ACTA ARITHMETICA
115.3 (2004)

The least primitive root in number fields
by

YoNGHUI WANG (Beijing) and CLAUS BAUER (San Francisco, CA)

Dedicated to Prof. Wang Yuan on his 75th birthday

1. Introduction. Let K be an algebraic number field of degree [K : Q]
= n = 11 + 2ry (in the standard notation), d its discriminant, h its class
number, and r = 71 + 79 — 1 its number of fundamental units. Let £, R, and
w denote respectively the group of units, the regulator, and the number of
roots of unity in K.

The conjugates of a number o € K are denoted by a(*¥) (k=1,...,n),
and we write o > 0 to indicate that « is totally positive, i.e. o # 0 and
a®) > 0for 1 <k <ry (soa > 0 means simply a # 0 if K is totally
imaginary). As usual, the numbers eq,..., e 41 are defined by

1 fork=1,...,r1,
k= {2 fork=ri+1,...,71 + ro.
Throughout, x will denote a vector
x=(x1,...,%41) € Rfl,

and
r+1

X :=X(z):= H:UZ’“
k=1

We denote by Ok the ring of integers in K. Let q be an integral ideal
of K. The reduced residue classes of integers (relatively prime to q) form a
group under multiplication; its order is denoted by ¢(q). Let x be a Dirichlet
character of this group. Throughout this paper, we will abbreviate principal
ideals («) as o when no confusion is possible.

Next, we introduce an extended definition of the von Mangoldt function
for ideals. Whereas in the original definition, the argument of the function
must be an ideal, we allow ideal numbers for K as arguments as well. We
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recall that in [3, p. 108], a prime ideal number is defined as an ideal number
that corresponds to a prime ideal in the field K. Now, for an « that is either
a principal ideal or a prime ideal number, we define

log(Np) if @ = pf, p is an prime ideal
(if « is a principal ideal)
(1) Ala) = or p is a prime ideal number
(if v is an ideal number),

0 otherwise.
By using a Perron formula for algebraic number fields, we can show the
following:

THEOREM 1. Under the assumption that the Grand Riemann Hypothesis
(GRH) holds in algebraic number fields, we have
w227
> x(@)A(@)@(jalz™") = g(x) Xt Ok (X'?log(Nq)),

aeO0k
a0

where g(x) = 1 if x is a principal character and 0 otherwise. (x) is a
weight function such that

@) )= @l (a0 D),

Using Theorem 1 and the sieve method in [11], we consider the least
primitive root modulo a prime ideal g. First, we define

(3) I(z) ={a=0]|a®| <crp, k=1,...,r+1}.
We will prove the following theorem:

THEOREM 2. Assume that the Grand Riemann Hypothesis (GRH) holds
in number fields. Then there exists a primitive root o modulo a prime ideal g
such that
o € I(m®log?(N)),

where ¢ is an absolute constant depending only on K, m := w(¢(Nq)), and
w(n) denotes the number of distinct prime divisors of n.

For rational number fields, Burgess [1] has proved unconditionally that
the least positive primitive root modulo a prime ¢ must be less than ¢/4+¢,
Assuming the GRH in rational number fields, Wang Yuan [11] improved
upon this result by showing that the least primitive root must be less
than w%(q — 1)log?q. For algebraic number fields, Hinz [5] first gave an
unconditional bound of a € I.(Ng'/?*) which he later improved [6] to
a € I.(Ng'/**¢). The latter result generalizes Burgess’s result to algebraic
number fields. Here, we intend to generalize Wang Yuan’s conditional result
to algebraic number fields. For this purpose, we need to establish a Perron
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formula that is more accurate than the one used by Hinz, and we will appeal
to the sieve method as in [11].

2. Perron formula in number fields. The Perron formula for the
rational field plays a vital role in analytic number theory, e.g. in proving
the prime number theorem. For algebraic number fields, in 1936, Siegel es-
tablished the so-called Siegel formula for real quadratic number fields [10].
The generalization of his results to totally real number fields and then to
arbitrary algebraic number fields was achieved respectively by Schaal [9] and
Grotz [2]. This work was further generalized by Rausch [8], who established
general identities for weighted sums over algebraic number fields. This paper
will use a simplified version of Rausch’s idea.

In this section, we will first recall some facts from the theory of Gros-
sencharacters and Hecke’s zeta function. Then, we will prove the Perron
formula.

We always assume x to be a character mod q and set r =r;+re—1 > 0.
Let U be the free group of the totally positive free units which are congruent
to 1 mod g, i.e. n =1 mod q for n € U. Therefore, x(n) =1 for n € U.

Hence U has finite index [€ : U] in the units group €. If we fix a basis
m,...,nr of U and define

R(U) := |det(e; log \ngj)], - ejlog i)Y o1l
then (see [8])
€ : U] =wRU)/R.
Following Hecke’s idea [4], we now define the Grdssencharacters A with

respect to U (i.e. A\(n) = 1 for every n € U). For 7 := (11,...,7) € R" define
the numbers

E(1):=(Ei(7),...,Ery1(7))
by the system of equations
r+1 r+1

@ S eEir) =0, Y eBi(n)logln)| =2mm (k=1,...,r).
Jj=1 Jj=1

As in [8], we define a generalized Gréssencharacter as
r+1

(5) Ar(@) = [[ DB (0 # a € K).
j=1

Thus, by (4) for m := (mq,...,m,) € Z" we have A\, (n) = 1 for every n € U,
i.e., Apy is indeed a Grossencharacter with respect to U.

Following Hecke [3, p. 108], we assign to K a system of ideal numbers
aQ, B, .... For an integral ideal o, @ is a specimen out of this system of ideal
numbers such that o = (@). One can deduce from the structure of this
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system that if (@) = (3) then & = B¢ where ¢ € £. Indeed, the system of
ideal numbers splits into h classes,

R(a) ={ap:0e K}.
These classes are mutually disjoint except for the number 0. Further, we

follow [4] and divide the set of ideal numbers into “narrow” classes as follows:
Two ideal numbers & and (3 are in the same class if and only if

Be R(a), and a/B is totally positive.

These classes form a group & of order 2" h (see [5, p. 57]). Let ¢ be a
character of this group. Then for Res > 1, we can transform the following
summation over totally positive algebraic integers into a summation over
ideal integers:

An(@)x{e) (o @)@
O 2 TN :mzz N

aeO0k
a0

2r1h Z Z mX’d) ) ’ say.

We note that on the right hand side, x is extended to a character for all ideal
integers, since according to a general property of characters of finite abelian
groups it is always possible to extend a character given on a subgroup to the
ambient group. We also apply our extended definition of the von Mangoldt
function in (1). We now introduce Hecke’s zeta functions: First, let

Z(37)\mX1/17u) = Z mx¢( ) (RGS > 1)7
IN(@)°
where (@)y means that the sum runs over a complete set of the ideal integers
which are not associated with respect to Y. Since A\, x¥(n) = 1 for n € U,
it is well defined.
We note that the units not associated mod U form a group of order
€ : U] = wR(U)/R. Obviously, \;,x% is a character of this group. In the

next equation, we indicate by (¢)y; the fact that € runs over this group. We
find that

(1) Z(s, Amxb, )
- R "L T a2 T e

R(U) mxp(a) .
_ < R (Z): |N>E )| 1f)‘mX¢(5):1fOr8€5,

0 otherwise.
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If Au(e)x(e)(e) = 1 for € € €, then A\, x¥ is called a Hecke Grossen-
character for ideals, and we may define \,,x1(a) for nonzero ideals a in K
by

AmX (@) 1= Anx (@) := Am(@)x (@)p(@),
where a = ().

If M\pux is a Hecke Grossencharacter, we can define a Hecke zeta function
as follows:

AmX(@ mx (@) 7
C(s; Amx) = (Z): ﬁg‘s) = (]:)[ <1 ‘Niw;‘s)) (Res > 1),

where (9)¢ runs over prime ideal numbers mod &. Therefore, we deduce
from (7) that

Z(Sa)‘mxwau) = C(S’)‘mxw)v

if Aux is a Hecke Grossencharacter. We note that for Res > 1,

log (5, Amxth) = 1ogH<1_%)(‘j> ZZn’,’}iﬁw -

(0)e n=1

wR(U)
R

and obtain
(s Amx) 3 Amx¥(@)A(@)
(@)e

(s, Amxyp) IN@)|*

where A(a@) is the von Mangoldt function defined in (1). Arguing as in (6)
and (7), we find:

/\mX( )A a mxw a )
®) (%: N 27“1h Z Z T IN@PF
a0

mw a)A
szz T St
ZC 8, AmXY)
~on hR (s, Amx®)’
where Zw runs over A, x¥ that are Hecke Grossencharacters, i.e. Ay, x(€)
=1foralle € &.
We will now begin with the preparations for the proof of the Perron
formula which will allow us to estimate the sum > x(a)A(a)@(Jajz™!) via
Hecke’s zeta functions. Our result can be regarded as a simplified case of the

theorem of Rausch [8, Theorems 2.1 and 2.2], the difference being that we
do not apply a complicated smoothing integral operator as in [8, Theorems
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2.1 and 2.2], since our weight function @ is already sufficiently smooth. This
simplifies our application in this paper.

We now define the (r + 1)-dimensional Mellin transform of ®(u) =
e~ (Uit Fury1) gq

r+1 r+1
U(s):=2" S D(u) H uzks’“_l du = 2" H I'(egsk)
R:_Jrl =1 k=1
for s = (s1,...,8r41) € C"TL.

We first consider the special case of
> Am@(nlzh),
neu

where )\ is a generalized Grossencharacter defined as
r+1

)= H ‘a(k)‘iekbk_
k=1
LEMMA 1. We have

9) > Ame(nlz"!

neu
1 2+4ico r41 ot )
_ . . e (s+iby—i1EL(m
= 5B ) Em Q_Smo@(s +1ib —iE(m)) klzll T, ds,

where m runs through Z", and we use the abbreviation
s+ib—iE(m) = (s +iby —iE1(m),...,s +ibyy1 — iE,11(m)).
Proof. This is a special case of [8, Theorem 2.1]. Since

r+1

s) = 2" [ [ Ilexs),
k=1

and I'(o + it) is of exponential decay in |t|, the sum and integrals on the
right converge absolutely. Thus, there is no need to apply the smoothing
operator as in [8, Theorem 2.1]. Hence, by the same argument of applying
Poisson summation as in [8, Theorem 2.1], the lemma is proved. =

Therefore we get the Perron formula for number fields as follows.

THEOREM 3. Set s —iE(m) := (s — Ei(m),...,s — Er4+1(m)). Then

W21 2-+i00

S, Am,
(10) > Ax(a)d(lafz™) = - R ZZ S ?Tw

a>0 EZT




The least primitive root in number fields 275

r+1

x [T (er(s — iB(m)))a =) g
k=1

w2r2 r 24100

G AmX®) v i) ds
: Z %Z: S@-oo 5 hmn ) Y(s —iE(m))ds,

where m runs over Z" (md Y runs over characters of & (see (6)) such that
Am XV s a Hecke Grossencharacter, and

r+1 r+1

= [1Yitse) = [T (@ (ersp)afs™)
k=1 k=1
for s = (s1,...,8.41) € C"HL,

Proof. Using Lemma 1 with by = 0 and noting that x1(n) = 1 forn € U
and A(as) = A(A) for e € £, we see that

Y x(@A@d(|alz™h) = Y x(@)A(a) Y e(|nl(jalz™1))
a>0

(@u neu
a>0
1 24100
= miRW) > x(@A@) > | (s —iE(m))
() MEL" 2—1i00
a>0
r+1
% H(’Oé(k)|_133k)ek(s_iEk(m))dS.
k=1

Note that N(a) = [[rE (™) and Ay (a) = [TrL] [ [ferBr(m) | hence
the above is

1 2+i00
= iR > | w(s—iE(m))

meZ" 2—ioco

r+1
y (Z A(a)x(a)Am(a)> per(s=iBu(m) 4

(u [N {e)l? k=1 '
a0
2+100 r+1
. ¢'(8, AmX¥) er(s—iEy(m))
= s—1E(m)) ————= T ds.
zmhRZm%T i Sm m) C(s, Amxp) £27H

The last equality follows from (8) and (5), as each expression A, x¥ is a
Hecke Grossencharacter while m runs over Z" and 1 runs over characters
of & (see (6)). Hence, we get the desired Perron formula. m

We assume that for a given x, A, x% is a Hecke Grossencharacter, i.e.
AmX¥(e) =1 for all e € £. We let E(m) = (E1(m),...,Er41(m)) as in (4)
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and let 1, ..., &, be a basis of the subgroup of £ that contains all torsion-free
elements of £. We derive from (4) and (5) a system of equations

r+1 r+1
ZejEj( =0 Ze] log|£,g |=2mm) +ilog x(er) (k=1,...,7).

Since || = 1, ilog x is real. Then we get
1

(1) By(m) = B3 (i + g tow o) )
T k=1,...r

where E’(7) denotes the solution of

r+1 r+1
(12) ZejE;(T) =0, Ze]E' ) log ]5 ] =2rr, (k=1,...,r).

We will use this relation to show in Lemma 6 that the summation over
m which runs over Z" with A\, x% being Hecke Grossencharacter does not
depend on U.

3. Estimate for Hecke’s zeta functions. In this section, we will de-
rive several estimates for Hecke’s zeta functions. If x is a nonprincipal char-
acter modulo q (q#(1)), ¢ is a character of the “narrow” class group & in
(6), and A, is the generalized Grossencharacter (5) such that A\, x1(e) =
for e € E, then A\, x%¥ is a nonprincipal Hecke Grossencharacter. And if
x is a primitive character modgq, then A,,x% is also a primitive Hecke
Grossencharacter (see [4]). We note that if x is not primitive, then it is
induced by a primitive character x* mod f, where f|q. In this case,

(13) ¢, AmX®) = €8, Amx™ ) [ [(1 = Amx "0 (p) Np~*)

pla

= Cls dax ) (D p(@) Ay (@) Na).

alq

Hence, we can reduce our investigations to the case that A,y is primi-
tive modulo f, where f| q. For primitive A, x%, Hecke (see [4, p. 35]) obtained
the following functional equation for {(s, Ay xt): Let

r1+r2

(5, Amx®) = (5, A ) Hr( (stawtiBm) ) [T DlstiBim).

k=r1+1

where ay,...,a,, are determined by the sign character induced by x1 (see
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[4, p. 20]). Then
(s, Amx®)) = (s, Amxt)
T1 1 r1+72
X HF<§(5+ak —iEk(m))> II r(s—iExm)),
k=1 k=r1+1

and we have the functional equation

£(8, Amx¥) = W(AmXT/J)Al_%é(l = 8, AmXV),
where [W (A x?)| =1, A= /|d|N(f)/mm27"2.
Using the functional equation, the Phragmén—Lindelof principle, and the
relation (13), the following lemma is shown in [5, Lemma 2] for all A\, xv:

LEMMA 2. Let 0 <n <1/2, then for —n < o < 1+mn, where s = o + it,
we have
r+1

Gl Mxth) e (Na(L+ )" [T + | Be(m) )
k=1

= (Ng[E(m)|(L+ [¢])")H1=)/2,
where |E(m)|:= [T, (1+ | Ep(m)]).

Applying Lemma 2 of Moroz [7, p. 54|, and in particular taking the order
of ¢(s, \mXx?) in his lemma, one obtains:

(I4+n—0)/2

LEMMA 3 ([7, p. 55, Proposition 2]). If o = o + iy are the nontrivial
zeros of C(8, AmXx¥), then the number of zeros such that | < v < 1+ 1 is
O(log(Nq|E(m)|([I] +1)™)).

For the entire function £(s, Ay x¥), we write the Weierstrass product

where o runs over all nontrivial zeros of (s, A, x?). Using this presentation,
we follow the argument in [7, p. 55, Lemma 3] to obtain

¢’ (8, Amx¥)
C(8, Amx¥)
= 3 =~ g0x) (1 ¥ %) + O(log(Nal E(m)| (] + 2)")

e

_ ¥ %_g%m(gi)+o<1og<Nq|E<m>|<|t|+2>“>>,

<1 ® 2

with —1/4 < Res < 2. Now, g(Amx¥) = 1 if A\, x® is principal and 0
otherwise. The last equality above is deduced using Lemma 3.

(14)
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Hence, the residue of the Hecke zeta function is:

/
Res s, Amx¥) =1 if o is a zero of ((s, A\ x¥),
(15) C(sa )\me) S=p
¢'(8, Amxa) : L
Res m = —1 if A\ x¥ is principal.
S, AmX s=0,1

Using again Lemma 3, we obtain:

LEMMA 4. For alll € Z, |l| > 2, there exists Ty € (1,1 + 1) such that
(o +iTi, Amx¥))
C(o +iTh, Amxt))

Proof. By Lemma 3, for each A, x% there exists a positive constant ¢
and T; € (1,1 + 1) such that there is no zero of (s, Ay x?) in the region

[T s — Ty < clog™! (Na| E(m)|(|Ti| + 1)").
Then we get the lemma by applying (14) and Lemma 3. =

< log*(NalE(m)|(|Ty| +1)").

Furthermore, if we assume GRH, i.e. all the nontrivial zeros of (s, Ay x)
have the form ¢ = 1/2 + i~y, then by (14) and Lemma 3 we have:

LEMMA 5. Assuming the GRH, we have

% @ + it, Amw,) < log(Nq|E(m)|(|t] +1)").

4. Estimate for character sums and proof of Theorem 1. We
suppose r > 0; then R # 0. Define Ex(m) as in (4) for a general Grossen-
character \,, with respect to i/, and set

Wi(m) := Ex(m) — Eryi(m)  (k=1,...,r).
This is an r-dimensional lattice, and by Rausch [8, Lemma 4.4, for any fixed
w = (wy,...,w,) €R",
(16) #H{meZ 1w, <Wig(m) <wp+1, k=1,...,7} < RU).
We will show in the following similar lemma that the distribution of Ej(m)

such that all A\, x¥ are Hecke Grossencharacters for fixed x no longer
depends on U:

LEMMA 6. Let Ei(m) be as in (4) such that Ay xy are Hecke Gréssen-
characters for fixed xi. Then

#H{meZ 1€l :w,<l—Ex(m)<wp+1,k=1,...,r+1} < R.

Proof. By (11), if A, x¥ are Hecke Grossencharacters for fixed y, then
there exist m’ € Z" and fixed z € R” such that

Ep(m) = Ei(m' +2), Wi(m)=W(m'+ 2),
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where m’ + z := (m} +z1,...,m. + z,), and E'(7) is defined as in (12) with
respect to €. Since R, R(U) # 0 the correspondence m — m’ defined by (11)
is then injective.
If
w <l—Ex(m)<wp+1, k=1,...,r+1,

then

Wrp1 —wgp — 1L < Wi(m' + 2) < wpgq —wy + 1.
By the injectivity of m — m/’, it suffices to prove that the number of the m’
satisfying the above inequality is at most R. This can be done by the same
argument as in Rausch [8, Lemma 4.4] with the added fixed z. And for a
fixed m, there exists at most one [ satisfying our assumption. The assertion
follows. =

Now, we will use the Perron formula (10) to prove Theorem 1. Assuming
the General Riemann Hypothesis for Hecke zeta functions, we denote by
>, the fact that ¢ := o™ :=1/2 + iv(™) runs over the nontrivial zeros of
C(s, Amx®). We first assume that x is nonprincipal; then A, x% can only run
over nonprincipal Hecke Grossencharacters, and ¢'(s, Ay x%) /¢ (s, Amx?) has
its all poles at o(™s with residue 1 by (14). From Cauchy’s theorem and
Lemmas 4 and 5, we obtain

241400 r+1

S::Z S (5 dmxv) HYks—zEk m))ds

MELT 2—ico G(s, Amx)

- 5 ST+ - mon)

MEL" ~(m) k=1
1/3+ic0 r+1

¢'(8, Amx¥)
+ 252X TT v, (s — iEj(m)) ds
m%r 1/3S—ioo ¢ (5, Amx¥) H 8 o

r+1
L. m e i(~(M_E, (m
<> > H{F<ek<§+z(v< )—Ek(m))>>xk’“(l/z+ (=B ( )))H

mez" ,y(m) k=1
oo r+1
+X1/3 Z lOg Nq’E S Hefﬂt Er(m)|/2 dt.
meZ” —o0 k=1
By the well known estimate I'(o + it) < [t|7~1/2e~7IH/2,

r+1

S < X1/2< S S II™ - Ek(,n)‘ek_l/ae—ww(m—Ek(mwz)

mEeL" n(m) k=1
r+1

+ X3 Z log(Ng|E(m ZH —mll=Eg(m)|/2

meL” 1€Z k=1
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<x23 % H — Iy — By (m)|/2

MELT (m) k=1

r+1
+ X33 " log(Nq|E(m)|) Y J[ e Frlmir2
meZ” 1€Z k=1

=: XI/QSI + X1/352.

We use Lemma 3 to estimate S7 as follows:
r+1

_ Z Z H —|y(™) —Ey(m)|/2

MEL" ~(m) k=1
r+1

cXL Y X e

MmEL" €L |<~y(m)<]+1 k=1

r—+1
PPN S
mezZ" I€Z k=1 l<y(m)<i+1
r—+1

< YOS [ e IR 10g(Ng| E(m)| (1] + 1))
meL 1€Z k=1
r+1
&< lOg Nq Z Z H e_ll—Ek(m)‘/Q
meZT I€Z k=1
r+1
+ > ] e I 2 10g (1) + 1)
meZ™ 1€Z k=1
r+1
3 SO e 21060 B ()
meZT 1€Z k=1
=: Si1log(Nq) + Si2 + Sis.
For S11, by Lemma 6, we have
r+1

Su= Y S [[e i

meZ" leZ k=1

r+1
< 3 et X % 1
weZr+1 k=1 meEZ” I€Z
wi <= E(m)<wi+1
r+1

<R Y J]e™”? <R

weZr 1 k=1
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For S92, we see that
r+1

Siz = Y > [ e IR 10g()1] + 1)

mezZ" leZ k=1

< Z Z e~ (U=1Ert1(m)])/2 log(|I| + 1) H o~ (I=Ex(m)])/2

MELT 1| 2| Ers1 (m)] k=1

+ Z Z eU=1Er1(mID/2 10g(| By g (m)]+1) H e~ (1=Ex(m)])/2

MEL” |[|<|Erq1(m)|

< Z Z H e—(ll—Ek(m)l)/2(e\—ll\/3+|Er+1(m)|/2l + el\l\/Q—IEr+1(m)|/3l)

mez" leZ k=1

< Z ZH (ll=Ex(m))) /2<Z [(=1)"1/34Er+1(m)/2]

mezZ" leZ k=1 u=0
+ 21: e\l/2+(—1)“Er+1<m>/3|)
u=0
< Z > Z( 1)"1/3+Br41(m)/2) H (1~ Ex(m)))/2
u=0mez" leZ k=1

1 ell/24 (1) Erpr (m)/3] H (Ji—Ex(m)]) /2) <R

The last inequality is achleved by the same argument applied to Si1. Simi-
larly, we obtain S13 < R, Sy < Rlog(Nq). Thus,

(17) S < X'?2Rlog(Nq).

Applying the Perron formula (10) and (17), we obtain for a nonprincipal
character x:

> x(@)A(@)d(|alz™)
a0

2+ic0
H 5 )\mX"vZ))

S 5 )\mX"vZ))

MEZL" 2—ico
< XY?1log(Nq).

If A\ x® is principal, then ' (s, A x¥)/C(s, Amx¥) has poles at s = 0,1
with residue —1 by (14) and (15). When A, x% is principal, it can be
easily seen that the means x, A, 1 are all principal. Using again the Perron

H Yi(s — iEy(m)) ds
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formula (10) and Cauchy’s theorem, we obtain

> x(@)A(a)d(|alz!

a>0
W2 ] 2+zoo r+l
hR 2mi 2_200
24100 r+1
w2’“2 " ¢'(8, Amx¥)
ZZ 5 X WHYN—@Ek< m)) ds,
EZT —100

where >* mezr denotes that A, x1 runs over nonprincipal Hecke Gréssen-
characters.

Arguing as above, we find that

w227
>~ x(@)A(@)B(Jafa™") = = X + O (X' log(Na)
a>0

for a principal character y. This proves Theorem 1.

5. The least primitive root. For (a,q) = 1, denote by ind o the index
modulo q with respect to a fixed primitive root g, i.e. a = ¢™4® (modq). If
d| ¢(Ngq), then

Galr) = Y Aol = 2 3" A@)@(alr) Y vala)

ind a=0 (mod d) a>0
a>0
d > Aa)d(|alz! dz > xale) A(e)B(|ala™1),
a0 Xd a0
(a,q)=1

where Z;d means that y, runs over all nonprincipal characters modulo g
that satisfy xg = X0- By Theorem 1, we have

(18) Z/l ®(|ajz!) + O(X?log(Nq)).
a>0

Let I.(z) :== {a = 0 | [a®)| < ¢z} as in (3). One can assume for the
convenience of computation that

chek/”gxkgcllxek/", E=1,....,r+1,

where the positive constants c{, ¢, depend on the field K only. This as-
sumption can be justified by multiplying a suitably chosen totally positive
unit ¢ € K (see proof in [5, p. 62, (13)]). If a & I.(z), then there exists
k such that |a®)| > czy. For convenience, we assume that k = 1. Taking
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z' = (2z1,23,...,%,41), we apply partial summation with respect to [a(M]:
(19) > A@)d(|ajz)
laM|>cay
a>0 _
= > M@)d(al@) e V2 < opxel,
laMW|>czq
a0

where C is an absolute constant only depending on K that is derived from
the inequality

(20) CoX <> Aa)d(lafz™") < C1X,
ax0
which follows from Theorem 1. Hence,
(21) Z A(@)®(|alz™h) < CoyXec0/?
ag[ao( )
a0
with Cy = nC; depending only on K as well.
Let
H b, P = H p (Cl > 2)7
pl¢(Nq) plp(Na)
p<cimlogdm

where m = w(¢(Nq)). It is easily seen that « is a primitive root modulo q if
(ind o, P) = 1. We consider the summation over primitive roots as follows:

(22) N@)= Y. Al)(laja™)

(ind o, P)=1
a>0
> 3 Aol - Y Gya)
(ind o, Py )=1 pl¢(Na)
a0 p>cimlogdm

=M@) - > ZA (lale™!)+O(mX " log(Na))
plo(Nq) P axo

p>cimlogdm
1
ZM(w)—H(w)( > —>+0(mX1/210g(Nq)),
p
plo(Nq)
p>cimlogdm
where
M):= > AMa)d(|lalz™), = Ae)B(|afr!
(ind o, P )=1 a0

a0

We now quote a lemma from [11, Lemma 4] that is based on the sieve
method:



284 Y. H. Wang and C. Bauer
LEMMA 7. Let I' be an index set, and L : I' — Z and W : I’ — R be

such that
Sa = Z W)

yerl
L(v)=0 (mod d)

exists for any d and satisfies
M

Let p1,...,pr be distinct primes with Q = p1---p-. Then
1
T:i= Y Wy= C3MH (1 — —) +O(p*PN),
yel’ i=1 v

(L(7),Q)=1
with an absolute positive constant C.

Applying Lemma 7 with 7' = M(z) and Q) = Py, from (18) we obtain

>%IIO——> 2) + O((eym) % X /2 log(N )
plP1

> B F(2) 4+ O((erm) > X 2 log(Ng))

~ log(cim) ’

where ('3 is an absolute constant.

Taking c¢; sufficiently large, from (20) and (22) we obtain
N(z) > C3Cy Cy

log ¢ log4m G log 4m

C4 2.991 y1/2

X + O((crm)**1 X1/ 1og(Nq))

with an absolute positive constant Cjy.
Finally, we split N ( ) into two sums:

Z A()®(|a)z™? Z A()®(|ajz™t) = 21+Z2.

OCEIC()(Z’) O[QIC()( )
a0 a0

By (21), 3, < CoXe™/2. Taking ¢y = c2log4m with a sufficiently large
co = ca(c1), we have
C
> X 0] 2.991X1/2 1 N
>\ 2 oreiorin X+ Olem) og(Na))
with an absolute constant C. Hence, there exists a constant ¢ such that if
X = cm®¥1og?(Nq), then Y, > 0. This proves Theorem 2.
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