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Identities concerning Bernoulli and Euler polynomials
by

Zu1-WEer SuN and HAao PAN (Nanjing)

1. Introduction. Let N = {0,1,2,...} and Z* = {1,2,...}. The well
known Bernoulli numbers B,, (n € N) are rational numbers defined by

" /n+1
By =1, I;)( k >Bk:0 (n6Z+).
Similarly, the Euler numbers F,, (n € N) are integers given by

n

Eo=1, Y (Z)Ekzo (nez").

k=0
2|ln—k

For n € N the Bernoulli polynomial B,,(z) and the Euler polynomial

E, (x) are defined as follows:

n ek "\ /n\ E 1\" "

B, (x) —kZ()(k)ka ,  En(x) —kZ()(k)Q—k(:c— 5) .
Clearly B,(0) = B,, and E,(1/2) = E, /2™. Here are some basic properties
of the Bernoulli and Euler polynomials we will need later:

B,(1—2)=(-1)"B,(z), A(Bn(z))=na""",
E,(1-2)=(-1)"E,(z), A"(E,(z))=2z".
Here, the operators A and A* are defined by A(f(z)) = f(x+1)— f(x) and
A*(f(x)) = f(x+ 1) + f(z). It is also known that B}, (x) = (n+ 1)By(x)
and E], () = (n+1)E,(x).
For a sequence {ay, } nen of complex numbers, its dual sequence {a} },en
is given by a = >, (})(=1)*ax (n € N). It is well known that a}* = a,.
In 2003 Z. W. Sun [S2] deduced some combinatorial identities in dual se-
quences. The sequences {(—1)"B,, }nen and {(—1)"E,,(0) },en are both self-
dual sequences (cf. [S2]); later we will make use of this fact.
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In 1978 H. Miki [Mi] discovered the following curious identity:

n—2 n—2
BiB,, n\ BiLB,_k B,
e —— =2H, —

— k(n — k) kz2 <k> k(n —k) n

for every n =4,5,..., where H, =1+ 1/2+--- 4+ 1/n. In 1997 Y. Matiya-
sevich [Ma] found another identity of this type:

n—2
2
(n+2) ZBan h— 22 <”+ >Ban r=n(n+1)B,
for any n = 4,5, .... These two 1dent1tles are of a deep nature. In fact,

all known proofs of these identities given by other authors are complicated
(cf. [Mi], [G] and [DS]); for example, the approach of G. V. Dunne and
C. Schubert [DS] was even motivated by quantum field theory and string
theory.

Recently the authors [PS] presented a new method to handle such iden-
tities. Though their approach only involves differences and derivatives of
polynomials, they were able to use the powerful method to extend Miki’s
and Matiyasevich’s identities to identities concerning > ;'_, Bi(z)Bn—(y)
and
1

— n

Bi(y)
l

n—1

Bi(x) B,_— 1
y 20 Bly) 2 )+
k=1 k=1 1

B, i(x)

S|
Il

(where n is a positive integer). They also handled similar sums related to
Fuler polynomials.

Let n be any positive integer. As usual, (?) = 2(z—1)---(z —=n+1)/n!
(and () = 1) even if z ¢ N. Observe that

S 5Bt = S0 (5 B Bt
_ Z B’“ kly) =) (-DF (k_—11> Bkkfx) By—k(y)

n

1 t

Inspired by this observation, we investigate here relations among the sums

S () (, ) e

k=0
with P,Q € {B, E}.
Our central result is the following theorem.
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THEOREM 1.1. Letn € ZT and v +y + 2z = 1.
(i) Ifr+s+t=n—1, then

wy S (), ) BB

- - <—1>"kz;<—1>k(g) (, ) )BE)
= gjz;(—l)l (?) (n _i N l> Ei(y)En-1-1(2).
(ii) If r + s+t = n, then we have the symmetric relation
(1.2 doa] ey ] il a] =0
where
oo 3] =X () () B

REMARK 1.1. It is interesting to compare (1.2) with the following prop-
erty of determinants:

ros ot s t t r r s
O=|r s t :rm ‘—1-8‘ . —
oz oy Yy Yy

In view of K. Dilcher’s paper [D], the referee suggested that Theorem 1.1
might have a generalization involving sums of products of m Bernoulli or
Euler polynomials. But we are unable to obtain a compact extension of
Theorem 1.1 though we have made a serious attempt.

COROLLARY 1.1. Let n € Z* and let o, x,y be parameters. Then

(1.4) atntl i <a N k> Er(z)En—1-k(y)

> 2\ &
- kno (a + Z +k13 ((—1)nkBk($) — (a :f ; k) Bk(y)>En—k(w - ),

15) (a+n+2)y (O‘ : k) Bu(#) Bus(y)

h=0 n
SCER1) Bl G ISVEONET R
k=0
N - <a+Z+2> <a:ﬁ;k)Bk(y)Bn_k(:v—y).
k=0
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Proof. Let 2/ =1 — 2 and 2’ = 2 —y. Then 2/ +y + 2’ = 1. Applying
Theorem 1.1(i) with r = a+n+1, s = —1 and t = —a — 1 we then get
(1.4). (Note that (=1)F(77) = (ZJFZ*l).) By Theorem 1.1(ii),

(a+n+2)[ -1 _a_l]n

1—2z Y
:[—a—l oz+n—|—2] +<a+1)[a—|—n—|—2 -1
Y r—y |, x—y l—z]

This is an equivalent version of (1.5). m

REMARK 1.2. Formula (1.5) in the case a = x = y = 0 yields Matiyase-
vich’s identity since Byj+1 =0 forl=1,2,....

COROLLARY 1.2. Letn >1 > 0 be integers. Then

(1.6) n—THl z": (Z) <k +7_1>Ek+l1(ﬂ7)Enk(?/)

k=d;.0

(where 0y, equals 1 or 0 according as | = m or not), and

(1.7) - "Zl< >(k:+l> Bieyi(2) Bn—k(y)

k=0
n n k—|-n_ 1 .
:k:O (k)( k+1 )((—1) *Bryi(z) + Bryi () Bp_i(z — ).

In particular,

n

(1.8) (n+ 1)(7; +1-1) 5 (Z) (k; +7;_ 1) Byt (2) B ()

k=4,

ZU <n : 1) <]Zi7> Bii(2)(2" ! = 1) Bacgan,
)

(1.9) "Z—l <Z>< Byt1(2) Bn—k ()

k=0
2n - n\ (k+n—-1

= - B Bn_-

DY (k)( k+1 ) 1 (%) Bt

Proof. As(l-n—1)+n+n=n+l)—land (1—2z)+y+(z—y) =1,
by Theorem 1.1(i) we have
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";“<_1>k(z—;;—1) (. ) oBy

_ (=1t nil ( - 1) (n J:;_ k:> Bi(y)En+i-k(z — y)

TL—(S[YO

gty () (s ) BBt = 0
_loncd k}?g(—n“ () (11 ) BrrBraati = ),

which can be reduced to (1.6). (1.8) follows from (1.6) in the case y = =
since ((—=1)™ — 1)E,(0) = 4(2™T —1)B,, 11 /(m + 1) for m = 1 2,.... (It
is known that (m +1)E,,(z) = 2(Bms1(z) — 2™ B, 11 (2/2)); ¢ [AS] and
[S1].)

In light of Theorem 1.1(ii),

(l—n)[ n n] +n[n l—n} —i—n[l_n n ] _o
l—2 y], O P z—y l-z], 4

This is equivalent to (1.7). In the case y = =z, (1.7) gives (1.9) because
(-1)™+1)B,, =2B,, form=0,2,3,.... n

REMARK 1.3. Putting I = 0 and z = 1/2 in (1.8) and noting that

Br(1/2) = (2'7% — 1)By (see, e.g., [AS] and [S1]), we get the following
identity:

n+1 Zg()( n )EkEn -

S nz: ( > (n + k> 2n k(@R — 1) (2" M — 1) By B

for any n € Z*. Similarly, (1.9) in the case [ = x = 0 yields the following
new identity:

50 2 ()=o)

for every n =4,5,....

The following theorem can be deduced from Theorem 1.1.
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THEOREM 1.2. Letl,m,n € Z*, | < min{m,n} and x+y+2z = 1. Then

(110) (-1 g () () B @Ba)
S () (7 ) BB

S ékzlzo(—l)’“ <nl§> <l ilk> En—t41(2) Em—k(y),

ey S () (T B B o)

+k(01)l (_le)n kz:;] (Z) (m ;r_kl_ 1) Br—145(y) Bn—k(2)

COROLLARY 1.3 (Woodcock [W]). Let m,n € Z*. Then
1 Em: (m) (=D)*By 1 Bp_14k = L zn: (n) (=B, Bim—1+4-
m £~ k n e~ k

Proof. Simply set t =y=0andl=2z=11n (1.12). =

From Theorem 1.1 we can also deduce the following result.

THEOREM 1.3. Letn € Z*, and lett, x,y, z be parameters with x + y + z
= 1. Then

(1.13) (_;)n Z_: (2) Ey(2)En-1-1(y)

k=0

e (V)5
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b SRR orsa () g
= (-1)" Y i i k) Bkkfy) By () — (n;_l ; t) B,glsm) £ ()
=t k=1

n n—1

(- t/t—1 n\ Bi(x) B,(z)(t—1 1
1.15 B, _ — e
( ) n n—lkz;]k t—k k() n n—1 :t—k:
1 & t \ Be(y) " /n—t

= — BTL

t k21<” - k) k 2 t D < )
COROLLARY 1.4. Letn € Z* and x +vy+ z = 1. Then

119 Y ("7 )0 B - BB

k=0

=n :i(j(—lﬂEl(x)Enu(y),
(1.17) :1 (Z) B’“k(x) Ep_n(2) — kzn:l(—nk B’“k(y) Ep_i(2)
- &) > (}) B Eura(0) - HaB(o),
I N G ERELR ,; (") P e
= (n+1) Zn:(—l)k B’“kfy) B, (2) + (1 — Hy)(n+ 1)By(2).

k=1
Proof. Setting t=—1 in Theorem 1.3 we immediately get (1.16)—(1.18). =
COROLLARY 1.5. Letn € Z* and v +vy+ 2z = 1. Then

anlEnfl (y)
2

1 n—1

(119) 3 > (—nFt E’“T(x) Ep-1-k(y) +

n N

iy (Z) N (Z) HyEy(2) Bu_i(x),

k=1
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We also have

n

(1.21) ; (Z _ D BZ—(;C) (Bn-k(y) + (—1)" Bp—(2))

Z n k Bk ) . ank(z) g Bn(y) + (_1)an(z)
n—k nl n ’

k=1

REMARK 1.4. In the case z = y = 0 and z = 1, (1.21) yields Miki’s
identity.

The next section is devoted to proofs of Theorems 1.1 and 1.2. Theorem
1.3 and Corollary 1.5 will be proved in Section 3.
2. Proofs of Theorems 1.1 and 1.2

LEMMA 2.1. Let P(x),Q(x) € Clz] where C is the field of complex num-
bers.

(i) We have
(2.1) A(P(z)Q(x)) = Pz + 1) A(Q(x)) + A(P(x))Q(x),
(2.2) A" (P(2)Q(z)) = P(z +1)A%(Q(z)) — A(P(z))Q(x).
(Q(x)), then P'(x) = Q'(x). If in turn A*(P(x)) =

(i) If A(P(z)) = A
A%(Q(x)), then P(z) = Q(z).

Proof. The first part can be verified easily. Part (ii) is Lemma 3.1 of
[PS]. m

The following lemma has the same flavor as Theorem 1.1 of Sun [S2].

LEMMA 2.2. Let {a;}2, be a sequence of complex numbers, and {a; }72,
be its dual sequence. Set

k k
(2.3) Ak(t) = Z <I;) (_1)laltk_l’ AZ(t) — Z <I;> (_1)laz<tk—l

1=0 =0
fork=0,1,2,.... Letn€Z ", r+s+t=n—1andx+y+2=1. Then

e S0t (et (0 ) - () )aies) <o

Proof. By Remark 1.1 of Sun [S2],

k
(—1)* A5(2) = Ay(z +1) =Z() Ly
=0
Therefore
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k=0
k=0
_ - n—I " r r—1 t
= 2" Ay Y (l> (k - l> (n_ k:>
=0 k=l
B (7;) 2" Ai(y)e
1=0
where
. k=l <; : é) (n i k> - <r Zi; l) (by Vandermonde’s identity)

(T T ) e (),

Thus (2.4) follows. =

REMARK 2.1. If we let a; = (—
AZ() = Bk() Also, Ax(t) = Aj(t
0,1,2

1)!B; for I = 0,1,2,..., then Ax(t) =
) = Ex(t) if oy = (=1)'E;(0) for I

Pmof of Theorem 1.1. We fix y and view z = 1 — x — y as a function
in x.

(i) Set )
P =304 (7)) BB s(o)

Then, by Lemma 2.1, A*(P(z)) coincides with

(
kfj()(—l)’ﬁ (,:) (n ° k) A*(Bu(@)En-i(2))

=S (1) (1) (Brlo 12 = 1 = ka2

=2 no(—1)’f (2) (n ° k) (z— )" *By(z+1)+rX

DI S (,:, - 1) (n : k)ﬁ-lEnk(z)
1t g(—nl (n o z> <7> B ().
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Applying Lemma 2.2 and Remark 2.1 we obtain

A (P(x) = 2(-1)" i(—l)k () (L) - m

AR

)
>< LS

() Jae e

1=0
Thus P(z) = Q(z) by Lemma 2.1. This is equivalent to the desired equal-
ity (1.1).

(i) Set
Po(z) = [Z ;]n - i(—nk (;) (n ° k) Bi(2)Ba_p(2).
By Lemma 2.1, -

A(Bi(2)Bn—k(2)) = A(Bk(2))Bn-r(2) + Br(z + 1) A(Bn—k(2))
=ka* 1B, _1(2) — (n — k)By(z + 1)(z — 1) k1
for every K =0,1,...,n. Thus

A(Pn(@)) = rR(z) - 8:22(—1)’c (Z) (n T . 1) Bz +1)(z — 1"+

o Eor Y

—cr S (@) ()

=0

Applying Lemma 2.2 and Remark 2.1 we obtain

amen =S ()5 )

=0

s :g(—nl (), 50 e- o mw.
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/ /
r[s t} —l—s[t r} —l—t'[T s} —0
Yy n—1 y =z n—1 .z n—1

where t' =t —1=mn—1— (r + s). Replacing n — 1 by n we then obtain the
required identity (1.2). This concludes the proof. m

Proof of Theorem 1.2. Clearly m = m +n —1 € Z*. By Theorem 1.1(i),

jf‘;(—n’f )G A ) B B2
- (-1 :g(—l)’f () Gt ) BB

- i(_l)k(;j) (o ) B Brsta.

D (I (R () ENSRTINS

S () (") B
NE i(—l)k (7)) (G ) e

- % ﬁ_1(—1)’“ (:) <ﬁ__l 1__1 k) Ey(y)Er1-k(x)

k=0
m n—=01,m n 1
- 2 (_1)k <k> <m tn—1—1— /-C) Ek(y)Em-l-n—l—l—k(x)
k=0
mo\ k(M —l—-1
T2 Z (=" (k) <m —1—-1+ k) Enk(y) Em—i-141(),
k:(;l,'n

which gives (1.11) after a few trivial steps.
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In light of Theorem 1.1(ii),

=m zn:(—l)"*k (Z) (m __ll+ k) B 14k(y) Bn—k(2)

+n i(-gﬁ*k (ﬁ__l k) (’Z) Bi(2) By ().

This is equivalent to (1.12). We are done. =

3. Proofs of Theorem 1.3 and Corollary 1.5
LEMMA 3.1. Let n be a nonnegative integer and s be a parameter. Then

oo m((500)-6)-0) X

0<i<n

In particular,

(3.2) lim % <<t - 1) - (—1)”> — (—1)"'H,.

Proof. Observe that

()= () I 5= () I (1)

So (3.1) follows. In the case s = —1, (3.1) turns out to be (3.2). m

Proof of Theorem 1.3. Formula (1.1) in the case s = —1 yields

3 (") Be@ B

o e (U (L) mwEae)

n —
k=0

n—1

SIS () BB,

=
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For each kK =0,1,...,n we clearly have
n—t t _(n\[(t\(n—t)n—t—-1)---(n—t—k+1)
k n—k) \k)\n (t—n+k)-(t-n+1)

-0 () ()

5 . :Z;; (Z) Ey(z)En_1_1(y) — ﬁ kz:% (n ]; t> Bi(2)Ep_1(2)
()% () iamne = ()3 () 7 e

This proves (1.13).

Now we come to prove (1.14) and view s =n —1 —r — t as a function
in 7. In light of (1.1),

% g(—l)l G) <n _tl B l) Ei(y)Bn-1-1(x)

(el oo, Jow)

As in the proof of (1.13), we also have
e i | B (o O P
“mr ) ()

for every | = 0,1,...,n — 1. Thus, by letting »r — 0 we deduce from the
above that
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1 —1
nz n — 1 )En 1— l( ) . (_ nz 1
- t +l—-n+1 t—1

}ihmwgﬁ%@ ( )

which is equivalent to (1.14).
Now we turn to proving (1.15). Let us view s = n —r — ¢ as a function
in 7. Then

m[r ] =[] R (0 R eene

On the other hand,

CHCHMR I
r—07r Yy Zn z .CCn

where

n
r+t—1 t—1 t
() -00)-0)
t—1\ <= 1 t t—1\ e 1
:t< n >;t—1—l_<n>:t< n )kzlm‘
Applying (1.2) we then get (1.15) from the above.

The proof of Theorem 1.3 is now complete. m

Proof of Corollary 1.5. We can easily get (1.21) by calculating the limit
of the left-hand side of (1.15) minus the right-hand side of (1.15) as ¢ tends
to 0. Thus it remains to show (1.19) and (1.20).
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Equation (1.13) can be rewritten in the form

(0

2
k=1
S0, L
= — 5 (2)Ep—k(2) + — Bi(2)E,—k(2)
= \n—t n) ¥ F n%(k‘) F ¥
t (t—1\/Bnly) <= [n\ Ex(2)
+E<n—1)< t +}; <k:> t—k ”’“(y))
Letting t — 0 we get
33 23 (M) BB s+ (1 W ED )
k=0

Letting t — 0 we then have

(D" = (D!

2 k n
k=1 k=1

k=

tn(n —t) n

Observe that

g O 000 (0 ()0
t—0 t(n —1t) t—0\n—t n-—t —t
k—1
= () - Z =) k= (e mn
Therefore
C S 0 by @) Baatny + BE =y
k=1 k=1
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Letting t — 0 we obtain

0 e N B(a -
= ,;( k > U0 gty - 2D,
i k 1Bk ) E, k(Z)
- n—k
n—1 n—1 n—k—1 1 Bk(x)
;< k)( s n—l-l) i En-i(2)
+Hn1((_1;n Ena(y) + E,;(z))
It follows that
_]_nnfl n—1\ E(x n—1 B B (s
(2) ;( A ) k/i )Enlk(y)JrkZ:l(_l)k k]fy)' n_k(k)
" /n—1 Bi(x
- (Hn 1—H 1) En— (Z)
kzzl(n_k) k k k
e (FU o Bl
— " n—1 By(x)
—;(k_1>Hk1 4 By 4(2)+ Ha iR
where
& (n—1\ By(z) (—1)nt ,
= k=1 <k_1) kk‘ Enr(2) + 92 E,_1(y) + — E,(2)
1

= — (En(2) + (=1)"Bu(y))  (by (3.3)).
This proves (1.20). We are done. m

Acknowledgment. The authors thank the referee for his/her helpful
comments.
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