here &(n) is a singular series, which is defined by
(2.10) S(n) == i ! Zq: < zq: e<ahg>)se(—‘m>
. | q=1 wia) o h=1 a4 a)
(a.9)=1  (h,g)=1
and satisfies S(n) > 1 for n =0 (mod 2). J(n) is defined as
(2.11) J(n) := > (my...mg)” %3,

my+---+mg=n
U3<my,...,ma<8U3, V3<ms,...,mg<8V3
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and satisfies
(2.12) UV* < J(n) < UV™

In this paper, the constants in the > and < symbols are of importance.
If we write &(n) > C; and J(n) > CoUV? in the following parts, we
determine explicit values of Cy, Cs.

A crucial step in bounding the contributions of minor arcs is an upper
bound for the number of solutions of the equation

(2.13) n=pi+-o4pi-pi - —pf  0<|n[<N.
We quote the following lemma.

LEMMA 2.2. Let n =0 (mod 2) be an integer, and p(n) the number of
representations of n in the form (2.13|) subject to

(2.14) p1,P2,P5:p6 ~ U, p3,pa,pr,ps ~ V.
Then for all 0 < |n| < N,
(2.15) p(n) < bUVALTS,

with b = 268096.

The inequality (2.15)) is (2.6) in Ren [26], obtained by sieve methods,
and the value of b is determined in Ren [27].
On the minor arcs, we also need estimates for the measure of the set

(2.16) Ex={ae€(0,1]:|G(a)| > Alogy N}.
The following lemma is due to Heath-Brown and Puchta [6].

LEMMA 2.3. Let

Ghla)= 3 e(a2"), F(f,h):;2hz:1exp[§Re(Gh<2rh>>].

0<n<h-1 r=0
Then
meas(Ey) < N~FW,
where
A log F(&,h
log 2 hlog?2 log 2
forany h e N, £ >0 and ¢ > 0.

On the minor arcs, the results of Kumchev [10] on exponential sums over
primes will also be applied. The following lemma is Theorem 3 of [10] for
k= 3.
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LEMMA 2.4 (Kumchev). Leta = a/q+\ subject tol < a <gq, (a,q) =1,
i

and |\ < 1/¢Q, with Q = U7, and let S(a) be defined in (2.5)). Then
EULC
S(a) < Ul-ete 4 _ 9y
g(1+AU?)

with o = 1/14.

We deduce Theorem from some lemmas in Section 3. In Section 4,
we give the proof of Lemma In Sections 5 and 6, we give the value of
(' and the proofs of three lemmas, respectively.

3. The proof of Theorem 1.1. We need the following five lemmas.

LEMMA 3.1. Let

ENE)={1—-)N<n<N:n=N-2" —... - 2"}
with k > 2. Then for N =0 (mod 2),
(3.1) > 1= (1-¢)(logy N).
ne=Z(N,k)
n=0 (mod 2)

Proof. The proof is straightforward, so we omit the details. m
LEMMA 3.2. For n =0 (mod 2), we have &(n) > Cy with
(3.2) C1 = 0.00557795824;
while for n # 0 (mod 2), we have &(n) = 0.
Proof. We will prove this in Section 5. m
LEMMA 3.3. For (1 —6)N <n < N, we have J(n) > CoUV*, with
(3.3) Co = 78.15467793.
Proof. We will determine the value of C5 in Section 4. u

LEMMA 3.4. Let C(M) be as in (2.3]), with P and Q determined by (2.1),
and S(«) be as in (2.5). Then

(3.4) max |S(a)| < N1/3-1/42+=,
acC(M)

Proof. By Dirichlet’s lemma on rational approximations, each real num-
ber a € C(M) can be written as a = a/q + A with (a,q) = 1 and

1<qg<Qo=NY" |)\<1/qQo.
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If ¢ < P = NY9"2 since a € C(M), we have |\| > 1/¢Q; otherwise
q > P. In either case,
Va1 + [AJU3) > min(PY2, (U?/Q)Y/?) = N'/187,
By Lemma the conclusion follows. m

In order to apply Lemma [2.3] we need to find an optimal A such that
E(X) > 19/21. Thus we have to compute

2h 1

F(&h) = 2% 3 exp [5Re<Gh (;))]

r=0
and optimize for & and h. We can take £ = 1.59, h = 23 in Lemma [2.3] to
get

LEMMA 3.5. Let E(\) be as in Lemma 23l Then
19
(3.5) E(0.965411) > - + 10710,

Proof of Theorem[1.1] Let N =0 (mod 2), let &, be as in (2.16]) and M
as in (2.3)), with P and @ determined by (2.1]). Then, by (2.8),
1
(3.6) re(N) = | S*(a)T*(a)G* (a)e(~Na) da
0
SRR
M CMINE  CMINC(E)

Introducing the notation Z(N, k) and then applying Lemma we see that
the first integral on the right-hand side of (3.6) is

37 > | s @1 a)e(-na)da
ne=(N,k) M 1
= > &(mn)J(n)+OWUVILET)

ne€Z(N,k)

1 _
> ﬁclcQUv‘* > 1+o@vick
n€Z(N,k)

1
> 3780102(1 —e)UV*(logy N)E,

where in the last two inequalities we have used Lemmas (3.1
With Lemma the second integral satisfies

(3.8) | < NPy (g, N)F < TUVALFT
C(M)NEy
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By using the definition of £, and Lemma the last integral in ([3.6)

can be estimated as follows:

1
(3.9) | < (Mogy N)* | |S(e)T () |* dar
C(MINC(Ey) 0

< (Alogy N)*(log(2U))* (log(2V))*p(0)

1 4 5 4
g()\logQN)k<3> (18> LUV,

where in the last inequality we have used Lemma [2.2] and the definition
of p(n).

Inserting (3.7] . ) into ( , we get

re(N) > ((;)80102 - <;)4<158)4b)\’“> (1 — &)UV (logy N)F

+O(UVALFY),
When k > 358 and ¢ = 10_10, we obtain
re(N) > 1.3- 107U V*(log, N)*.

Recalling the definition of U and V', we conclude that every sufficiently
large even integer NV can be expressed in the form (|1.4]). This completes the
proof of Theorem [I.1] =

4. The major arcs: proof of Lemma|[2.1] For x a character modulo g,
define

q 3
_ ah
() e =D a ( ) Clg,a) = C(C, a).
If x1,...,xs are characters modulo ¢, then we write
1 an
(4.2) B(n,¢;x1,---,Xs) == 6<—q>C(X1,a) ... Clxs, a),
(=1
(4.3) B(n,q) = B(n,g;x" ..., x").
The following lemma is important in proving Lemma
LEMMA 4.1. Let x; witht=1,...,8 be primitive characters modulo r;,
ro = [r1,...,7s], and X° be the principal character modulo q. Then
1
> g(q)\B(n,q;me,---,XBX )| < g+ log” 2.
q<z,7T0lq

Proof. 1t is similar to that of Lemma 7 in [I1], so we omit the details. =
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To state other preliminaries, we need to introduce some extra notations.
For i = 1,2 and W equal to U or V respectively, we define

(4.4) Vi(d) = ) e(mPr),
m~W
(4.5) Wi, A) == > (logp)x(p)e(®\) = 6y Y e(m®)),

where 6, = 1 or 0 according as x is principal or not. Define

(4.6)  Jilg) =D [g.717*>] max [Wilx. A,

r<P XmodrlAlgl/TQ

. 1/rQ 1/2

(A7) K@) =Yl (] e nPar)
r<P xmodr —1/rQ

Estimates for J; (i = 1,2) and K are needed in later arguments. In par-
ticular, the following three lemmas will be important to deal with enlarged
major arcs.

LEMMA 4.2. Let U, V be as in (2.4)), and let P, Q satisfy (2.1)). Then
(4.8) Ji(g) < g ¥tewWLe.

LEMMA 4.3. Let U, P, Q be as in Lemma . If g =1, then (4.8) can
be improved to

(4.9) Ji(1) <« UL™4,
where A > 0 is arbitrary.

LEMMA 4.4. Let U, P, Q be as in Lemma[d.2] Then
(4.10) K(g) < g~ 3tu—12L°.

We will prove Lemmas in Section 6.

Proof of Lemma [2.1. Introducing Dirichlet characters, we can rewrite
the exponential sums S(«) and T'(«) as

a _ C(q,a) 1 a
(4.11) S<q+)\> = =0 vl(A)+(p(q)Xmeqc(x, YWi(x, N,
a ~ Clq,a) 1 a
(4.12) T(q+)\> - o VQ(A)W(q)XmZMC(X’ JWa(x, A).
Thus
(4.13) 854(a)T4(a)e(—na) da = Z Z CiCiIij,

M 0<i<4 0<j5<4
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where
1 q o an 1/4@Q ‘ .
=Y o Y 08-2-J<q,a>e<—) AR Aty
<P ¥\ o 17 1
(avq =1
{ X cheamien}{ Y CluaWale ) | e(-nr)dx.
xmod g x mod g

We will prove that Ipy gives the main term, and the others the error
term.

We begin with Iyg, which we expect to be the main term:

(4.14) Too = Zl(q) 3 B a)e(an>
a=1

" q
P
qS (G“v(Z):l
1/4Q
x| VOB (Ve(—nd) dA.
-1/¢Q
By Lemma 7.11 of [§],
2W 1
(4.15) Vi) = | e(w®)du+0(1) = 3 > mTe(mA) + 0(1).
w W3<m<8W3

Using this and the elementary estimate

(4.16) > me(mA) < min(W, WA TY),
W3<m<8W3

we have

1/q@Q

S ( Z m*2/3e(m)\))4

—1/qQ U3<m<8U3

X ( Z m_2/3e(m)\)>4e(—n/\) dA

(4.17)  Ioo = ?TIS z;) Lj;%;])

V3<m<8V3
1/4Q
B 4
q<P (q) —1/qQ U3<m<8U3

X ‘ Z m*2/3e(m/\)‘3 dA).

V3<m<8V3

By (4.16) and Lemma [4.1| with o = 1, the O-term in (4.17)) can be estima-
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ted as
B(n,g)l e
<<Z|#( | vvPan+ | U=sA*v3ax
=p 2@ N U= .
+ [ UEAtvaTia)
V-3

< LUV + UV + UV <« UV3Le < UVALL,

Now we extend the integral in the main term of (4.17) to [-1/2,1/2]; by
a similar argument we see that the resulting error can be estimated as

1/2
<Lt | (UATHWra < LUTSVHPQ)? < UVALTY,
1/PQ

which is acceptable by the choice of P and (. Thus the main term of (4.17)
becomes

1 B(n,
(4.18) 38;3 (8(5)

> (m1...mg) " 2P+O(UVAL™)

. mi+---+mg=n .
U5<m1 ,...,m4§8U5, V3<m5,...,mg§8vd

1 B(n, _
:38;3 (p(S(qL;)J(n)—s—O(UV“L b,

¥

where J(n) is defined by (12.11)).
The first sum above is &(n) + O(L™1). The domain of the second sum,

J(n), can be written as
’D:{(ml,...,mg) : U3 <Mmi,...,mMy §8U3, V3 <ms,...,Mms §8V3},
with my =n—mgo — -+ — msg.
To bound this sum from below, if we define

D= {(mg,...,mg) : §U3<m2,...,m4§5U3, V3<m5,...,m8§8v3},

we can deduce from (1 —6)N <n < N and (2.4)) that
U3<m1:n—m2—-~—mg§8U3.

Thus ©* is a subset of ®, and consequently

—2/3
J(n) > y (my...mg)~ ¥
U3<m1<8U3, 3U3<ma,mz<5U3
V3<M5,...,m8§8v3

g\ /372
> (5U3)—2/3{51/3 - <3> } 37UV > 78.15467793U V4.

So, we get Cy = 78.15467793.
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-+

It remains to estimate I;; (0 < i, < 4, not both zero). We shall first
treat Iy4, the most complicated one, and the others are similar:

1/9Q

an 4
I = Z (-2) | { X creamiten)
q<P q —1/¢gQ xmodgq
(aq) 1
4
x{ 3 C(X,a)Wg(x,/\)} e(—n)) dX
x mod q
an
D= IS S Clna)...Clsiale (-=)
<P mod mod a=1
q< X1 g X8 q(a’q) .
1/4Q
x| e ) WG M Walxs, A) - Walxs, Ae(—nd) dA
—1/qQ
%)
Z Z Z Z Z TZQX1X7~-aX8X
r <P rg<P x1 modry x8 mod g q<‘P )
Tolq
1/4Q
<\ s A) - W (s A Walxs, A) - Wa(xs, Ae(—nd) dA,
-1/4Q
where xq is the principal character modulo ¢, 79 = [r1,...,rg], and the sum

>_" is taken over all primitive characters. Suppose that x; is the primitive
character modulo r with r | ¢, inducing xx. Thus we may write y; = X};XO.

It is easy to see that W(xx,A\) = W(x},A). By Lemma and Cauchy’s
inequality, we have

Tul<2d>" 377 max iGN Y. D max [Wilxe, V)]

Al=1 A<1
r1§PX1modr1| I<1/m@ T2<Px2rn0dr2‘ I<1/r2@Q

1/r3Q

YT (] mteara)”

r3<P x3modrz —1/r3Q
1/raQ

<Y (] M)

r4<P xamodrs —1/r4Q

<33T max Wa(e MY Y max [Walxe )|

r5<P x5 modrs M<1/rs@ r6<P X6 mod g IAL1/r6Q
—3+e€
X Z Z i Q|W2 X7, )| Z Z max | Wa(xs, \)|-

A<1
r7<Px7modT7 rg<P Xgmodr' |<1/rsQ
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Now we introduce an iterative procedure to bound the above sums over
rs,...,T1 consecutively. Since rg = [r1,...,78] = [[r1,...,77],7r8], we use
Lemma [£.2] four times, Lemma [£.4] twice, Lemma [4.2] once, and Lemma [£.3]
once to get

(4.19)
Ll < L83 37 max Wik, A Y] DT max [Wi(xe, M)
L NS1nQ L pS1nQ
TS X1moary T2S X2 modry
1/r3Q

<3 (] ez

r3<P xzmodrz —1/r3Q

1/7‘4Q

<3 X (1 meara)”

ra<P xamodry —1/r4Q

—34ey 474
X [7"1,’[“2,7"3,7“4] * VEL™

<Ly i oIl A W3S D0 max [Walxe )

AL1
r1<P x1 modry ro<P x2 modry N<1/m2@

X [Th r2]*3+€Uflv4L60

<<ch Z* max |Wi(xi, )]7“1‘9’+5V4L7C

<1
r1§PX1m0d7“1|| /mQ

< UVAL A8 « pvAL—t

for large A > 0.
To get upper bounds for other terms, we need to estimate V1 (A) and Va(\).
One easily gets

4.20 max |V; < W.
(4.20) \A|<1/Q’ (M|
By (4.15) and (4.16),
1/Q 1/Q
(4.21) | VivPax< | ((in(W=, W2A17H)% + O(1)) dA
-1/Q -1/Q
w3 00 1/Q
< | w2ax+ | (w2N2an+ | oav<w
0 w3 -1/Q

by the choices of P and @ in (2.1), and W =U or V as i = 1,2.
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For all I;;,0 <14,5 <4, except Ipg and Iy4,

1 q i an 1/4@Q s
Ly = ZW E ¢ ](Q»a)€<—q> S Vo ')

g<p ¥

(@)=t e
4 J
{2 cheamie N} { D ChaaWalte N} e(—nA)da,
x mod q x mod q
and
(4.22)
Ll< Y ST max Wit N Y. Y max [Wi(xe, M)
r1<P x1 modry M<1/mQ ro<P y2 modry [A[<1/r2Q

1/r3@Q

<3 Y (] mteara)”

r3<P x3modrz —1/r3Q
1/ra@Q

<X X (1 moaara)”

r4<P xamodry —1/rsQ

X Z Z* max |[Wa(xs, ). ..

A<1
r5<P x5 modrs M<1/r5Q

DS max g3 Wa(xags, V| max [Va(A))*.

ML/ rayj ALl
b s et PISUi@ N=1/Q

Now we use (4.21) 4 — j times, Lemma j times, Lemma twice,
Lemma [£.2) once again, and Lemma [4.3] once to get

(4.23) ;| < UVAL= A+ « gyt
for large A > 0. We treat |I3;|, |12, |I1j| and |Io;| by similar arguments:
(4.24)

Il <283 Y max Wit Y YT max (Wil )

T‘lSP X1 mOdT‘l |)\‘S1/T1Q TZSP X2 I‘HOdTg |)\|§1/7'2Q
1/r3Q 1/Q
* 1/2 1/2
3 (] M) (] mePa)
r3<P xsmodrz —1/r3Q ~1/Q

« 33T max [Wa(xs, M-

r5<P x5 modrs M<1/r5@
* —3+4¢ 4—j
max T Wao(xari, M|( max |[Vo(A J
> > R Q0 [Wa(xa+; )!(wgl/Q! (M)

Ta+5 <P Xa4j modTay;

< UVALTY
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(4.25)  |Iyj] < L° g E max [Wi(x1, )|
ri<P mod r M<1/mQ
1P x1 1

1/Q
xS Y max |W1(X2,>\)]< { |V1(>\)|2d/\>
ro<P mod 7 M<1/r2@ -1
2<P x2 modra /Q
X Z Z* max |[Wa(xs, )| ..
r5s<P x5 modrs N<1/rsQ
* —34¢ ) 4—j
> > max 7o [Wa (X444, A)|( max [Va(N)])
r44+;<P Xa4jmodryy; IN<1/ras5Q IA<1/Q
< UvVAL
426) || < L° " Wi(x1, A Vi(A
(4.26)  |I] < Z:P Zd s [W0a, I max [Vi(Y)
TS X1 modry
1/Q .
x( | \Vl()\)|2d/\) S 3T max [We(xs N
-1/Q r5<P x5 modr M=1/rsQ
5> X5 5

Z Z max 7o [ Wa(xats, )|

AN<1/rq4,Q
T4+ <P Xa1j modr4+j| I<1/7a+4

x ((max |[Va(W))*7 < UVALTY,

[A<1/Q
1/Q
(427) il < L max i)D*(§ vi()12an)
A<1/Q o

’ Walxs. A ...
DD a2 (xs, Al

r5<P x5 modrs

* —34+¢ ) 4—j
DYDY max 75 T Wa(xag s, A)|( max [Va(A)])
T4 <P x44jmodrs; N<1/ras;Q M<1/Q

<uvir!
for large A > 0.

Lemma [2.1] now follows from (£.13)), (4.18), (4.19) and (4.23)-(4.27). =

5. Estimates related to the singular series: the value of C].
We need some more notation. Let C(x,a), C(g,a), B(n,q; x1,-..,xs) and

B(n,q) be defined as in (4.1))—(4.3)). If x1,...,xs are characters modulo g,
then we write

(5.1) A(n,q) := lj’gzg), S(n) = ZA(n,q),
q=1
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50,
1 I 1 (ah3)>8 < cm)
S(n) = el — el ——|.
() Zl ©%(q) Zl ( ; q q
q= a= =1
(avq)zl (h7Q):1
Proof of Lemma([3.3. It has been shown in [7] that
v
s(n) =[] (1+ X Am.p)),
P J=1
where

; 0+2 ifp=2, 2|k,
p H k, = .
0 +1 otherwise.
When k = 3, we have

(52)  &(n) = {1+ An,2)H{1+ A(n,3) + A(n,9)} [ [{1 + A(n,p)}.
p=5
Let A(n, q) be defined as in (5.1]). We will compute A(n, q) for different g.
For p = 2, one has
2, n=0 (mod 2),
5.3 14 A(n,2) =
(5:3) +Am,2) {0, n Z 0 (mod 2),

by direct calculation.
For p =3,

2 ah? a a 2ma
C<37a)zze 7 =€ g +e _5 :2COST7
h=1

SO,
1 2 2ra 8 an
A(n, 3) — @8(3) ; (2 COS 3> €<3)
_i n N _2£ B 1 2mn
s\ T3) TN T3 ) ) T r g
Thus,
1/27 =0 d3
(5.4) A(n, 3) —{ /2, n=0(mod3),
—1/2%, n#0 (mod 3)
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S0,

For different n, A(n,9) will take five different values, and they satisfy
(5.5) A(n,9) > —0.9609375.
From (5.4)) and (5.5 we get

(5.6) 1+ A(n,3) + A(n,9) > 1 — 1/28 — 0.9609375 = 0.03515625.

For p > 5, if p = 2 (mod 3) and (p,a) = 1, we have C(p,a) = —1, by
Lemma 4.3 in Vaughan [29]. So,

o= et (-5) Eo(5)

{p_17 p‘na

Thus,
1+ ! pln
B _ 1 77 )
(5_7) 1 +A(n,p) -1+ (Snap) _ (p )
¥ (p) o1 fn
p-ns P

Let p =1 (mod 3) with p > 5. First, when p =7,

=B () 5) () oo

S0,

For different n, A(n,7) will take four different values, and they satisfy
A(n,7) > —0.75390625.
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Thus
(5.8) 1+ A(n,7) > 1—0.75390625 = 0.24609375.

For p > 13 and p = 1 (mod 3), noting the elementary estimate (by Lem-
ma 4.3 of [29])

[C(p,a)l <2¢p+1,

we get
p—1
= 8 a)e —% 8 - .
Boupl = | ( p)'swml) 1)
Thus
2yp+1)°
(5.9) 1+ A(n,p) >1— T
Hence
n n —7(2\/5+1)8
510 [T+ A} 2 0+ 40 7) f(g?’dg) (1 1) )

AL r) I (g

p>5,p=2 (mod 3) p>5,p=2 (mod 3)

pln pin
. _@eyp+1)?
> teawn) JT (1- 22
p=1 (mod 3)

A 0t

p>5,p=2 (mod 3)
To estimate the products above, we apply the elementary inequality

(2yp+1)8 _ 1

(5:11) 17 1P

for p > 324.

Thus we have

5.12)  [[{1+Am.p)}={1+AR.D} ] <1—W)

—1)7
p>5 13<p<323 (p—1)
p=1 (mod 3)

< I (i) T ()

p=1(mod 3) p=2 (mod 3)
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={1+An7} ] (1 — W)

— 17
13<p<323 (p—1)
p=1 (mod 3)
1 -t 1 -t
I (-5 I (-5)
p=3,7 (r—1) 13<p<323 (r—1)

p=1 (mod 3)

I (- 5)

4
> 0.24609375 - 3 % -0.35608989538 - 0.6601

> 0.079331042229,
where we have used [[,55(1 — (p — 1)72) = 0.6601. .. (see [A]).

This in combination with (5.2), (5.3)), (5.6), (5.12) ensures that

(5.13) &(n) > 0.00557795824,

when n = 0 (mod 2). The proof is complete. =

6. Upper bounds of J;(¢g) and K(g): proof of Lemmas 4.2—4.4.
Lemmas and are similar to those in Section 5 in Liu and Liu [19],
and the choices of P, @ defined in are acceptable in these lemmas.
A similar proof can also be found in [24], so we omit the details. Here we
only give the proof of Lemma [1.4]

In the proof, we need a mean value theorem of Choi and Kumchev [2]:

LEMMA 6.1. Let [ be a positive integer, R, T, X > 1 and k = 1/log X.
Then there is an absolute positive constant ¢ such that

>y

TTR x modr —T

A
> W‘d < (IT'R2T X120 1 X)) (log RTX)C,
X<n<2X n

where the implied constant is absolute.
In order to use Lemma effectively, we need a lemma of [15]:

LEMMA 6.2. Let x be a Dirichlet character modulo r. Let 2 < X <Y
<2X, Ty = (log(Y/X))™ ', T = X* and k = 1/log X. Define

Y. Amx(mn

X<n<2X
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Then
(6.1) > An)x(n) <log(Y/X) | |F(k+ir,x)|dr
X<n<2X |7|<To
7 )
. \ (ﬂJ’r‘ZT,x)\dTJFL
To<|7|<T 4

The implied constants are absolute.

Proof of Lemmal[{.4]. Introduce
Wil A) == > Alm)x(m)e(Am®) — 6, Y e(xm?).

m~U m~U
When we replace Wi (x, \) by W, (x, A), the error is

Wil A) = Wil A) < U2
Thus the resulting error of K(g) is

1/271/2 /2
(6.2) < [g’ T]73+5T 7 < g,3+5 ¥ Z 13—¢ Z T*5/2+5
Q Q lglp r§|P
llg lr

< g_3+£U_1/2LC.
Here, in the last step, we need the definition of P and @ in ([2.1)).
Thus to establish Lemma [£.4] it suffices to show that

1/rQ

63 Sl =Y (F WeenEa) " « g
r~R xmodr —1/rQ

for any R < P and some ¢ > 0.
By Gallagher’s lemma ([4, Lemma 1]), we have

1/rQ
6.4) | A6
—1/rQ .
< <R1Q>2 _SOO | v<m3§<;+rQ(A(m)X(m) _ 5X)]2 dv
<mize
(2U)3
< () TS Cmom - e

3_ <
where Ud—rQ X<msY

X == max{v'/? U}, Y :=min{(v+rQ)"/3 2U}.

189
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If R=1, we have
(6.5) D (Amx(m) =6) = > (Am)-1)

X<n<Y X<m<Y
< (Y - X)L < U %QL.
This contributes to (6.3 the quantity

1 1/2
(66) g*3+€ <Q2 . U3 i U4Q2> L« g73+5U71/2L,
which is acceptable.

For R > 2 and r ~ R, we have 6, = 0. Thus, we can apply (6.1]) to

obtain
1/rQ

(6.7) | ]/Wl(x,/\)ﬁd)\«%( | ]F(n+i¢,x)]d7)2
-1/rQ |7]<To
U3 |F(k + i1, X)| )2 U3
+(RQ)2< ) 1 ) Tro®

To<|7|<T

since Ty ' = log(Y/X) < RQ/U>.
Therefore, the contribution of the first term of (6.7)) to the left-hand side

of (6.3) is e

(68) << g—3+EU—3/2 Z (l> (l—lRQTOUll/QO + U)LC

I<2R
llg

< g—3+5U—3/2 <R—1+£ Z P2ET, U120 4 U)Lc

I<2R
which is acceptable by the definition of Q.

Set o

MR T U) =3 S | |F(k+ir,x)ldr.

r~R xymodr T'
lr

The contribution of the second term of (6.7) to the left-hand side of (|6.3)) is

—34€
(6.9  <g*UA(RQ)T Y <R> max T 'M(,R,T',U)

l To<T'<T
I<2R
l
‘g R —3+e
<<g—3+€U3/2(RQ)—1 Z <l> (l_1R2U11/20+T0_1U)LC
I<2R

< g—3+EU—l/2Lc7 lg
which is acceptable by the definition of Q.



Eight cubes of primes and powers of 2 191

Finally, the contribution of the last term of (6.7)) to the left-hand side of
(6.3) is

R —3+¢
< g—3+EU3/2(RQ)—1 Z <l> < g_3+aU_1/2LC.
I<2R
lg

Now Lemma follows from , , and f. "
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