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1. Introduction. Let [ be a prime number > 5, ( a primitive /th root
of unity in an algebraic closure of the field Q; of l-adic numbers, K = Q((),
Ok =Z[C], A =1—¢, K = Q(¢), the A-adic completion of K, and Oz =
Z1[C], where Z; is the ring of l-adic integers. The group of units of a ring O
is denoted by O*. For «, 3 € IA(*, we write

(a, B)r = ¢1*P1 with [, 8] in F, = Z/IZ
for the Hilbert symbol as defined in [3], inverse of the one in [2]. Namely,

al/l
(aaﬁ))\ = w<ﬁc>¥$/l )7
where ¢ : K* — Gal(K(a!/!))|K) is the local Artin map associated with
the extension K (a/ l)|IA( . This bilinear, skew-symmetric symbol defines an
orthogonality relation in K* by the condition [, §] = 0. Let C be the group
of cyclotomic units of K, i.e. the subgroup of O} generated by the special
units
1-¢F  op(N)
Uk = = )
1-¢ A

where oy is the element of the Galois group of K |Q; defined by o%(¢) =
¢* (k € Z\1Z). Fix an element a € Z \ {0} and, for n € N\ {0}, let
ap = a" — (" In 1989, G. Terjanian ([7]) conjectured that

(TC) If a € Z\IZ and an = a—( is orthogonal to C, then a = £1 (mod ).

He showed that (TC) is true for the regular primes ! and for those for which
2!=1 £ 1 (mod ?) or the Bernoulli number B;_3 # 0 (mod ). More recently,
B. Angles ([1]) showed that Eichler’s condition, i(l) < v/I — 2, for the index
of irregularity i(!) of the prime [ ([8]), implies that (TC) is true for .
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In this paper, we study the following weak form of the conjecture:

(WTC) If a € Z\IZ and, for all n € N\ IN, a,, = a™ — (" is orthogonal
to C, then a = £1 (modl).

We can also state (TC) and (WTC) in an equivalent form using the group
pi—1 of (I — 1)th roots of unity in Zj. Indeed, for any a € Z \ IZ, there
is an w € g1 such that w = a (mod!), namely w = lim, . a'" ([4]).
Therefore w = a' (mod[?) and, by the properties of the Hilbert symbol,
[w — ¢ u] = [a!™ — ¢, u] for all u € ZF and n € N\ IN. Thus, w" — (" is
orthogonal to C if and only if a'® —(™ is. Moreover, if a™ —(" is orthogonal to
C (n € N\IN), then a'~! = 1 (mod ?) ([7]) and w" —(" = a!"—(" = a"—("
(mod [?), so that w"™ — (" = o, (w" — () is orthogonal to C, i.e. w™ — ( is
orthogonal to C. Also, since w!" = w (k€ N) and w™! = w!=2, we see that,
for any m € Z \ {0}, w™ — { = w"™ — ( for some n € N\ IN; as to m = 0,
the element A is anyway orthogonal to C. Therefore the assumption in (TC)
(resp. in (WTC)) entails the orthogonality of w — ¢ (resp. of w™ — (, for all
m € Z) to C. On the other hand, a = £1 (mod!) if and only if w = +1
(mod 1), which, by a simple induction argument, amounts to w = W' =+1
(mod (™*1) for all n > 1, i.e. to w = £1. It follows that (TC) and (WTC)
are respectively equivalent to

(TC) If we€ p—1 and w — C is orthogonal to C, then w? = 1.
(WTC)  If we w1 and, for all n € Z, w™ — ( is orthogonal to C, then
w?=1.

In fact, the assumption in (WTC) is equivalent to: w™ — ( is orthogonal to
C for 1 <n < f—1, where f is the order of w.

We first derive some properties of the Hilbert symbol and some explicit
expressions obtained via the Artin—Hasse reciprocity law, that we need in
what follows. We then establish orthogonality relations between some classes
of elements w™ — ¢ and o (w"™ — ¢) and deduce the validity of (WTC) under
certain conditions. Thus if (WTC) fails for [ then there exists a divisor f >
11 of I — 1 such that for any divisor d of f, d"~! =1 (mod[?). Furthermore,
(WTC) is true for every prime [ of one of the following forms: | = 2" + 1;
or | = 2" —1; or | = 2hoph + 1 with hg < 3, p prime and h > 1; or
[ = 2’1010}1“1)32 + 1 with hg < 3, p1,p2 primes and hi,hy > 1 such that
hiq(p:) £ 1 (modl) (i =1,2); or I = 2"hopht _ phm where the p; are primes
and the h; > 1 are such that >..", hiq(p;) # 1 (modl) or hy < 3 and
pi7t # 1 (mod1?) for 1 < i < m. Here q(x) = (z/~* — 1)/l is the Fermat
quotient for x € Z;.

2. Properties of the Hilbert symbol. The Hilbert symbol has the
following fundamental properties (see [2, Ch. 12, §1]).
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LEMMA 1. For any x,y,z € IA(*, we have:
(1) [zy, 2] = [z, 2] + [y, 2]; [2",y] =[x, y"] = n[z,y] (n € Z);
[yam] - —[l',y]; [xvj:x] =0.
(2) If x# 1 then [x,1 —2]=0. If x # —1 then [z,1+ x] = 0.
(3) If x # —y then [x,y] = [z, 2 +y] + [z + v, y].
If x #y then [z,y] =[x,z — y] + [z — vy, y].
LEMMA 2. (1) For z,y € K* and k € Z\ 1Z, [ok(z), ox(y)] = [z, y].
(2) If F is a proper subfield of K and x,y € F* then [z,y] = 0.
(3) The group C of cyclotomic units is invariant under the action of
Gal(K|Q)), i.e. 0x(C) = C for any k € Z.\ IZ.

We denote by vy the normalized A-adic valuation of K.

LeMMA 3. (1) If a € O% satisfies o'~ = 1 (mod A1), then o is or-
thogonal to K*. In particular, any w € w—1 s orthogonal to K*.

(2) If x1,22,y1,Y2 € K* are such that ua(z1) = va(z2) = h, va(y1) =
ua(y2) = k, va(z1 —x2) > L+ h+1 and va(yr —y2) > L+ k + 1, then
[21, 1] = [z2, y2].

Proof. (1) By an application of Hensel’s lemma, a unit of K which is
congruent to an [th power (modA!*1) is an Ith power in K ([2, Ch. 12,
Lemma 4]). In particular, if a/=! = 1 (mod A'*!) then o!~! = 4! for some
v € 0% and [a,y] = —[a! 1, y] = ~l[y,y] = 0.

(2) We have z; = Ma; and y; = M\3;, with a4, 3; € (9;? (i =1,2).
Moreover, vy (a1 —az) = va(x1 —x2) —h > 1+1, ie. alag_l =1 (mod A*1);
and similarly 818, * = 1 (mod A"*1). Then, by (1), 125" = aja; " and

y1ys L = BBy " are orthogonal to K*. In particular, [z125",91] = 0 and
[$2,y1y2_1] = 0, i.e. [x1,11] = [z2,y1] and [z2,y1] = [z2,y2]. Hence the
result.

LemMa 4. (1) If o, B € OF are such that =1 =1 (mod \¥) and B\~ =
1 (mod M), with i, € N, and i+ j > 1+ 1, then [a, 8] = 0.

(2) If a € O~ satisfies o= =1 (mod \!), then « is orthogonal to O%.

(3) If ar,2,01,02 € O% are such that o™t = abt (mod A and

=0 (mod M), then [, Bi] = [, Ba].

Proof. (1) If i =0 or j = 0, the result follows from Lemma 3(1). More-
over, since [a, 3] = [a!~!, 871], we may then assume that o = 1 (mod \?)
and 3 = 1 (mod M), with ¢, > 1 and i + j > [ + 1. The proof uses the
multiplicative basis 7; = 1 — A* (i > 1) of the principal units (i.e. those = 1
(mod \)) of K.
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Note first that the property holds for the n;’s. Indeed, from the rela-
tion n;4+; = n; + NMn;, we deduce, via Lemma 1, that [1;,n;] = [, 7i+;] +
[Mi+5.m5] + J[A nit4]; and each of the last three symbols is zero, by Lem-
ma 3(1).

Then the property is extended to all the principal units, using a descend-
ing induction on ¢+ j and the fact that we can write o« = /"o’ and § = n?ﬁ’,
with m,n € Z and o/, 3" € O such that o/ =1 (mod Ait1) and 3 =1
(mod A *1). Indeed, since by the binomial formula 7 = 1 — kA? (mod A+1)
(for k € Z) and since (1 — @) /A" is in Oz and is thus = m (mod \) for some
m € Z, it follows that we may take o/ = an; ™, as it is = 1 (mod \*T1);
similarly for 8’. Therefore [a, 5] = mn[n;, n;] +m[n;, B'] +nla’, ;] + [/, 5],
where the last three symbols are zero by the induction assumption and the
one before them is zero by the property for the 7;’s. Hence the result in
general.

(2) For 8 € O%, we have B=1 =1 (mod \), and since o't = 1 (mod \!),
(1) shows that [a, 3] = 0.

(3) We have (a5 1) 1 =1 (mod A and thus, by (2), [aia5 *, 81] = 0,
i.e. [041,51] = [042,51]. Similarly, [052,,61,62_1] = 0, i.e. [Oég,,@l] = [ag,ﬂg].
Hence the result.

LEMMA 5. (1) If z,y € K* are of the form x = M'u and y = \Fv, where
u,v € OF are global units and h,k € Z, then [x,y] = 0.

(2) The Q-congugates of C, of X and of the elements of C' are pairwise
orthogonal.

(3) If w € py—1 has order f, then, for any n € Z such that f|2n, w™ —(
is orthogonal to its Q;-conjugates, to those of A and to C.

Proof. (1) By the product formula for the Hilbert symbols over all the
primes (finite or infinite) p of K ([2, Ch. 12, Theorem 13]), for z,y € K*,
[1,(z,y)p = 1. Moreover, from the properties of the local Artin maps, if p
is finite, p{{ and the p-adic valuations vy (z) = v, (y) = 0, then (z,y), = 1.
Also, for the infinite primes p, the completion of K at p is ~ C and thus
(x,y)p = 1. Therefore, for z, y as in the statement, (z,y), = 1 for all p # (\).
Thus, the product formula reduces to (z,y)x =1, i.e. [z,y] = 0.

(2) follows immediately from (1).

(3) Since f|2n, we see that w?* = 1, i.e. w” = £1. Hence w" — ( =
1 —-(=Xor =—(1+() = —02(\)/\ = —ug, which lies in C. Hence the
result, by (2).

LEMMA 6. (1) If o, 3 € (9}( and ag,a1,b € Z; are such that o = ag+ai A
(mod A?) and B =0b (mod\), then [, B] = (a1 /ao)q(b).
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(2) For u,v,z,y € Z; such that 11 (u+ v)(x +y), we have
(uy —vz)t — (u+ )yt +ol(x +y)
lu+v)(z +y) '

(3) If a € O%, then [o,¢] = (N(a) = 1)/l, where N is the norm in
K|Q.

(4) If a € Z}, then [a,\] = %q(a).

Proof. (1) By Lemma 4, [, 3] = [«,b]. Then, by [6, Corollary 1 to
Theorem 2 and the Remark after Corollary 2],

a pi-1 —1
b= 2L
[a’ ] ao l

[u+ vl x+yl] =

Hence the result.
(2) This results from [6, Theorem 3 and its Corollary 2] by the same
calculation that gave the expression for

x4+ yC U+ v¢ _1_
() (F52) —ltvcoru

which, in view of the note following that theorem, is valid for [u+v(, x4+ y(]
when w,v,z,y € Z;.

(3) This results from [6, Theorem 2 and the Remark after its Corollary 2],
since ( =1 — A and log ¢ = 0.

(4) By [2, Ch. 12, Th. 10], whose third part is missing a factor 1/ of
¢log ar, and in which the symbol is the opposite of the one in [3], used here,

we have
1
[a, \] = ~7 Tr <§loga>,

where Tr is the trace map in IA(|@1. Since a € Z;, we find that a!~! =1
(mod!) and

1

T (a'"t —1) = —(a'"! = 1) (mod1?).

log(a'™1) =

1 —
e -1

Hence
¢

X loga = —%((Jbl*1 —1) (mod*D71),

where ® = (A7) is the different ideal of K |Q;, and therefore

Tr <§ loga> =—(a""1=1)Tr (%) (mod ?)

(cf. [5, p. 150]). Moreover, Tr(¢/A) = Tr(1/A —1) = Tr(1/A) — (I — 1) and,
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by [5, p. 173], Tr(1/X) = (I — 1)/2. Thus

Tr (% log a> = - 1(al_1 -1)= —l(al_l —1) (mod??).

The result follows by substitution into the expression of [a, A].
LEMMA 7. Let a € Z;.
(1) If a® #1 (modl) then

0= 6a? = ) = - (a(2) + q(0)).
(2) If a® #1 (modl) then
0= Ga® = ¢ = 351 ) + 20(@),

where, for any x € Z}, q(z) = (z'=1 = 1) /1.

Proof. We use the notation «a,, = a™ — (™.
(1) Since a2 = (a + ¢)aa, we see that [a1,a2] = [a — (,a+ (]. B
Lemma 6(2),

[a—Ca+ ()= (()2 0 = fﬁlfJ(Qa).
The result follows by noting that ¢(2a) = ¢(2)+¢(a) (mod!) ([5, Lemma 2]).

(2) Since a3 = (a®+al+(?)ay, we ﬁnd that [aq, as] = l[al,a +al+(?.
By Lemma 1 [@?,a? +aC + ¢?] = [o3, 3al] + [3a(, a3/a1]. Hence [a1,a3] =

[al, 3al] — [ag, 3a(]. For n =1 or 3, we have [ay,, 3a(] = [au, 3a] + [au, (],
and since a, = a™ — (1 = A)" = a™ — 1+ nA (mod A\?), Lemma 6 shows that
N(a,) —1
[atn, 3a] = q(3a) and |an,,(] = L.

l
Moreover, since N(a,) = (a™ —1)/(a™ — 1), it follows that

N(op)—1  a™—a"  a" n
TPy Rl LGS

Therefore,
[an:3€) = —"—=(4(3) + (" + 1)g(a)

(using the additivity of ¢(z) (mod!) [5, Lemma 2]). The result now follows
by substitution.

LEMMA 8. Let w € py—1.

(1) For anyn € Z and k € Z\1Z, [w™ + ¢*,{] = 0.
(2) For any j,m,n€Z and k € Z\1Z, [w™™ -7, w" — (¥ =[w™ — {7,
w”—Ck].
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(3) For any j,k,m,n € Z such that 1],
W™ = T, w" = ¢F] = [ = ¢, wm = (R [ - TR )
(4) For any j,k,m,n € Z such that 11j + k,
W™ = 7w = (Pl = W™ = WM = R [ — R — (P,
Proof. (1) By Lemma 1,
o ¢4, €] = Tl 4 B, 0] = (" = ¢ ]+ o, )
The last two symbols are zero since, by ‘Lemma 3, wis orthogonal to K*.
(2) We have w™™ — (77 = —w™™( 7 (w™ — (7). Therefore
W™ = ¢ W = ] = [ = W = ¢ = mw, 0™ = ¢ = G W = CFL
The latter symbol is zero by (1) above, and the one before it is zero since w

is orthogonal to K*. Hence the result.
(3) We have w" — ¢F = w" ™(w™ — w™ "(*). Since w is orthogonal

to K*, it follows that [w™ — (7, w" — ¢F] = [w™ — ¢J,w™ — W™ "(CF]. By
Lemma 1, we have
[wm _ Cj’wm _ wmfnck] — [wm _ Cj’wmfnck _ <]]

+ [wmfnck _ Cj’wm _ wmfnck].

Since w™ "¢k — ¢4 = (F(wm™ — ¢77%) and, by (1) above, as 1], C is

orthogonal to w™—¢7, we find that [w™—(7, W™ "(F—(I] = [Wm (7, W™ " —
¢7~*]. Also, and since w is orthogonal to K*, we have
[wm—nck - Cj’wm - wm—nck] = [Ck(wm—n - Cj_k)a w" = Ck]

= [Ckvwn - Ck] + [wm—n - Cj_kvwn - Ck]
and [¢F,w™ — ¢¥] = [¢*,w"] + [w",w™ — ¢*] = 0. Therefore
[wm—nck . ijwm o wm—nck] — [wm—n o C—j—k:7wn o Ck]
and the result follows.
(4) It follows from (3) that
W — IR o — (M = [ — R o™ = ] [0 — ¢ = Y,

Hence the result.

3. Orthogonality conditions. In what follows, w will denote an ele-
ment of y;_1 of order f.

PROPOSITION 1. Assume that, for some n € Z, w™ — ( is orthogonal
to C. Then

(1) w™ — ¢ is orthogonal to its Q;-conjugates and to those of .
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(2) If w?™ # 1, then (W™ —1)I71 = (W™ + 1)""! =1 (mod ?), and thus
w™ + 1 are orthogonal to K*.

Proof. By the same arguments as in the proof of [5, Proposition 6(b)],
applied to w™ instead of a, since w™ — ( is orthogonal to C, it is orthogonal
to its Q;-conjugates and to those of A. In particular, [w"™ — (, A] = 0. But,
by Lemma 1,

W' =A== W =1+ AN =W =1+ A w" = 1]+ [w" =1, Al

And, by Lemma 6, since w™ # 1, we have

1 1
[w"—l—}—)\,w”—l]:wn_lq(w”—l) and [w"—l,)\}:§q(w”—1).
Thus "yl

w

and since w™ # —1, this implies that ¢(w™ —1) = 0in F, i.e. (W —1)""1 =
(mod[?). On the other hand, w™ — ¢ is also orthogonal to the cyclotomic
unit ug = 1 + (. Therefore, similarly using Lemmas 1 and 6, we get

W' =1+ =[w" =1+ A"+ 1]+ W'+ 1,2 = A]

1 1
_ "D+ = gw 1
o W )+ el +1)

w41
=— "+1)=0
2w 1) qw" +1) =0,
which means that (w™+1)"! = 1 (mod ?). We conclude, by Lemma 3, that
w™ — 1 and w™ + 1 are orthogonal to K*.

PROPOSITION 2. (1) If w™ — ( is orthogonal to C for 1 < n < f—1,
then w™ — ¢ is orthogonal to C for alln € Z.

(2) If W™ —C( op(w"—Q)]=0for1<mn<f—-1,1<k<I[-1, then
w" — ( is orthogonal to C and [w™ — (,or(w™ — )] = 0 for all m,n € Z,
keZ\IZ.

Proof. (1) For any n € Z, if f{n, then there is some 1 <r < f — 1 such
that n = r (mod f). Then w™ — { = w" — ( is, by assumption, orthogonal
to C. While if f | n, then w™ — ( = A is, by Lemma 5, orthogonal to C.

(2) For1<n<f—1land2<k<I[—1, we have

w" = (= op(w" = () = —Cok-1(A)
and thus, by Lemma 1 and the assumption,
[W" = ¢ op(W" = Q)] = W = (, —Cor—1(N)] + [=Cor-1(N), on(w™ — ()] = 0.
Moreover, by Lemma 8, [w"™ — ¢, (] = [(,0r(w™ — ¢)] = 0. Hence [w" — ¢,
0r—1(N)] = [ok(w™ — (), 0k-1(N\)]. Letting h denote the inverse of (k — 1)



Hilbert symbol in cyclotomic fields 43

(mod!) lying between 1 and [ — 1, we deduce, using Lemma 2, that
[on(w™ = ¢),A] = [opr1(W" —(),\] for1<h<Il-2.
Thus [0 (W™ — (), A] = [w" — (,A] for 1 < k <[ —1; and therefore

-1

IN(W" =), A =) [on(w" =€), A\ = (I - Dw" = ¢, A,

k=1

where N is the norm map in K|Q;. Moreover,

w1
Nw" —-() = =1.
(W' =0 =7
Hence [of(w™ — (), \] = =[N(w™ —(),A] =0 for 1 < k <[ — 1. Therefore,

by Lemma 2, w™ — ( is orthogonal to the Q-conjugates of A, and thus to C.
This holds for 1 <n < f — 1, and thus, by (1), for all n € Z.

Now, for any m,n € Z, if ftm and f{n, then m = r (mod f) and
n = s (mod f), for some 1 < r,;s < f —1, so that w™ — ( = w" — ¢ and
op(W" — () = or(w® — () are, by assumption, orthogonal (for 1 < k <[—1).
While if f|n, then the Q;-conjugates of w™ — ¢ = A are, by Proposition 1,
orthogonal to w™ — ¢ and, by Lemma 5, to those of A. A similar conclusion
is reached if f|m. Hence [w™ — (, o (w™ — ¢)] = 0 in all cases.

In what follows we make the following assumption:
(A) For all n € Z, w™ — ( is orthogonal to C.
PROPOSITION 3. Under assumption (A), we have:

(1) For any n € Z such that f1{2n, we have (w"—1)""! = (Ww"+1)"1 =1
(mod 1?), and thus w™ £ 1 are orthogonal to K*.

(2) For any m,n € Z with 2m # 2n (mod f), we have (w™ — w™)!71 =
(W™ 4+ w™)! =1 =1 (mod1?), and thus w™ + W™ are orthogonal to K*.

(3) For any n € Z, the Q-conjugates of the elements A\, w™ —(, w™ "™ —(
are pairwise orthogonal.

Proof. (1) This follows from Proposition 1.

(2) This follows from (1) since w™+w" = W™ (W™~ "+1) and f12(m—n).

(3) By Proposition 1 and Lemma 5, the Q;-conjugates of A\ and w™ — ¢
(resp. of A and w™" — () are pairwise orthogonal. Moreover, for k € Z \ IZ,
or(w™ =) = —wCFo_i(w" — () is a product of elements which are
orthogonal to w™ — ( and its conjugates. Thus the conjugates of w™" — ( are
orthogonal to those of w™ — (.

PROPOSITION 4. Under assumption (A), we have, for m,n € Z and k €
Z\Z:

(1) If f|2m or f|2n, then [W™ — (, ok (W™ — ()] = 0.
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(2) If m = =£2n (mod f) or n = £2m (mod f), then
W™ = ¢ ok(w" = ()] = 0.

Proof. By the skew-symmetry of the symbol and Lemma 2, it is enough
to only consider one of the two conditions in each case.

(1) Assume that f|2n. Then w"™ = 1 and W™ —( = +1 — ¢ = A or
= —(1 4+ ¢) = —wug, which lies in C. Therefore, by assumption (A) and
Proposition 1, w™ — ( is orthogonal to the Q;-conjugates of w™ — (.

(2) Since, by Lemmas 8 and 2,

[wfm _ C,Wn _ Ck] — [wm . <717wn _ Ck] — _[wm . C7wn . C*k]’
we may just assume m = 2n (mod f) and, in view of (1), f{2n. Then
w™ = w? and W™ — ¢ = (W™ — (") (W™ + ¢"), where h = (I +1)/2. Hence
[w _va _Ck] - [ " _Ch’wn _Qk] + [wn_‘_ch’wn _Ck] By PI‘OpOSitiOH 17
[w" — (" w" — ¢¥] = 0. Thus, Lemma 1 yields
[wm _ C’wn . Ck] — [wn + Ch’wn . Ck]
="+ AT A+ TR 0 = (L

Fork # h,1 < k <1—1, the element 14+("~% = Ug(h—k)/Uh—F is the quotient
of two cyclotomic units, so that ¢¥(1+ ¢"=¥) lies in C. By assumption (A),
w" — ¢ and w?" — ( are orthogonal to C, and thus, by Lemma 2, their
Qi-conjugates are also orthogonal to C. Therefore w” — (¥ = op(w™ — ()
and w" + (" = (W?" — () /(on(w™ — ()) are orthogonal to ¢*(1 + ¢h=F). Tt
follows that [w™ — ¢, w™ —(¢¥] =0 for 1 < k < l— 1, k # h. Moreover,
since ftn, the norm N(w™ — () is 1 and thus k 1[ — (W — ¢k =

[w™ — ¢, N(w™ — ()] = 0. It follows that also [w™ — ¢, w™ — ("] = 0. Hence
W™ — Cop(w =) =0for 1 <k <I-—1.

PROPOSITION 5. Under assumption (A), we have, for m,n € Z and k €
Z\Z,
[wm o Ck’wn o Ck] _ [wm o Ck’wn o C_k] =0.

Proof. Since, by Lemma 8, [w™ — (¥, w" — (7F] = [w™ — ¢F,w™ — (¥],
it is enough to get [w™ — (¥, w™ — (*] = 0 for all m,n, k (11k). If 2m = 2n
(mod f), then either w™ = w" and the result is trivially true; or w™ = —w™,
in which case w™ — (¥ = —(W?" — (%) /(W™ — ¢*), so that

[wm _ Ck’wn _ Ck] — [w2n _ CQk’wn _ Ck] — k[0_2(w2n _ C)’wn _ C] — 07
by Proposition 4. Assume now that 2m # 2n (mod f). Then, by Lemma 1,
[wm _ Ck7wn _ Ck] — [wm _ Ck’wm _ wn] + [wm _ wn7wn _ <k]’

and by Proposition 3, w™—w" is orthogonal to K*. Hence [wm—Ck, wr—¢¥]
=0.
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PROPOSITION 6. Under assumption (A), for m,n € Z and k € Z\IZ, if
2m = £2n (mod f), then [w™ — (, op(w™ — ()] = 0.

Proof. In view of Lemma 8, we may just assume that 2m = 2n (mod f),
so that w™ = £w". If W™ = W™, the result follows from Proposition 1. If
w™ = —w", then w™ — { = —(w? — (?)/(w™ — () and, by Proposition 1,
w" — ( is orthogonal to its Q;-conjugates, so that [w™ — (,op(w™ — ()] =
[w?™ — (% o) (w™ — ¢)]. The latter symbol is, by Lemma 2, equal to
2w — ¢, Ok+1)/2(W" — ()], which, by Proposition 4, is equal to 0. Hence
the result.

4. Conclusions

THEOREM 1. Let w € p;—1, of order f, satisfy the assumption
(A) For all n € Z, w™ — ¢ is orthogonal to C.
If W2 #1, i if f>2, then:

(1) 2= =1 (mod?).
(2) For any divisor d of f in N, d'=! =1 (mod?).

Proof. (1) Since w? # 1, we have w? # 1 (mod (). Indeed the congruence
w? = 1 (mod!) implies, by induction, w? = w?" = 1 (mod!"*!) for all
n € N, which implies w? = 1. Therefore, by Lemma 7, we have
2w

[w - §’w2 - CQ] = w2 —1 Q(2)a

since g(w) = 0. On the other hand, by Proposition 4(2), [w—¢,w? —¢?] = 0.
It follows that ¢(2) = 0 in F;, i.e. 2'=1 =1 (mod I?).

(2) We may assume d > 1. Let ¢ = f/d and v = w®. Then v is a
primitive dth root of unity in Z;. Hence X —1 = H?;é (X —97). Dividing
by X — 1, we get Zj;é X7 = H;l;ll(X — 47). Substituting X = 1, we
deduce that d = H;l;ll(l — 7)) = Hj;ll(l —w¥). For 1 < j <d-1,
we have 1 < ej < ed = f, so that ff{ej. If furthermore f{2ej then, by
Proposition 3, (1 —w® )= = 1 (mod (?). If however f |2ej then, since f{ej,
we have w® = —1, so that (1 —w®)!=t =271 =1 (mod?), by (1) above.
Thus, for all 1 < j < d—1, we have (1 —w®)!~! =1 (mod[?), and therefore
d =170 — w) it =1 (mod 12).

j=1
COROLLARY 1. Under assumption (A), we have:

(1) If 1 is not of the form 2™ + 1 then there exists an odd prime factor
p of l — 1 which does not divide f.

(2) If 1 =2™ £ 1, for some positive integer n, then f =1 or 2.

(3) If 1> 7 then f < (1—1)/3.
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Proof. (1) By assumption, [ —1 has at least one odd prime factor. If f is
divisible by every odd prime factor p of [—1, then f > 2 and, by Theorem 1,
p'~! =1 (mod(?) for all such p, as well as for p = 2. Therefore [ — 1, which
is a product of powers of those primes, also satisfies (I —1)!~! = 1 (mod [?).
But, by the binomial formula, (I—1)'~! = 141 # 1 (mod ?), a contradiction.
Hence the result.

(2) If f > 2 then, by Theorem 1, 2/=! = 1 (mod?). Since [ = 2" + 1, it
follows that (IF1)!~! = 27(=D =1 (mod [?). But, by the binomial formula,
(IF1)"'=141#1 (modi?), a contradiction. Hence the result.

(3) If I — 1 is not a power of 2 then, by (1), there is an odd prime factor
p of [ — 1 which does not divide f; hence pf |l —1 and thus f < (I—1)/p <
(l—1)/3. If I — 1 is a power of 2 then, by (2), f < 2 and, since [ > 7, this
gives f < (I—1)/3.

THEOREM 2. Let w € p;—1, of order f, satisfy the assumption
(A) For all n € Z, w™ — ¢ is orthogonal to C.
If f <10 then, for allm,n € Z and k € Z\1Z, [w™ — (,or(w™ — ()] = 0.

Proof. For any m,n € 7Z, there exist integers 0 < r,s < f/2 such that
m==£r (mod f) and n=+s (mod f). If one of the integers 2r,2s,2(r £ s),
2r + s,r £ 2s is divisible by f, then, by Propositions 4 and 6, [w™ — (,
or(w™ — ¢)] = 0. Taking into account the skew-symmetry of the symbol,
we are reduced to considering the pairs (r,s) such that 0 < r < s < f/2.
Moreover, if r = 0or s = f/2 then f|2ror f|2s;ifr =sor s = f/2—r then
fl2(r+s);if s =2ror f—2r then f|2r+s;if s = (f —r)/2 then f|r+2s.
In all these cases, as explained above, we have [w™ — ¢, o} (w™ — ()] =0.

Thus, it only remains to consider the pairs (r,s) such that 1 < r <
s< f/2and s #2r, f—2r, f/2—r, (f —7r)/2. Let Ef be the set of pairs
(r,s) of integers satisfying these conditions. It is easy to check that for
1 < f <8, Ef = () and thus the result is established for these values of f;
while Eq = {(1,3),(2,3),(3,4)} and E1o = {(1,3)}.

Let f = 9. Consider first the case (r, s) = (1, 3), i.e. m = £1 (mod f) and
n = +3 (mod f). As, by Lemma 8(2) and Lemma 2, [w™ —(, o (w—()] =
€1[w™ — (, 0,k (W™ — ()] with €1,62 = £1, we may assume that m = 1
(mod f) and n = 3 (mod f). Since [k, there is a unique integer h such that
1<h<l—1and hk =1 (modl). Then, for 0 < j < h—1, we have [{(1—jk)
and, by Lemma 8(3),

[wm—jn B Cl—jkvwn . Ck] _ [wm—jn . Cl—jk’wm—(j+1)n B Cl—(j+1)k]
+ [wm*(jJrl)n S AL Ck]_

Moreover, m — jn = 1 —3j (mod f), m — (j + 1)n = —2 — 35 (mod f)
and —2 — 35 = —2(1 — 3j) (mod f), so that, by Proposition 4, for 0 <
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j < h —2, we have [w™ 9" — (177K m=(+Dn _ (1=G+DF] = 0 and thus
[wm=In — (1=ak yn — (F] = [wm Ut (1=GHDE [ ¢R] Tt follows that
(W™ — ¢, w" —¢F] = [wm—(h=Dn _¢1=(h=Dk ,;n _ k] and, by Lemma 8, this is
equal to [wmf(hfl)n _le(hfl)k’ wm—hn _lehk] + [wmfhn _lehk’ W _Ck]-
Since | (1 — hk) and 2(m — hn) = 2(1 — 3h) # 0 (mod f), Proposition 3
shows that w™ " —¢l=hk = (y;m=hn _1 i5 orthogonal to K*. Hence [w™ —(,
w™ —¢* =0.

The remaining two cases (r,s) = (2,3) or (3,4) now follow from the
previous ones. Indeed, we may, as before, assume that m = 2 (mod f) and
n = 3 (mod f) (resp. m = 3 (mod f) and n = 4 (mod f)). We may also
assume that k& # 1 (mod!), otherwise we conclude by Proposition 5. By
Lemma 8§,

[wm _ C’wn _ Ck] — [wm _ C’wm—n _ Cl_k] + [wm—n _ Cl—k’wn _ (k]

Since m —n = —1 (mod f), from the case (r,s) = (1,3) we deduce that
[wm=n — ¢tk W — (F] = 0 (resp. [w™ — ¢, w™ ™ — (17F] = 0). Moreover, by
Proposition 4, i.e. by the case r=+2s (mod f), we get [w™ —(,w™ " —(17F]
=0 (resp. [w™ ™" — (7F,w™ — ¢¥] = 0). Hence [w™ — ¢,w" — ¢¥] = 0.

Let f = 10 and consider the remaining case (r,s) = (1,3). Then, as
before, we may assume that m = 1 (mod f), n = 3 (mod f) and k& # 1
(mod!). By Lemma 8 again,

[wm _ C’wn _ Ck] — [wm _ C’wmfn _ lek] + [wmfn _ lek’wn _ <k]

Since m—n = —2 (mod f), we have m—n = —2m (mod f) and 2(m—n) = 2n
(mod f). Therefore, by Propositions 4 and 6, [w™ —,w™ ™ —(17%] = 0 and
[wm=n — R wn — ¢*] = 0. Hence [w™ — ¢, w™ — ¢¥] = 0.

COROLLARY 2. Under assumption (A), if f <10 then w?=1 (i.e. f<2).

Proof. By Theorem 2, [w"™ — (,0(w™ — ()] = 0 for all m,n € Z and
k € Z\IZ. Hence, Lemma 2 yields [0 (w™—(), ox(w"—()] = 0 for j, k € Z\IZ.
Now, let a € Z be such that a = w (mod!). Then o' = w' = w (mod?).
For n € Z\1Z, set o/, = a,(a') = a'™ — ¢". Then o/, = w™ — (" (mod (?),
hence (mod A'*3). On the other hand, vy(a/,) = vy(a!™ — (1 — \)") =
vx(a!™ — 1+ n)) < 1. Tt follows, in view of Lemma 3, that, for all m,n €
Z\1Z, [a),,al] = [w™ — (™, w™ — ("], the latter symbol being equal to
[0 (W™ = (), 0 (w™ — ¢)] = 0, by the above. Thus [a,,(a'), ay,(al)] = 0 for
all m,n € N\ IN. Therefore, by [7, Theorem 1], a! = £1 (mod ), i.e. w? =1
(mod 1), which, as shown in the proof of Theorem 1, amounts to w? = 1.

COROLLARY 3. Under assumption (A), we have:

(1) If 2'=1 #£ 1 (mod?), then w? = 1.
(2) If 1 =2" £ 1, for some positive integer n, then w? = 1.
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Further, let ]l — 1 = 2’“7)?1 .phm where py, ..., pm are distinct odd
primes and the h; are positive integers (0 < i < m).

(3) If ho <3 and p.™* # 1 (modi?) for 1 <i < m, then w? = 1.

(4) If ho <3 and m =1, then w? = 1.

(5) If Y7, hig(pi) #1 (modl), then w? = 1.

(6) If ho < 3 and, for any proper subset S C {1,...,m}, > s hsq(ps) #
1 (modl), then w? = 1.

(7) If ho <3, m=2 and hiyq(p;) # 1 (modl) fori=1,2, then w? = 1.

Proof. (1) If f > 2 then, by Theorem 1, 2/~! = 1 (mod [?), contradicting
the assumption. Hence f < 2, i.e. w? = 1.

(2) This is Corollary 1(2).

(3) If £ > 2 then, by Theorem 1, any p; dividing f should satisfy p!~! =
(mod [2), but, in view of the assumption, this cannot occur. Therefore f | 250,
and since hg < 3, we have f < 8. Hence, by Corollary 2, w? = 1.

(4) Since f divides [ — 1 = 2" p""" and since, by Corollary 1(1), the odd
prime factor p; of [ — 1 does not divide f, we find that f divides 2"°. Thus
f < 2" <8 and we conclude as in (3) above.

(5) If f > 2 then, by Theorem 1, 2!~ = 1 (mod[?), i.e. ¢(2) = 0 (mod ).
Hence, by [5, Lemma 2| and the assumption, (I — 1) = >, hiq(p;) # 1
(mod ). But this contradicts the congruence (I —1)!=! = 141 (mod [?) (see
the proof of Corollary 1), which amounts to ¢(I — 1) = 1 (mod1).

(6) If f > 2 then, by Theorem 1, for any prime p; dividing f (1 <i < m),
pit =271 =1 (modi?), i.e. ¢(p;) = ¢(2) = 0 (mod!). Thus, as in the proof
of (5) above, >_ . hiq(pi) = q(l —1) =1 (mod!). But, by assumption, no
proper subsum of > ;" h;q(p;) is = 1 (mod ). Therefore all p;{ f (1 < i <
m), i.e. f]2"0, so that f < 2" < 8, and we conclude as in (3) above.

(7) This is the special case m = 2 of (6) above.

COROLLARY 4. Letl—1 = 2'1013'111 ...plm be the prime factorization of
[ — 1, with p1,...,pm being distinct odd primes and the h; positive integers
(0<i<m).

The conjecture (WTC) is true for all primes | which satisfy one of the
following conditions:

(a) 271 £ 1 (mod[?).

(b) I =2™ £ 1, for some positive integer n.

(c) ho <3 and pi~' #1 (modI?) for 1 <i < m.
(d) ho <3 and m = 1.
(
(
(

)

) 2oty hia(pi) # 1 (modl).
f) ho <3 and, for any S C{1,...,m}, > . .ghsq(ps) #1 (modl).
g) ho <3, m=2 and hiq(p;) Z1 (modl) fori=1,2.
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