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On resultant inequalities
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JAN-HENDRIK EVERTSE (Leiden)

1. Introduction. Let ¢ be a positive integer, x a positive real and f €
Z[X] a polynomial of degree r > 0 without multiple zeros. We consider the
so-called resultant inequality

(1.1) 0 <|R(f,9) < M(g)"™"

to be solved in polynomials g € Z[X] of degree ¢, where R(f,g) denotes
the resultant of f and g and where M(g) denotes the Mahler measure of g
(see formulas (2.1), (2.2) in Section 2 for definitions). If ¢ = vX —u is a
polynomial of degree 1 then R(f,g) = F(u,v) where F is the binary form
defined by F(u,v) = v" f(u/v) and M(g) = max(|u|, |v]). So for t = 1 we
may rewrite (1.1) as a Thue inequality

(1.2) 0 < |F(u,v)] <max(|ul,|v])"™™ inu,v € Z.

By a theorem of Roth [10], (1.2) has only finitely many solutions if x > 2.
Hence (1.1) has only finitely many solutions if ¢ = 1,k > 2. From results of
Wirsing [17], Schmidt [14] and Ru and Wong [11] it follows that (1.1) has
only finitely many solutions if ¢ > 2 and xk > 2t.

Our purpose is to compute an explicit upper bound for the number of
polynomials g € Z[X] of degree t satisfying (1.1) for any ¢t > 1, K > 2t.
With the present state of affairs, it is realistic to estimate only the number
of polynomials g which are irreducible and primitive (i.e., whose coefficients
have greatest common divisor 1). Indeed, as was pointed out by Hirata-
Kohno and the author [4], any explicit upper bound for the number of non-
primitive or reducible polynomials g of degree ¢ satisfying (1.1) would yield
an effective improvement of Liouville’s inequality which is much stronger
than what has been achieved so far. In other words, getting an explicit
upper bound for the number of non-primitive or reducible solutions of (1.1)
is at least as difficult as proving such a strong effective result.
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In [3] we derived an explicit upper bound for the number of primitive,
irreducible polynomials g € Z[X] of degree ¢ satisfying (1.1) but only for
k> 2t(3_;1/(2k —1)). In the present paper we derive a similar such
upper bound for x > 2t. The precise statement is given in Theorem 2.1
in Section 2. Whereas in [3] we obtained our result by following Wirsing’s
method from [17], in the present paper we use techniques from the proof
of the quantitative Subspace Theorem. These techniques were developed in
their basic form by Schmidt [15] and refined later by Schlickewei and the
author, cf. e.g. [2], [5].

The quantitative Subspace Theorem implies for a general class of in-
equalities including (1.1) that the set of solutions is contained in a finite
union V4 U...UV; of proper linear subspaces of the ambient solution space,
and moreover it provides an explicit upper bound for s. In this paper, we
specialise the arguments of the proof of the quantitative Subspace Theo-
rem to (1.1) and show that in this particular situation, Vi,..., Vs can be
chosen to be one-dimensional. As our argument heavily uses properties of
resultants, it is not likely that it can be extended to inequalities other than
(1.1).

We give two applications. First we give an explicit upper bound for the
number of solutions of Thue inequalities in which the unknowns are algebraic
integers z,y with [Q(z/y) : Q] = ¢ (cf. Corollary 2.2 in Section 2). Second
we derive an explicit upper bound for the number of solutions of so-called
Wirsing systems (these are systems of inequalities introduced by Wirsing
in [17]) (cf. Corollary 2.3 in Section 2). Roughly speaking this means that
we give an upper bound for the number of algebraic numbers ¢ of degree t
such that for ¢ = 1,...,¢, the ith conjugate ¢ of ¢ is very close to a given
algebraic number «;.

By (2.3) in Section 2 we can express R(f,g) as F(go,...,g:) where
qo, - - -, g¢ are the coefficients of ¢ and where F' is a homogeneous polynomial
in Z[Xo,...,X] of degree r = deg f. More precisely, F' is a decomposable
form, i.e., F factors into homogeneous linear forms over the algebraic closure
of Q. Thus (using the fact that for polynomials g, M(g)/max(|go|,- - -,|gt])
is bounded from above and from below by constants depending only on t),
we may view (1.1) as a special type of a decomposable form inequality

(1.3)  |F(g0,---,9¢t)] < (max(|gol,---,|g:]))™" ingo,...,9t € Z,

where F' is any decomposable form in Z[Xy,. .., X;] of degree r and where
k> 0. Schmidt [13], [14] and Ru and Wong [11] obtained qualitative finite-
ness results for classes of decomposable form inequalities much more general
than (1.1). However, to obtain explicit upper bounds for the number of so-
lutions of decomposable form inequalities other than (1.1) is a notoriously
difficult problem.
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2. Results. We start with some notation. The Mahler measure of a
polynomial f(X) = fo(X — a1)...(X — a,) € C[X] is given by

,
2.1) M(F) = Ifol [ max(L, ad]).

i=1
The resultant R(f,g) of two polynomials f, g € C[X] is defined as follows:
write f = foX" + X"V 4+ ...+ f with fy #0 and g = goX* + 1 X1 +
...+ g+ with gg # 0; then

Jo fr oo fr
fo fi i S
(2.2) R(f,9) =90 -~ Gt ,
go .- gt

where the right-hand side is a determinant of order r 4+t of which the first ¢
rows consist of coefficients of f and the last r rows of coefficients of g. The
resultant R(f,g) is characterised by the fact that R(f,g) = 0 if and only if
f, g have a common zero in C. If

f=fX-a1)...(X —a), g=90(X—-C)...(X =),
then

(23) R(f.9) = fogs [[ ][ (e = &)
i=1j=1
=90/ (G1) - f(G) = foglar) .. g(ar)
(see [16, §§34, 35]). This implies
(2.4) IR(f, 9)] < 2" M(f)' M(g)".
Now let f € Z[X] be a fixed polynomial of degree r > 0, let t be a
positive integer and let x > 0. We consider the inequality
(2.5) O0<|R(f,9)] < M(g)"™™ in polynomials g € Z[X] of degree ¢.

It is trivial that for r < x the number of solutions of (2.5) is finite. So
henceforth we assume that r > k.

Wirsing [17] proved that (2.5) has only finitely many solutions if f has no
multiple zeros and if K > 2t(1+1/3+ ...+ 1/(2t — 1)). Later, Schmidt [14]
proved that (2.5) has only finitely many solutions if £ > 2t and if f has no
multiple zeros and no irreducible factors in Z[X] of degree < ¢. Finally, Ru
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and Wong [11, p. 212, Theorem 4.1] proved a general result on decomposable
form inequalities which gives as a special case that (2.5) has only finitely
many solutions if x > 2¢ and if f has no multiple zeros.

On the other hand, Schmidt [14] showed that for every ¢ > 1 there are
infinitely many integers r for which there exists a polynomial f € Z[X] of
degree r such that (2.5) has infinitely many solutions for any x < 2¢. But
Schmidt also showed in [14] that there are polynomials f such that (2.5) has
only finitely many solutions already when x > ¢ + 1.

We now discuss quantitative results which give an explicit upper bound
for the number of solutions of (2.5). As we explained in Section 1, we will
restrict ourselves to polynomials g which are primitive and irreducible.

In [3] we proved the following result. Let ¢ be a positive integer, f a
polynomial in Z[X] of degree r > 0 without multiple zeros and

1 1 .
K—(2t+5)(1+§++2t—_1> with 0 < § < 1.

Then there are at most
1015 (571)13(1007)! log 4 log log 47
primitive, irreducible polynomials g € Z[X] of degree t which satisfy (2.5)
and for which
M(g) > (28r2tM(f)4(r—l)t)6*1(1+1/3+...+1/(2t—1))*1 )

We mention that we proved this result by making explicit Wirsing’s argu-
ments from [17]. In [3] we suggested the possibility to prove a similar result
for k > 2t, but this was not possible with Wirsing’s method.

In the present paper we prove the following result by means of another
approach, based on techniques from the proof of the quantitative Subspace
Theorem:

THEOREM 2.1. Lett > 1,0 < d <1 and let f be a polynomial in Z[X]
of degree r > 2t + 1 without multiple zeros. Then the number of polynomials
g € Z|X] of degree t such that

(2.6) 0 < |R(f.g)| < M(g)" ",
(2.7) g 1s primitive and irreducible,
7'2 T—
(2.8) M(g) > (2 M(f)"=)°
is at most
(2.9) QTIH0026 2L (5= 1Yi45,t 100 47 log log 4r-.

REMARK. Put C(f) := (22" M(f)*~4)!/%. The number of polynomials
g=go X'+ ...+ g € Z[X] of degree t with (2.6), (2.7), M(g) < C(f) is
bounded from above trivially by the number of all polynomials g € Z[X] of
degree t with M(g) < C(f). By estimating the latter number from above
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using M(g) > max(|gol,...,|g:|), and then adding (2.9), it follows that
the total number of polynomials g € Z[X] of degree ¢ with (2.6), (2.7) is
< M(f)(4’"_4)t(t+1)/5, where the constants implied by <, > depend on r, t
and 0. We do not know of any better estimate in terms of M(f).

On the other hand, one may show that for any pair of integers r >t > 0
and for any A > 0 there exists an infinite family of polynomials f € Z[X]
of degree r, such that the number of primitive, irreducible polynomials g €
Z[X] of degree t with

(2.10) 0 <|R(f.g)l < M(9)*
grows polynomially with M(f).

In the construction we use an argument similar to Mueller and Schmidt
[9, pp. 331-332]. Fix an irreducible polynomial f* € Z[X] of degree r. Con-
stants implied by <, > will depend on r, ¢ and f*. Let b be a sufficiently
large integer, and let 0 < 6 < 1. Put f(X) := f*(X + b). Take a monic,
irreducible polynomial h of degree ¢ in Fy[X]. Let S, be the set of monic
polynomials g* € Z[X] of degree ¢ with M (g*) < b whose reduction modulo
2 is equal to h. Then Sy has cardinality > b*’, and moreover, each g* € S, is
primitive and irreducible. Let T} be the set of polynomials g(X) = ¢g*(X +b)
with ¢* € Sp. Thus, each g € T; is a primitive, irreducible polynomial of
degree t. Note that by (2.1) we have

(2.11) M(f) >< b,
(2.12) M(g) >< b for g €Ty,

From the lower bound for the cardinality of S, mentioned above and from
(2.11) we infer that T}, has cardinality

(2.13) > b > M(f)10".

Now let g € Tp. Then by (2.3), (2.4), (2.12) and the fact that f* is irreducible
we have

0 < [R(f,9)| = |R(f*,g7)| < M(g")" < " < M(g)""/",
where g(X) = ¢*(X +0b). By taking 0 sufficiently small and then b sufficiently
large this implies that each g € Ty satisfies (2.10). Combining the latter with
(2.13), (2.11) and letting b — oo our assertion follows.

We now state two corollaries of Theorem 2.1. Our first corollary concerns
Thue inequalities such as (1.2) but whose unknowns are algebraic integers
of bounded degree. To give the correct formulation we have to introduce the
absolute norm and height of an algebraic number.

Denote by Q the algebraic closure of Q in C and by O the integral clo-
sure of Z in Q, i.e., the ring of all algebraic integers. All algebraic numbers
occurring in this paper are supposed to belong to Q. We define the minimal
polynomial of ¢ € Q to be the primitive, irreducible polynomial f in Z[X]
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with positive leading coefficient for which f(¢) = 0. Then the Mahler mea-
sure of ( is defined by M (¢) := M (f). Further, we define the absolute norm
and absolute height of by

€= [Nogey ()RS, H () = M QIO
For a binary form F' € C[X,Y] we put M(F) := M(f) where f(X) :=
F(X,1). For a pair (§,n) € O with &n # 0 we put H(&,n) == H(E/n).
Lastly, two pairs (£1,m), (§2,m2) € O are said to be proportional if (§2,m2)
= (A1, M) for some A € Q@". Then our result reads as follows:
COROLLARY 2.2. Let t be an integer > 1, let 0 < § < 1 and let F €

Z[X,Y] be a binary form of degree r > 2t + 1 without multiple factors. Then
up to proportionality, there are at most

(2.14) Q6026422 (5=1YI45,t 160 4y log log 47
pairs (€,m) € (O \ {0})? such that
(2.15) 0 <[[F(n)l S H(& )~
(2.16) [Q(&/n) - Q] =
(2.17) H(E ) = (27 M(F)““‘)l/&.
We now turn to Wirsing systems. For each algebraic number ¢ € Q of
degree t we choose an ordering of its conjugates ¢, ... ¢®. A Wirsing

system is a system of inequalities of the shape
(2.18)  |ay—CW| < M(¢)™% (iel) in algebraic numbers ¢ of degree ¢,

where [ is a subset of {1,...,t}, a; (i € I) are algebraic numbers, and ;
(¢ € I) non-negative reals. A particular instance of (2.18) is

(2.19) oo —¢| < M(¢)"% in algebraic numbers ¢ of degree ¢,

where « is a fixed algebraic number and ¢ a non-negative real. Wirsing
[17] showed that (2.19) has only finitely many solutions if ¢ > 2¢ and later
Schmidt [12] proved the same for ¢ > t + 1. In [17], Wirsing showed also
that (2.18) has only finitely many solutions if ) ;. ; ¢; > 2t Zfil 1/(2k —1).
Hirata-Kohno and the author [4] showed that (2.18) has only finitely many
solutions already when ), ;¢; > 2t. Furthermore they gave examples of
tuples («; : ¢ € I) with the property that for any £ > 0 there is a tuple (p; :
i € I) with ) . .; ¢; = 2t — € such that (2.18) has infinitely many solutions.
In [3] we showed that if

mEaXM(aZ)<M Qi :ieI): Q] <R,

1
2@1_22&—}—5 221{:—1 with 0 < 6 < 1,
=1
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then (2.18) has at most
(2.20) 2-10"t"6"*log 4R 1oglog 4R

solutions with M (¢) > max(M, 410D/ (Cier #i=21))  We mention that in-
dependently Locher [8] obtained a similar upper bound for the number of
solutions of (2.19).

From Theorem 2.1 we deduce the following;:

COROLLARY 2.3. Let t be a positive integer, let f € Z[X] be a polynomial
of degree r > 2t + 1 with distinct zeros, let I be a subset of {1,...,t}, let o
(i € I) be not necessarily distinct zeros of f and let p; (i € I) be non-negative
reals with

(2.21) D pi=2t+6  with0<s<1.
i€l
Then there are at most
(2.22) 8866426422 (5=1)1H5,. |05 41 1og log 4r
algebraic numbers ¢ of degree t satisfying
(2.23) la; = CO < M™% foriel,
(2.24) M(¢) > max(M(f), 41/,
It should be noted that the upper bound (2.22) is much worse than
(2.20).

Hirata-Kohno discovered another method to estimate from above the
number of algebraic numbers ( of degree ¢t with (2.23), (2.24), based on ideas
of Ru and Wong [11] and on techniques used in the proof of the quantitative
Subspace Theorem. This is work in preparation; see [6].

We conclude this section with some comments on the proof of Theo-
rem 2.1. With each primitive, irreducible polynomial g of degree ¢t with (2.6)—
(2.8) we associate a symmetric convex body C(g) C Rt Let Ay, ..., A1 be
the successive minima of this body. Following the standard method of proof
of the Subspace Theorem one shows first that there is an index k € {1,...,t}
such that Ag/Agy1 is small in terms of M(g), and next that there is a k-
dimensional vector space which contains ¢ and which belongs to a finite
collection which is independent of g. Moreover, by making all arguments
explicit one may compute an explicit upper bound for the cardinality of this
collection of k-dimensional spaces.

We show that in the particular case considered in this paper we can take
k = 1. More precisely, by an argument heavily depending on properties of
resultants we show in an explicit form that A; /A2 is small in terms of M (g).
Then using the Subspace machinery we prove that each primitive, irreducible
polynomial g of degree ¢ with (2.6)—(2.8) is contained in a one-dimensional
vector space belonging to a finite collection independent of g, and moreover
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we obtain an explicit upper bound for the cardinality of this collection. Since
each such one-dimensional space contains at most two primitive polynomials,
this gives an explicit upper bound for the number of primitive, irreducible
polynomials of degree ¢ satisfying (2.6)—(2.8).

3. Preliminaries. For a polynomial F' € C[Xjy,..., X,], put

S
1l = Jeil
i=1

where c1, ..., cs are the non-zero coefficients of F'. It is easy to check that
31 NF+Glh <|FlL+1Gl,  [[FGIL < [|F[L]Gll
for F,G € (C[Xl, R ,Xn].

Let f = fo(X —a1)...(X — a,) € C[X]. The Mahler measure M(f) is
defined by (2.1) and the discriminant of f by

D(f)y=£7" [ (i—ay)*
1<i<j<r
We will use the fact that
(3.2) IDHMM) = ]

1<i<y<r

i — ay

max(1, o) max (1, o

(note that the factors | fo|"~! in the numerator and denominator cancel each
other). Since

la; — o] < 2max(1,|a;|) max(1, |a;))
this implies
(3.3) ID(f)] < 2"V (f)2r 2
Moreover, for any subset I of {(i,j) :4,7=1,...,r, i < j} we have

loi — ayl

(3.4) > 2# 0= =D D) V2 (f)

b (1o max(L o)

From the arguments in for instance [7, p. 60] it follows easily that for poly-
nomials f € C[X] of degree r we have

(3.5) Iflle <27M(f),  M(f) < fl-
Moreover,
(3.6) M(fg) = M(f)M(g) for f,g € C[X].

We now prove some more elaborate results.

LEMMA 3.1. Let f € C[X] be a polynomial of degree r without multiple
zeros. Let aq,...,cp41 be distinct zeros of f where t < r. Then there are
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t+1 . ,
linear forms C; = Z] 165X (1=0,...,t) with

B7) eyl < (t.)zw1>/2>tM<f>”rD<f>|1/2
1
fori=0,...0t, j=1,...t+1,
(38) Gl < (¢4 D20 DD N (DAY for i =0, 1,

such that for every polynomial g = go X'+ g1 X1 +...+g; € C[X] of degree
<t we have

(3.9) gi =Ci(g(an),...,g9(aty1))  for i=0,...,t

Proof. Let g = go X' + g1 X" ' + ... + g; € C[X] be any polynomial of
degree < t. Then Lagrange’s interpolation formula gives

gzgg@) 1 (Z=2).

a5 —
=1,k N0 K

Take C; = Ztﬂ ci;Xj where we have denoted by ¢;; the coefficient of X i in
| ] ki (X — ax)/(aj — ay). Then clearly, (3.9) is satisfied. Furthermore,
by (3.4) we have

AN max(1, |a;]) max(1, |al)
il < | . I |
J i o —«
k=1, kj i Ok

< (if)?(“’"‘”/ D=tAL(f) - D(f)| V2

[

fori =0,...,tand j =1,...,t+ 1. This proves (3.7). Inequality (3.8) is an
immediate consequence of (3.7). =

LEMMA 3.2. Let f = fo(X —aq)...(X — a,) € C[X] where fo # 0 and
where o, . . ., o are distinct. Further, let t < r and let g = go X'+ g1 X1+
..+ g+ € C[X] be a polynomial of degree t. Suppose that |g(aq)] < ... <
lg(a)|. Then

(3.10) lg(c)] < M(g)2" max(1, |;|)t  fori=1,...,r,
(3.11) lg(ci)] = M(g)(t + 1)~ 27 U=V D(f) 20 ()
fori=t+1,...,r,
(3.12)  [lglai)| = 27 FED=DIR(f, g)| M ()~ M (g)FD T
el for each subset I of {1,...,r}.

Proof. Tt is obvious that |g(a;)| < ||g|l1 max(1, |a;|)t for i = 1,...,t. By
combining this with (3.5) we obtain (3.10).
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It clearly suffices to prove (3.11) for i = t + 1. Let Cy,...,C; be the
linear forms from Lemma 3.1. Then by (3.5), (3.9), (3.7) we have

t t+1

) < llglh = Z 9 < (D20 lewil) gans)|

=0 j=1

t r—1
< (t+ 1)<Z C))g(r(r_l)/m—t % (g(ansn)]

i=0
rir—1y/2 M)
= (t+1)27 1/ W |9(cet1)],
which implies (3.11).
From (2.3), (3.10) we obtain

TTlstedl > 1R 0)I (16l T] lotenl)

el €1
~1
> R(f, )| (1fol"2 = F#D M (g)=#D T max(1, el
idl
> [R(f. )| FD M (g) FDna(f))
which implies (3.12). =
LEMMA 3.3. Let r,t be positive integers with r > 2t + 1. Let f =
fo(X —a1)...(X —ar) € C[X] where fo # 0 and au,...,q, are distinct.

Further, let g € C[X] be a polynomial of degree t with leading coefficient go
and let h € C[X] be a non-zero polynomial of degree m <t. Then

(3.13) |R(g,h)| <27 2| fo| M ()" D |D(f)| "/
X |R(f,9)| - |go|™ tM (g)*~"
IO ICEINY
< (1’ glan)] rg<ar>|>> '

Proof. Without loss of generality we may assume that

)

(3.14) lgla)| < ... < lglay)].

Put L h

(3.15) A := max <1,‘ ()l | (O"“)‘)
|g(cn) lg(aw)]

From Lagrange’s interpolation formula we infer

t+1 t+1

SRS S i C = IS e =)

v — o
=1 j=1,j#i =1 g=lj#i >

with
(3.17) yi =9g(as), z=h(a) (i=1,...,t+1).
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Write

g=go X'+ X" g, h=h X'+ X 4+
where gg # 0, hy—p, # 0 and h; = 0 for i > t—m. Thus g; = C;(y), hi = Ci(2)
for : = 0,...,t where Cy,...,C} are the linear forms from Lemma 3.1 and

where y = (y1,. .-, Yt+1), 2 = (21, .-, Zt+1)-

If m =t, ie., hg # 0, we can express R(g,h) as a determinant of order
2t of the shape (2.2), with go, ..., g+ on the first ¢ rows and ho, ..., hs on the
last ¢ rows. It is easy to check that for arbitrary m <t we have

go --- gt
t—m go --- Gt
R(g,h) = ,
90 (g,h) ho ... hy
ho ... hg

where the first ¢ rows consist of coefficients of ¢ and the last ¢ rows of
coeflicients of h. Hence

Co(y) ... Cily)

Co(y) ... Cuy)
Co(z) ... Ci(z)

(3.18)  go "R(g,h) =Uly,z) :=
Co(z) ... Cz)
By expanding U we get a polynomial expression

b
(3.19) Uly,z) = Z c(a,b)yit .. .yffllzlfl oz
(a,b)el

where the sum is taken over a finite set I of tuples of non-negative integers
(a7 b) - (0’17 <o 41, b17 s 7bt+1) with

(3.20) a1+ ...+ a1 =t bi+...+bp1=t

and where c(a,b) € C\ {0} for (a,b) € I. Moreover, we have

(3.21) a;+b;>1 fori=1,...,t+1, (a,b) €.

To prove this we view y1, ..., Yt+1, 21, - - -, 2t+1 for a while as indeterminates.

Pick i € {1,...,¢t + 1} and substitute y; = 0, z; = 0 in U. Then by (3.17)
we have g(a;) = 0, h(a;) = 0, which implies U(y,z) = g5 "R(g,h) = 0.
So by substituting y; = 0, z; = 0 in U we obtain a polynomial which is
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identically 0. Therefore, each monomial of U must contain at least one of
the variables y;, z;. This implies (3.21).

We first estimate from above [y" ... yfﬁlzi’l . szlll for (a,b) € I. We
have

al at+1 by bey
[ VAT SR A

< AP o) [ g [ by (3.17), (315
|(a1+b1)+---+(at+bt)—t—1

by (3.20), (3.21), (3.14)
= Mlg(a1) ... glar1)] - [g(ee1)[" by (3.20)
< Mg(ar)...g(aa)| by (3.14)

r—1\ r—2t
< ((t n 1)2“7“—1)/2%) g(an) ... glan) | M(g)*"

< Xg(on) ... gleus1)] - lg(cusr)

|D(f)[*/?
by (3.14), (3.11), and finally
(3.22)  |yfr...yttab
r(r—1)/2 M(f)T_l o —t 2t—ryt
< | (@E+1)2 D)7 |fol *|R(f, 9)|M(g)™ "X

by (2.3).

It remains to estimate the coefficients of U. By repeatedly applying (3.1),
using the fact that the determinantal expression (3.18) for U is the sum of
(t + 1)% products each consisting of ¢ terms C;(y) and ¢ terms C;(z) and
then inserting (3.8) we obtain

r(r— - r— - 2
101l < (1) (G102 < ((#+1)220 0021 (=t D) /),

Together with (3.18), (3.19), (3.22), r > 2t + 1 > 3 this implies

|90l |R(g, 1)

b
= UGy )| < U mase I oyt

< ((t+ 120020 (1)1 D)) | fol TR, 9)| M (g) 2" Al
<2 (MY D)) o R (U 9) M (0)* 7N

This proves Lemma 3.3. =

4. Geometry of numbers. In what follows, ¢,r are positive integers
with r > 2t 4+ 1, § is a real with 0 < § < 1 and
f=foX"+AX" "+ 4+ fr=fo(X —a1)...(X —a,) € Z[X]

is a polynomial for which fo # 0 and aq, ..., «, are distinct.
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In what follows we fix a polynomial g = go X'+ g1 X1 +...+ g; € Z[X]
of degree t satisfying (2.6), (2.7) and, instead of (2.8), the stronger condition
(

(4'1) M g) > 2167“5/6M(f)16r4/6.

Define the quantity £ = £(g) by

(4.2) [R(f,9)| = M(g)" <.

Then (2.6) implies

(4.3) £ >0.

We associate with ¢ a set of indices {i1,...,4+1} C {1,...,r} such that

lg(ci)l,---,|g(ay,)| are the ¢t smallest values

w among lg(an)], - g(ar)].
1 <...<t1y,
it+1 is the smallest index from {1,...,7} \ {i1,..., i}

Notice that i441 is determined by i1,...,4;. Thus, when ¢ varies then

{i1,...,4¢4+1} runs through a collection of subsets of {1,...,r} of cardinality

at most (Z)
Further we define linear forms

(4.5) Li=alXo+a ™' X +... 4+ X, (i=1,...,7).

Thus if h = (ho, ..., ht) is the coefficient vector of a polynomial h = ho X +
...+ hy of degree <t we have

(4.6) Li(h) =h(ey;) fori=1,...,r.
With the polynomial g chosen above we associate the set
(4.7) Clg) :=={x e R"™ : |L;(x)| < |g(ay)| fori=1,...,7}.

It is easy to show that C(g) is a compact, convex subset of R*! which is

symmetric about 0. We shall prove below that C(g) has positive volume.

Notice that if g = (go, ..., g¢) is the coefficient vector of g then g € C(g).
We denote by

At =A1(9), -+ A1 = Aea(9)
the successive minima of C(g). Further, let h; = hi(g),...,hit1 = hit1(9)
be linearly independent vectors in Z!*! with h; € \;,C(g) fori =1,...,t+1.
Thus
(4.8) |Li(hj)| < N\jlg(ay)|  fori=1,...,r5=1,...,t+1.
One may show that vol(C(g)) >< |g(c,) ... g(a,,,)| where vol(C(g))
denotes the volume of C(g), {i1,...,9+1} is the set of indices defined by

(4.4) and where the constants implied by >, < depend on f. Then Min-
kowski’s theorem on successive minima of convex bodies implies that
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lg(cviy) - g )| A1 .- Aepr ><< 1. We will prove a more precise version
of this estimate below. As a preparation we need the following:

LEMMA 4.1. Let {Lj,...,Lj,.,} be a linearly independent subset of
{L1,...,L;}. Then

(4.9) 2(t(t+1)—r(r—1))/2M<f>l—r < ]det(le, o th+1)‘ < 2t<t+1)/2M<f)t.

Proof. Put D := |det(Lj,,...,Lj,.,)|- By Vandermonde’s identity we
have D = [ j<411 |, — @, |- This implies on the one hand, noting that

the leading coefficient fy of f is a non-zero integer,

p< JI @max(l]az)) max(1, o)

1<k<i<t+1

t+1 '
= 2t(t+1)/2( H max(l, ‘ajk D) < 2t(t+1)/2M(f)t
k=1
and on the other hand, by (3.4),
|ajk - ajl|
D >
1Sk<HlSt+l ma'X(17 ’a]k‘) maX(l, ’a]l ‘)

> 2(t(t+1)_r(r_1))/2‘D(f)’1/2M(f)1_r
> 2(t(t+1)—r(r—1))/2M(f)1—r

where we have used the fact that D(f) is a non-zero integer. m
LEMMA 4.2. Let {i1,... 141} be the set of indices defined by (4.4). Then
(410) 27 PM() < Jglan) - gloien)IM - A < 227 M)

Proof. Put A:= |g(a,)...g(cu,,)|A1... Apy1. We first deduce the lower
bound for A. Notice that the determinant det(L;, (hy));x=1,...t4+1 is the sum
of (¢t + 1)! terms of the shape iHiill Li;(hy(j) where o is a permuta-
tion of 1,...,¢t + 1. By (4.8), each such term has absolute value at most
Hz-zll(\g(aij)]/\g(j)) = A. Together with Lemma 4.1 this implies

1< |det(hy,..., he1)| = |det(Liy, - -, Liyyy) |~ det(Li, () k=141
< U =Dt ED)2 (=Yg 4 1)IA < 2720 (f)T 1A

from which the lower bound for A immediately follows.

We now prove the upper bound for A. Assume, as we may, that ay, ..., oy,
are real numbers and that oy, 41, ..., a, are non-real, where r = r1+2r2 and
Qipry = for i =7y +1,...,71 +7r9. Let L; := |g(ay)| " L; fori=1,...,r.
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Then there are linear forms M, ..., M, in t+1 variables with real coefficients
such that
Li=M; (i=1,...,r),
(4.11) Li=M;+ V=1 My, i=7141,...,71 +12),
Livry=M; —/=1-Misr, (i=71+1,...,71 4 72).
Clearly, if for some x € R we have |M;(x)| < 2712 for i = 1,...,r then

|Li(x)| < 1, whence |L;(x)| < |g()| for i = 1, ..., r. Therefore,
(412)  C(9) 2 Do :={x e R : |My(x)| <272 fori=1,...,r}.
By rank{Ly,...,L,} =t+1 and (4.11) we have rank{M,..., M, } =t + 1.

Let ji,...,jt+1 be indices for which A := |det(Mj,,..., M;, )| is max-
imal. Then A > 0 and therefore M;,..., M, are linear combinations of
Mjl? ceey th+1‘ Write
t+1
Mi:ZCiijk fOI"L'Zl,.‘.,T.
k=1

For k =1,...,t 4+ 1 and for any linear form L in ¢ 4 1 variables, let Ax(L)
be the absolute value of the determinant obtained by replacing M;, by L
in the determinant det(A;,, ..., M;, ). By Cramer’s rule, (4.11), and the
choice of j1,...,ji+1, we have

lei| = Ap(M;)JA<1 fori=1,...,r.
Hence if for some x € R™*! we have |Mj, (x)| < 27Y2(t + 1)7! for k =
1,...,t+1, then |M;(x)| < 2712 for i = 1,...,r. Together with (4.12) this
implies
C(g) DDy DD :={xeR*:
M, (x)] <272t 4+ 1) for k=1,...,t+ 1},
and therefore, the volume of C(g) is bounded from below by
vol(C(g)) > vol(D) = 2+ D/2(¢ 4 1)~ AL,
Now Minkowski’s theorem on successive minima implies that

(4.13) A A < 27 (0l(C(g)) 7 < (VR(E+ 1)A.

We estimate A from above. Assume that among {ji, ..., ji+1} there are
precisely s indices > rj. By (4.11) we have M; = L; for i = 1,...,7r1,

M, = %(ZZ + fi+r2) fori = ri+1,...,79, M; = 2—\/1__1(Zi_r2 — EZ) for
i=1r1+ry+1,...,r, therefore,
det(Mj,,..., M) = > exdet(Ly,,...,Ly,,)

K=(k1,....k¢+1)
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where the sum is taken over all 2° tuples K = (ki,...,k¢11) such that
kn = jn if 1 < jp <71, by € {Jn,jn + 72} if 1o+ 1 < g < 71+ 72 and
kn € {jn —ro,jn} it 1+ 12+ 1 < jp < r, and where |eg| = 27° for each
of these tuples K. Therefore, there is a tuple K = (k1, ..., k1) such that
A < |det(Lgy, .- Lg,y)|- By (3.10), (3.11) (with {41,...,4;} in place of
{1,...,t}) we have, for any two indices 7,k € {1,...,r} \ {i1,...,i¢},
lg(ay)] < 2t + )2 DM (f) |g(an)]
and so, by (4.4),

l9(ei,) - glov,,)] < 28+ D)2/ D2M(f) | gla,) - - glo,,, ).
Together with Lemma 4.1 this implies
A < |det(ik1v SERE) zkt+1)’ = |det(L/€1’ SRRE) th+1)’ ’ |g(ak1) . 'g(ak't+1)|_1
< 2D 2!t + )27 DM () g (0n,) - g(ip)| !
= (t + 1200 DHEDE2 AL (£ g(0,) - gl )7

By combining this with (4.13) and using r > 2t + 1 we obtain the upper
bound for A in (4.10). =

The following lemma is our key observation. Its proof is the only place
where we use our assumption that g is irreducible.

LEMMA 4.3. (i) Ay =1, hy = +g where g is the coefficient vector of g;
(i) Ay > M(g)'¢/06) where & is the number defined by (4.2).

Proof. Leth = (ho, ..., 1) € Z'1\{0}. Define A(h) to be the smallest
positive real A such that h € AC(g), i.e., the smallest real A such that
|Li(h)| < Alg(e)| for i =1,...,r. Then in view of (4.6) we have
7))
g(ai)|
where h = hg X' +...+ h;. Suppose h is linearly independent of g. Then the
corresponding polynomials g, h are linearly independent. But g is irreducible,
hence the polynomials g, h do not have a common zero, that is, R(g, h) # 0.
Since g, h have integer coefficients this implies |R(g, h)| > 1. By combining

this with the upper bound for |R(g,h)| from Lemma 3.3, observing that
fol > 1, ID(f)] > 1, lgol > 1 since /. g € Z[X], we obtain

1< 27 2M(f) 0 DR(S, )| M (9)2 " max(1, Ah))!
<2 2M(f) DM (g) " max(1, A(h))" by (4.2)
< M(g)"P/% max(1,A\(h))! by (4.3), (4.1).

(4.14) A(h) = max

i=1,...,r

Therefore,
(4.15) A(h) > M (g)1o¢/(6D > 1,
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Since g € C(g) we have A(h;) = A\; < 1. So by (4.15), hy is linearly depen-
dent on g. Since g is primitive, this implies h; = +g and A} = A(g) = 1.
Further, hy is linearly independent of h;, hence of g, and therefore (4.15)
gives Ay = A\(hy) > M(g)1¢/(16%), u

5. Reciprocal vectors and linear forms. We keep the notation and
assumptions from the previous sections. In particular, g is a polynomial in
Z]X] of degree t satisfying (2.6), (2.7), (4.1). Let hy, ..., hs11 be the linearly
independent vectors in Z!™! associated with the successive minima of C(g),
i.e., the vectors satisfying (4.8). Write h; = (hy,...,hy) (i=1,...,t+ 1),

hio ... hy o - hiy
H=| P (et H)(HTHT =
hivio o0 hiyig 41,0 - Pivay

where AT denotes the transpose of a matrix A, and put
(5.1) hi :=(hjy,...,hy) (E=1,...,t+1).

7
Recall that up to sign, h;; is the determinant of the ¢ X t-matrix obtained
by removing the ith row and jth column from H. Therefore h} € Z!*! for
i = 0,...,t. Define the scalar product of two vectors x = (xq,...,T¢+1),
Y =(Y0,---,Yt+1) by Xy = xoyo + - .. + x1y;. Then we have
hi'h;f:dijdetH fori,j=1,...,t+1,
where 0;; = 1 if ¢ = j and 0 otherwise. Therefore, h; is perpendicular to the
span of the vectors h} (j # ). In particular, by Lemma 4.3(i) we see that g
is perpendicular to the span of h3, ... hf,,, i.e. the one-dimensional vector

space generated by g is determined by this span. Since ¢ is primitive, this

implies that

(5.2)  up to sign, g is uniquely determined by the span of h3,... hy ;.
Let {i1,... 4141} be the set of indices defined by (4.4) and let Ly, ..., L,

be the linear forms given by (4.5) so that in particular L;;, = aijo +

a§;1X1+...+Xt for j =1,...,t+ 1. Write

Oégl Ozgl_l o1 big ... bt
L= , (detL)(L™HT =
-1
CMZ_H OZZ_H o1 bt+170 .o bt+1,t

and define the linear forms

t
(5.3) Ly =) bpXe (G=1,....t+1).
k=0
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LEMMA 5.1. We have
(5.4)  |Lj(hy)| < £1227° M(£)? (Jg(i)) M) ™" for ik =1,...,t + 1.
Proof. Let A= LHT. Then
(Li,, (hn))1<mn<t+1 = A,
(Lyn () 1<m i1 = (det L) (L) ™ (det H)H ™" = (det A)(A™H)"

where in both cases m is the row index and n the column index. It follows
that for j, k € {1,...,t+ 1} we have

L (hy) = £det(Li,, (hy))m.n

where m, n run over {1,...,t +1}\ {7}, {1,...,t + 1} \ {k}, respectively.
The determinant is the sum of t! terms of the shape + Hm 1, metj Lim (No(m))
where ¢ is a bijection from {1,...,t+1}\ {j} to {1,...,t+1}\{k}. In view
of (4.8), (4.10), each such term has absolute value at most

t+1 t+1

[T i) oem) —(H|g i) ) (g ) 2g)

m=1,m#j

< 22 M () (|g(as,) ) ™!
Now (5.4) easily follows. m

6. Estimates for certain linear forms. For a linear form L = ¢g Xo+
. +c: X with coefficients in Q we define the field Q(L) := Q(co/ci, - - ct/cl)
where ¢; is any non-zero coefficient of L. Thus Q(cL) = Q(L) for any c € Q.
Further, we define the linear form o (L) := o(co)Xo + ... + o(ct) X for any
isomorphism o defined on Q(c, ..., c).

For a prime number p, we denote by | - |, the standard p-adic absolute
value, normalised so that |p|, = p~! and we choose an extension of |- |, to Q
which we also denote by |- |,. Then for a linear form L = coXo+...+¢X; €
Q[Xo, ..., Xs] we put

LI = (leol® ... + et )12,
I|IL||p := max(|colp, - -, |ct|p)  for each prime number p

and subsequently we define the absolute height of L by choosing a number
field K containing the coefficients of L and putting

(61) 1) =[] {le I T o2 o}

where the products are taken over all primes p and over all isomorphic
embeddings o of K into Q. This is easily shown to be independent of the
choice of K. Further we have H(cL) = H(L) for every c € Q .
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Now let L7,...,Lf, | be the linear forms defined by (5.3). If the coeffi-
cients of L7 are not all real we write

L =R(L;) + V-1-3(L))

where both R(L}) and I(L}) are linear forms with real coefficients. We can
express det(L7,..., L7, ;) as a linear combination of at most 2t+1 determi-
nants Y, x4y where each ¢, is a power of v/—1 and where each Ay is a
determinant of ¢ + 1 linear forms, the jth of which is L¥ if all coefficients of
L7 are real, and either one of the linear forms R(L}), S(L}) if not all coeffi-
cients of L;‘f are real. Therefore, we may choose linear forms M, ..., M, q,
with M7 = L% if all coefficients of L} are real and My € {R(L}),S(L})}
otherwise, such that

(62) ’det(Mikva t*—i-l)’ > 2_t_1’det<L>{7'-~7 >tk—i-l)"
Lastly, we define normalised linear forms
(6.3) NP = |IMy|7'MF (j=1,...,t+]1).

Notice that each linear form N ]* has real coefficients. Below we have collected
some other properties of the linear forms M7, N7.

LEMMA 6.1. We have

* * —r2 —(r—
(6.4) |det(My, ..., M) > 27 2M(f)~0= 08,
(6.5) MG < (¢ 4+ D)IDEM(E for =1, t+1,
(6.6) IMF|| > 27 M (f)2 for j=1,...,t+ 1.

Proof. We first prove (6.4). From definition (5.3) it follows that
det(L},...,Li,) = det(Li,..., L;,,)" Together with (6.2), Lemma 4.1,
r > 2t + 1, this implies

det(M7,..., M7 )| > 27" Ydet(Li, ..., Liy,)|*
> g—t-1 (2(t(t+1)fr(r71))/2M<f)177")'5
> 2_T2t/2M(f)_(T_1)t.
This proves (6.4).
We prove (6.5). Fix j € {1,...,t+ 1}. By (4.5) we have
ILill < (14 |as)® 4+ ...+ |euPH)Y? < VE+1-max(1, |ag|)t fori=1,...,r.
By inserting this into Hadamard’s inequality

t+1

Iz < I ILal

k=1, k#j
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(which follows easily from the Gram—Schmidt orthogonalisation procedure)
we obtain

L3N < (¢ + D20
From the obvious inequality || M} || < ||L}]], inequality (6.5) follows.

We prove (6.6). Fix again j € {1,...,t+ 1}. By combining Hadamard’s
inequality [det(M7,..., M7 )| < [[M{]...||M/ | with (6.4), (6.5) we ob-
tain

t+1 .
1M = Jdet(My, M) (T I8
k=1, k]
> 2—r2t/2M(f)—(r—1)t((t + 1)(t+1)/2M(f)t)—t
> 2_T2tM(f)_2Tt.
This proves (6.6). =

LEMMA 6.2. We have

(6.7) [Q(N;): QI <7 for j=1,....t+1,
(6.8) H(N?) <20+ 1D)"2M(f)" forj=1,...,t+1,
(6.9) [det(N, ., Ngpp)| > 27 D ar(f) =2,

Proof. We prove (6.7). Fix j € {1,...,t+ 1}. The coefficients of L} are
t X t-determinants, whose elements are coefficients of the linear forms L;,
(k=1,...,t+ 1, k # j). Hence the coefficients of L7 belong to the field
generated by the numbers «;, (k # j). Now N 7 1s a scalar multiple of either
Lior L} :tf;, where the coefficients of I_L;k- are the complex conjugates of the
coefficients of L?. The coefficients of E; belong to the field generated by the
complex conjugates of the numbers «;, (k # j), which are also zeros of f.
Therefore, N is proportional to a linear form with coefficients from a field
which is generated by at most 2t zeros of f. This implies (6.7).

We prove (6.8). Recall that M (f) = |fo| [];_; max(1, |o;|). We will use

(6.10) [[max(1, o) T T [ max(1, |eulp) < M(f).
=1

p =1
Indeed, by Gauss’ lemma and since f € Z[X] we have, for every prime
number p,

T
]f0|pHmaX(1, |ailp) <1
i=1

and together with the product formula (][, | folp)™t = |fo| this implies
(6.10).
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Fix again j € {1,...,t + 1}. Let K be a finite normal extension of Q
containing a1, ...,a,, v—1 and the coefficients of Ny,..., N7 ;. Let o be
an automorphism of K. First notice that

L]l < (¢ + 1)Y?max(1, |og|)!  fori=1,...,r.
Together with Hadamard’s inequality and the fact that o permutes the num-

bers aj, ..., a, this implies
t+1 i+1
611) oLl < I lo@ll <@E+D" T max(1,]o(aq,))
k=1, k#j k=1, k#j
T
< (t+ )72 [ [ max(1, aa])".
i=1

Recall that N ¥ is a scalar multiple of N ¥ where N ¥ is either L* or L* + f*
Note that ||a( )H is bounded above by the right- hand side of (6. 11) since

J(L;) = 7(L}) for some automorphism 7 of K. So in either case, by the
triangle inequality,
(6.12) lo(N)|| < 2(t+1) t/QHmaX (1, ]ai])t.
=1
Now let p be a prime number. Then for ¢ = 1,...,r we have

IZillp < max(L, |aslp)".

By precisely the same reasoning as above, but using the ultrametric in-
equality instead of Hadamard’s inequality and the triangle inequality, one
obtains

t+1

lo@)lp < I llo@ally
k=1,k#j
t+1

H max(1, [o (i, )|p)" <Hmax eilp)®

k=1,k#j
and

(6.13) lo (Nl < T max(1, lal,)".
=1

Now by combining (6.12), (6.13), (6.10) we obtain
* NT* ) " 1/[K:Q]
100 = 5 = [{le I T 1)1}

<2(t+1) t/ZH <max 1, |al) Hmax 1, |allp))t <2t + 1)2M(f)!

=1
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where in the products o runs through the isomorphic embeddings of K into
Q and p through the prime numbers. This proves (6.8).
Lastly, (6.9) is proved by observing that

|det(Mf7 AR Mt*+1)|
|det(NT, ..., Niq)| = . .
' s MMl
and then proceeding as in the proof of (6.6). m
LEMMA 6.3. Let hi,... hi, | be the vectors defined by (5.1). Then
(6.14)  [NF(hp)| < 22 M(F)* (Jg(cu) M) ™" for ok =1,...,t+1.

Proof. Fix j,k € {1,...,t+1}. Since M (hy) is either the real or imagi-
nary part of L7 (hy) we have [M} (hy)| < |L}(hy)|. Together with Lemma 5.1,
(6.6) this implies

NG ()] = [[M5]|7H M (h)] < || M| 71 L5 ()]
<2 M ()L M) (g(os,) | M)
and since r > 2t + 1 this implies (6.14). =

7. Davenport’s lemma. We start with a variation on Davenport’s
lemma.

LEMMA 7.1. Let Lq,...,Ly be linearly independent linear forms in n
variables with coefficients in R, let hy,. .., h, be linearly independent vectors
from R™ and let i, ..., 1w, be reals with 0 < pu1 < ... < up. Suppose that

(7.1) Ljthe)| < e for jk=1,...,n.

Then there are a permutation k of {1,...,n} and vectors
j—1

(7.2) vj =b; + Zéjkbk
k=1

with §p € Z for j=1,...,n and k=1,...,5 — 1, such that
(73) |LJ(V’€)| < 22" mln(lu/@(])nuk) Jor j,k=1,...,n.
Proof. See [1, p. 40, Lemma 3.3.5]. m

We keep the notation from the previous sections so that in particular
g is a polynomial in Z[X] with (2.6), (2.7), (4.1) and N7,..., N{,, are the
linear forms defined by (6.3). Then we have:

LEMMA 7.2. There are a permutation  of {1,...,t + 1} and linearly
independent vectors vi,...,vi | € ZHY with the following properties:

* [/ k 3 2 — . — —
(7.4)  INF(vi)l < 2% M(f)* |g(ai,)| ™ min(A 5, At
for jk=1,...,t+1;
(7.5)  up to sign, g is determined by the span of v3,..., vy .
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Proof. We apply Lemma 7.1 with n =t + 1 and with

* 3 - *
Lj = |g(ait+27j)|Nt+2—j7 My = 22T M(f)QT )‘t_g_lz_j’ hj = ht+2—j
for j =1,...,t+ 1. Lemma 6.3 implies that condition (7.1) is satisfied. It

follows that there are a permutation  of {1,...,¢+ 1} and vectors v} =
h 3 Gehy with &y € Zfor j=1,.. . t+land k=j+1,... t+1,
such that

* (K r3 r2 . — —
9| INF (V) < 2272020 ()2 mim(A L) M)

<27 M(£)* min(A L), A
for j,k = 1,...,t 4+ 1 where we have used the inequality » > 2t 4+ 1. This
proves (7.4). Using (5.2) and the fact that the span of v3,..., v}, is equal
to the span of hj,... hy ; we obtain (7.5). Lastly, v{,..., v}, are linearly
independent since they have the same span as hi,... hf,; and since the
latter vectors are linearly independent. m

8. Construction of a parallelepiped. We keep the notation from
the previous sections. In particular, g is a polynomial in Z[X] of degree ¢
satisfying (2.6), (2.7), (4.1).

We wish to construct a parallelepiped II C R*! which contains the
vectors v3, ..., vy, 1 from Lemma 7.2 but which does not contain any vector
from Z'*! which is linearly independent of v3,...,v; ;. Thus the vector
space V generated by IT N Z!! is equal to the span of v3,..., v} 1 and by
(7.5) this means that V uniquely determines 4+¢g. A possible candidate is

.= {xecR": INF(x)| < Ajfor j=1,...,t+1}
where
3 2 _ . . .
Aj =27 SM(f)QT 2(\9(%-)\/\5(]-)) V=10t 1 5 # o),
(8.1) Ajy =22 M(f)* (lg (i, )| A2) 7
3 2
= 27" M(f)*" (|g(aui,, ) |A1) " (A /A2)
with k(jo) = 1.

Indeed, from (7.4) it follows at once that II contains v3,..., vy, ;. Sup-
pose IT contains also a vector vi € Z'*! (not necessarily the same vector
as in Lemma 7.2) which is linearly independent of v3,..., v}, ;. Then by
Lemma 4.2, Lemma 4.3 amd (4.3),

1 < |det(vi,...,viyq)| < vol(ll) < Ay... A
t+1

< JT gl X)) A/ A2) < ArfA
j=1

< M(g)—15§/(16t) < M(g)—156/(16t)
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where the constants implied by < depend only on f. For M(g) sufficiently
large this gives a contradiction, i.e., such a vector v cannot exist.

However, for our method of proof to work, we need instead of II a paral-
lelepiped of the shape {x € RI™! : N7 (x)| < M(g)%¢ for j=1,...,t+1}
where each p; is independent of g. To construct such a parallelepiped we
need the following combinatorial lemma.

LEMMA 8.1. There is a set P C R independent of g of cardinality at
most

(8.2) (6t(t 4 1)%6~ 1)t

with the following property: if A1, ..., Awy1 are the reals given by (8.1), then
there is a tuple (o1,...,01+1) € P such that

(8.3)  M(g)le—1/@t-1)}¢ o A; < M(g)%¢ (j=1,...,t+1),

2+ 1
(84) g5 < T

(,7 = 17>t+1)a
1
8.5 ... < ——.
(85) o1+...+ 0141 < 3
Proof. First observe that for j =1,...,t+1,
’I”B 7”2 — :
A; <27 M(f)? lg(s,)|™" by Lemma 4.3(i)
< 2 M ()2 VIR(f )M () M(9) T by (3.12)
_ 23r3+t(r71)M(f)2r2+tM(g)2t71+£ by (4.2)
< (M (g)8)(t=D/OFST/36 by (4.3) (4.1), 7> 20+ 1> 3,

and
, 2t+1 t+1
452 27 M5 TL(of0s) M) ™ T] lo(a)| by Lemma 43()
k=1 k=1, kj

> 2T M() 2T M) 2 DR ) M) M (9)'
by Lemma 4.2, (3.12)
> M(g)™7¢ > (M(g)%)~WO7 by (4.2), (4.3),
so altogether,
(8.6) (M(g)$)"/071 < Ay < (M(g)6)(GD/DHT/36 for j 1141,
For j =1,...,t+1, let f; be the integer given by
(8.7) (M ()1 < AT < (M (g)9)

and put
fi

O T 1)
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Notice that by (8.6), (8.7) we have, for j =1,... ¢t + 1,
2t—1 37

(8.8) —<§ 4 1>2t(t+ < fi<l+ (T + %>2t(t+ ).

It is clear that (8.3) is satisfied. By (8.8) we have
2t—1 37 1 2t+1
%= T T uErn = o
which implies (8.4). Further,
(M(g)5)91+"'+9t+1

<Ay A (M(g)9)YEY by (8.3)
t+1

< (2 M) [T g0, ) /A (M ()Y 2) by (8.1)
j=1

< (23T3M(f)27"2)t+12r2/2M(f)r—1(M(g)g)—15/(16t)(M(g)g)l/(Qt)
by Lemmas 4.2, 4.3
< 27 M(F)P (M (g)f) 7T < (M (g)f) T < (v (g)S) M B0

by r>2t+1 >3, (4.3), (4.1),

which implies (8.5).
Lastly, from (8.8) we infer that each integer f; can be chosen from a set
independent of g of cardinality at most

1+ <$ + ;%) 2t(t+1) < 6t(t+1)%0 "

Hence, each number p; can be chosen from a set of cardinality at most
6t(t+1)20~! which is independent of g, and therefore, the tuple (o1, .. ., 01+1)
can be chosen from a set of cardinality at most (6¢(¢ + 1)26~1)**! which is
independent of g. m

LEMMA 8.2. Let (01,...,0t+1) be the tuple from Lemma 8.1 and define
the parallelepiped

I(g) = {x € R"!: INF(x)] < (M(9)%)% for j=1,...,t+1}.

Then v, ..., v € II(g) N Z" . Moreover, II(g) N Z**! does not contain
any vector which is linearly independent of v3,..., v .
Proof. By (7.4), (8.1), (8.3) we have for j =1,...;t+1and k =2,...,
t,
INF (VI < 4; < (M(g)%)%.

Hence vj € II(g) NZ! for k=2,...,t+ 1.
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Assume that IT(g) NZ!™! contains a vector v} which is linearly indepen-
dent of v3,..., vy ;. Then

1 < |det(v],..., vy )| = |[det(NT,..., Nt’:_l)|—1’det(N]’.k(v};))j,kzl,...,t-&-l’
<2 DM DM ()Tt Dy (6.9)
< 2r2(t+1)M(f)2r(t+1)(t + 1)!M(g)—§/(3t) <1 by (8,5), (4.3), (4.1).

Thus the assumption that IT(g) N Z!*! contains a vector which is linearly
independent of v3,..., vy, leads to a contradiction. m

In the proposition below we have collected the facts from Sections 4-8
which are needed in the proof of Theorem 2.1:

PROPOSITION 8.3. For every polynomial g € Z[X] of degree t with (2.6),
(2.7), (4.1) there exists a parallelepiped

(89) I(9)={xeR™: |N/(x)| < (M(9))¥ (j=1,....,t +1)}
with the following properties:

(i) NY,...,N{ are linearly independent linear forms with algebraic
coefficients satisfying

(810)  [QN;): QI <, H(N;) <20+ D7PM(F), Nl =1
for j=1,...,t+1.

(ii) o1,...,0t+1 are real numbers satisfying
(811) o, <(t+1)/5 (=1,...,2t+1), o1+...+o1 < —1/(3t).

(iii) The tuple (NY,...,N{1; 01,...,0t41) belongs to a set independent
of g of cardinality at most

(8.12) C) (6t(t + 1)25~ )L,

(iv) Let V(g) be the R-vector space generated by II(g) N Z*1. Then
(8.13) dimV(g) =t
(8.14) up to sign, g is uniquely determined by V(g).

Proof. (8.10) follows immediately from (6.7), (6.8), (6.3), and (8.11) from
(8.4), (8.5). This proves (i) and (ii).

In Section 6 we constructed N7y,...,N/ ; from the linear forms
Li,...,Li,,. Therefore, Ny,..., N/ ; depend only on the set of indices
{i1,..., 4441} defined by (4.4). Hence for the tuple (N7,..., N ;) of linear
forms we have at most (’;) possibilities. By multiplying this with the upper
bound (8.2) for the number of possibilities of (g1,. .., 0t+1) we obtain (iii).

Lastly, Lemma 8.2 implies that V(g) is the span of v3,..., vy ;. Since
these vectors are linearly independent this entails (8.13). Statement (8.14)
follows from (7.5). This proves (iv). =
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9. The large solutions. We will estimate the number of polynomials
g of degree t with (2.6), (2.7) having large Mahler measure. Apart from
Proposition 8.3 we need a result from [2] which we recall below.

Let 0 < e <1,t > 1, let Ny,..., Neyq be linearly independent linear
forms in Q[Xy, ..., X;] and let ¢1,...,ci41 be reals such that
(9.1) [QN;): Q) <D, H(N)<H, [Nj=1 forj=1,...t+1,
(92) ¢ <1 (j=1,...,t+1), ca+...+cn <—=
Then for every real (Q > 1 we define the parallelepiped
(93) I(Q) = IT({N;},{c;}, Q)

={xeRTIN;(®)| QY (j=1,....t+1)}

and we denote by V(Q) the real vector space generated by IT(Q) N Z!*1,

LEMMA 9.1. There is a collection {V1,...,Vin,} of t-dimensional linear
subspaces of R of cardinality
(9.4) m < C =239t +1)%*log4Dloglog 4D
such that for every @ with
(9.5) dimV(Q) =t,
(9.6) Q> (2H)<°

we have V(Q) € {V1,...,Vp}.
Proof. This is a special case of Theorem C of [2], cf. pp. 260-261. =
We now show:

PROPOSITION 9.2. The number of polynomials g € Z|X| of degree t satis-
fying (2.6), (2.7) and

(9.7) log M(g) > exp(2°5t186~*log 4r loglog 4r) log(2M (f))
18 at most
(9.8) Q592421 5=1=51 105 41 1og log 4r.

Proof. Inequality (9.7) implies (4.1). Therefore, for each polynomial g €
Z]X] of degree t with (2.6), (2.7), (9.7) there is a parallelepiped II(g) with
the properties specified in Proposition 8.3. For the moment we consider
only polynomials g € Z[X] of degree t satisfying (2.6), (2.7), (9.7) which
correspond to a fixed tuple (N7,..., N{ ;01,...,0t+1). Thus let g be such
a polynomial and put

(9.9) Q= (M(g)ﬁ)(2t+1)/67

(9.10) = —— (J=1,...,t+1).
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Then the parallelepiped II(g) defined by (8.9) is equal to
Q)= {x eR"" N ()| <QF (j=1,...,t + 1)}
while V (g) is equal to the space V(Q) spanned by IT(Q)NZ!*!. So by (8.13),
dim V(Q) = t. Further, by (8.11) we have
B 4
3t(2t + 1)

We apply Lemma 9.1 with N; = N¥, ¢; =¢} (j =1,...,t+1). Thus (8.10)
implies (9.1) with

(911) <1 (=1,...,t+1), cf+...+cfy <

D=r% = H=20t+1)"2M(f).
Further, (9.11) implies (9.2) with
0
€= .
3t(2t + 1)
By substituting these values for D, e into the quantity C' defined by (9.4)
we get
(9.12) C =230t +1)8(3t(2t + 1)~ 1) log(4r2") log log (4r2)
< 2241854 1og 4r log log 4,
where in the last inequality we have used t + 1 < 2t, 2t + 1 < 3t and
log(4r2%) log log(4r%) < 6t2 log 4r log log 4r
for t > 1, r > 2t + 1. Further, by (9.9), (4.3), (9.7) we have
Q > M(g)2t+1 > (2M(f))(2t+1)exp(255t185*410g4rloglog4r)
> (4(t + 1>t/2M(f)t)exp(254t186_410g4rloglog4r) > (2H)ec

with the value of H chosen above. Thus, @ satisfies (9.5), (9.6).

Now Lemma 9.1 implies that the space V(Q) belongs to a collection
of cardinality at most C' which is independent of g. Hence the space V(g)
belongs to this collection. But by (8.14), the space V(g) uniquely determines
g up to sign. It follows that there are at most 2C polynomials g € Z[X]
of degree t satisfying (2.6), (2.7), (9.7) which correspond to a fixed tuple
(NY,...,N{q501,...,0t41), where C is given by (9.12).

Thus, the total number of polynomials g € Z[X] of degree ¢ with (2.6),
(2.7), (9.7) is at most 2C' times the upper bound (8.12) for the number of
possibilities for (N7,..., N i;01,...,0t41), that is,

2C <:> (6t(t +1)26 )L < 255418574 1og dr log log 4r(er /)t (2436 1) 11
< QTS AA2L 5150t 100 4y log log 4r

where we have used e!24!t! < 2T+ for t > 1.
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10. A gap principle. We derive a gap principle to estimate the number
of polynomials g with (2.6)—(2.8) which do not satisfy (9.7). We need the
following combinatorial lemma.

LEMMA 10.1. Let 6 be a real with 0 < 6 < 1 and let t be an integer > 1.
There exists a set P C R! of cardinality at most

(10.1) 4<62 <% - 1%9_1»“,

consisting of tuples (o1, ..., 0t) with
t

(10.2) 0= Ze>0, 1-0<> o<1,
=1

such that for every tuple of reals (F1,...,F;, A) with

(10.3) O<FA<...<F<1, F..F<A

there is a tuple (01,...,0t) € P such that F; < A% fori=1,...,t.
Proof. See [3, p. 79, Lemma 14]. m

Let f be the polynomial and § the real number from Theorem 2.1. Thus,
[ = folli.{(X — ;) with fo # 0 and with a1,..., . distinct. If ¢ is an
algebraic number of degree ¢ then we order the conjugates ¢V, ... ¢® of ¢
in such a way that

(@ . _ ()
(10.4) min i =] < mi i =] <.
i=1,...,7 max(l, |057,’) i=1,...,r max(l, |Oéz|)
o = (W)
mm —-.

i=1,..,r max(1, |a;])

If g € Z[X] is an irreducible polynomial of degree ¢, let ¢(1),...,¢® be the
zeros of g, ordered according to (10.4). We first prove the following result.

LEMMA 10.2. There exists a set S of cardinality at most

(10.5) 7rt(636 1)1

consisting of tuples (i1, ... i 91,...,¢t) where i1,...,4; € {1,...,7} and
where @1,...,@r are non-negative reals satisfying

(10.6) O1+ ...+ >2t+6/2,

such that for every polynomial g € Z[X| with (2.6)—(2.8) there is a tuple

(T1y . oy it501, .-, p1) €S for which
|aij B C(])|

2 mmax(1, [, ) max(L, [CO)

(10.7) < M(g)~% forj=1,...,t.
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Proof. Let g € Z[X] be a polynomial of degree ¢ with (2.6)—(2.8). Choose
indices i1, ..., € {1,...,7} such that

) )
(10.8) B el min A9
max(1,|og,|)  i=1,..,r max(1, |ay)

By formula (7.3) on [3, p. 81] we have

L ﬁ i, — ¢
M(f)tM 2 max(1, |, |) max(1, |¢0)])
with C = (21+(T(T_1)/2)M(f)’”_1)t.

Together with (2.6), (2.8) this implies

. .
v, — C(J)] —2t-35
10.9 ) <M .
( ) 21;[1Qmax(l,|aij|)max(17|<(j)|) = M)

We apply Lemma 10.1 with
2 max(1, |ay;|) max(1, [¢17)])
A= M(g)_2t_35/4,

2t+6/2 6
2t +35/4  8t+ 35
Then, clearly, 0 < 6 < 1. Further, (10.4), (10.8), (10.9) imply (10.3).
Hence the conditions of Lemma 10.1 are satisfied. Let P be the set from
Lemma 10.1, let (o1,...,0¢) € P be the tuple for which F; < A% for
j=1,...,tand put ¢; = p;(2t+39/4). Then, clearly, (10.7) holds. Further,
(10.2) and our choices of #, A and ¢; (j =1,...,t) imply (10.6).

Lastly, with our choice of # the set P of Lemma 10.1 has cardinality at
most

11 8t + 30 =1 1 4 8\\"!
2f 4+ 1 < 21+ % O
1 8 t—1 1 t—1
< 224 2 il

< 7(6367 1)L

(j=1,...,1),

h=1-—

Since for each index i; we have r possibilities and since ¢; is determined
by o, we have at most 7r!(639~1)!~! possibilities for the tuple (i1, ..., it;

gol,...,got). ]
We recall the following gap principle for Wirsing systems.
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LEMMA 10.3. Lett > 0,0 < e < 1, let ay,...,a; be algebraic numbers
and let p1,...,p¢ be non-negative reals with 22:1 pj > 2t +¢€. Further, let
A, B be reals with

(10.10) B> A > 4tt+H)/e,

Choose for every algebraic number ¢ of degree t an ordering of its conjugates
¢V ¢, Then the number of algebraic numbers ¢ of degree t satisfying

o = ¢V]
2max(L, |a;]) max(L, |C0])
(10.12) A< M) <B
18 at most
(10.13)

(10.11) < M) forj=1,....1,

; (1 log(2log B/log A) )
log(1+¢/t)
Proof. See [3, p. 60, Lemma 2(i)]. =
We finally arrive at the following gap principle for the resultant inequal-
ity:
PROPOSITION 10.4. Let A, B be reals with
(10.14) B> A> (2 M(f)*—Ht/,

Then the number of polynomials g € Z[X] of degree t with (2.6)—(2.8) and
with

A< M(g)<B
15 at most log(2log B/log A)
—1\t—1,.t og(2log og
(10.15) 14¢(630~ )" 'r <1 + log(1 + 5/(20)) >

Proof. Instead of primitive, irreducible polynomials g € Z[X] of degree ¢
we may count algebraic numbers ( of degree . For each algebraic number ¢ of
degree t there are precisely two primitive irreducible polynomials g € Z[X]
with ¢g({) = 0 (taking into consideration the sign) and for these we have

M(g) = M(Q).
By Lemma 10.2, each polynomial g € Z[X] of degree t with (2.6)—(2.8)
satisfies one of at most Ny := 7r!(636~1)!~! systems of inequalities of the

shape (10.7). To each of these systems we can apply Lemma 10.3 with e =
/2. For this choice of €, (10.14) implies (10.10). It follows that the number of
polynomials g € Z[X]| of degree t with (2.6)—(2.8) and with A < M(g9) < B
is at most 2N Ny, where Nj is the quantity from (10.13) with §/2 in place
ofe. m

11. Proof of Theorem 2.1. Put
C* = 2551854 log 4r log log 4r-
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Let R; denote the set of polynomials g € Z[X] of degree t with (2.6), (2.7)
and

22 M) =415 < M(g) < (2M(f))*"

and let Ry denote the set of polynomials g € Z[X] of degree ¢ with (2.6),
(2.7) and

6C
M(g) = (2M(f))
Thus, Ry U Ry is the set of all polynomials g € Z[X] of degree ¢t with
(2.6)—(2.8).
We estimate the cardinality of R;. We apply Proposition 10.4 with
C*

A= 2 M(HTHY, B =(2M(f))"

Note that with this choice of A and B we have B? < A Further,
log(1 + 6/(2t)) > d/(4t). By inserting this into (10.15) we find that R
has cardinality at most

14trt (630711 (1 + 4td~1C™) < 250554205141t Jog 4r log log 4r-

By Proposition 9.2, the cardinality of R is bounded above by the quan-
tity in (9.8). Thus, the total number of polynomials g € Z[X] of degree ¢
with (2.6)—(2.8) is at most

26t+55t2057t74 27t+59t2t+2157t75

rlog 4r log log 4r + ! log 4r log log 4r

< QTHHO02t421 5=t =51t 160 41 log log 47

This completes the proof of Theorem 2.1. =

12. Proof of Corollary 2.2. Let (¢,7) € (O\{0})? be a pair satisfying
(2.15)—(2.17). Let g be the minimal polynomial of ¢ := £/n. Thus,

(12.1) H(&n) = M()Y" = M(g)"/".

Put f:= F(X,1). Let s := [Q(&,7) : Q]. Denote by (€0, n@) (i =1,... )
the images of (£,n) under the isomorphic embeddings of Q(§,n) into Q.
Write g = go H§:1(X — ¢9)) where ¢M,...,¢® are the conjugates of (.
Then for each conjugate (V) of ¢ there are precisely s/t indices i such that
€0 /p® = ¢U), Thus,

[T - €9 = (TTn®) (TT0x - ¢9)™ = dog(),

i=1 =1 7j=1

where
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is an integer since the polynomial on the left-hand side has its coefficients
in Z and since g is primitive. Now (2.3) implies

(122)  |F(En)] = (H\F<s<f>,n<i>>\)” 5

_‘H’?

= [do|""*lg0|""

LY
Hf(C(”)(l = ldol" IR (f,g) "
j=1

> |R(f, g)|"/*.

From (12.1), (12.2) we infer that if (£,7) € (O\ {0})? is a pair with (2.15)—
(2.17), then the minimal polynomial g of £/n has degree ¢ and satisfies
(2.6)—(2.8). Further, since each such polynomial ¢g has ¢ zeros, there are up
to proportionality at most ¢ pairs (£,7n) giving rise to the same polynomial
g. It follows that the number of pairs (¢,7) € (O\{0})? with (2.15)(2.17) is
up to proportionality at most ¢ times the upper bound (2.9) in Theorem 2.1,
which in turn is equal to the upper bound (2.14) in Corollary 2.2. =

13. Proof of Corollary 2.3. Let f € Z[X] be the polynomial of de-
gree r > 2t + 1 from Corollary 2.3 such that the numbers «; (i € I)
are zeros of f. Write f = fo[[;_;(X — ;) where fi,..., 3, are distinct.
Thus a; = B;; € {p1,...,5:} for i € I. Let ¢ be an algebraic num-
ber of degree t satisfying (2.23) and let ¢ € Z[X] be the minimal poly-
nomial ofC Write g = go Ht (X ¢1). Then using (2.3), (2.21) and
13; — ¢U)| < 2max(1,|8;]) max(1,|¢Y)|) we obtain

(13.1) [R(f,9)| = | gSIHHIﬁ—C”I

i=1j=1
r t
< fSQS\HWz‘j _CU)’HH(QIH&X(L|ﬂi])max(1,]C(J')D)
Jjel i=1j=1

< M(g)~>oer %27 M(f) M (g)"
< QTtM(f)tM(g)rfﬁ‘/f&'

Now let W7 be the set of algebraic numbers ¢ of degree t satisfying (2.23)
and

(132)  max(M(f),4"VP) < M(Q) < @7 M)
and let Wy be the set of algebraic numbers ¢ of degree ¢ satisfying (2.23)
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and
(13.3) M(C) > (2" M(f)¥8)!°.

Thus W1 UWs is the set of algebraic numbers of degree ¢ with (2.23), (2.24).
To estimate the cardinality of Wi we apply Lemma 10.3 with

A= maX(M(f),4t(t+1)/5), B = (247~2]\4(f)8r78)t/57 e=6

(observe that if ¢ satisfies (2.23) then ( also satisfies (10.11) with «;, ¢; the
same as in (2.23) for j € I, and a; =0, p; =0 for j € {1,...,t} \ I).
Thus, using B2 < A327% > 2¢+1 > 3 we infer that W has cardinality
at most
2,51
(13.4) t(l - %) < t(1 4 4t6 1 log(32r2ts~1))
<t 44367136 L log dr < 13t36 2 log 4r.

To estimate the cardinality of W5 we will apply Theorem 2.1 with §/2
in place of 6.

Let ¢ € W5 and let g be the minimal polynomial of . We first observe
that f and g do not have a common zero. For assume the contrary. Then
g is a divisor of f since g is irreducible. But then M(¢) = M(g) < M(f)
by (3.6), which contradicts (13.3). Now from our observation, (13.3), (13.1)
and M (¢) = M(g) it follows that

0 < |R(f,9)| < M(g)r—27/2,

which is (2.6) with §/2 replacing §. It is clear that g satisfies (2.7). Further,
from (13.3) and M(g) = M(C) it follows that g satisfies (2.8) with §/2
replacing 9.

So by applying Theorem 2.1 (with §/2 in place of §) we infer that if
¢ runs through W5 then its minimal polynomial g runs through a set of
cardinality at most

QTt+6042t421 (2(5*1 )t+5 log 4rloglogdr = 9B8I+65;2t421 5—t=5 log 4r log log 4r.

Since each such polynomial g has ¢t zeros we must multiply this with ¢ to
obtain an upper bound for the cardinality of W5, i.e. we must replace t2¢+2!
by 26422,

By combining this with the upper bound for the cardinality of W7 ob-
tained in (13.4) we infer that the total number of algebraic numbers ¢ of

degree t with (2.23), (2.24) is at most
9816642422515 150 41 Jog log 4r-

Since this is the upper bound (2.22) in Corollary 2.3 we are done. m
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