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Kloosterman sums in residue rings
by

J. BOURGAIN (Princeton, NJ) and M. Z. GARAEV (Morelia)

1. Introduction. In what follows, Z,, denotes the ring of residue classes
modulo a large positive integer m which frequently will be associated with
the set {0,1,...,m — 1}. Given an integer x coprime to m (or an invert-
ible element of Z,,) we use 2* or z~! to denote its multiplicative inverse
modulo m.

Let I be an interval in Z,,. In the present paper we establish some
additive properties of the reciprocal-set

I'={zt:zery.
We apply our results to estimate some double Kloosterman sums, to the
Brun—Titchmarsh theorem, and, making use of multilinear exponential sum

bounds for general moduli, we estimate short Kloosterman sums, hence

generalizing our earlier work [3] to the setting of general moduli.

Throughout the paper we use the abbreviation e,,(z) := e2miz/m

2. Statement of our results. We start with the additive properties
of the reciprocal-set.

THEOREM 1. Let I = [1,N]. Then the number Joy of solutions of the
congruence

Tyt ap = ah + o+ ok, (mod m),  @1,..., w9 €1,
satisfies

2k—1
Joi < (2Kk)2%° (log N)*F <Nm + 1>N’“.

The following statement is a version of Theorem [1] where the variables
x; are restricted to prime numbers. By P we denote the set of primes.
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THEOREM 2. Let I = [1,N]. Then the number Jo of solutions of the
congruence

o]+t ap =ap g + oo+ oy, (mod m),  xy,..., 29, €INTP,
satisfies
2k—1
Jog < (2k)F < + 1> NF.
m

We recall that an incomplete Kloosterman sum is a sum of the form
M+N
Z em(az™ 4 bx),

r=M+1
where a and b are integers with ged(a, m) = 1. Here the summation over x
is restricted to ged(xz, m) = 1 (if the range of summation is empty, then we
consider this sum to be equal to zero). As a consequence of the Weil bounds
it is known that

‘i em(az™ + bm)‘ < 7(m)m'/?
=1

(see for example [7, Corollary 11.12]). This implies that for N < m one has
M+N
Z em(ax™ + b:c)‘ < mt/2tel),
r=M+1
For M = 0 and N very small (that is, N = m°1)) these sums have been
estimated by Korolev [I1].
The incomplete bilinear Kloosterman sum
Mi+Ny  M2+Na
S = Z Z 1(z1)ag(z2)em (axizs),
r1=M1+1 zo=M>o+1
where a;(z;) € C, |a;(x;)] < 1, is also well known in the literature. When
M; = My = 0 the sum S (in a more general form in fact) has been estimated
by Karatsuba [9] [10] for very short ranges of N7 and No.
Theorem [1| leads to the following improvement of the range of applica-
bility of Karatsuba’s estimate [9].

THEOREM 3. Let I) = [1, N1] and Iy = [1, N2|. Then uniformly over all
positive integers ki, ko and ged(a,m) =1 we have

‘ Z Z Otl(xl)ag(xg)em(axf@)‘

x1€l1 xz2€l>
< (%1)451{{’/1@ (2k2)45k§/k1 (log m)2(k1/k2+k2/k1)

y (N{ﬁ—l . m1/2>1/(2k1k2) <N§2_1 . m1/2>1/(2k1k2)N1N2,
ml/2 N{ﬂ ml/2 N§2
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Given Ny, No we choose k1, ko such that
NZEED oy < N2R o N2 o < 2R

and the bound will be nontrivial unless each of N1 and N» is within m&-ratio
of an element of {m!/) : ] € Z, }. Thus, we have the following

COROLLARY 1. Let I} = [1,N1] and Iy = [1, Na], where for i =1 or
i=2,
N; ¢ U[ml/@j)*&’ m!/ (2)+e).

Jj=1
Then
Ny No
(mzﬁxl‘ Z Z o1 (1) an(x2)em (aziay) | < m O NNy
a,m)=—
’ r1=12x2=1

for some 6 = d(e) > 0.

We shall then apply our bilinear Kloosterman sum bound to the Brun—
Titchmarsh theorem and improve the result of Friedlander—Iwaniec [5] on
m(x;q,a) as follows:

THEOREM 4. Let 2¥ < q < 2:E9, where 8 < 1 is close to 1. Then
cx

¢(q) log (z/q)

with ¢ = 2—c1(1—0)2, for some absolute constant ¢y > 0 and all x sufficiently
large in terms of 6.

m(x;q,a) <

Recall that for (a,q) = 1, 7(x; ¢, a) denotes the number of primes p < z
with p = a (mod ¢). The constants implied in Theorem 4] are effective and
can be made explicit. We mention that for primes ¢, Theorem [4]is contained
in our work [3].

Finally, we shall apply multilinear exponential sum bounds from [2] (see
Lemmal|l] below) to establish the following estimate of a short linear Kloost-
erman sum.

THEOREM 5. Let N > m®, where ¢ is a small fized positive constant.
Then
(loglog m)°M
(logm)!

N,

where the implied constant may depend only on c.

This improves some results of Korolev [I1]. We also refer the reader
to [12] for some variants of the problem. We remark that a stronger bound
is claimed in [§], but the proof there is in doubt.
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Since
> emlan®) = p(m),
n=1

in Theorem [5] one can assume that N < m. We also note that the aforemen-
tioned consequence of the Weil bounds gives a stronger estimate in the case
N > ml/2te for any arbitrarily small fixed positive constant c.

3. Lemmas. The following result, which we state as a lemma, has been
proved by Bourgain [2]. It is based on results from additive combinatorics,
in particular sum-product estimates. This lemma will be used in the proof
of our results on short Kloosterman sums.

LEMMA 1. For all v > 0 there exist e = e(y) > 0, 7 = 7(y) > 0
and k = k() € Zy such that the following holds. Let Ay, ..., Ay C Zq, q
arbitrary, and assume |A;| > q7 (1 <i<k) and also

gm%x |A; N Trq_ll(f)| <q Al forall i|lq, 1 > ¢ .
q1

Then

max
EEL:

Sy eq(fxl...xk)‘ < Cq I A .. | Ak

x1E€A| TR EAL

Here, |[AN 7 (£)| can be viewed as the number of solutions of the con-
gruence z = ¢ (mod ¢1), x € A.

Clearly, the conclusion of Lemma [I| can be stated in basically equivalent
form

max Z Z ‘ Z eq(fxl...xk_lxk)‘ < Cq A1 ... | Al

seL r1€A TR 1€AL_1 TREAL
Indeed, applying the Cauchy—Schwarz inequality, it follows that

(X Y | e mm])

r1€EA Tp_1€AL_1 TREAL

<A ] S ‘ YooY el (o - )|

Z;CGA]C $1€A1 xkEAk
We fix x) € Ay such that

(Z Z ‘ Z eq(§x1...$k_1xk)‘>2

T1€AL T 1€EAK_1 TREAL

§|A1|...\Ak_1]|Ak|’ S0 Y el apam,

1’1€A1 xkfleAkfl :l:kEA;C
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where A} = A — {«} }. Then we observe that the set A} also satisfies the
condition of Lemma [Il

We need some facts from the geometry of numbers. Recall that a lattice
in R™ is an additive subgroup of R" generated by n linearly independent
vectors. Take an arbitrary convex compact body D C R"™, symmetric with
respect to 0. Recall that, for a lattice I' C R™ and ¢ = 1,...,n, the ith
successive minimum A\;(D,I") of the set D with respect to the lattice I
is defined as the minimal number A such that the set AD contains ¢ lin-
early independent vectors of the lattice I'. Obviously, \;(D,I") < --- <
A (D, I"). We need the following result given in [I, Proposition 2.1] (see
also [13, Exercise 3.5.6] for a simplified form that is still enough for our
purposes).

LEMMA 2. We have

|DmF|<H< D F)+1>

Denoting, as usual, by (2n+ 1)!! the product of all odd positive numbers
up to 2n + 1, we get the following

COROLLARY 2. We have
n
. (2n 4+ 1!
Ai(D,1),1} < ———~—.
il;[lmln{ Z( ’ )7 }— \DﬂF!
We also need the following lemma due to Karatsuba [9].

LEMMA 3. The following bound holds:

1 1 1 1
H(xl"“’x%)G[l,N]z’“:+---+— +---+}‘
1 T Tkl Tk

< (2k)%F (log N)*** N*

4. Proofs of Theorems [1H3l

Proof of Theorem . It suffices to consider the case kN* < m as other-
wise the statement is trivial. For A =0,1,...,m — 1 denote

JN) = {(z1,...,2x) € I* : 2} + -+ 25 = X (mod m)}.

Let
R={ e[l,m—-1]:]J\)|>1}.

Since J(0) = 0, we have
e =Y [TV

AES2



48 J. Bourgain and M. Z. Garaev

Consider the lattice
I = {(u,v) € Z* : \u = v (mod m)}
and the body
D = {(u,v) € R?: |u| < N*, |v| < kNF1},

If we denote by p1, uo the successive minima of the body D with respect to
the lattice I'y, Corollary E yields

Hmln{,ul,l} S riD\
Observe that for (z1,..., ack) € J(A) one has
ALy...xp =x2... 0+ -+ 21... 21 (mod m),
implying
(x1...%, Xo...xp+ -+ x1...05_1) €E [NND.
Thus, for A € 2 we have u; < 1. We split the set {2 into two subsets:
= NeR:pu <1}, N"={NeN:p>1}
We have
(1) Jzk—ZlJ |2+Z [J(A
e e
CASE 1: A € ', that is, puo < 1. Let (uj,v;) € pyD NIy, i = 1,2, be
linearly independent. Then
0 # uyvy — viug = ugAug — ugAug = 0 (mod m),
whence
|luivg — viug| > m.

Also
30k N2k—1
~ |[IxnD|

Thus, for A € (2, the number |’y N D| of solutions of the congruence

lurvy — viug| < 2kpy N2t <

Au = v (mod m)
in integers u, v with |u| < N*, [v] < kN*~! is bounded by

kNQk—l
2) innp| < RN
m

Note that for A € 2’ the sets
Wy = {(u,v) : (u,v) € I N D, ged(u,m) = 1}
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are pairwise disjoint. Therefore, if we denote by S(u,v) the set of k-tuples

(x1,...,x)) of positive integers x1, ...,z < N coprime to m with
r1..Tp=U, X2...Tp+-"-+2T1...Tp—1 =7,

we get

S E=Y( X > )

Ay A€ (uw)eINND (z1,...,xk)ES(u,v)
ged(u,m)=1

Applying the Cauchy—Schwarz inequality and taking into account , we
get

B Yuep<Ts oy (o )

e A (uw)eNND (x1,...,xk)ES(u,v)
ged(u,m)=1

From the disjointness of the sets W) it follows that the sum on the right is
bounded by the number of solutions of the system

T =W Y

T1... T+ F+T2... 6 =Y2... Y+ - +Y1-..Yu—1,
in positive integers z;,y; < N coprime to m. Hence, by Lemma
2 N3k71

(4) ST TP < 30k(2k)* (log N)* —

e

CaSE 2: X € 27, that is, u2 > 1. Then the vectors from Iy N D are
linearly dependent and in particular there is some A € Q such that

XfL’l....’Ek:$2...1Ek+"'+331...$k_1 for (z1,...,x) € J(A).
Thus,
2 k 1 1 AZ
STWP <Y @, a) el — o — =
T Ty
)\E.Q// )\EQ
1 1 1 1
:‘{(.%'1’...73}2k)€[1,N]2k1+---+: ++}‘
T Tl That1 Tok

< (2k)%F (log N)*** N*.
Inserting this and into , we obtain

N2k—1
Jop < (2Kk)%%° (log N)*F (m + 1)N’“,

which concludes the proof of Theorem
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Proof of Theorem [4 This proof follows the same lines, with the only
difference that instead of Lemma [3] one should apply the bound

H(wl,---,w%)e([1,N]m73)2k:;1+.‘.+1: ! +...+1}‘

Tk Tr+1 T2k

Proof of Theorem[3 Let
S = Z Z aq(z1)az(z2)em (axixs).

x1€l1 x2€ls
Then by Holder’s inequality,
ISP < NPT YT | Y as(@a)em(aaias)

xr1€l] x2€ls

ko

Thus, for some o(z1) € C with |o(z1)| = 1,

S <N ST S alaem(ani(i + -+ i)
Y1, Ykg €12 T1EDN

Again by Holder’s inequality,

p—1
|S|k1k2 < N{ﬂkQ*klNéﬂkQ*kQ ZJkQ(AvNQ)‘ Z O'(IEl)em(
A=0 r1€lr

where Ji(A; N) is the number of solutions of the congruence
]+ +xp =X (mod m), m €[1l,N].

Then applying the Cauchy—Schwarz inequality and using

p—1 2k1
S Tk (A No)? = g,y (Na), Z) 3 o(@)em(aaih| < ma, (N1),

A=0 A=0 z1€l1
we get
(5) | S|Pk < PRk 2R NIRRT (N ) Ty (VD).

Applying Theorem [1, we obtain
|S|2k1k2 < (2]{;1)90’6? (2k2)90k§ (log N1)4kf (lOg N2)4k%

k1—1 ko—
N2k1k’2N2k1k2 N 1— N m1/2 N22 1 N ml/Q
ml/2 N{ﬂ ml/2 N§2 )
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Thus,
\S\ < (2k1)45k§/k2(2k2)45k5/k1 (log m)2(k1/k2+k2/k1)

N{cl—l m1/2 1/(2k1k2) Né{}g—l m1/2 1/(2k1k2)
X ml/2 + N{cl ml/2 + Né”

which finishes the proof of Theorem

N1N27

5. Proof of Theorem Let € be a positive constant very small in
terms of § = 1 — @ (say, ¢ = 6*). Denote
A={n<z:n=a(mod q)},
Ag={neA:n=0 (mod d)},
S(A,z) ={ne€ A:(n,p)=1for p <z (p,q) =1},

T
ra = |[Adl — et

We take z = D2, where D is the level of distribution. We shall define D
to satisfy

1+c6?
D ~ <93 > ~ g0ted® q5+52+0(53)7
q
where ¢ is a suitable absolute positive constant (¢ = 0.01 will do).
Take an integer k£ such that
1 < 0 - 1
2k—1 -2 " 2k—-3

Having in mind [6l Theorem 12.21], we consider the factorization D = M N
in the form

N =¢"/C@=Y " M = D/N.
Following the proof of [6, Theorem 13.1] we find that

(24¢e)z

Here the remainder R(M, N) is estimated by
R(M, N) < Z O BnTmn,

m<Mn<N
ged(mn,q)=1

where the implied constant may depend on €. Our aim is to prove the bound
R(M,N) < x'~¢¢~!. For this we may assume that a,,, 3, are supported on
dyadic intervals

0.5M; <m < My, 05N <n<N
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for some 1 < M; < M and 1 < Ny < N with M;Nyq > x'7¢. Then
according to [6l p. 262] we have the bound

l1—e

R(M,N) <« qu Z Z‘Z hneqahmn)—i-x ,

0<\h|<H m~M; n~Ny q

where ,
H = qule:iE—l < qu3E—1 < .’1705 +3€'

In particular, ged(h, q) < q0(63). Thus, for some v(n) € C with |y(n)| <1,

we have
xl—s

R(M,N) <<w3EZ‘Z eqlalmn)‘+ ,
m<M n<N q

where, say, q1_52 < q1 < qand ged(ay,q1) = 1. Then our Theoremapplied
with k1 = k and ko ~ k (defined from M2k2=1) o < M2k2) implies that

xl—s

Y

l—e
R(M,N) < MN'~¢/* 4 xT <D

where ¢y > 0 is an absolute constant. Therefore, from the choice D ~ go+es?

with 0 < ¢ < 0.5¢g, we obtain
(2 — 6%
¢(q)log(z/q)

for some absolute constant ¢’ > 0. The result follows.

S(A, z) <

6. Proof of Theorem The proof of Theorem [5|is based on Bour-
gain’s multilinear exponential sum bounds for general moduli [2] (see
Lemma (1| above). We will also need a version of Theorem 3| on bilinear
Kloosterman sum estimates with the variables of summation restricted to
prime and almost prime numbers.

6.1. Double Kloosterman sums with primes and almost primes.
As a consequence of Theorem [2] we have the following bilinear Kloosterman
sum estimate.

COROLLARY 3. Let N1, No, k1, ko be positive integers, and ged(a, m) = 1.
Then for any coefficients a(p), f(q) € C with |a(p)|, |5(q)] < 1, we have

Y Y ab@en(ars)

p<N1 g<No

ki1—1 1/2 1/(2k1k2) ko—1 1/2 1/(2]€1k2)
< (2k1)1/k2(2k2)1/k1<N1 m ) (N2 m )

m1/2 + N{Cl m1/27+7N§2 N1N27

where the variables p and q of the summations are restricted to prime num-
bers.
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Indeed, denoting the quantity on the left hand side by |S| and following
the proof of Theorem [3] we arrive at the bound (see (f])

|S|2k1k2 S mN12k1k2—2k21 N22]€1k‘2—2k2 Jle (Nl)J2k2 (]\[2)7
where in our case Jor(IN) denotes the number of solutions of the congruence
P1+ -+ Pk =Py -+ pay, (mod m)
in prime numbers p1,...,por < N. The statement then follows from the
bounds for Joi (V) given in Theorem

LEMMA 4. Let K, L be large positive integers with 2L < K. Then uni-
formly over k the number To, (K, L) of solutions of the diophantine equation
1 1 1 1

P11 Prgk B Pk+19k+1 P2kq2k
in prime numbers p;, q; satisfying 0.0K < p; < K and q; < L is bounded by

K \/ L \*
Tor (K, L) < k* .
(I L) < (logK> <logL>

The proof is straightforward. For any given 1 < ig < 2k we have
P1...P2kq1-.-q2
PioQig
Since p; # ¢;, it follows that p;, appears in the sequence p1, ..., py; at least
twice. Thus, the sequence p1,...,por contains at most k different prime
numbers. Accordingly, the sequence ¢, ..., g, contains at most k different
prime numbers. Therefore, there are at most

k k k k
12k 0.9K o2k 1.1L < ik K L
log K log L log K log L

possibilities for (p1,...,p2%,q1,---,q2k)- The result follows.

k
=0 (mod pi,¢i,)-

Now following the proof of Theorems [I] and [2, with the only difference
that in the course of proof we replace Lemma [3| by Lemma 4] we get the
following statement.

LEMMA 5. Let K, L be large positive integers, 2L < K. Then uniformly
over k the number Jop(K, L) of solutions of the congruence

1 1 1
Piq1 Pkdk  Pk+19k+1 P2kq2k
in prime numbers p;, q; satisfying 0.5K < p; < K and ¢q; < L is bounded by
ar, ((KL)*1 k
Jon(K, L) < k| =+ 1 ) (KL)".

From Lemma [5| we get the following corollary.

COROLLARY 4. Let N, K, L, ki,ks be positive integers with 2L < K.
Then for any coefficients a(p), B(q;r) € C with |a(p)|, |B(g;r)| < 1, we have
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max ’Z Z Z rem(ap*q r’)

ged(a,m)=1 oSN 05K<e<K i<L

< k2/k2k2/k1 Nk1i— 1+£/2 1/(2k1k2) (KL)k2—1+ ml/2 N\ 1/(2kik2)
ml/2 NFk1 ml/2 (KL)k2

where the variables p, q and r of the summations are restricted to prime

numbers.

NKL,

6.2. Proof of Theorem Denote € := log N/log m > c. As mentioned
before, we can assume that ¢ < 4/7.

In what follows, r is a large absolute integer constant. More explicitly,
we define r to be the choice of k in Lemma (1| with, say, ¥ = 1/10. Denote

G={z<N:p>N%p >N pi..p <N}
where p; > --- > p, are the largest prime factors of x and
0.1>a>pg>1/logN

are parameters to specify. Note that the number of positive integers not

exceeding N which are products of at most  — 1 prime numbers is estimated
by

N
Z Z 1<<7+Z Z p2-..pelog(N/(p2...pk))

k=1p1..pp. <N k= 2p2 pk<N(k 1)/k

P12+ 2Pk
<<—+Z > Z pklogN

k=2 p2<N po<n P
N(loglog N)"~
log N
Here and below, the implied constants may depend only on r. Hence,

—\QISCN(IOglOgN)T_lJr Yoo+ > 1+ Y,

log N
<N <N <N
p1<N< pr<NP p1..pr>N1=8

for some constant ¢ = ¢(r) > 0. Next, we have

DEEEED SR

<N L y<NP
p1..pr>N —8 p1...pr<N/y
p12>+>pr>P(y)

N
<2 2 pe))

...prlog(IN ..
YNB oo pr (N ) r—y/r PP2 P g(N/(yp2 - .. pr
p2>-->pr>P(y)

log N \7—2

(log 10557)
logN Z Z o '

y<NB P(y)<p,<N1/7 YPr
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We would like to prove that the quantity on the right hand side is <
5N(log %)T_l. This is trivially true if NP < 2, as in this case we have

log N )7«_2

(log oo
logN Z Z o

y<NPB P(y)<p, <N/ Ypr

1 (loglogNT 2 Z Z

y<NB pr<N
< BN (loglog N)’“_1 < BN (log B) -1

Ypr

Let now N5’ > 2. Since

IOg N )T‘—Z

(logO .
2oy y BT vy

Ypr
y<NP NBZ<p, <N

it follows that

(6) N s
(log 18§pr)r_ 1\T"—
DTS ) SR DR L Y
x<>1>7vl 5 y<NP® p(y)<p,<NB?
p1...pr

Next, splitting the sum over p, into intervals of the typekN i <pr <N B
and denoting by ko the largest positive integer with N2 > 2 we get

(log g71)" 2 (log 222 )r—2
> X o < Z > >, —
y<NP P(y)<p,<NF* =2 y<NF pNEFl<p <NBF

P(y)<Nﬁ
il (klog 5)"" 1
e s -1 1
N L Y (R )
k=2 y<N# y<NP
P(y)<N?* P(y)<NF"*
1 il 1 ko k/
- 2
< (log §)" Z(k” > =)+ (logd) T D KT log NPT,
k=2 NBE2 <y NB k=2
P(y)<N#
Then observing that
r—1 Bk/2 k1
> k' (log N )<<BlogNZW<<ﬁlogN,
E>2 E>2

from @ it follows that
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Z 1< 4N(log%)r_l Z Er—1 Z 1 + ﬁN(lo l)”_l
log N Y &%

<N E>2 k/2
_ = NP " <y<NB
p1..pr>N1—F SY<)
P(y)<N®

Let ¥(x,y), as usual, denote the number of positive integers < x having no
prime divisors > 3. Denote by jo the integer with 270 < NB*? < 9jo+1 Then
splitting the range of y into dyadic intervals and using the well-known bound
VU(u,v) < uexp(—;‘f(fguv) uniformly over u > v > 2 (see Tenenbaum [14]
p. 359]), we get

1 1 ok log 27
- —p(93 NB e
E y<< E 2].W(2,N ) < E exp< STos ﬁk>

Nﬁk/2§y<Nﬁ jo<j<Blog N Jo<j<Blog N
P(y)<N&* .
log 270
< ex T
, Z p( 210gN5'“>
Jjo<j<Blog N

< Blog N exp(—0.1(1/8)¥/?) < Blog N exp(—10%*-1/2),
It follows that

1
2 <k’"‘1 > > < BlogN D K Fexp(—10%7D/2) < flog N
k>2 NBR/2 <y<NP Y k>2
P(y)<ne*
and therefore

Z 1 < BN (log %)T_

<N
p1~~~p7‘>N17B

Thus, we have

— |G| < c1BN(log )" '+ W(N,N*) + > 1

<N
p7~<N'3

for some constant ¢; = ¢1(r) > 0.
Letting 0.1 > 31 > 8 be another parameter, we similarly deduce that
Z 1 < BN (log é)T_Q

<N
p1pr—1>N1—P1

Hence,
—|G] < 18N (log %)T_l—i—cQﬁlN(log ﬁ)r_Q_i_q‘/(N’ NoY+ Z L
<N
pr<Nﬁ

p1..pr—1<NIA1
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Observing that

N 8
Z b= Z w(Pl-'- r—1’N>7

I<x6 p1..pr—1<N1=F1
pr<
p1..pr—1<N1=AL

we get
N =G| < c1pN(log 5)"~" + c2B1N (log ;)"
D S
p1..pr—1<N1-F1 Pr---Pr-1

By the classical result of de Bruijn [4], if y > (logz)'™?, where § > 0 is a
fixed constant, then

U (z,y) < zu"0FoW) a5 = log @ — 00
logy
We now take
1 log logm (loglogm)?
(% log logmy (lOg m)1/27 ﬁl 5 og logm (log m)1/2
and obtain
N — |G| < a/CIN
N B B1/(28)
+ Z _ <> + ¢BN(loglogm)"*
18 P1-.-Pr—1 \ A1
Pl--~Pr71<N 1
8 B1/(28)
< (al/(Q") + (loglog N)™ 1 (5) + c3B(loglog m)r_l)N
1
< cuf(loglogm)""LN.
Therefore
(7) ’Z em(a:r*)’ < esf(loglogm) "IN + ‘Z em(a:v*)‘.
<N z€G

The sum ¢ em(ar*) may be bounded by
(8) > emlapt - py)
p1 Pr Yy

where the summations are over primes py,...,p, and integers y such that

pr>-->p, pr=N% p.>N° pi.p <N'F

Y

and
N
y < ,  Py) <pr
pP1---Pr
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Note that if t and T are such that

N N
<1—)pr<t<pr, (1— “ > <T<<1+ 0 > ,
log logm /) p1...pr logm /) p1...pr

where ¢y > 0 is any constant, then in we can replace the condition on y
with

P(y)<t, y<T,
up to adding to an additional term of size at most

N (log log m)°™)
logm ’
Now we split the range of summation of primes p1, ..., p, into subinter-
vals of the form [L, L + L(logm)~!] and choosing suitable ¢ and T we find
that for some numbers M, ..., M, with

My >-->M, M >N%2 M,>N?/2, M .. .M <N5

one has
N (log log m)°M)
S emtaat)] < TEETE
reg &
+ (logm)™ Y .Y ’ > emlapi...piyY)|,
p1€lr pr€l,  y<M
P(y)<M,
where
I = |Mj, M; + M= N N8
7 logm  My...M, —
Denote

W=y .. Z‘ m(api ... py*)|-

p1€lL pr€l,  y<M
P(y)<M,

Applying the Cauchy—Schwarz inequality, we get

W2 < M;...M, Z Z‘ Z Z em(ap’{...p:(y*—z*))‘.

y<M z<M prely  pr€ly

Taking into account the contribution from the pairs y and z with, say,

ng(y _ z,m) > 61010gm/loglogm

e10log m/loglogm

and then fixing the pairs y and z with ged(y — z,m) < , wWe

get the bound
N2
My... M,

N2 N2

2
(10) we < ﬁ + elogm/loglogm

+ NM|S| < 2N*7F 4 EiR
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where

S= Y. > em(bpi...p}).

p1 611 pTEI'r
Here b and m are some positive integers satisfying

ged(b,my) =1, my > me10losm/loglogm.

We consider two cases, depending on whether M, > N o or M, <N a®

CASE 1: M, > N®. Then M; > N® for all j =1,...,r. The idea is to
use Theorem [2 and amplify each of these factors to size m!'/3+°(1) say and
then apply Lemma

Let k1,..., k&, be positive integers defined from

M'Qkifl <m < M2k‘z+1
1 — K3 *
Since M; > N o mco‘s, it follows that

1 log1 3
b < L (oglogm)®,
COx C

Consequently, applying Holder’s inequality, we get the bound

‘S‘mkl,..m < (ﬁ Migrkl...krf2ki) Z Z e27rib{...}/m1,

i=1 Pils--P1ky ENNOP pri,...,pric,. €L,NP
q117---7Q1klellmP qur"v(I'rkrEIrm,P

where {...} indicates the expression
e L D A VS i e i

Next, we can fix the variables ¢;; and then infer that for some integers
M1y e ooy Bory

1/(27ky.. ks
a1) £l <( EA >/< k)
My... M, = \ MF Mk ’
where
S1 =
Z o Z €2wib(pf1+---+p’{k1 fm)---(p:lJr---er:krf,ur)/rm.

Pit,--P1ky €1NP DrisesPrky ELrNP

Let Ay,..., A, be subsets of Z,,, defined by
A ={pfi+ -+, — 1 (pr1s- .. o) € (NP,

A= {p:1 + e +p:kT — Myt (prh e 7prk,«) € (Ir mP)kT}a
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where Pfj are taken modulo mj. Then we have
S = Z Z [1()\1)_”[T()\T)EQwibAl._.Ar/ml’
>\1€A1 )\TEAT

where I;()) is the number of solutions of the congruence

p;l +oe +p;<k] — M = A (HlOd ml)’ (pyh»p]k]) € (I] m'P)k]

We apply the Cauchy—Schwarz inequality to the sum over A1,...,A\._1 to
get

1S1)? < Jop, (M) . .. Jop, (M)
D DI S B S O
>\1€A1 )\rfleArfl >\T‘€A’I’

where

T (M) = 37 (L)

)\EAJ‘
Changing the order of summation, we get

S11% < Joky (M) .. . ok, (My_1)
% Z IT()\T)IT()\;") Z o Z 627rib/\1...)\7~,1()w—)\;)/m1

Ar,)\;‘eAr >\16A1 ArfleArfl

We apply the Cauchy—Schwarz inequality to the sum over A, A to get
1S1]* < (Jok, (M) . ... Jog, (M)

y Z ‘ Z Z 2FBAL A1 (A=) s |
)\1'7>\;N€A7' )\16141 >\7‘71€A7‘71
We can fix A € A, such that
1S1[* < (Jog, (M) . . ok, (M;))?| A,
o Z ‘ Z Z 2WibAL A1 A fma |2

Ar€AL A\ €A, Ar_1E€A_1

where Al = A, — {\.}. Using the trivial bound

’ Z Z e27rib)\1...)\r_1/\7-/m1 2

A1€A Ar—1€A,_1
2mibAL .. Ap—1 A
S\Aly...]AT_ly‘ YooY Eedean/m|
A EA; Ar_1€A 1

i

we get
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[S11* < (Jor, (Ma) .. Jog, (My))?| Au ... | A

% Z ‘ Z Z 2L Ar_1 A /|

Ar€AL M EAL Ar—1€A, 1

From the definition of A; we have |4;| < Mlkz . From the choice of k; and
Theorem 2] we also have

Jok, (M;) < (5k;)%e M.
Thus,

T

12) it < (TTesk? )
=1
% Z ‘ Z Z 2WbAL-Ar—1Ar) /m

A’I’GA;- )\1€A1 A7‘71 eArfl

Let v = 1/10 and define € = () > 0 to be the absolute constant from
Lemma (1 We shall verify that the sets Aq,..., A, satisfy the condition of
Lemma 1| with ¢ = m; (note that if A, satisfies the condition of Lemma
so does A!). From the choice of k;, the conditions on M; and distribution of
primes (in short intervals if needed) it follows that the interval I; contains at
least M;(21ogm)~2 primes coprime to m. From the definition of A; and the
connection between the cardinality of a set and the corresponding additive
energies, we have

Y

(M;(2logm)~*)* M
J2ki (Ml) B (5ki)ki(2 log m)4ki '
From the choice of k; it then follows that
1/3
VIS G )
U7 (Bki)k(2logm)tke

Thus, the first condition |A4;] > my ' is satisfied.

Next, let ¢1|m1, ¢1 > mf and let £ € Z; . Let T; be the number of
solutions of the congruence

x=¢ (mod q1), =€ A;.

(13) Al >

It follows that T; is bounded by the number of solutions of the congruence
p’{ + - —I—p}; = §+ %51 (mod ql), (pl, o ,pki) € (Ii M 'P)kl

Consider two possibilities here. If M; > qi/ 8 say, then we fix ps,...,pg, and
we have at most 1+ M;q; ! possibilities for p;. Thus, using , we get

M;
q1

Therefore, in this case the condition of Lemma [l is satisfied.

MR
)Mf’ Ve g 1014,

E§<1+ /5
a1
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Let now M; < q}/ 8. Define k! from the condition

4ki+l 4k;+5
M

(2

We then have 2k} < k;. Thus,

1< M,

T < M 0y (M),

where J%/( i), as before, denotes the number of solutions of the congruence

Pi4 4P =P+ Py (mod @), (pr,. .., paw) € (NP,
From the choice of k; and Theorem [2] we get
k:
Tory (M) < 2(2k;)" M
Therefore, using ,
o ki—k] R ~1/10
Ty < 2(2k)F MM < 2(2k) R MPFig™10 < g7 4.
Thus, the condition of Lemma [I]is satisfied and hence
Ol D T S R T TP
A’I‘GA'IF >\1€A1 )\r—leAr—l
for some absolute constant 7 > 0 (see the discussion following Lemma [1)).
Inserting this into and using the estimates k; < (loglogm)?3 and |4;| <
Miki, we get
S| < m~TPMM L M
Thus, from it follows that
5]
My ... M,
and from (10) we get

<m (log log m) 3"

W < 2N17098,
Inserting this into @ and using , we conclude the proof.

CASE 2: M, < N’ In this case we fix all the factors except p1,p2, Pr.
We apply Corollary [3] or [l We choose for the first two factors either py
and po, or pip, and po. Because M; > N® and M, < N , we will get
the required saving in one of these cases. Let us give some details of this
argument.

Define k1, ks € Z4 by

MET amP < mP M <m)? < e,
From the definition of o and 8 we have
1 (logm)'/?

1
k1 < —loglogm, k< —<-—"—"—.
c cf loglogm
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Let
_ kylog M,

~ 3logM;
Note that § < %(log logm)~!. We further consider three subcases:
CASE 2.1: Mfl_H"; < m}/z < Mfl_‘s. Then we apply Corollary (3| to
get (recall that |I;| ~ M;/logm)

lsl k1—1 m]i/2>1/(2k1k2)

— < 0.1(1 + -1
M1-~-Mr m}/2 Mikl

< Ml_a/(%llm) = M V/(6k2)

The upper bound for ks and the lower bound M, > N# yield
|S| < 670.0102B2 logm‘
My ... M,

CASE 2.2: Mfl_é < m}/Q < Mfl. We apply Corollaryin the form

S| _ (@nMoRT g R
M ... M, m/? (M M)k

Mfl_l 1 1/(2k1k2)

CASE 2.3: Mflfl < m}ﬂ < M{“*H‘S. Then k1 > 2 and we apply

Corollary [4 with k; replaced by k1 — 1 in the form

S| _(OnMb? o my? \YERE
M ... M, m}/z (Mer)kl_l
_ 1/(2k1k
- Mrkl 2 N M{S /(2k1k2)
My Mt '

In all three subcases we get the bound
5]
My ... M,
for some constant ¢ > 0. Thus, we eventually arrive at the bound
W < Ne¢'Flogm logm

for some constant ¢’ > 0. Inserting this into @ and using , we conclude
that

< e—c’,BQ logm

’ ) em(am*)’ < Blloglogm) ™I N + Ne=¢"#*1ogm (1og 1)
<N
(loglogm)"

N.
(logm)!/2
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