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New pseudorandom sequences
constructed using multiplicative inverses

by

HuaNING Liu (Xi’an)

1. Introduction. In a series of papers Mauduit, Rivat and Sarkozy
(partly with other authors) studied finite pseudorandom binary sequences

En = {617' . '761\7} € {_17+1}N

In [5] Mauduit and Sarkozy first introduced the following measures of pseu-
dorandomness: the well-distribution measure of Ep is defined by

)

a,b,t

t—1
W(EN) = max‘ Z Catjb
j=0

where the maximum is taken over all a, b, t € Nwith1 < a < a+(t—1)b < N.
The correlation measure of order k of Ep is

Cr(EN) = r]\r/llag ‘ Z €n+diEn+dy " Entdy

n=1

)

where the maximum is taken over all D = (dj,...,d;) and M with 0 <
di < -+ <dy <N — M, and the combined (well-distribution-correlation)
PR-measure of order k

t

Qr(EN) = max ‘ E €artjb+dy Catjbrds *** Catjbrdy

a,b,t,D =0
is defined for all a, b, t, D = (dy,...,d;) with 1 < a+jb+d; < N (i =
1,...,k). In [6] the connection between the measures W and Cy was studied.

A pseudorandom sequence E is considered to be “good” if both W (Ey)
and Ci(EnN) (at least for small k) are “small” in terms of N. Later Cas-
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saigne, Mauduit and Sarkozy [3] proved that this terminology is justified
since for almost all Ey € {—1,+1}", both W(Ey) and Cy(Ey) are less
than N/2(log N)¢. Moreover, it was shown in [5] that the Legendre sym-
bol forms a “good” pseudorandom sequence. In [1] and [2], Cassaigne and
coauthors studied the pseudorandomness of the Liouville function, defined
as AMn) = (=1)?™ (£2(n) being the number of prime factors of n counted
with multiplicity) and also of y(n) = (—1)*(™ (w(n) being the number of
distinct prime factors of n). Furthermore, let

p—1 —
K(mnip) = Yo 0500
a=1 p

denote the Kloosterman sums, where e(y) = €2™¥, p is a prime, and @ is
the multiplicative inverse of @ modulo p such that 1 < @ < p — 1. Fou-
vry (with coauthors) [4] showed that the signs of K(1,n;p) form a “good”
pseudorandom binary sequence.

Assume that p is a prime number, f(x) € Fplx] has degree k (0 < k < p)
and no multiple zero in F,, and 7,(n) is defined to be the least non-negative
residue of n modulo p. Define the binary sequence E, = (e1,...,¢ep) by

_ {+1 it (f(n),p) = 1 and r,(f(n)) < p/2,

—1 if either (f(n),p) =1 and r,(f(n)) > p/2, or p| f(n).
Mauduit and Sarkozy [7] proved that this large family of finite binary se-
quences has strong pseudorandom properties.

As was said in [5], the search for new approaches and new constructions
should be continued. The purpose of this paper is to give some new examples
of pseudorandom sequences. Define

(11) o — {(—1)”er if ptnand ptn+z,

1 otherwise,
where x is an integer with 1 < z < p — 1. We shall prove that {e,} is a
“good” pseudorandom sequence:

n =

THEOREM 1.1. Let p be an odd prime, and let E,_1 = {e1,...,ep—1} be
defined by (1.1). Then

W(Ey—1) < p?log®p, Ca(Ep-1) < p*?log’p, Qa(E,—1) < p'/*log’p.

2. Some lemmas. We need the following lemmas.
LeMMA 2.1 ([9]). Let p be a prime, and m and n be integers. Then
K (m,n;p) < (m,n,p)"/?p'/?,

where (m,n,p) denotes the greatest common divisor of m, n and p.
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LeMMA 2.2 ([8]). For any polynomials g(x), h(z) € Fylx] such that the
rational function f(x) = g(x)/h(x) is not constant onIF,, let s be the number
of distinct roots of h(z). Then

g(n)
Z e(h(n)p) < (max(deg(g),deg(h)) +s—1)\/p.

nel,
h(n)#0
LEMMA 2.3. Forl <a,b,z,r,s <p—1and1 <u<p, we have

><< NG

p-! ra+ 7b+ sa + jb+ x + uj
r= Y e( J J J
b

j=0
pta+jb
pla+jb+a

Proof. If u = p, from the properties of a residue system we get

- pz‘i e<m+jb+sa+jb+:c): pz‘i e(m+j+sa+j+x>
p p

=0 =0
pta+3b pla+j
pta+jb+x pla+j+x
71 - I EE—
B pz e(r]+8]+x>
=1 P
plite
Since
jte=jaT+ajj=7jT+j=2(j+T-T)j+T=T—2 )+ T mod p,
by Lemma 2.1 we have
B ”E:I e<rj+s(f—f23+f)>
=1 b
pli+7
p—1 )
_ <x(s—r)> Z e(r(]—f—m) — ST j +x>
p ~ p
pli+z
T(s—r) - s
_ e( > 3 e( J ‘7> < /P
p )5
7

Now we suppose 1 < u < p— 1. Then

p—1 . . . . .
_ o r(a+ jb+x) + s(a+ jb) +uj(a + jb)(a + jb+ x)
=2 ( @+ ) (at b+ o)p >

j=0
pta+jb
pla+jb+z
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Let g(j) = r(a+ jb+ x) + s(a + jb) + uj(a + jb)(a + jb+ z), and h(j) =
(a+4b)(a+jb+z). Since 1 < u,b < p—1, we have 0 < deg(h) < deg(g). That
is to say, the rational function g/h over F), is not constant. Then Lemma 2.2
yields the assertion.

LEMMA 2.4. For1l <ry,s1,r9,82,2 <p—1,1<dy <ds <p-—1 and
1 <u <p, we have

o_ zp: e<r1n+d1+81n+d1+$+T2”+d2+32n+d2+m+“n>
p

n=1
ptn+di,n+di+x
pin+da,n+do+x

< /D
Proof. Let

gn)=ri(n+di+x)(n+do)(n+do+2x)+s1(n+di)(n+ds)(n+ds + )
+ro(n+di)(n+di +x)(n+dy + x)
+ s2(n+d1)(n+di + x)(n + do)
+un(n+dy)(n+dy + x)(n+dz)(n + d2 + ),
h(n)=(n+di)(n+di + z)(n+d2)(n + d2 + z).

We have

= 2 (%D

ptn+di,n+di+x
pin+dz,n+da+x

If 1<u<p—1, then 0 <deg(h)<deg(g) and it remains to apply Lem-
ma 2.2.

If u=p, we need to prove g(n)#0 mod p. Suppose that g(n)=0 mod p.
Then comparing the coefficients of n3, n?, n and n° we have

14+ 81+ 124+ s9 = 0 mod p,
r1(dy + 2dg + 2x) + s1(dy + 2da + x) + ro(2dy + do + 2x)
+ s2(2dy +da + ) = 0 mod p,
r1(2d1dg + d3 + dix + 3dax + 22) + 51(2d1d2 + d3 + diz + dow)
+ ro(2d1da + d} + 3diz + dow + 2?)
+ 59(2d1dy + d? + dix + dez) = 0 mod p,
r1(d1d3 + didax + d3z + dox?) + s1(d1d3 + didax)
+ ro(d3dy + d?x + didex + d122) + so(d?dy + dider) =0 mod p.

(2.1)
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This gives

r1(dy —di + ) + s1(da — dy) + oz = 0 mod p,

r1(d3 — d3 + 2dax + 22) + 51(d% — d?) + 22 (2d; + ) = 0 mod p,

r1(d1d3 —d2dy+d3x+doz?) +51(d1d3 —d3dy) +r2x(d? + dir) =0 mod p,
hence

r1(d3+d3—2dydy—dix + dox) +51(d? +d3 —2d1da+dy v —dax) =0 mod p,

Tl(di{’ — Qd%dg + dld% — dyidax + d%l’ — d11'2 + d2x2)

+ s1d1(d? + d3 — 2d1ds + dyx — dax) = 0 mod p.
Therefore
riz(de — di)(de — di +x) = 0 mod p,

and consequently dy =d; — z mod p. Inserting this in (2.1), we have

r1 4+ 81+ 12+ s2 = 0 mod p,

3dir1 + (3dy — x)s1 + (3dy + z)ra + 3di1s2 = 0 mod p,

d?ry + (dy — x)%s1 + (d1 + 2)%r2 + d?sy = 0 mod p,

d3(dy — x)r1 + di(dy — x)2s1 + d1(d? + 22)ry + d2(dy — x)s2 =0 mod p.
This implies s; = r9 = 0 mod p, which is impossible. So g(n) # 0 mod p,
and an appeal to Lemma 2.2 completes the proof.

3. Proof of Theorem 1.1. For a,b,t with 1<a<a+ (t —1)b<p—1,
by (1.1) we have

t—1 t—1
S cap= 3. (1T L o)
§=0 j=0
pla+jb
pta+jb+z
S R S N R AR S W A R )
L 2 S
7=0 =0 u=1 c=1r=1
pta+jb
pla+jb+x
sz—:lzp: (s(a+jb+x—d)>< 1)c+d+0<1)
d=1 s=1 p
R N ul\ 22 re\ XA sd
— c d
S E XYY e(5) T () S5
r=1 s=1u=1[=0 c=1 d=1
p—1 - - .
" Z e(ra—l—]b—}—sa+gb+x+uy>+0(1)
j=0 P
pta+jb
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Since

t—1

l 1

Ze(—u—> L = for pfu,

2.\ " ) < Fin(ru/p)
(3.1) p1

S (-1ye( ) <« !

p D |sin(7/2 — 7r/p)|’
from Lemma 2.3 we have

tpt/2 P21 1 1
Zeaﬂb << p3 Z |sin(7/2 — 7 /p) | Z |sin(7/2 — 7s/p)|
/2 Bz 1 1

1 1
p? Z |sin(7/2 — 7r/p)| = Z |sin(m/2 — 7s/p) | &= Z « [sin(7u/p)|

< p1/2 log? p.
Therefore
t—1
W(Ep-1) = max ‘ Z €a+jb‘ < p'?log?p.
a? b J:O
For 0<dy<de<p—1-— M, from (1.1), (3.1) and Lemma 2.4 we have
M M
Zener Ent+ds = Z (—1)n+d1+n+d1+x+n+d2+n+d2+x + 0(1)
1 2
n=1

ptn+di,n+di+x
p’[n—i—dg n+do+x

1
RS
I=1u=1
p’m+d1,n+d1+z

pin+da,n+do+x

. pizp:e( (m dy) )Zie( n+d2—02)>

>Z Zp:e( n—i—dl—cl))

c1=1r1=1

d1:181:1 co= 17‘2 1
x pfi <32(m—d2)>( Dyerttertd 4 o1)
. _
do=1s2=1 P

plplplpl

61:1 dlzl
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co=1 da2=1
y i e(r1n+d1+81n+d1+$+T2n+d2+32n+d2+m+un)
n=1 P
ptn+di ,n+di+x
ptn+dz,n+da+x
+ O(1)
Mpt/2 pzl 1 Z 1
P « [sin(m/2— 7rr1/p | 7= Isin(m/2—ms1/p)|
1 1
X - .
Z |sm w/2—7re/p)] 822221 |sin(7/2—ms2/p)|
. 1/21’ ! 1 pzf 1
p° = |sin(m/2—mr1/p)| “= |sin(m/2— 7751/17)’

1 1 1
" Z Sin(m/2—7r2/p)] Z Sin(r/2—7s2/p)| Z sin(u/p)

< p?log’p.
Therefore

1/2 log5 p.

Co(Bp-1) = max ‘ Zl €ntdsEntdy| K P
n=

For1<a+jb+de <p—1and0<d; <dy, from (1.1) we have

t

Zea+jb+d1 €a+jb+dy
j=0
t
= Z (—1)eHbrditatibrditatatibtdtatibtdte | o)1)
=0

pta+jb+di,a+jb+di+x
pta+jb+dz,a+jb+da+x

1 p t p
-5 X (M
j=0 I=0u=1

pla+jb+di,a+jb+di+x
p’(a+jb+d2 ,at+jb+dao+x

XZZ <31 atjb+di+x—dy) )Zz“’:e

di=1s1=1 p co=1ro=1

> Z z”:e< a+jb+d1—cl)>

c1=1r1=1

( a+]b+d2—62)>
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p—1 p PRI N B
y Z Ze<52(a+Jb+d2+33—d2)>(_1)cl+d1+m+d2+0(1)

S 55 3H 35 35 3 B wiEEH Gy

. s1d ! roc L sad.
<3 (e -2 Y (e <122 ) T -yt - 222)
di1=1 /o= P/ p
P . .

b+d b+d
y Z o ria+j)b+di+sja+)jo+ 1+x>
=0 p

pla+jb+d1,a+j5b+d1+x
pla+jb+da,a+jb+da+x

xe(rga+jb+d2 +50a+7b+do+x+uj
P

)+oq)

By Lemma 2.4 we get

Zp: e(r1a+jb+d1+81a+jb+d1+x>

j=0 b
p)[a,-i-jb-i-dl
pla+jb+di+x
pla+jb+ds _ _ .
p’(a+jb+d2+z Xe<72a+]b+d2+52a+]b+d2+:L'+'LL]>
p

y zp: e<rlj—l—dl+81j+d1+x+r2j+d2+82j+d2+x+u5j>
j=0 P
ptj+di,j+di+x
ptj+dz,j+de+x
< p'/2.
Then from (3.1) we have
t

Z€a+jb+d1 €a+jb+dy

=0

pt/? pz_i 1 i 1

P’ T1:1|sin(7r/2—7rr1/p)|s ‘ |sin(m/2—ms1/p)|

1=

t
<

p—1 1 p—1 1
XD -
2= [sin(r /2= 772/p)| 2= [sin(w/2=752/p)]

o=
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1/2p 1 1 1
PP Z « |sin(m/2— 7T7“1/p | Z « [sin(m/2— wsl/p)|

1 1 1
X - . :
7«22:1 |sin(m/2—nra/p)] 322::1 |sin(m/2—msa/p)] uz::l |sin

(mu/p)]
< pl/ 2log®p.

Therefore
t

Q2(Ep-1) = ;%?’B‘ E €a+jb+di Cat+jb+da

1/2

< p'/?log® p.

This completes the proof of Theorem 1.1.
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