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1. Introduction. Let I be the finite field with k& = p' elements, let F[X]
denote the ring of polynomials with coefficients from F, let F(X) denote the
field of fractions over this ring and let F((X!)) denote the field of formal
Laurent series with coefficients from F, i.e.,

F((X~Y) = {i X ineZac IF}.

We define a non-Archimedean absolute value on F((X 1)) by

> » 0 whenever a; = 0 for all i € Z,
Sux|-
i=n

We can interpret F((X ~!)) as the completion of F(X) with respect to this
absolute value. Note that in addition to the usual non-Archimedean property
of the absolute value, |f + g| < max{|f|,|g|}, we also have

(1) [f1# 19l = |f + gl = max{[f], g]}-

Diophantine approximation in F((X ~!)), where a generic element is ap-
proximated by elements from the field of fractions F(X), has been studied
by numerous authors (the survey papers [9, 14| contain some of the known
results). Broadly speaking, the object of study has been variations over in-
equalities of the form

k™™ whenever a, # 0 and a; = 0 for ¢ < n.

|f = P/Q| < (|Q),
where f € F((X~1)) and P,Q € F[X] with Q # 0. The study of the metric
theory of Diophantine approximation in this setting, in which the Haar mea-
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sure and Hausdorff dimension of sets arising from such inequalities are stud-
ied, was begun by de Mathan in [10], who proved an analogue of Khinchin’s
theorem in Diophantine approximation. The author extended this theorem
to systems of linear forms [§].

Let m,n € N and ¢ : F[X]|™ — {k" : r € Z} be some function. Let
S C F[X]™. For v € F((X~1))", let ||v| denote the distance from v to the
nearest element in F[X]" with respect to the metric induced by the norm
X|oo = max{|x1],...,|2n|}, where x = (x1,...,7,) € F((X1))" In this
paper, we study the set

(2)  Ws(m,n;v) = {A € Matpxa(F((X ™)) : gAll < ¥(a),
for infinitely many q € S},

where Mat,x,(F((X™1))) denotes the space of m by n matrices A with
coefficients from F((X~!)) and qA denotes the usual matrix product.

Recently, Inoue and Nakada proved a Khinchin type theorem for the
special case Wg(1,1; %) |7, Theorem 1|. Namely, they showed that the Haar
measure of Wg (1, 1;4) is null or full according as the series qus ¥ (q) con-
verges or diverges, under the additional assumptions that the approximating
fractions P/Q are on lowest terms, that S is of the form {q € F[X] : |q| = k¢,
d € S’} for some subset S C N and that ¢ (q) depends only on |q|.

In the real case, the Hausdorff dimension of the analogous sets for m = 1
and arbitrary n in the special case when ¢ = |¢|~" was determined by Borosh
and Fraenkel [2]. Various more general cases were studied using the notion
of ubiquitous systems by Rynne [12]. This was subsequently extended to an
even more general form of approximation by Dickinson and Rynne [4].

We will consider the analogue of the case originally considered by Rynne
[12]. It is the purpose of the present paper to determine the Hausdorff
dimension—and in some cases the Haar measure—of the sets Wg(m,n; 1)
for m > 2, subject to very mild constraints on the approximation function .
We will denote by ;1 the Haar measure on F((X ~!)), normalised so that the
unit ball,

U={feF(XN):|fl <1} CF(X),
has measure 1. By abuse of notation, the normalised Haar measure on vector
spaces V over F((X 1)) will also be denoted by j. Similarly, we will denote
by U the unit cube in V, i.e., the dim(V)-fold Cartesian product of U by
itself. This should cause no confusion.

We need a few definitions. First, we need an appropriate notion of the
exponent of convergence for the sequence S given by

(3) v(S) = inf{v eR: Z laloy < oo}.
qes
We also need the appropriate notion of the order at infinity A(¢)) of the



Restricted Diophantine approzimation 161
function 1/1),

(@) M) = lim SoBUD

|qlf oo —00 log’(”oo ’
qes

defined whenever the limit exists. We can now state the first main theorem.
THEOREM 1. Let ¢ : F[X]|™ — {k" : r € Z}. Suppose that 1(q) depends

only on |q|ec, is decreasing as a function of |q|so, and that the order at
infinity of the function i exists.

(i) If nA(v) < v(S), then Wg(m,n;1)) is full with respect to the Haar
measure on Mat,,x,(F(X™1))).

(ii) If nA(¢) > v(9), then

n+v(S5)

L+ M)’

where dimy (E) denotes the Hausdorff dimension of the set E.

dimg(Wgs(m,n;¢)) = n(m —1) +

Note that while we can calculate the dimension for each value of v(.5) and
A(v), we are not able to show in general whether the measure of Wg(m, n; 1)
is null or full for the critical value nA(¢) = v(S) with the methods of the
present paper.

In analogy with a result of Rynne [13], we may deduce from Theorem 1
the Hausdorff dimension of the set Wg(m,n;1) with very mild conditions
on . Indeed, it suffices to assume that 1 is bounded, non-negative, and that
¥ (q) > 0 for infinitely many q. Note that in this case by defining

~ 1¥(q) whenever q € S,
By = {31 e
0 otherwise,

we would have Ws(m, n; 1) = Wix)m (m, n; ). Consequently, for such more
general 1), we omit the set S from our notation and talk about W(m,n;).

We define
: n (V@)
) aw)=intfner: 3 faln () <ol
qcF[X]m dloe
THEOREM 2. Suppose that ¢ : F[X|™ — {k" : r € Z} U {0} is bounded,
non-negative, and that 1(q) > 0 for infinitely many q. Then
dimy (W(m, n; ¢)) = n(m — 1) + min{n(y), n}.

Theorem 2 generalises part (i) of Theorem 1. As before, an optimal con-
dition for when the measure is full does not follow from our approach. This is
however a very difficult problem generalising the Duffin—Schaeffer conjecture
(see, e.g., [15]) to systems of linear forms over F((X~1!)). For simultaneous
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approximation, such a result is known for reals [11] and has been announced
for formal power series [6].

2. Proof of Theorem 1. We need to prove three things. First, we will
show that the right hand side in (ii) is an upper bound on the Hausdorff
dimension of Wg(m,n;1). Note that this implies that the Haar measure is
zero when nA(y) > v(S). Subsequently, we need to show that the measure
is full in case (i) and that the right hand side in (ii) is also a lower bound
on the dimension.

In the following, matrices in Mat,,x,(F((X~1))) will be identified with
vectors in F((X~1))™*. Given a vector x and a set V, we will denote by
dist(x, V) the minimal distance from x to V in the absolute value | - |.
Given two positive real quantities a,b we will use the Vinogradov notation
and say that a« < b if @ = O(b) in Landau’s O-notation, i.e., if there is
a constant K > 0 such that a < Kb. Of course, when the notation is used,
a and b will be functions of some parameter, and the implied constant
K will be independent of this parameter. If ¢ < b and b < a, we will
write a < b.

2.1. An upper bound. We note that the set Wg(m,n;¢) is invariant
under translations by elements from Mat,,x,(F[X]). Hence, we restrict our-
selves to considering the intersection of Wg(m,n;1) and the unit cube U.
We will prove that the upper bound is the right one when n = 1. In this
case, we are determining the dimension of the set

Ws(m, 1;9) ={A € U : ||[qA|| < ¥(]d|s) for infinitely many q € S}.

We omit the details of the case n > 1 for ease of notation, but give an outline
of the differences from the one-dimensional case at the end of this part of
the proof.

Consider the (m — 1)-dimensional affine subspaces for which ||qA| = 0,
i.e., the affine subspaces

H(q,p) ={AeU:qA=p}.
Note that for this set to be non-empty, we must have |p| < |q|so. Clearly,
points A satisfying the inequality |qA — ploo < ¥(|dq|oo) for a fixed p and q
must lie within 9(|q|eo)|q|z! of H(q,p).
Let £ > 0 be arbitrary. By definition, for |q|o large enough, ¥ (|q|e) <

|q|<:o>‘(7’b)+6. Suppose that |q|s is large enough for this to hold.

We cover the neighbourhoods of H(q,p) by = ]q]&Jr’\(w)_E)(m_l) balls

of radius 2|q\;3(¢)+5*1. Call this cover C(q,p). For any M > 0, the sets
Ulale> M, qes Ujp<jql.. €(a,p) cover W§(m, 1;¢). The s-length of this cover
C(M) is
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6) o)< > Y g RAwmamalg AWt

\QI >M |p|<laleo
es

< Z |q‘1+(1+/\ (m—1)—(A(¢)—e+1)s
lale
S
< ) la®
a0 >M
q€eS
whenever
14+ v(9)
1 L e
© s> (m— 1)+

for some ¢ > 0, which tends to zero as € does. Hence, we may choose
£ > 0 (which was arbitrary) such that the last series of (6) tends to zero
as M tends to infinity. By the Hausdorff-Cantelli Lemma (see e.g. [1]), the
Hausdorff dimension of W§(m, 1;1) must then be less than or equal to the
right hand side of (7). As € > 0 was arbitrary, this implies that the upper
bound holds.

To prove the statement for n > 1, we note that the multidimensional
analogues of H(q,p) will be n(m — 1)-dimensional affine spaces. We may
again cover the neighbourhoods by balls of radius = |q|;o)‘(w)+6_1. Using
elementary upper bounds for the s-length of the resulting cover implies the
result.

2.2. Reduction to simpler . We will now show that it suffices to consider

the case when ¥(|q|oo) is of the form yq|;3(’”. For this, we use again the
existence of A(¢). By (4), for any € > 0 there is an ry € S such that for any
q € S with |q|ec > K70,

|al 7 < ¥(a).
We define for v > 0 the set
(8)  Wg(m,n;v) = {A € Mat,xn(F(X™1))) :
llaA| < |q|o) for infinitely many q € S}.
By the above, for any £ > 0,
Ws(m, n; M) 4 &) € Ws(m,n; ).

As € > 0 is arbitrary, it therefore suffices to study the sets Wg(m,n;v)
and prove the corresponding full measure result and lower bound on the
Hausdorff dimension for this set.

2.3. Measures and counting lemmas. We will use some probabilistic lem-
mas to prove the second and third parts of the theorem. The method which
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we will use is adapted from that used by Dodson in [5]. First, we need some
estimates for the measure and number of elements of various sets. We define
for q € S and € > 0 the set

(9) B(q,e) ={A e U:[qd| <e}.
From [8, equation (2.6)] we extract the following lemma:

LEMMA 3. Let e,¢/ > 0 and let m > 2. Suppose that q,q' € F[X]™ are
linearly independent over F((X1)). Then

u(B(q,e) N B(q',€")) = u(B(q,e))u(B(d,€)).
Furthermore, from [8, equation (2.3)], we get
LEMMA 4. For anyq € S,

w(B(q,lal) < lals™

In general, measuring the intersection of the sets defined in (9) is difficult.
However, we may restrict ourselves to certain subsets for which the task is
easier. When m = 1, we define

B'(q,e) ={A €U :|gA — Pl <& for (q,p;) =1 for all 1 <i < n}.

Here (q,p) denotes the greatest common divisor of ¢ and p in F[X], which
is unique up to multiplication by an element in F. We will also need an
analogue of the Euler totient function, defined for any ¢ € F[X] to be

(10) D(q) = #{¢ € FIX]:|¢| < lq|, ¢ monic and (q,q") = 1}.
From [6, equation (9)], we distill the following lemma:

LEMMA 5. For € > 0 small enough,

P(q)"
gl

Additionally, we distill from [6, page 159] that

u(B'(g,e)) ="

LEMMA 6. For q,q' € F[X]| and e, > 0,
u(B'(g,) N B'(¢, ")) < eme™.
We will now estimate the growth of the function ®(q).

LEMMA 7.
?(q) < Iql-

Proof. The proof is simple. For the purposes of this proof, ;1 denotes the
usual Mébius function. We use the fact that ;. p(d) is zero whenever r # 1
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and is one when r = 1. Now, for ¢ € F[X] with deg(q) = n,

Blg)= > 1= > D opd=>pud > 1
d=1

deg(p,q)=0 deg(p,q)=r d|r+1 p|=knt1—d
p monic p monic P monic
Ipl<lq] Ipl<lq]
n
= udE TS K = g,
d=1

The > follows because the preceding expression is a polynomial with leading
term k™. The converse upper inequality is trivial. m

We will need the higher-dimensional analogue of the sets B'(q,¢) in the
course of the proof. We will impose a further restriction on the resonant
neighbourhoods in order to enable us to treat this situation. In particular,
we need to control the measure of the overlaps when q and q’ are linearly
dependent. For q € F[X]™ and £ > 0, we define

B"(q,e) ={A€U:|qgA - plx <¢

for (ged(qi,...,qm),pi) =1 for all 1 <i <n}.
Here, gcd(qi, - .., qm) denotes the greatest common denominator of the co-

ordinates of q in F[X]™, which is unique up to multiplication by an element
of F. For these sets, we also estimate the relevant measures:

LEMMA 8. For e > 0 small enough,
W(B"(q,€)) = =",
Proof. This is shown exactly as Lemma 5, by measuring each component

of the set and summing over them. The asymptotic estimate follows on using
Lemma 7. u

LEMMA 9. Let q,q" € F[X]™ with q # q' and lete,&’ > 0 be small. Then
u(B"(q,e) N B"(d,&')) < e"e™.
Proof. First,
B"(q,e) N B"(d',¢") € B(a,e) N B(d', ).
Hence, if q and ¢’ are linearly independent,
w(B"(a,e) N B"(d',¢')) < u(B(a,e) N B(d',€")) =< "™,

by Lemmas 3 and 4. Hence, we need only show the result when the vectors
are linearly dependent. In this case, the result will follow if we can show that
no overlap between the sets is “too large”.

Let q be a primitive vector in the direction of q, i.e., a polynomial vector
such that the greatest common denominator of the coordinates is of absolute
value 1 and such that there are A\, \' € F[X] with ¢ = A\q and ¢’ = Nq.
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Suppose without loss of generality that |A\| > |X|, and let p,p’ € F[X]™ be
fixed so that the coordinates of p (respectively those of p’) have greatest

common denominator of absolute value 1 with A (respectively with \'). We
define affine subspaces H, H' by

H=H(qp)={A€U:qA=p},

H =H(d,p)={4A €U :d4 =p'}.
It is clear that B”(q, ¢) is the union over e-neighbourhoods of all such H(q, p)
with |ple < |q|co, where p satisfies the co-primality condition, and similarly
for B"(qd',€’).

To calculate the measure of the intersection, we first note that we may

disregard contributions from components around such H and H' if these are
separated by a quantity > min{e/|q|eo,€’/|q’|oc} outside of a set of measure

zero. We find an arithmetic condition implying this.
Let A€ H, A’ € H'. On taking the defining equations, we see that

ANqQ(A—A)=Np—-\p'.
Consider the absolute value of each coordinate of the vector AN'q(A — A)
in turn. This is some expression of the form

(11) A N[1(a1; = ay;)an + -+ (amj — @) gml-
If the absolute values of the individual summands have a unique maximum,
this is the absolute value of the sum by (1). We show that these absolute

values are different outside of a set of measure zero.
Suppose that two summands are of equal absolute value,

[(a11 — ajy)q1] = [(a12 — ay3)qal,

say. Then there is an o € F such that

alan — ayp)q = (a12 — aj2)qe,
so that

air — a2 2 ayy — aj, £

aqi aqi
This shows that in order for this to happen, (a11,a12) and (@, a},) must lie
on some “line” whose “slope” is a rational function. Each such “line” defines
an (nm — 1)-dimensional affine space in F((X ~1))™" and so a set of measure
zero. There are only countably many of these, as there are only countably
many rational functions over F. Finally, there are only finitely many ways
in which two summands in (11) can be of equal absolute value. Hence, the
exceptional set is of measure zero, and we may disregard matrices falling
within this set, £ say.
Suppose now that A, A" € U \ €. Then, for all j € {1,...,n},

LN max {[@s] ai; —agl} = [N'pj — Apj].
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Suppose that for some jyo € {1,...,n},
|N'pj — Api| > e|N].
It then follows that

|A— A = 1§i§%§f<§j§n{!aij —agl} > @ggl{laijo — agjel}

> &/ N [dloo = /laloc = min{e/|aloo, €'/ld |},

which is what was to be shown. By a simple counting argument, it then
follows that

(12)  wu(B"(q,e) N B"(d,¢')) < min{e"/|al%, " /|4 |5} N (a, d'),
where
N(q.q) = #{p,p’ € FIX]™ : [Ploc < [dlsc, [P|oc < |q']oc;

(pj, A) = (pj; N) =1

and |N'p; — Api| < e|XN[forall j =1,...,n}.
Arguing exactly as in [6, pp. 158-159] for each coordinate, we find that
(13) N(q,d') < (|d'|cce + |alooe”)"
Inserting (13) into (12), we obtain the desired inequality. m

Finally, we will construct a subset of S which contains a lot of elements
and which grows in a regular fashion. First, define for N € N the Nth k-adic
block of S:

Sy ={qeS: kN <|qlo < KN}

LEMMA 10. Let 6 > 0. For any Ny € N, there is an N > Ny such that
#Sy > kN ©(S)=9),
Proof. Suppose to the contrary that for some Ny € N,
#Sy < kN @(S)=9)
whenever N > Ny. Then, for any fixed ¢ < §,

Z ’q’—v (S)+e _ Z Z ‘q‘o_ov( +E<< Z k= N(v(S)— #SN

quN N=Ny qeSn N=Ny
|q|oo>kN0
o
< Z K~ N(v €)+N(v(S)—d) _ Z (ksfé)N<OO.
N=DNp N=Ng

On the other hand, by definition,

>l =

q€es
oo >k™NO

for any € > 0. =
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Lemma 10 implies the existence of an increasing sequence of integers
{N:}2, for which Sy, has many elements.

2.4. Probabilistic lemmas. We will define random variables which will be
used to construct a ubiquitous system. First, suppose that m =1, let § > 0
be arbitrary and let {N;}§°, be an increasing sequence of integers such that
Lemma 10 holds for each N;. Finally, define the function

(14) o(kN) = NS =0)/n16g N
For each t € N, we define random variables on U,
Vt(A) = Z XB'(g,0(kNt)) (A)v
qESN,

where xg denotes the characteristic function of the set E. Clearly, these
variables count the number of sets B’(q, o(k™V*)) with ¢ € Sy, which contain
a given element A € U. Consequently,

v (0)=U\ |J Bg, (k™).
qeSN,

We calculate the first and second moments of these random variables.
First, let 7 € Z be such that k" < o(k™) < k"+1. This implies that

B'(q,0(k™")) = B'(q, k").

We easily estimate the mean value by integrating:

(15)  E(m) = § > Xpr(gowno(X) du(X)

UqESNt
= > Dt () du(X) = D7 k™ = o(k™)" #5n;,
qESNtU quNt

by Lemmas 5 and 7.

We now estimate the second moment using the pairwise quasi-indepen-
dence property from Lemma 6, the measure estimate from Lemma 5 and
Lemma 7:

(16) E(v) = S Z X B/ (g.0(kNey) (X)) dp(X)
UqESNt

0D X X (g o) (X) du(X)
U q,q'€Sn,
q#q’

<E(w)+ Y ok™)"o(k")" < E(n) + E(n)”.

9,4’ €SN,
q#q
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By (15) and (16), the variance o7 of v, satisfies
(17) 02 =E(?) — E()? < E(1y).
This has the following consequence.

LEMMA 11. With vy and o(N) as above,

u(v; 1(0)) <

—0 ast— oo.

E(w)

Proof. The proof is easy. We use an alternative characterisation of the
variance:

=V (0(4) —E@w))* du(4)
U
> | (u(A) —E(w))® du(A) = B(v)’u(y; 1(0)).
v, 1 (0)
Hence,
_ of 1
w(v1(0)) < E (1)’ < E()’
by (17). Finally, note that by (15) and Lemma 10,
I 1 L1
E(v) — o(kN)n#Sn, — (log Ny’

As Ny is increasing, this completes the proof. =

We now proceed to discuss the case when m > 2. As before, we let § > 0
be arbitrary and let {N;}§°, be an increasing sequence of integers such that
Lemma 10 holds for each N;. For each ¢t € N, we define random variables

on U,
T/}(A) = Z XB”(q,g(th))(A)'

quNt

These may be interpreted as v; above.
Calculating the first and second moments may be done exactly as in (15)
and (16) by using the measure estimates of Lemmas 8 and 9, so that

E(r) = o(k™)"#Sn,,  E(}) < E(%) + E(%)”.

We recognise this as the main ingredients in the proof of Lemma 11, so that
we immediately obtain the analogous version for m > 2.

LEMMA 12. With vy and o(N) as above,

w7 1(0) < ﬁHO as t — oo.
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2.5. Completing the proof. We first show (i), so suppose that nv < v(S5).
The following result is classical: If {A;} is an infinite sequence of events in
some probability space with probability measure P, such that > P(A4;) = oo
and A = Ny-; Uiy Ai, then

imsu (Ez]\il P(4,))”
18) A 2 S Sy S8 B n Ay

We will apply this to the probability space U equipped with the Haar mea-
sure and with the events B’(q, |¢|~") (resp. B"(q, |q|5Y))-
First, let m = 1 and fix 0 < v(S) — nv. By Lemmas 5 and 10,

ST uB @ ld ™) > 30 S Jgl = 3 RNEE 0 — o
t=1

q€F[X] t=1 qeSy,

Hence, (18) applies. Using Lemma 6, we find that
pWs(1,n;|-[7%)) 2 ¢>0

where ¢ comes from the right hand side of (18). Using Lemma 9 in place of
Lemma 6 when m > 2, we find for all m,n that

(19) pWs(m,n; [ -17)) = ¢ > 0.

We now apply an inflation argument due to Cassels [3] to show that
the measure must be full. This is in complete analogy with the proof of [,
Theorem 3]. In the above argument, we could just as easily have shown that
pWs(m,n;n(-)| - 1)) = ¢ > 0, where n : F[X]™ — (0,1] is a function
depending only on |q|o which decreases to zero as |q|~ increases, such
that A(n(+)| - [5Y) = v. Hence, we can find a point of metric density Ay €
We(m,n;n(-)| - |2Y). Let € > 0. We may find an 79 € N with
€

fmnro :

/’L(W;'(m7n77]()| . |;oﬂ) N B(Ao,kiro)) > —mnro _

We scale the set by X" to obtain
p(X Ws(m,nin()] - 15) N B(Ao, k7)) = 1 — &,

since (X B(c,r)) = k™o u(B(e,r)) for any ball B(c,r).
It follows that for any € > 0, we may find a set T C U of measure
u(T) > 1 — e such that any A € T' may be written in the form

(200 A=X"A+P, A eWilmnin()|-|3), P e FX]™.

On considering the distance to the nearest polynomial vector for such el-
ements, we find that T C Wg(m,n; k™n(-)| - |3). Considering for a fixed
element A € W¢(m,n;k™n(-)| - |30) the (infinitely many) q € F[X]™ for
which n(q) < k7" and for which |qA|~ < £™n(q)|q|~r shows that
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T € Wg(m,n; K"n()| - |557) € Wa(m,n; |- [5)-

This finishes the proof.

We now prove the lower bound on the dimension in (ii), which together
with the upper bound found in §2.1 will complete the proof of the theorem.
We will use the above estimates to construct a ubiquitous system of sets.

We define a function g(k") = o(k™)k=N*1 where g is the function
defined in (14), and sets

E(q,a):{AeU:dist( U H(q,p ) }
peF[X]™
where H(q,p) = {A € U : qA = p}. We shall prove that when q € Sy,,
then

(21) B(q, o(k™)) € B(a, 3(k™)).

But this easily follows as clearly,

|d|oo dist(A, H(q, p)) < [q4 — P|c-

Choosing p so that |[qA — p|es < 0(k™), and noting that kNt~! < |q|s as
q € Sn,, we have shown (21).
We now claim that the system (Upepx)» H (4, P),|dloc), Where g runs
over | J;2, S, is ubiquitous with respect to g(N), i.e.,
im p(U\ J Bla,ak™) =o.
t—o00
1<]qloc <kNt
But this follows from (21), as
v\ U Bl cu\ |J Blaek™)
1< qloc <kM: acs,
N, —
c U\ UquNt Bj,(q, Q(k‘]\;)) for m =1,
U\UqESNtB (q7 Q(k t)) fOI'sz,
By Lemmas 11 and 12, the measure of the right hand side tends to zero as

t tends to infinity.
Now using the above, [8, Lemma 6| implies that

. . ' logy, o(k™")
dlmH(WS(m7 n7 w)) Z ( - 1) + nll?i}iljp logk(th(_,U_l))
. —N¢(v(S) +n—6) — 1+ log, log Ny
=n(m —1) + limsu
(m = 1) + lim sup Ne(—v—1)
v(S)+n—9¢
v+1
As § was arbitrary, this completes the proof of Theorem 1. u

=n(m-—1)+
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3. Proof of Theorem 2. We essentially use Rynne’s method [13]. First,
note that if ¢)(q) > 1 for infinitely many q € F[X]|™, the theorem is trivially
true. Hence, there is no loss of generality in supposing that ¢(q) < 1 for all
q € F[X]™, as we may ignore the finitely many cases for which this happens.
We will prove four lemmas, which will imply the theorem. First, we show
that the upper bound on the dimension is the right one.

LEMMA 13. With n, m, v and n(v)) as above,
dimg(W(m,n;v)) < n(m — 1) + min{n(¢v), n}.

Proof. This is identical to the covering argument of §2.1, where we replace
the balls of the cover by balls of radius 1(q)/|q|eo- This does not affect the
number of balls needed, and we do not repeat the argument here. u

In order to show that the lower bound holds, we define a number of
quantities to be used in the proof. Let ¢ be a function as in the statement
of Theorem 2, let N € N and let v > 0. We define

C(N,v;9) = #{q € FIX]™ : [dlo < N,¥(q) = ||}
Y(v; 1) = sup{y € R : limsup C(N, v;))N~7 > 0},
N—o0

defined whenever lim C(N,v;v) = oo,
N—oo

n+y(vie) Lo o
5(vi ) = { —or1 Fim OV viy) = oo,
0 otherwise,

6(1h) = sup 6(v; 1))

v>0
For arbitrary infinite subsets S C F[X]™, we will need an additional two
definitions:

C(N;S)=#{a€S5:|dle < N},
v(S) =sup{y e R: li]?supC(N; S)N™7 > 0}.
—00
We first show that the exponent (S) coincides with the exponent v(.S)

of Theorem 1.

LEMMA 14. Let S C F[X]™ with #S = oco. Then v(S) = ~(95).

Proof. Fix € > 0. Choose Ny so that C(N;S) < N5+ for N > Ny
and let v > v(S) + ¢. Then

dolar =3 D> ld <D CHSKT

qu r=1 kr71§|q|oo<km r=1

< Z ErOr(S)te=v) o
r=1

Hence, v(S) < ~(9).
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For the reverse inequality, let v < (.S) and choose a sequence N, with
C(Ny; S)N, 7 >e and C(Nyp41;S) > 2C(N,; S)
for all r € N. Clearly this is possible, as #5 = co. Now,

Z lalss = Z Z lalss’ = Z Nyy1;8) = C(N;; S))N, |

qu r=1 N’rglq‘oo<NT+l

=1
> Z§C(Nr+1, T,Jrl 25_
r=1

Hence, v < v(95), so that y(S) < v(S). =
LEMMA 15. With n, m, v and 6(v) as above,
dimg(W(m,n;v)) > n(m — 1) + min{d (), n}.

Proof. We will deduce this lemma from Theorem 1. The set W(m,n; )
contains n(m — 1)-dimensional affine spaces, and so the dimension is at
least n(m — 1). Furthermore, it is at most mn, so we may suppose that

0<o(y)<n
Let 0 < e < §() and fix vg > 0 so that §(vp; 1)) > 6(¢)) — e > 0. Define
a set

S ={q e FX]" :4(q) = |al"}-
This set is infinite by choice of vg. Also,

(22) Ws(m,n;|-|55°) € W(m,n; ).
Finally, C(N,vo;¢) = C(N;S) — oo as N tends to infinity, so that
(23) Y(vo; ¥) = 7(5) = v(9),
by Lemma 14.
We apply Theorem 1 to Wg(m,n;|-[3°). In view of (22) and (23),

dimg(W(m,n;¢)) > n(m —1) + %Uif)

>n(m—1)+(¢) —
As ¢ was arbitrary, this completes the proof. m

LEMMA 16. With n, m, ¢, 6(¢) and n(¢) as above,

min{4(¢), n} > min{n (), n}.
Proof. Let n > §(1¢). We will show that n(¢) <, so that we must have
n(1) < 6(). In order to accomplish this, we will split the series

> i (B2

q€F[X]m [l

= n(m —1) + 5(vo; )
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up into finitely many components, each of which converges. This will imply
the result.
First, let u = (m + n)/n. Consider the set
S ={aq e FIX]" :4(a) < |ald'}-
Then, by [8, equation (1.4)],

(24) Z la|, ( ) Z |q|r (HDn « Zkr(m+n—(u+1)n) < 0.

qes’ [l qEF[X]™ =1
Now, fix a @ € (0,1 —6(z)/n). Let Ny be such that C(N;S) < N wi)+e
for N > Ny. For any v > 0, we define sets
S(v,0) = {q € FIX]™ : |al < ¥(a) < lal ™"}

Clearly, since we can cover the set [0, u| by intervals of the form [v — 6, v]
there is a finite set V' such that

(25) FIX]™ =S"u | S(v,0),

veV
since 1 is assumed to be bounded above by 1. Choose such a finite set V'
and let 0 < e < (n — d(v)) minyey{v}. For any v € V,

> lan (L) < ¥ japen
q

qeS(v,0) | ’oo
< Z Z kr(n—(v—}—l—é’)n)

r=1 krflé‘qloogkr
qeS(v,0)

< Z kr n—(v+1—0)n+v(v ,w)—i-a)_

Hence, to show that this series converges, it suffices to show that the expo-
nent is negative. But this follows as

n—wW+1=0n+~w,)+e<n—uvn—3561)+ ((v+1)0(v,9p) —n)+e¢
< (6(¥) —n)v +e,
which is less than zero by choice of . Hence,
n
(26) > () <.
qeS(v,0) &
and the lemma follows by (24)-(26). =

We now complete the proof of Theorem 2 by noting that the upper bound
follows immediately from Lemma 13. The lower bound follows on inserting
the result of Lemma 16 into Lemma 15. =
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